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ABSTRACT

The relative navigation problem for spacecraft formation flying missions in near-Earth orbit is addressed here
through the design of two unique adaptive extended Kalman filter algorithms. The adaptive filters are capable
of updating the internal noise characteristics of the Kalman filter in real time, and are viable in all orbit
scenarios, including elliptical orbits subjected to perturbations. The first adaptive Kalman filter approach uses
maximum likelihood estimation techniques to derive analytical adaptations laws, which are then improved
through the novel inclusion of an intrinsic smoothing routine. The second approach uses an embedded fuzzy
logic system based on a covariance-matching analysis of the filter residuals, where the fuzzy system has been
specifically designed for the spacecraft navigation problem at hand. Numerical simulations of two spacecraft
formations demonstrate that the proposed adaptive navigation algorithms are appreciably more robust to filter
initialization errors, dynamics modelling deficiencies, and measurement noises than the standard Kalman filter.

1. Introduction

The increasing performance capabilities and complexity of forma-
tion flying missions continue to drive stringent requirements for pre-
cise Guidance, Navigation and Control (GNC) systems on spacecraft.
Throughout the past decade, it has further been emphasized that au-
tonomous systems are more than just relevant for future rendezvous,
docking, and formation flying applications; they are mandatory for
proximity operations, in-orbit servicing, and robust collision avoid-
ance procedures, all of which will become critical as Low Earth Orbit
(LEO) becomes more crowded (e.g., see Kessler Syndrome). In addition,
many measurement systems that require precise baseline separations,
particularly synthetic aperture radar [1,2], gravimetry [3], and deep-
space observation [4], are significantly enhanced by the flexibility of
spacecraft formations and the ease of redundancy they entail. One
of the foremost technological challenges to be addressed is therein
the development of onboard navigation systems that are accurate and
robust for a wide array of formation configurations, operating modes,
and orbital environments, while simultaneously adhering to the limited
processing capabilities available on spacecraft computers. Knowledge
of the relative position and velocity between spacecraft in a formation
has direct implications on both the guidance and control subsystems, so
the computationally elegant Kalman filter has historically been selected
to provide relative navigation solutions. The efficacy of the Kalman

filter is demonstrated by advanced GNC systems used in recent missions
such as PRISMA [5], CanX-4/5 [6], and AVANTI [7,8], which were
able to maintain control accuracies at the sub-metre level and thereby
present a new host of possibilities for the safe utilization of co-orbiting,
cooperative formations.

The Kalman filter [9] is a recursive algorithm that provides an effi-
cient method to fuse information from a measurement system with pre-
dictions made by a dynamical model of the expected system behaviour,
thereby estimating the system state more accurately than either the
measurements or dynamics alone. Not surprisingly, the measurement
system, the dynamics model, and the fusion algorithms chosen within
the filter each have a significant impact on the final navigation solution.
Furthermore, the standard extended Kalman filter (EKF) assumes fixed
uncertainties in stochastic error parameters within the dynamics and
measurement models, and these uncertainties are known to propagate
through the filter. Typically the effects of the uncertainties can be
mitigated to a reasonable degree through the process of tuning the
EKF, but this requires a particular amount of human interaction and
experience [10], thereby limiting the effectiveness of the filter in the
sense of autonomous operation.

The initial suggestion of adapting the Kalman filter to account for
unknown a priori process and measurement noise statistics was made
by Mehra [11,12], who identified four stochastic approaches that could
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be applicable for adaptive EKF (AEKF) design. Two of these approaches
are promising for real-time implementation, respectively referring to
the methods of Maximum Likelihood Estimation (MLE) and Covariance
Matching. Using MLE within the Kalman filter is in essence a technique
that blends state estimation and system identification; by defining a
set of parameters that influence a likelihood function based on the
observed measurements and the filter state estimates (i.e., parameters
such as the noise covariance matrices, dynamics state transition matri-
ces, or the input mapping matrices), adaptations to these parameters
within the Kalman filter can be updated in order to maximize the
observed likelihood function. Mehra and Bayard presented an appli-
cation of an MLE adaptive extended Kalman filter (MLE-AEKF) for
spacecraft attitude estimation [13], and subsequent works have applied
MLE-AEKFs to INS/GPS navigation problems [14,15]. Busse and How
further introduced the MLE technique into the spacecraft formation
scenario, where it was demonstrated that improvements in relative
position knowledge could be obtained compared to the EKF [16], using
GPS single-difference carrier phase measurements. However, their filter
employed a linearized model of the relative dynamics.

