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This paper develops an analytical dynamics-based approach for simultaneous position and orientation tracking
control of a chaser spacecraft with respect to an uncontrolled target. The control requirements are formulated as
holonomic or nonholonomic constraints, which are expressed as linear and angular acceleration constraints. The
complete six-degree-of-freedom formulation of the Udwadia—Kalaba-based pose tracking controller generating
exact real-time control forces and torques is presented. For design purposes, the method assumes a precise
knowledge of the system parameters and states, along with perfect control action by the actuators. The
exponential convergence of the constraint dynamics is proven using the Lyapunov stability theory. Simulation
results demonstrate exponentially stable position and orientation tracking for close-proximity operations in
perturbed low Earth orbits. Finally, the controller is experimentally validated using the Spacecraft Proximity

Operations Testbed at Carleton University.

I. Introduction

HE growing interest in space-based technology has resulted in

overcrowding both active and nonactive satellites in lower Earth
orbit, and removal of the nonactive debris has been proposed to
maintain sustainability of the space environment. Active debris
removal® and in-space refueling? techniques are becoming potential
solutions to manage the issue. However, enabling these techniques
requires simultaneous and accurate tracking of both the relative
translational and rotational motion of a chaser spacecraft with respect
to a tumbling target object. This task is typically referred to as the
pose tracking control problem.

The majority of techniques developed for real-time motion
planning for moving target assume a point mass target [1-8].
Motion synchronization with a drifting and tumbling object is
highly complex due to the requirement for precise control of the
coupled translation and rotational motion in the final approach
phase. Additionally, the low-frequency coupling between the rel-
ative target and chaser motion arising from orbital mechanics needs
to be accounted for in the control design. To reduce the approach
phase transient errors, notable multivariable strategies have been
developed. For example, in operational scenarios, cross-coupling
is feed-forward and combined with either a linear proportional-
integral-derivative (PID) or a robust H,, feedback loop [9]. Ma
etal. [10] formulated and analyzed the rendezvous control problem
of a chaser spacecraft for optimal approach and alignment with a
rotating target. They proposed an iterative algorithm for a planar
case to solve the optimal trajectory with minimum time/fuel con-
sumption, but the iterative nature of the solution increased the
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computational cost. An experimental study of close-range rendez-
vous and docking for a cooperative target was presented by
Romano et al. [11]. However, the target spacecraft was assumed
to be active and capable of attitude stabilization using on-board
thrusters while the chaser is docking to it. Zhang et al. [12] used
artificial potential functions for rendezvous and docking guidance
to capture a non-cooperative target in the presence of static and
dynamic obstacles. This method suffered from the well-known
local minima issue associated with potential functions closer to
obstacles. The Canadian Space Agency developed a combined
prediction and motion-planning strategy for docking with a drifting
and tumbling target [13]. The problem of finding the optimal
rendezvous point to null out the relative motion was presented as
solving the system Hamiltonian function for the terminal time by
using a Newton—Raphson numerical technique. However, the
numerical solution of the nonlinear optimization problem pre-
vented autonomous, real-time application of this technique on a
flight computer. More recently, Wilde et al. [14] experimentally
demonstrated inverse dynamics-based trajectory optimization for
planar docking of a chaser to an uncontrolled spinning object,
though the rigid target was assumed to be spinning along a single
axis without translating. Ventura et al. [15] presented a spatial
inverse-dynamics-based approach for docking to a tumbling object
where the inversion for the iterative generation of optimal trajec-
tories was done in a virtual domain rather than a time domain. The
approach trajectory was calculated and the control updated using
the current state estimates. Zagaris and Romano [16] proposed a
reachability analysis for planar docking to a spinning target. The
translational-only control problem of rendezvous and docking was
addressed by Dong et al. [17] encoding the approach and obstacle
avoidance constraints into the artificial potential function and
sliding mode scheme, after which an adaptive controller was
implemented. However, full six-degree-of-freedom (6-DOF) con-
trol of both the translational and rotational motion is required to
achieve precise pose tracking in space.

Using the Euler-Lagrange approach, Kristiansen et al. [18] com-
pared passivity-based proportional-derivative control, sliding mode
control, and integrator backstepping to address 6-DOF pose tracking
control. Theoretical comparison and simulation results showed uniform
asymptotic convergence of the controllers around the equilibrium
points. However, their work considered the position and attitude sep-
arately, which led to complex control design and calculation require-
ments. Sun and Huo [19] proposed a robust integrated and adaptive
backstepping approach that managed modeling uncertainties for space-
craft rendezvous by considering the dynamic coupling between the
relative translational and rotational motion, whereas Sun et al. [20]
proposed a nonlinear adaptive pose tracking control law based on the
immersion and invariance approach that implemented the position and
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attitude control separately. Their method, however, addressed the case
of a cooperative target and chaser spacecraft. Zou and Kumar [21]
applied terminal sliding mode control for finite time convergence in a
distributed attitude control scheme. Wang et al. [22,23] proposed a
sliding mode control strategy that addresses 6-DOF pose tracking
control with finite time convergence characteristics applied to a space-
craft formation-flying problem. In their work, dual-quaternions inte-
grate position and attitude information to describe the equations of
motion, and these have the same form as rotation-only equations of
motion expressed in quaternions. Filipe and Tsiotras [24] also used
dual-quaternions to propose an adaptive robust pose tracking controller
based on the 6-DOF model for spacecraft rendezvous and docking. Lee
and Mesbahi [25] used dual-quaternion based dynamics to obtain a
special type of model predictive controller that estimates the future
system behavior based on current and previous information, while
incorporating a field-of-view constraint to maintain a line of sight to
the target. Their approach assumed a principal axis spin of the target that
addressed only a simplified pose tracking problem, and the convex
optimization step in the controller was deemed too computationally
intensive. Dong et al. [26] used a modified artificial potential function
with lower computational effort to achieve the pose tracking objective,
while simultaneously addressing the approach path and the field-of-
view constraints through the dual quaternions formalism. Theoretically,
the local minima issue persists due to use of the potential functions, but
the solutions suggest a conditional switching of control gains at a local
minimum to allow the trajectory to change. Velocity-free controllers
for pose tracking were applied by estimating the velocity using a dual-
quaternion based filter [27,28]. More recently, fault-tolerant control
[29,30] and control in the presence of parameter uncertainties [31]
under similar mathematical background was presented. Owing to its
parallelism with quaternion dynamics, a dual-quaternion controller
can reuse the control scheme used for attitude stabilization to perform
both position and orientation control. Note that the underlying control
scheme, however, is still based on conventional approaches.