Contrasting with the MLE-AEKF, another technique commonly used
for adapting the Kalman filter is covariance matching, where ob-
servations of the filter innovations covariance are compared with
the theoretical innovations covariance predicted by the filter. The
goal of covariance matching is then to update parameters within the
EKF such that the theoretical and observed innovation covariances
match, which corresponds to optimal filter performance. In 2011,
Jiancheng et al. [17] used such an approach to address in-flight
alignment errors developing in aircraft GPS measurements, however
the proposed implementation eliminated the dependency of the filter
on the measurement noise covariance matrix entirely. In the calculation
of the Kalman gain, the theoretical innovations covariance matrix
was replaced with the observed innovations covariance matrix, and
so this technique restricts the applicability of the adaptation process
to situations where only uncertainty in the measurement noise exists.
Other authors have however applied covariance matching schemes to
adapt both the process noise and measurement noise statistics within
the Kalman filter, such as the work in [18], which relates to estimating
land vehicle position through combining IMU and GPS data. The idea
of covariance matching has given rise to new methods of adapting the
EKF in a variety of disciplines, including techniques using optimiza-
tion [19], forgetting factors [20], neural network inference [21], and
fuzzy logic.

Applying fuzzy set theory [22-24] to AEKF design provides a
method for encoding human experience, intuition, and reasoning into
computer logic decision making processes. Fuzzy systems have ap-
peared in many fields of control theory, state estimation, and Kalman
filter development since the inception of fuzzy logic and the associated
mathematics, but to the best of the author’s knowledge, fuzzy adaptive
extended Kalman filter (FAEKF) techniques have not yet been applied
to the problem of autonomous spacecraft formation flying. Neverthe-
less, the use of fuzzy adaptive filters in GPS/INS sensor fusion has
been shown to improve navigation accuracy, such as in the work by
Da Silva and da Cruz [25], and also Ali [26]. A useful result from these
studies showed that by only adapting the diagonal elements, the fuzzy
inference system can be treated as multiple single-input single-output
systems, thereby reducing computational complexity. Additional mech-
anisms for adapting the process noise covariances have been explored
by Tseng and Lin [27], which demonstrated that suitable adjustments
to the process noise covariance could be obtained using scalar metrics
of the innovation covariance matrices instead of the full covariance
matrices themselves. However, these proposed fuzzy adaptation laws
were developed for Earth-borne applications and embedded within
a cubature Kalman filter, which is a form of Bayesian filter that is
computationally more demanding than the EKF. It can therefore be seen
that FAEKF methods are indeed capable of improving the estimation
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accuracy over the traditional EKF, yet the technology has not yet been
applied to relative navigation for cooperative spacecraft.

In this context, the main contributions of this paper are: (1) the
design of a standard EKF, which, unlike Busse and How [17] where
a linearized dynamics model was assumed, is based on the full non-
linear relative motion dynamics model for spacecraft formation fly-
ing. Furthermore, system observability is verified analytically through
the use of a Lie derivative criterion; notable past studies including
Butcher et al. [28], Huxel et al. [29], and Kaufman et al. [30] per-
formed observability analyses using different dynamics and measure-
ment models than those used here. Thus, a nonlinear observability
analysis has not previously been addressed for the system presented
herein. (2) the expansion of the EKF to include an online adaptation
scheme that harnesses previous filter information in an maximum likeli-
hood approach, which further utilizes an internal smoothing algorithm
to improve the MLE solution; (3) the development of an adaptation
scheme using fuzzy logic, which consists of a unique set of unevenly
distributed output membership functions and FLS gains specific to
the spacecraft formation navigation problem at hand. Both of the
adaptive EKFs are capable of updating the process and measurement
noise covariance matrices within the respective filters, and simulation
results of two dual-spacecraft formations are presented to validate the
performance of the adaptive EKFs relative to measurement-only and
non-adaptive EKF navigation solutions.

2. Relative navigation using an extended Kalman filter

Before discussing the novel adaptive EKF algorithms developed for
spacecraft navigation, the following section provides an overview of the
relative state estimation framework and the development of a standard
EKF that is used as the comparative baseline throughout this paper.
The onboard dynamics and measurement models used in this work are
also given, followed by a summary of the Kalman filter equations. An
analysis of the system observability is presented last, to reinforce the
suitability of the EKF to the relative navigation problem for formation
flying spacecraft.

2.1. Nonlinear estimation framework

Using a general continuous-time framework to describe the orbital
mechanics that govern spacecraft motion, the relative dynamics and
discrete measurements of the formation can be treated as a nonlinear
system of the form

x(1) = f(x,u,1) + w(t) (@)

(2)

The spacecraft dynamics models are contained within the non-
autonomous vector field f(-), which is a time-varying function of the
state vector x € R” and known control inputs u € RY. Modelling
inaccuracies will inherently be present as well, so a process noise
w € R? is included to account for these deficiencies. For a given set
of m sensors, observations of the dynamic system at a discrete time 7,
can be collected in the measurement set z, € R". The corresponding
measurement equations within h(-) are used to model the sensors and
account for the effects of measurement noises through v, € R”, thereby
providing a direct map of the system states into the observation space.