As an alternative, a simple control methodology that can provide
the exact closed-form solution to the problem of pose tracking with
a passive target object undergoing a general tumbling motion is
sought in this work. Furthermore, it is desirable that the proposed
methodology is capable of real-time commands that can efficiently
maneuver the chaser to cancel relative motion and achieving align-
ment with respect to a specified point of interest on the target frame.
A recent advancement in analytical dynamics known as the Udwa-
dia—Kalaba equation (UKE) [32-36] is a suitable methodology to
provide exact force commands to maintain a specified system
constraint. By enforcing the pose tracking objective as a control
constraint on the states of the chaser spacecraft, the desired control
forces can be generated in real time. Pose tracking in a planar case
using multiple chaser spacecraft was demonstrated by Pothen and
Ulrich [37].

In this context, the original contribution of this work is to develop,
based on the UKE framework, an elegant and relatively simple
solution to compute a real-time control methodology that addresses
the problem of 6-DOF spacecraft pose tracking in a gravity-gradient,
J2-perturbed, low Earth orbit. In addition, the convergence of the
control constrained UKE-based approach is proven using the Lya-
punov stability theory. Finally, another contribution of this paper is
the 3-DOF experimental validation campaign that demonstrates the
performance and high repeatability of the proposed control method-
ology. Note that the design of the control law in this work relies on a
perfect knowledge of the system parameters, its states, and the perfect
realization of the control actions. Nevertheless, as demonstrated
through experiments, the strategy achieves consistent tracking per-
formance under practical limitations inherent to hardware implemen-
tation, such as measurement noise, delay, and nonideal realization of
control actions.

The remainder of the paper is organized as follows: Sec. II
describes the pose tracking problem, Sec. III presents the proposed
pose tracking controller, Sec. IV discusses the stability, Sec. V
presents the simulation results, Sec. VI details the experimental
validation, and Sec. VII presents concluding remarks.

II. Problem Statement

This section introduces the various Cartesian coordinate frames
and vectors used in the formulation and further states the position and
orientation control objective.

A. Cartesian Coordinate Frames and Vectors

The origin of the Earth-centered-inertial (ECI) Cartesian coordi-
nate frame is fixed at the center of the Earth. The x axis points toward
the Vernal Equinox line, the z axis is along the Earth’s spin axis, and
the y axis completes the triad. Let the position vector of the center of
mass of a target object be r,, so that, in the ECI frame, this is
represented by

Iy, = X0, + Y, + Z,I. (1

where X, Y, and Z, are components of the position vector along the
unit vectors of ECI 1, I, and I, respectively.

Let body-fixed Cartesian coordinate frames be attached at the
center of mass of either rigid body, as shown in black and red in
Fig. 1. The position components of the target body-fixed frame origin
arer! =[X, Y, Z,]" andits orientation with respect to the iner-
tial ECI frame is described by the quaternion components u! =
luo, w1, uy, wus,]", where uy, represents the scalar part, and
uy ., Uy, and us , are vector parts of the quaternion. A point of inte-
rest on the target has a position vector component p!=
[Pri Pys Po.]T thatis fixed with respect to the target body-fixed
frame. In a similar way, the origin of the chaser body-fixed Cartesian
coordinate frame is located at rl = [X, Y, Z.]" with respect
to the inertial frame, and its orientation is described by the quater-
nion components u! = [ug,. w1, Uz Uz.|’. A vector p& =
[Prc Pye Prc ]T is defined as the alignment vector on
the chaser frame, and may be used to maintain the alignment of
the field of view of computer vision sensors toward the target. The
direction cosine matrix that transforms the vector components from
the target frame to the inertial frame is represented by R;r, whereas
the transformation from the chaser to the inertial frame is given by
R;. These are written in terms of the quaternion components as

R =
2u(2),t -1+ ZM%‘, 2uy up —2ug Uz, 2wy s+ 2ug Uy,
2uy quy  + 2ug us, 2u%_r— 1 —|—2u%,t 2uy juy = 2ug Uy,
2uy qus ;= 2ug up, 2wy Uz, + 2ug Uy, 2“3,[ -1+ 2“%,;

@

Ric=
ZM%’C -1 "‘2“%.@ 2uy oy o —2ug U3 2y U3+ 2Ug Uy
2uy Uy o+ 2ug Uz 2143,6 -1+ 2u%‘c 2uy U3 —2Ug U]
2uy Uz —2up Uy 2Up U3 +2U0 U ZM%)‘C -1+ 2u§yc

3

Iy Chaser

I ECI frame
T

Fig.1 Chaser and target frame with respect to the inertial ECI frame.