All noise processes considered here are assumed to follow white,
Gaussian distributions with zero-mean, such that the dynamics and
measurement noises at each discrete time 7, can be classified by normal
distributions as w, ~ N (0,Q;) and v, ~ N (0,R;), respectively. Tak-
ing these noises to be uncorrelated with each other implies E [vsz] =
0, where the notation E[-] designates the expectation operator. From
the preceding assumptions, the noise processes can be fully charac-
terized in terms of positive definite symmetric covariance matrices,
where Q, = E [wsz] € R™" defines the process noise covariance, and
R, = E[v,v]] € R™" defines the measurement noise covariance.

z;, =h(x;) + v,
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Fig. 1. The target and chaser spacecraft formation, along with the ECI frame 7, and the LVLH frame F,.

In order to proceed with the use of standard Kalman filtering
techniques, it is assumed that the dynamics models in f(-) and the
measurement models in h(-) are sufficiently smooth, such that they can
be approximated using Taylor series expansions. The EKF utilizes the
linear terms of the Taylor expansions to approximate the behaviour of
the estimated states, so before exploring the development of the EKF
itself, the following two subsections describe the dynamics and mea-
surement models used in the relative navigation problem for spacecraft
formations.

2.2. Spacecraft formation dynamics model

The formation configurations analysed in this work consider two
spacecraft, one called the target and the other called the chaser, as
illustrated in Fig. 1. Relative motion of the chaser with respect to the
target is modelled and estimated in the Local-Vertical Local-Horizontal
(LVLH) reference frame denoted by 7, which originates at the target.
Developing dynamics equations and visualizing the resulting relative
motion in the LVLH frame is intuitive since the frame is coincident with
the target spacecraft through the entire orbit. The radial direction Ex,
the along-track direction Ey, and the cross-track direction £, of the
LVLH coordinate system are defined by the orthogonal unit vectors

- - - - ry X vy
= L,=L.xL, : = 3)
where 7, and 7, are the position and velocity vectors of the target in the
Earth-Centred Inertial (ECI) frame F;, which has corresponding unit
vectors 1, fy, and I,. In addition, r, = |7,| is the magnitude of the
position vector of the target. Using vectrix notation [31], the relative

position vector is

-

_ = = _ T
p=r.—r =¥

4

where 7, is the vectrix describing the orientation of the LVLH frame.
The Cartesian position terms x, y and z refer to the radial, along-track
and cross-track components of the chaser spacecraft, relative to the
target. Thus, the components of interest for relative navigation can be
summarized as the relative position p = [x ¥ z]T and the relative

[x v 4"

velocity p = [x ¥ z‘]T, which fully describe the three-dimensional
motion of the chaser with respect to the target.
The magnitude of the position vector of the chaser is easily iden-

tified from the problem geometry as r, = |F.| = \/(r, + x)? + )2 + 22,
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and the moving LVLH frame is defined in inertial space through the
true anomaly 6 and r,, which establish the position of the target
in the orbital frame. Using y to represent the Earth’s gravitational
parameter, the nonlinear equations of motion in the LVLH frame for
an uncontrolled spacecraft formation are expressed as [31]:

. . r

x=92x+29<y'—y—’>+ﬂ2—ﬁ3(r,+x) (5)
ry rt rc

y=62y—29<x—xﬁ>—ﬂy 6
r r

i=-L ™

r(’
§=-22¢ (8)
ry
r,—ézr, % )
;

These nonlinear equations of relative motion consist of five second-
order, ordinary differential equations, implying a total of n = 10 system
states for the relative navigation problem. Casting these equations into
the general framework of Eq. (1), the state vector x € R!°, and the
corresponding dynamics model x € R0, are respectively defined as

10)
1D

x=|xyz0rxyzorn
fo=x=1[xyz60rxyzdr]
2.3. Spacecraft formation measurement model

The selected measurements used in the navigation routines here
include direct measurements of the relative position and velocity states
of the formation, such as those that could be obtained by differ-
encing Global Positioning System (GPS) observables. In addition, a
measurement of the inertial position of the target spacecraft through
the true anomaly is provided, which could be generated by ground-
based observation systems or on-board inertial measurement systems,
for example. These m = 7 measurements comprise the measurement
vector h(x) € R7, formally defined by
D)2 [ X Vi Zm Om Xm T Z] (12)

where the subscript m indicates a measured quantity. For simulation
within this research, the measured relative positions {x,,, y,,. z,,}, rel-
ative velocities {x,,y,.%,}, and true anomaly of the target 6,, are
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calculated from the output of the real-world orbit propagator, which
is explained later in Section 5.