Downloaded by CARLETON UNIVERSITY on January 23, 2022 | http://arc.aiaa.org | DOI: 10.2514/1.G005169

298 ALEX POTHEN, CRAIN, AND ULRICH

B. Pose Tracking Objective

The objective of pose tracking is to simultaneously position the
origin of the chaser body-fixed Cartesian coordinate frame at the
specified stand-oft separation L, with respect to the target origin,
while inertially aligning p’. along the target point of interest vector p!.
The unit vector along the direction of p! is given by

. pi
pi =
el

“

Note that p! is defined with respect to the target body-fixed Cartesian
coordinate frame. The required final pose of the chaser with respect to
the target spacecraft is shown in Fig. 2. The control actions are used to
maneuver the chaser to the final pose. Note that, in the final pose, the
origin of the chaser frame is at a position p/ from the target origin.

This vector is defined to be in the same direction as p!, with a norm
corresponding to the stand-off distance L), that is,

P = Lop; ©)

The control acts to align the chaser position vector .. at the tip of
vector p!, and the final position is described by

ri=r{ + R;rp; (6)

The final orientation of the chaser body-fixed Cartesian coordinate
frame with respect to the orientation of the target must be such that the
point of interest vector p! is aligned along the alignment vector p’, as
observed from the inertial ECI frame. An alignment unit vector p¢ is
defined in the chaser Cartesian coordinate system as

pe = Lo ™)

llpell
The orientation control objective is to inertially align p’ along p!, as
observed from Fig. 2. In the desired final orientation, the following
equation is satisfied:

R1Tﬁ§ = Rlcﬁg ()

where R, R;¢, p!, and p¢ are given by Egs. (2-4) and (7), respec-
tively.

III. UKE-Based Pose Tracking Control Formulation

This section focuses on developing the UKE-based control method
to pose-track a specific point of interest on the target Cartesian
coordinate system that is undergoing a general translating and tum-
bling motion.

A. Udwadia-Kalaba Equation

For completeness, this subsection reviews the Udwadia—Kalaba
framework. For more details, the reader is referred to the work of
Udwadia and Kalaba [32]. For a rigid body k with n generalized
coordinates, the generalized unconstrained acceleration n X 1 vector
Gy is given by

Aug g, + 4uy iy,

2uy gty + 2uy 41ty

2uy gty + 2uy 410y,

—2uq i3, — 2u3 4o,

Fig. 2 Desired final pose.

ék,u = M;kl qu (9)

where M, is the n X n generalized mass matrix and Q, isann X 1

vector representing the applied generalized force. Consider a set of m

constraints that act on the system, which is formulated as the follow-
ing matrix form:

Aqqu = bqk (10)

where A, is an m X n matrix and b, is the m X 1 component vector.

The generalized force required to maintain the constraint is given by
the Udwadia—Kalaba equation as

qu,c = M;k/z(Aqul;k(l/Z))+(qu - Alﬂék,u) (] ])

where superscript “+” denotes the Moore—Penrose pseudo-inverse.
Using Eq. (11), the constrained acceleration is given by

e = e + M2 (A, MY by, — A i) (12)

B. Position Control Constraint
Using Eq. (6), the position constraint function @, is defined as

@, =r{ + Rypp;—ri 13)
The first derivative of Eq. (13) is given by
@, =l + R;rp; + Ryrp; — il (14)

Since p! is fixed with respect to the body-fixed target frame, its time

variation in this frame is ﬁ; = 0. Note that f)ﬁ is not the inertial
derivative. Thus, Eq. (14) becomes

®, = F + Rrpi — . (15)

and taking the first derivative with respect to time, Eq. (2) yields

2uy git3; + 2u3 0y,

+2ug 4115, + 21y 41,

2uy g3y + 2u3 iy,

Ry = Aug g, + 4up iy, (16)

+2ug U3, + 2u3 g,

2uy iz, + 2uz 0,

—2ug o, — 2up iU,

2uy ui3; + 2u3 s,

+2uq iy, + 2u g,

—2ug, ty,; — 2uy U,

dug o, + 4us iz,
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Equation (16) can be expressed in an alternate form as
Ry = [LI.ITd{ Ly rit]  Ls ity ] (17)
where

[ duy, 4wy, O 0
L= | 2us, 2up, 2uy, 2uy,

—21/{241 21/{3_[ —ZMOJ 2”1,1

—2u3, 2up, 2uy, —2ug, ]
Ly = 4up, 0 4du,, 0

2uyy 2ug; 2u3,  2up, |
2uy, 2uz, 2w, 2u1,,_
Ly = | —2uy, —2up, 2u3, 2uy, (18)
| 4uo, 0 0 dus, |

Substituting Eq. (17) into Eq. (15) gives
®, = F + pl, Ly il + piLo gl + pt Ly rul —FL (19)

The time derivative of (i>, results in

@, =F + (pt, Ly + PiLoyr + ptiLsr)il
+ (ﬁ)lml:l,lT + l_);uILZ,lT + ﬁ;,zLSJT)IH —# (20)

where

4y, 4y, 0O 0
LI.IT = 2"”3,[ 25’2,: Zl:ll,t 2”.lO.r

_2""2,1 2"23‘t —Zﬁo,t 2"'41.1

i3, 2, 2iy, —2ig, |
Lyjgp=1| 4ig, 0 di,, 0

iy, 2w, 2us, 2,

25{2,[ 25’3.1 2'20,[ 2"'41,1 ]
Lygr=| -2, =2y, 203, 2, 1)
| iy, 0 0 iy, |

Combining the position, velocity, and acceleration constraints, a
second-order differential form is constructed as