2.4. Extended Kalman filtering

The relative navigation problem is approached using a continuous—
discrete EKF, where the objective of the Kalman filter is to provide
a state estimate X, of the true system state x;, to a higher degree
of accuracy than is possible with measurements alone. This accuracy
is quantified by the state estimation errors e, = x, — X,, which are
assumed to be uncorrelated with the process and measurement noises,
so E [eka] =0and E [ekvf] = 0. The derivation of the EKF is based on
minimizing the variance of the estimation errors, for which the state
error covariance matrix is P, = E[eke[] € R™", Estimation of the
state is completed through two steps: a propagation step that uses the
onboard dynamics model, and a correction step that uses the set of
available measurements.

The first stage of the Kalman filter relies on the estimation of the
state before a measurement is collected. Noting that the dynamics are
defined in the continuous domain, numerically integrating Eq. (11)
from the past time step #,_, to the current time step ¢, gives an a
priori state estimate, denoted by &, . Due to dynamics modelling errors
this propagation will introduce error into the state estimate, which
must be quantified in the error covariance matrix P,. Contrasting the
nonlinear propagation of the state estimate in the continuous domain,
propagation of the error covariance through the time step 4r = ¢, —
t,_; is performed using the discrete state transition matrix @,_; =
exp [F_,4t] € R™", where F,_; € R™ is the linearized dynamics
model. The process of linearization involves evaluating the Jacobian
of f(-) at the best state estimate from the previous time step, which is
referred to here as the a posteriori state estimate f(j{r_l. Thus, propagation
of the state estimate and error covariance is completed through:

Tk

X =%, +/ f(x,_,,n dr (13)
[}

P, =@ _ P @ +Q, 14

The second stage of the EKF uses measurements of the system
taken at the current time step to correct the a priori estimates. With
the measurement model from Eq. (2), estimated measurements are
calculated using the a priori state estimates with z, = h&)), where
the difference between these estimated measurements and the actual
measurements are commonly known as the innovations, or the pre-
fit residuals. Denoted by v, = z, — %, the residuals result from both
inaccuracies in modelling the sensors, and errors within the propaga-
tion of the previous state estimate. The linearized measurement model
H, € R™" and the Kalman gain K, € R"™™ are then used to calculate
the a posteriori state estimate and error covariance matrix as shown
below, where I represents the appropriately sized »n x n identity matrix:

-1

K, =P H] (HP;H] +R,) (15)
=% +K, (z, —2,) (16)
Pl = (I-K,H,)P; (I-KH,)" +KRK/ a7)

2.4.1. Linearized dynamic model within the EKF

Since the EKF requires a linear model of the dynamics to propagate
the error covariance ahead in time, the nonlinear model in Eq. (10) is
linearized by evaluating the partial derivatives of the dynamics model
with respect to the states. The Jacobian F € R"™" for nonlinear relative
spacecraft motion expressed in the LVLH frame is given by

o) _ L, s
ox F,,

05><5
F21

F = (18)
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where the submatrices F,, and F,, are

X %, % 0 %, 0 %, 0 % %
Ve B, ¥ 0§, Joo 000§y,
Fp=|%2 % % 0 % Fp=[0 0 0 0 0
0 0 0 0 4, 0 0 0 6 6
0 0 0 0 0 0 0 # O

19)

The various partial derivative terms contained within F,; and F,,
are presented in Appendix A, and the shorthand notation applied here
uses subscripts to indicate derivatives to simplify the notation. This
shorthand expresses that the partial derivative for a general function
f with respect to an arbitrary variable x is represented as

9f

= (20)

o=
2.4.2. Linearized measurement model within the EKF

Similarly to the dynamics linearization, the EKF requires the Ja-
cobian of measurement model in order to correct the filter error co-
variance. Since the measurements collected here directly correspond
to components of the state vector, performing a linearization of the
measurement model gives H € R"™*" as

03><2
03X2

03><3
I3X3

04>< 1
03XI

I4x4

@D
034

2.5. Observability analysis for spacecraft formation flying

Before proceeding further, the concept of observability will briefly
be discussed as it relates to the Kalman filter. For the general time-
varying nonlinear system described by a state vector x € R” and an
output vector y(7) € R?, the system is said to be locally observable over
the interval 7 € [0, T'] if the mapping from the initial state x to the out-
put y() is one-to-one [28]. Stated differently, local observability implies
the initial state x, can be reconstructed from knowledge contained in
the outputs over a given time interval.