(.I')r + ar(i)r +7®, =0 (22)

where a, = diag([a@, @, a;]) andy, = diag([y, v, 7] are
positive definite control gain diagonal matrices that control the
asymptotic convergence behavior of the desired closed loop. Using
Eqgs. (13), (19), and (20) in Eq. (22) results in
P4+ (Pt Lyyr + PhiLoyr + PliLs )il + ([_)Jtc,tl.‘l,IT + ﬁ;,tLZ.IT
+ ptoLay it =L+ . (7L + pl Ly il + Py Lo prit]
+ ptiLs i =) +7,.(rf + Rypp —10) =0 (23)

After rearranging Eq. (23), 7. is given by

Fl =¥+ (p\ Ly + PyiLor + pLoLs )il + (ﬁ)tc,tl.‘l.lT
+ plLogr + L Ly )il + o, (7L + Pl Ly ik + pl Ly griid
+ Pt Ly il — i) +7,(rf + Ryppi—rl) 24

Alternatively, Eq. (24) can be written as
Ari: c = br (25)
where A, is a 3 X 3 identity matrix and

b, =¥ + (pk Ly r + Py Losr + Pt L )] + (PrLy sy
+ P Lo gr + Pty Ly )il + o, )+ pt Ly gl + Pl Lo il
+ ptiLs i = 1) +7.(rl + Ryrpi —rl) (26)
Equation (25) is the acceleration control constraint for the chaser

stand-off distance maintenance along the target point of interest
vector, as observed from the inertial frame.

C. Orientation Control Constraint
Using Eq. (8), the orientation constraint function can be written as

®, = Ri7p; — Ricp: 27

and the first derivative of the orientation constraint of Eq. (27) with
respect to time is given by

®, = R;7p} + Ryrpy — Riché — Ricpe (28)

The unit vectors along the direction of the point of interest and
alignment vectors in their respective body-fixed frames are fixed,
so that p} = po = 0. As before, p; and pS are not the inertial
derivatives; thus Eq. (28) is reduced to

d)u = RITﬁ - Rlcﬁg (29)

The rotation matrix derivative R, is given by Eq. (17), whereas R c
is given by

Ric= [Lucﬁg Ly ciil L3,1cﬁé] (30)

In Eq. (30), u#! denotes the chaser quaternion derivative,
whereas Lj;c, Lp;c, and Ly, are functions of ul =

T .
I:Mo_ﬂ Ure Uz U3e . and are given as

duy,  Auy, 0 0
Li;c=| 2us, 2up. 2u;,. 2up,
—2uy. 2u3. —2up. 2uyp. |
=2usz, 2up. 2uy, —2up, ]
Lyjc=| 4uy, 0 4uy . 0

2upe 2up, 2uz. 2up, |

2”2,6 2“3.0 2“04,6 2“14,6 7
Ly;c=| 2u. —2up. 2u3, 2up, 3D
L 41/{0‘0 0 O 4”3,0 a

The second derivative with respect to time of Eq. (27) is given by

®, = R;1p; + Ryrp; — Ricpé — Riep. (32)
As the point of interest vector and alignment vector are fixed in their
respective body frames, their derivatives become zero and Eq. (28) is
simplified to

D, = ié[TIA’f - klcﬁg (33)

The double derivative of the rotation matrix R,z in Eq. (33) is given
by
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- _ 0-1 h .I '.1 . 01
Rir = |:L1.1Tur + Ly ru; Lygru; + Lo g

Further, R, from Eq. (33) is expressed as

- _ .-I - . 1 -.1 A . I
Ric= [Lucuc + Ly cue Lyjcue~+ Ly jcu,

-aI h . I
Lj ;ru; + L jru; ]

(34)

.-I - . 1
Ljcu.+ L3,1Cuc]

(35)
where Luc, Lz,lo and LS,IC are given by
[ dig.  diy . 0 0
Lijc=| 2, 2y 20y, 2ig,
| 20y, 203, -2, 20y, |
(=205, 20, 20y, —2ig, |
Lyjc=| 4, 0 di,. O
iy g, 3. 2, |
[ 20, 23, 260, 20, ]
Lyjc=| —2i,. —2ig, 203, 2i, (36)
| i, 0 0 4y, |

Combining Eqs. (27), (29), and (33) into a second-order differential

form yields
@, + &, D, +7,®, =0 37
Substituting Egs. (27), (29), and (33) into Eq. (37) gives

Rirp! - Rlcﬁg + a,(Rirp} — Rlcﬁg) + Yu(Rr Pt — Rycpl) =0
(38)

and substituting for R,y and ié,c from Eqs. (34) and (35), respec-
tively, into Eq. (38) yields

[Ll.nﬁ{ + Ly yptil Ly i} + Ly piid Ly it + Ly i} }IA’i

- [Luciii + Ly jetil Loy jciit + Ly jetil Ly it + L3,1cdé]f7f»

+a, (R pt— RicpS) +7u(Ryr Py — Ry pS) =0 39
Defining the body-frame components of the point of interest vector
and the alignment vector as p! =[py, Pp,, P..]" and pS =
[PSe D5e Diell, respectively, and then substituting p! and p¢
into the first two terms of the left-hand side of Eq. (39) results in
DLyt + psoLoctil + péoLaciil + PS oLy yeiil