Like the observability conditions for linear systems, a check for
nonlinear observability involves determining if the observability ma-
trix O(x) is full rank, such that all its columns are independent, and
equivalently, rank O(x) = n. Construction of the nonlinear observability
test matrix relies on the use of Lie derivatives, where the first-order Lie
derivative of the output h(x) along a vector field f(x) is denoted by
L /h(x) € R? and expressed as

£ohx) 2 oh ( )

f(x) = Vh(x)f(x) (22)

with V() representlng the vector gradient. A recursive scheme for

evaluating the next ith-order Lie derivatives is then found through

induction to be given for all i > 0 by

ac"f—'h(x)

L tx)=
ox x)

and the zeroth-order Lie derivative is simply the measurement matrix

h(x), so

c"fh(x) S Vﬁif‘lh(x)f(x) (23)

ﬂ}h(x) = h(x) 24

The observability matrix O(x) € R”*" for the nonlinear system is then
defined as

E(}h(x) wgh(x)
1 1
Om & i c fl.l(x) \/d f.h(x) 25)
c}—lh(x) vc;—lh(x)

The size of this nonlinear observability matrix clearly depends on
the number of states and measurements in the system, so the compu-
tation of the higher-order derivatives can become quite intensive. As
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such, Butcher et al. [28] highlight that a sufficient (but not necessary)
condition for observability can be obtained by only constructing the
first N rows of O(x), or by constructing only a subsequent number
of rows necessary to show that the truncated version of O(x) is full
rank. For brevity, only the first N = 3 Lie derivatives are presented
in the observability matrix O, (x) below, demonstrating the full rank
condition for the formation navigation problem addressed in this paper.

A thorough development of the observability matrix and the corre-
sponding components is given in Appendix B, along with the definitions
of the observability matrix terms oy forkel,..,7and j €1,...,10.
This derivation is notably different from other works in the literature,
given the fact that past studies have used different dynamics and
measurement models than those that are used here. For example, the
observability analysis by Butcher et al. [28] uses nonlinear relative
dynamics but angles-only measurements, the work of Huxel et al. [29]
uses inertial Keplerian dynamics and range-only measurements, and
Kaufman et al. [30] use nonlinear relative dynamics but line-of-sight
measurements. Thus, presented here is a unique observability analysis
that considers nonlinear relative dynamics with measurements of the
relative position, relative velocity, and target true anomaly.

1 0 0 0 O 0 0 0 0 0
0 1 0o 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 O 1 0 0 0 0
0 0 0 0 O 0 1 0 0 0
0 0 0O 0 0 0 0 1 0 0
o070 "0 0o 0o 1 0 0o o o]
0 0 0 0 O 0 1 0 0 0
0 0 0 0 O 0 0 1 0 0
OnX) = 0 0 0O 0 O 0 0 0 1 0 (26)
Xy )'éy X, 0 )'ér! 0 )'fy 0 Xg )'éft
Ve ¥y V2 0 ¥, e 0 0 F o B
15 % 2 0 % 00 0 0 0}
Xy )'éy X, 0 X,r 0 Xy- 0 Xg )'c',-r
Ve ¥, Vo 0 ¥ ¥ 0 0 F o
Z, z, Z; 0 z, 0 0 0 0 0
0 0 0 0 9,, 0 0 0 6 Bf,
as; asy a3 0 ass  ass a5y X; asg  asg
a1 A Ay 0 ags  ags  agr Vo a9 g0
%711 %72 @73 0 a5 %, %z, %z 0 Z,

3. Adaptive Kalman filtering using maximum likelihood estima-
tion

Internal characteristics of the Kalman filter, including the initial
conditions, dynamical constants, process noise covariances, and mea-
surement noise covariances, all represent parameters that influence the
performance of the EKF which are chosen at the discretion of the filter
designer [10]. To improve the performance of the EKF in situations
where these parameters are inaccurate, the following section presents
a method of adapting the process noise covariance Q, and the mea-
surement noise covariance R, using maximum likelihood estimation.
To preface the derivation, recall the Kalman gain from Eq. (15), and
note that the inverted term in parenthesis is defined as the theoretical
covariance of the residuals X, € R™" from the filter, which gives

P+

k=17 k=1 @7

— gl — T T
Z,=H,P,H] +R, =H, (® @,  +Q,)H] +R,

This filter Residual Covariance Matrix (RCM) contains both the pro-
cess and measurement noise covariance matrices, thereby providing a
mechanism through which the influence of these parameters on the
performance of the EKF can be adapted. Denoting a general adaptation
parameter at the current time step ¢, with «;, several assumptions are
made here in order to obtain closed-form solutions for the adaptation
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equations; firstly, adaptations of the EKF are implemented through the
covariance matrix of the residuals, meaning that for every time step:

00X (o)
2, =2 (x —— #0
k k( k) 0ak ;é
Secondly, it is assumed that current filter states are insensitive to the
adaptation parameters, while both the state transition matrix and the
measurement model are independent of «; and time invariant. This
implies:

ox, oD,

oay, day,

3.1. Statistical preliminaries

The MLE technique for parameter estimation seeks to maximize the
likelihood function L (@©|Zy) for a general set of n system parameters
@ € R, based on a set of N data samples Zy € R™N, where the
discrete random variable Z is defined by Zy = {z;,%,.....zy}, and
it is assumed that the measurement vectors z; € R” Vi = 1,..., N are
Independent and Identically Distributed (IID). In the case of the Kalman
filter scenario, these measurement vectors simply correspond to sets of
measurements collected at sequential instances in time. The parameter
set to be estimated from the EKF is defined as @ 2 {Q,,R,}, and the
log-likelihood form of the MLE problem [32] is formulated as
mgx{lnL(@lZN):lnp(ZNlﬂ)} (28)
where p (Zy|09) represents the discrete joint Probability Mass Function
(PMF) for the observations conditioned on the parameters, and the
monotonicity of the logarithmic form is used to later simplify the
mathematics. The observations considered here are in fact the residuals
of the EKF, because the innovations and the measurements contain the
same statistical information. Calling to mind the innovation property
of an optimal filter [12,33], the residuals v, of the EKF are assumed
to be distributed as zero-mean, white Gaussian noise with covariance
%, such that p(v,|@) = N(0, X,). Thus, the probability function of
the measurements can be approximated in terms of the probability
functions of the residual sequence [34] using

p(ZNl@) ~ l_N[p(le@)

i=ig

(29)

where the symbol [](-) represents the product operator, and i, is a
starting index. The full PMF would require the entire set of measure-
ments accumulated by the filter (ie., i = 1,2,...,k), but storing the
entire set of past EKF data is unrealistic for online estimation in the
context of spacecraft formation flying, so instead only a fixed number
of past measurements are processed. The onboard likelihood function
is therefore evaluated using a window of size N, which contains data
from the current point k back to point i, k — N + 1. From the
above definition, the likelihood function considered in this work is
written using the standard matrix probability function for Gaussian
distributions [35], which is
N

L(eizy) =[]

i=iy

exp (30)

2

T -1
1 Y Ty,
V@) Z;|
The term |X;| refers to the matrix determinant of X;, and, as a re-
minder, m 7 is the number of measurements in each measure-

ment vector. Taking the natural logarithm of the likelihood function
eliminates the multiplicity, yielding

N

nL(01Zy)=-2

i=iy

[ln|£,-|+viTE,.1v,-+c,] BD
where the constant term ¢; = mIn(2z) is independent of the param-
eters. The goal of maximizing the log-likelihood function is equiva-
lent to minimizing the negative log-likelihood function, so a pseudo-
likelihood cost function is defined by negating Eq. (31) and neglecting
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the constant term and coefficient:
N

J(@1Zy)2 )

i=i

In|Z;|+v] Zy, (32)

Through this reduction process, the MLE solution for the EKF pa-
rameters can be approached as a minimization of the pseudo-likelihood
cost function J (@|Zy), with positive definite constraints imposed
upon Q, and R,. The next section describes one method of solving the
MLE problem, following the approach used by Maybeck [32].

3.2. Analytic solution to the MLE problem

The MLE solution to the pseudo-likelihood minimization problem
is constructed analytically by taking the derivative of Eq. (32) with
respect to the adaptation parameters, and setting the results equal to
zero. Assuming that the covariance matrices are diagonal allows this
solution to be stated formally with

0
da; [ (e1Zy )]
o
and the resulting partial differential equation that maximizes the like-
lihood function for the adaptation parameters is
|}

JR. 7l
{ [2;1 - Ei’lviv?-):i’l] [—' +H Q
day,

i 0ak

A full derivation of Eq. (34) can be found in Appendix C, which
presents the necessary partial derivatives of the pseudo-likelihood func-
tion. At this point, it is clear that adaptations of both Q, and R, are pos-
sible, stemming from the fact that both the process and measurement
noise covariances affect the residual sequence. Unique solutions that
provide individual update laws for both the process and measurement
noise covariance matrices will be investigated next.

0= (33)

N

O=Ztr

i=iy

(34)

3.3. Adaptations for the process noise covariance

The adaptation equation for the process noise covariance is found by
solving Eq. (34) under the conditions that R is known and independent
of the adaptation parameters, thus settlng —L = (. Each diagonal entry
of the process noise covariance is therefore treated as an adaptable
term, so at each time step the adaptation parameters a, = Q,, cor-
respond to the nth row or column index of the process noise matrix.
Eq. (34) then simplifies to

N
0=Y H/ [2;1 - z;lv,.vfz;']ﬂi (35)
i=ig

Further assuming that the Kalman gain is optimal, and postulating
that any covariance terms must be positive definite symmetric, the
estimated process noise covariance Q, can then be obtained after some
manipulation, leading to

)

— Z [KIVIVTKT
i=ig

The parenthetical term in Eq. (36) contains the change in the error
covariances between the current and previous time steps. If the filter
has reached steady-state operation, this term is negligible and the
Kalman gain becomes constant. This is an attractive simplification in a
computational sense, as less information from the previous filter steps
need to be maintained in memory. The estimate of the process covari-
ance then reduces to the form used by Mohamed and Schwarz [14]:

&, Ph ol
i—17 -1

Q = (P - (36)

Q, =K, K! (37)