+ IA’f.cLz.Icl'lé + peLaciil

= PhoLygpiil + Py Logrii! + pto L riil + pl Ly prii]

+ plLo il + Pt Ly i} + o, (Ry7pf — Rycpe)

+ 7u(Rir P} — Ricp?) (40)
Now, Eq. (40) is rearranged to keep the term of the chaser quaternion
double derivative to the left-hand side of the equation as follows:
(Ps.cLiic + PycLasc + pécLsc)iic

= (piiLyr + PYiLoyr + pLLs )il + (ﬁfe.rLl,IT + ﬁ;.tLZ,IT

+ poL il = (PS. oLy ge + pheLogc + pheLs o)l

+ &y (Ryrp! — RicpS) + vu(Ryr bl — Ricpo) 41)

ALEX POTHEN, CRAIN, AND ULRICH

Alternatively, Eq. (41) can be rewritten concisely as
A,iil = b, 2)
where

Ay = pSeLyjc+ by eLojc + pieLsc 43)

b, = (P4 Lyyr + Py Loy + PLoLar)ii
+ (ﬁﬁmi‘l.lT + 13§v.z1;2,11 + ﬁé.ti‘iﬂ)d{
= (PSeLyje + PS.cLose + phoLa )il
+ o, (Ryrp! — RicpS) + vu(Rirb — RicpS)  (44)

Then Eq. (42) is the quaternion constraint equation that can be used to
generate control torque that orients the chaser’s alignment vector
along the target point of interest vector.

D. Unconstrained Acceleration

The unconstrained acceleration is determined according to the
models used for externally applied forces for the position compo-
nents and the quaternion dynamics for the tumbling motion.
Accounting for the dominant J, orbital perturbation, the net gravita-
tional acceleration of a spacecraft k in low Earth orbit is given by

= -%rg +a, 45)
k

where rl =[X; Y, Z;]" denotes the Cartesian position compo-
nents of either space vehicle in ECI, such that r, = |ri|;
4 = 398,600 x 10° m3/s? is the standard gravitational parameter,
and a;, represents the perturbing acceleration due to the oblateness of
the Earth, which is mathematically described as

(-5(2))
(-s()E|
( -

where J, = 1.0826269 x 1073 is the coefficient of the second zonal
harmonic of Earth’s potential and R = 6378 x 103 m is the mean
equatorial radius of the Earth. As showninRefs. [33,35], the resulting
quaternion acceleration vector under the unit vector constraint is
given by

1 - -
S _ T -l ATy I\ gyl
u, = 2E1,ka . J 0 (uk uk)uk 47)
where
_nyk 0 0 —W, Oy
Je=| 0 J,; O o= | W 0 -0y p
L 0 0 ‘IZ,k _wyA,k Dy k 0
—Urr ok Uz  —Uzk
E\ = | —uyp —Usp Uk Uy k
| ~Usx  Uop  TUp Uok

Under the effect of gravity gradient torque, the resulting tumbling
motion is affected by the body-fixed torque I';; as given by

YiZi Uy —J 1)

3
Thox =5 | ZXilek = To) (48)
k| X YU eg = Jyi)
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and the quaternion torque is obtained as
T cox = 2B Tex (49)

Further, the generalized displacement vector of the coupled motion
is defined as

g =2 [r" Wl ]" (50)
and the generalized acceleration vector is given by
. - %k r i +a 72
Thu = L pT 7-1.7 AT [\ ] i Gn
= B oo = (g d)u + T, 66 4
This generalized acceleration vector describes the orbital and attitude
dynamics of both spacecraft (k = ¢ for chaser, and k = ¢ for target)
when no control input is applied. In other words, Eq. (51) is the

expression for the unconstrained acceleration. Note that Eq. (51) is
the dynamics model used for the control design of spacecraft in orbit.

E. Generalized Control Constraints

The position and orientation control constraints for the chaser
spacecraft from Egs. (25) and (42) can be combined into a single

matrix form as
Ar 03><4 r { — br
|: 04><3 Au ui B bu (52)

= Aq(éc = bq(. (53)

where

(A 0], _TH _[h
A"f‘[mxs A, = la] =,

The generalized mass matrix of the chaser spacecraft is given by

mlsa 03,4
Ma. = [ 0 E'J.E ] o
4x3 cdcltc

where m,. is the mass of the chaser, E.. is the transformation matrix
that relates quaternion derivatives to the body rates, and J, is the
augmented inertia matrix, as given by

B Ug ¢ Ml,c Uz ¢ us
EC _ —Ujc Lz MS,(' _MZ,C
—Upy . TU3, Up,c Uye
L —U3¢ Up e —Ujp. Upc
rJo. 0 0 0
0 J, 0 0
Jo= (55)
0 0 J,. O
Lo o o J.

where J . is an arbitrary positive scalar. When a control constraint of
the form in Eq. (53) is applied to the unconstrained chaser spacecraft,
the resulting generalized control constraint input @, . is given by

Q. = M (A, M) by, - Agics)  (56)

The control input from Eq. (56) corrects for the constraint error while
taking the applied external forces modeled by the unconstrained
acceleration into account, as given in Sec. IIL.D.

IV. Stability

This section discusses the stability of the proposed UKE-based
pose tracking control-constrained strategy. The position and orienta-
tion control constraints were generated by combining the position,
velocity, and acceleration errors into a second-order dynamic system
in Sec. III. In general, the constraint equation was of the form

C.I.)i + a,-‘i)i + 7,-<I),- =0 (57)

where i = r,u. Note that a; and y; are diagonal matrices with
positive diagonal elements.

Choose an attractor A as the zero-level set of a positive semi-
definite Lyapunov function V(®;, @;) that has the following prop-
erties: . .

1) V(q)i, q),) = 0 when ((I),', (I),) (S A

2) V(®;, ®;) is unbounded. )

3) V(®;, ®;) is continuously differentiable for all (®;, ®;) and has
no local extrema.

4) V(®;, ®;) is not explicit in time.

A function V(®;, ®;) that satisfies these properties may be defined
as

B — T &7 Vi €l D;
Vi ) = |:(I)i @i :||:€]Ii><i Lixi :||:(I)i 8
= O/ D; + Ty, ®; + 2B ®; (59

where € is a infinitesimally small positive real number such that
V(d;, <i),-) is positive definite, and [;; is an identity matrix of size
given by the length of vector ®@;. Time derivative of the Lyapunov
function from Eq. (59) yields

V(®;, ;) = 2(D] ®; + DTy, ®; + e®] D; + e®ID;)  (60)
Substituting Eq. (57) in Eq. (60),

V(@ ;) =2(—a; + €l e D] D; +26(—y; @] D; —a; @] ;) (61)

i
_ _ T &l || i 7 e @,
- 2[q)i P; ][%eai a; — €l :| |:(I),- :| 62)

Clearly, V(CI),-,d),-) is negative definite for ¢ > 0, and hence the
second-order constraint dynamics is Lyapunov stable. Therefore,
the states (CI)i,Ci),-) exponentially converge to the attractor (0, 0).
Since the Udwadia—Kalaba equation provides exact control force
as given by Eq. (56) to maintain the Lyapunov-stable constraint, the
resulting motion is stable. This proves the stability of control-con-
strained dynamics.

V. Simulation Results

Numerical simulations were conducted to evaluate the ability and
performance of the developed UKE-based control method for achieving
pose tracking in close proximity. This section presents the results
obtained for a total of five cases wherein the chaser attempts rendezvous
within close proximity to the target. All simulations are performed with
respect to the ECI frame for both spacecraft motion, and the effect of
gravity gradient torques and oblateness that causes the J, perturbing
acceleration on the orbital motion are considered. In other words,
Eq. (51) presented earlier was used to numerically propagate the orbital
and attitude motion. The target is initially assumed to have position of
ry, = [6.22712 3.24098 1.21845]T x 10 m and a velocity of
v), =[-3.66458 5.68722 3.60103 )" x 10* m/s. Target is also
initially oriented along the ECI Cartesian coordinate frame with an
angular rate of 0.01 rad/s along the body-fixed z axis. Consequently,
the quaternion vector is given by u{),, = [ 1 0 0 O]T and a qua-
ternion rate of ), = [0 0 0 0.005 |”. The relative orientation of
the chaser with respect to the target is obtained by offsetting the chaser
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frame along the z axis of the body-fixed Cartesian frame. The initial
positions of the chaser, along with the orientation for all five cases, are
tabulated in Table 1.

For all the cases, the chaser has an initial velocity of v(’)’c =
[-3.6648 5.68703 3.60109]” X 10° m/s, and the quaternion
rate is ), = [0 0 0 0]". The spacecraft is assumed to have
amass of m, = 50 kg, and the principal moment of inertia J . for the
chaser is considered as

1.3626 0 0
Jc=|: 0 1533 0 } 63)

0 0 0.3848

The target point of interest vector is chosen as p!=
[ 10 O]T m and the chaser alignment vector is given by p¢ =
[ 1 0 O]T m. Chaser control gains are chosen so as to obtain a

Table 1 Initial conditions for various cases

Case Chaser position

1: 5 km, (57/10) rad offset r,
2: 1 km, /4 rad offset r
3: 100 m, /6 rad offset r
4: 50 m, z/12 rad offset r
5: 10 m, /36 rad offset r

[6.2315 3.2433
[6.2280 3.2414
=[6.2272 32410
[6.2272 3.2410
[6.2271 3.2410

Chaser orientation
12193]"x10° m uj, =[0.7934 0 0 0.6088]"
12186]"x10°m u), =[09239 0 0 0.3827]"
12185]"x10° m w), =[09659 0 0 02588]"
12185]"x10° m w), =[09914 0 0 0.1305]"
12185]7x10°m w), =[0.9990 0 0 0.0436]"
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Fig.3 Simulation results.

Fig. 4 Top view of SPOT with the spacecraft platforms.
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zero error undershoot for both the position and orientation constraint
error norms. The large derivative gains also introduce overdamping
so that the spacecraft do not collide with each other. Meanwhile, the
lower proportional gain reduces the thrust requirements. The follow-
ing gains are chosen by trial and error:

a, = 2- ]I3><3 Yr = 0.0025 - H3X3
Yu = 0.035 - I3, (64)

a, =23
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Fig. 6 Experimental results of pose tracking around a spinning target.
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The simulation runs for one orbital period using a fixed-step
Runge—Kutta solver with a time step of 0.1 s in MATLAB/Simulink.
Figure 3a shows the settling characteristics for the orientation con-
straint error norm, whereas the asymptotic convergence of the posi-
tion constraint error norm is shown in Fig. 3b. For all five cases,
the position error norms shown in Fig. 3a exhibit an overdamped
response with a settling time that varies based on the initial con-
dition. For example, case 1, which starts with the chaser spacecraft
5 km away from the target, exhibits a longer convergence time than
all other cases that were initialized in closer proximity. Specifi-
cally, in case 1, the chaser spacecraft converges within 2 m of the
target in 6255.7 s, compared with 4968.3, 3120.1, 2557.8, and
1203.2 s for cases 2, 3, 4, and 5, respectively. Similarly, the time
history of orientation vector error norm signals provided in Fig. 3b
also shows an overdamped response convergence times within
0.01 m of 332.3, 311.9, 292.8, 252.5, and 129.4 s for cases 1-5,
respectively. Note that selecting different gains would result in
different convergence times for both the position and orientation
error signals.