1 N
T
N ZV \2
i=ig

Notice the terms in brackets here contains the residuals of the filter
averaged over the N-steps of the fixed window. This term is referred to
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here as the observed residuals covariance matrix, denoted ¥ N € R™,
which is defined by

(38)

Using this notion of the observed RCM, the Q-adaptation law for the
EKF requires only knowledge of the current Kalman gain and the past
N vectors of observed residuals from the filter, with

Q =K%

K?

kIN Bk (39)

3.4. Adaptations for the measurement noise covariance

Solving for the measurement noise adaptations uses the same pro-
cedure as above, except where Q, is designated as the known and
adaptation-independent parameter. Setting % = 0 and choosing the
adaptation terms as «, = R,,,, the derivatives in Eq. (34) yield

-1 T| y-1
{Ei [Ei—vl.v,.]li }

Invariance of the estimation process is assumed for the given mem-
ory window, implying that 2[.‘1 is approximately constant throughout
the filtered data in memory [34,36]. This allows an explicit estimate of
the measurement noise covariance to be calculated with

ﬁ =—Z[v,v,

i=ij

N

O=Ztr

i=iy

(40)

H,P;H| (1)
An alternate variation of this R-adaptation law can be derived by using
several Kalman filter relations, as implementation of Eq. (41) has been
shown to give poor estimates of R, that break the positive definite
constraint. The necessary substitutions are shown in Appendix C, and
give the estimated measurement noise covariance as

1 Z [vivi" + ]|

il(]

(42)

Notice that in the equation above, the pre-fit residuals have been

replaced with the post-fit residuals v/, defined as v £ z — 2.
Post-fit residuals are calculated from corrected measurement estimates
', using the measurement equation evaluated at the corrected state

estimate X;".
3.5. MLE adaptations with intrinsic smoothing

Typically, the EKF acts as a recursive scheme dependent only on
estimates from the previous time step, but incorporating a memory
characteristic into the filter can improve estimates of the state and error
covariances by harnessing information contained in the entire available
data set. Since the MLE adaptation laws already require a fixed-length
memory window, a nonlinear variation of the Kalman smoother [34] is
appended to the MLE-AEKF algorithm. The smoother runs backwards
through a window of size N, which contains the set of data points
from iy = k — N + 1 to the latest point k. Initial smoothed estimates
are taken from the filter at the current time step as &y y = % and
Py y = P}, where the smoothed state estimate at time 7, given N
past data points is denoted by %y . Using these initial conditions, the
smoothed state and error covariances within the memory window for

data from k= N — I, N — 2, ..., i, are calculated using

Gy =P @ (P) (43)
Recny = X5, + Gt (R — %¢) (44)
Py =P/ +G (Pyy —P;) G, (45)

where G, € R™™ is a smoothing gain derived as the MLE estimator
for the current state estimates given the entire set of measurements
available [37]. The purpose of the EKF Smoother in the context of
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Fig. 3. Block diagram representing the fuzzy adaptation scheme.

this work, is to develop smoothed data within the MLE adaptation
scheme that will improve the estimates of the Q, or R, matrices. For
the Q-adaptation equation, the estimate of Q, can be improved by
using the smoothed state estimates in the calculation of the residuals.
Constructing a smoothed estimate of the measurements via 2,y =
Hy nXy v, Where the smoothed linearized measurement matrix Hyy is
evaluated using the smoothed state estimates. The final process noise
covariance adaptation is then updated from Eq. (37) as

N

Q =K, [% X (7 —2yy) (2 _iiIN)T:| K/

i=ig

(46)

Again to capitalize on the smoothing process used earlier, the
smoothed measurements and covariances are inserted into the R-
adaptation scheme as well. Thus, the final adaptation for R, is obtained
by modifying Eq. (42) accordingly:

N
o . .
Ro== |7 = 2) (2 = 2n) "+ Hy P BT | (47)

i=iy
4. Adaptive Kalman filtering using Fuzzy logic

The design of a fuzzy adaptive extended Kalman filter (FAEKF) is
presented in this section, providing a second method for adapting the
EKF for relative navigation of spacecraft formations. Adaptations to the
process and measurement noise covariances are calculated by a fuzzy
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logic system (FLS) after the correction phase of the EKF, and the block
diagram in Fig. 2 illustrates the FAEKF architecture and the navigation
simulation stateflow.

The fuzzy adaptation block shown above in Fig. 2 calculates up-
dates to the noise covariance matrices using the fuzzy adaptation
scheme shown in Fig. 3. Each following subsection investigates the
components of the designed fuzzy system, particularly the choice of in-
puts, fuzzification, rule bases, inference techniques, and defuzzification
methods.