VI. Planar Experimental Validation

This section presents the experimental validation of the Udwadia—
Kalaba-based pose tracking controller that performs simultaneous
positioning and angular orientation tracking with respect to a target
spacecraft. The validation was conducted using the Spacecraft Prox-
imity Operations Testbed (SPOT) at Carleton University’s Spacecraft
Robotics and Control Laboratory. The SPOT, as shown in Fig. 4, is a
3-DOF planar gravity offset test facility used to experimentally
evaluate guidance, navigation, and control algorithms for spacecraft
close-proximity operations.

It consists of a 3.51155 m X 2.41935 m smooth and flat granite
surface on which a chaser and target platforms float on three air

bearings, thereby providing an almost friction-free surface that approx-
imates the space environment. Each platform has a dimension of
30 cm % 30 cm X 30 cm and is equipped with a 4500 psi compressed
air tank. Eight air thruster nozzles are evenly distributed on the four
sides, and each thruster generates a maximum thrust of 1 N. Normally
closed solenoid values are used to control the opening time of each
nozzle to generate the desired control force and torque demands. A
simple control mixing strategy based on the least square estimate of the
thrust distribution matrix among all eight air nozzles is employed [38].
In the context of this work, Eq. (56) is used for generating the control
input signals, which is written using MATLAB/Simulink 2017b. The
experiment is simulated before implementation on the actual plat-
forms, and when a satisfactory simulation performance is achieved,
the control blocks are transmitted to the platforms’” Raspberry Pi 3 on-
board computers. After the platforms are placed on the table and the
experiment is initiated, the C/C++ compiled code performs the experi-
ment automatically. During an experiment, both platforms are
tracked by a PhaseSpace motion capture system that senses the
spacecraft position with an accuracy of 0.1 mm. This system tracks
light-emitting diodes installed on both platforms and transmit real-time
state information of both platforms to the ground station computer. The
computer then transmits this ground-truth dynamic state information
wirelessly to both Raspberry Pi 3, and based on the received informa-
tion, the flight computer generates the desired nozzle firing commands.
The experiment was performed at 20 Hz, whereas data were collected
at 10 Hz. This was to ensure that the data buffer does not fill up,
causing the system to behave in a sub-real-time manner. Once the
experiment is completed, the experimental data are recovered and
stored as a .mat file, which can be used to plot the data. The red
platform represents the chaser spacecraft, whereas the target spacecraft
is the black platform as shown in Fig. 5. The red chaser is the heavier of
the two platforms with a mass of 16.9478 kg and an out-of-plane
inertial of 0.2709 kg - m?. The black target platform has a mass of
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Fig. 7 Chaser control forces and torque for pose tracking around a spinning target.
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12.3341 kg - m? and an out-of-plane inertia of 0.1880 kg - m?. Note
that as air is expelled through the nozzles, the mass of both the
chaser and target decreases; as a result, their inertias also de-
crease. This variation, however, does not affect the pose tracking
performance as the positive definitiveness of the generalized mass

matrix is maintained.

305

To ensure the repeatability, a total of 30 experiments are con-
ducted, with 10 experiment trials for each scenario. The mean of
the trials is shown in the figures present in the following subsection,
along with error bars calculated using the standard error. Note that the
error bars represent the 99.7% (i.e., 30) confidence interval for the

trials in each of the scenario plots.
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Fig. 8 Experimental results of pose tracking around a translating and spinning target.
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A. Case 1: Pose Tracking Around a Spinning Target

Figure 6a illustrates the trajectories of the chaser and target plat-
forms. Before the experiment, maneuvers are performed to maintain
the chaser at (2.15578, 1.20968) m along the x and y axis, respec-
tively, of the granite table inertial frame while, similarly, the target
frame was initially positioned at (1.35577, 1.20968) m. The orienta-
tion of the chaser frame with respect to the positive x axis of the
inertial frame was maintained at zrad, whereas that of the target
remained at O rad. The experiment then ran for 120 s, during which
the chaser was required to maintain the specified stand-off distance of
0.7 m with respect to the target, as shown in Fig. 6a. The correspond-
ing variations in the x and y components are plotted in Fig. 6b. The x
component of the chaser traces cosine curve around the actual x
position of the target, whereas the y component follows a sine curve
around the target y location, thereby resulting in a circular motion of
the chaser around the target. The variation of the angular orientation
of the chaser and target is plotted in Fig. 6c. The target starts at an
orientation of 0 rad and continues the rotational motion until it
reaches 2z rad and completes one full rotation. The chaser follows
this orientation with an angular phase shift of z rad to always main-
tain its docking mechanism facing the target. Specifically, starting at
an angular orientation of wrad, the chaser rotates until it reaches
3z rad. The time history of the angular velocity is shown in Figs. 6d
and 6e. Because both platforms start from rest, their respective initial
angular velocity is 0 rad/s, and then the target was commanded to
rotate at a constant angular velocity of 0.0523599 rad/s as observed
in Fig. 6d. Note that the chaser has no information about this
commanded input of the target; it simply applies the control inputs
that are calculated based on the current dynamic states and aligns its
angular velocity with that of the target as shown in Fig. 6e. Figure 6f
presents a plot of the relative angular velocity of the chaser with
respect to the target, which diminishes to 0 with time. Desired stand-
off distance between the chaser and target is 0.7 m, and the main-
tenance of this relative separation is observed in Fig. 6g. Finally, the

chaser control input forces as a function of time are provided in Fig. 7.
These commands are calculated from the chaser and target state
information by applying Eq. (56). The corresponding control action
ensures that stand-off distance maintenance and orientation control is
simultaneously achieved to complete a pose tracking maneuver
around a spinning target.

B. Case 2: Pose Tracking Around a Translating and Spinning Target

In the pose tracking experiment with a translating and spinning
target object, both platforms began near one of the shorter edges of
granite surface, and translating motion was established for the
target along the length of table. At the beginning, the chaser was
commanded to the x-y initial location of (3.05578, 1.20968) m,
and the target was directed to the x-y location of (2.25577,
1.20968) m. The initial orientations of both body frames with
respect to the inertial reference are the same as in case 1, and the
time history of the trajectory of chaser and target platforms can be
seen in Fig. 8a. As indicated, the chaser controlled its positioning to
maintain the stand-off separation with respect to the translating
and spinning target. Cartesian components of the position of both
platforms as a function of time are shown in Fig. 8b. The chaser
X position is shown to vary in a periodic manner while centered
around the target x position, which is linearly decreasing. The
y position of the target follows is a straight line parallel to the
horizontal axis, and the corresponding chaser component approx-
imates a sine curve centered at the target y position. Figure 8c
presents the variation of spacecraft orientation, whereas the angular
velocities for both the target and the chaser are presented in Figs. 8d
and 8e, respectively. Note that the time-varying relative angular
velocity between the chaser and target settles to O as shown in
Fig. 8f, and the stand-off separation settles to 0.7 m as observed
from Fig. 8g. The corresponding control forces and torque that
simultaneously maintains the stand-off separation and orientation
are shown in Fig. 9.
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Fig. 9 Chaser control forces and torque for pose tracking around a translating and spinning target.
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C. Case 3: Docking to a Translating and Spinning Target

In the case where the chaser alignment with respect to the target
is the exact alignment of their docking ports, the proposed control
method can be adapted to perform a docking maneuver. The idea
is to apply the Udwadia—Kalaba-equation-based planar pose
tracking method to gradually reduce L to the final, required,
docking separation. An important practical consideration is that

L reduction be initiated in the final approach along the prescribed
docking mechanism’s approach cone. Further, it is advantageous
to decrease L, slowly to the desired standoff distance rather than
suddenly, in order to prevent undesirable overshoots that could
cause the chaser to collide with the target and push it away before
the docking occurs, or in some cases, even damage the dock-
ing port.
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Fig. 11 Chaser control forces and torque for docking to a translating and spinning target.

The trajectories of the chaser and target are shown in Fig. 10a. The
initial position and orientation of both the chaser and the target are the
same as in case 2, as discussed in Sec. VL.B. Unlike the previous
cases, a docking command was issued at 15 s.

The standoff separation was reduced from 0.7 m to the docking
distance of 0.45 m as a linear function of time over a period of 40 s.
Components of the position vector of the target and chaser vary as
shown in Fig. 10c. Starting at a y position of 1.20968 m, the target
was commanded to move to 1.30968 m, with a constant velocity
along the negative x axis. The chaser platform followed the target
motion based on the state information, thus performing the re-
quired pose tracking maneuver. The corresponding orientation
changes are shown in Fig. 10c. Starting from an initial alignment
of wrad, the chaser almost finishes a complete circle, when the
experiment was completed. The target and chaser angular veloc-
ities are plotted in Figs. 10d and 10e, respectively whereas the
relative angular velocity settles to 0 as observed from Fig. 10f.
Figure 10g presents the variations of the standoff distance with
respect to time. The docking maneuver is observed from 15 to 55 s
where the distance decreases from 0.7 to 0.45 m. Finally, Fig. 11
presents the control inputs applied to accomplish the pose tracking
and docking maneuvers. Note that the angular velocities and the
control forces tend to destabilize immediately after the docking
ports meet at 55 s into the experiment, because the body configu-
ration changes after docking, whereas the pose tracking controller
continues to act. Indeed, the proposed control law does not account
for the interaction between the two rigid spacecraft in the post-
docking phase.

VII. Conclusions

This paper presented the development of a spatial standoft pose
tracking controller using the Udwadia—Kalaba framework. The
asymptotic convergence of the position and orientation tracking errors
was proven. The key advantage of this method was demonstrated in

pose tracking simulations for a tumbling target in a gravity-gradient,
J,-perturbed, elliptical low Earth orbit. The controller ensured that the
specified standoff distance at the required orientation is achieved,
starting at several initial relative positions and orientations of the chaser
spacecraft with respect to the target in close-proximity simulations.
Finally, experimental validation of the Udwadia—Kalaba-equation-
based standoff pose tracking controller was performed using Space-
craft Proximity Operations Testbed at Carleton University. In addition
to demonstrating planar pose tracking in the case of a spinning and
translating target, a docking maneuver was also presented. The experi-
ment confirmed the viability of the developed approach to maintain
standoff distance while pointing toward a location of interest on an
uncontrolled target.
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