4.1. Innovation-based covariance matching

Whereas the previous MLE-AEKF sought to obtain closed-form so-
lutions that maximized the likelihood function of the EKF based on
the covariance of the residuals, the FAEKF developed here uses a
covariance matching method to adapt the process and measurement
noise covariances. For this section, the theoretical RCM X, and the
observed RCM Ek‘ ~ serve as the basis for developing metrics to adapt
the EKF, as the proposed fuzzy adaptive update laws are based on
the discrepancies between the actual observed filter covariance and
the theoretical covariance bounds suggested by the filter. The first
metric selected for adapting the EKF is the Degree of Mismatch (DOM),
denoted by npoy € R™™ [25,38]. Representing the element-by-
element difference between the predicted filter RCM the experimental
RCM sampled from the filter output, the DOM is defined as

fNpom = = — ik\N (48)
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Following the idea of the DOM metric, the second parameter used to
detect sub-optimal performance of the filter is the scalar Degree of
Divergence (DOD), which will be denoted by 7, € R [38,39]. As an
indicator of overall divergence of the filter, a large DOD value signifies
the filter is providing poor state estimates, where 7, is defined by

Mpop = t1E 1= 2] = —trlnpoy] (49)
4.1.1. Adaptation of the process noise covariance

For situations where noise in the system dynamics is variable or
poorly defined, adaptation of Q, is achieved using the DOD as the
input to a single-input single-output (SISO) fuzzy logic system. From
the spacecraft dynamics and measurement models, it can be seen that
only partial observation of the states is made; more colloquially, 7
measurements of the system are available, but there are 10 states to
be estimated. Implicitly this means the dimensions of the process noise
covariance and the residuals covariance matrices are not equivalent,
and a direct correlation between the two covariances is not apparent.
Using the scalar DOD as an input to the FLS however, elements of the
process noise covariance are adjusted by applying a single scaling factor
€] € R, via the update law

Qk+| £ Ssz (50)
where the covariance scale factor is given by

N q
el 214 hi4! (€Y)

Here the scale factor EZ is the product of the FLS output AZ and an
output gain A?. The output gain is an FLS design parameter and should
be selected such that hu‘; > —1 Vk, to maintain a positive definite
symmetric Q,.

4.1.2. Adaptation of the measurement noise covariance

Adaptations of the measurement noise covariance R, are made
using the degree of mismatch 7, as the input to the FLS. The residual
covariance and the measurement noise covariance matrices have the
same dimension, such that each element in the DOM matrix directly
corresponds to an element in the noise covariance matrix. Taking
advantage of this relationship, and assuming that the covariances are
diagonal, each element of R,, is adapted individually using a scale factor
e’ € R. The update law for the measurement noise covariance matrix

k
is thus defined as

Ry 1 G i) 2 €L (DR, (G, 1) (52)

where the R-scale factor ] (i) corresponds to the ith diagonal element of
the noise covariance matrix. Each scale factor is a function of an output
gain A’ (i) and the output of the FLS AHeRVI=1...7, through the
relation

() £ 1+ W' ()AL() (53)

As in the previous case, the FLS design for the measurement noise
covariance adaptations must ensure A"A; > —1 Vk, such that R, is
always positive definite. For both of FAEKF process and measurement
noise adaptation schemes shown above, it can be seen that the system
reduces to that of the standard Kalman filter when the output of the
FLS is zero, since the covariance scale factors become unity.

4.2. Fuzzification

The adaptation parameters AZ and 4 are calculated online by the
FLS, in order to match the observed performance of the EKF with the
predicted optimal performance of the filter. The first process within
the FLS is fuzzification, which maps crisp inputs from either the DOD
or DOM metrics into corresponding fuzzy sets. The following section
specifies the gains used to scale the inputs and outputs of the FLS,
the linguistic variables used to describe the inputs and outputs, and
the membership functions used to assign the degree of membership
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to the crisp values. The fuzzy logic rules are also introduced, and the
methodology behind their role in the covariance matching technique is
given. All operations here take place at the current time step 7., so the
subscript k is implicit and omitted to condense the notation.

4.2.1. For the process noise covariance

The process noise covariance Q,, is adapted using a single SISO fuzzy
system. Time-varying crisp inputs to the FLS are represented by u; € U,
where VU; defines the controllable universe of discourse for the ith input.
The degree of divergence 1, p is used as the input to the FLS here, and
the universe of discourse for the DOD is defined as +200 m?. In this
work, input scaling gains g; are selected to normalize the crisp inputs
onto U; = [—1 1 ]. Constant linguistic variables @; are used to describe
each crisp input u;, and for the single input of the Q-adaptations, i, =
the degree of divergence of the residuals covariance matrix . The set of
linguistic values that can be assigned to the input linguistic variables
are defined as

A={& i=n=1:j=1..N=5] (54)
where Af is the jth linguistic value of linguistic variable #;, and the
number of input linguistic values is N; = 5. For the outputs, B} is
the pth linguistic value of output linguistic variable Zq. Since the Q-
adaptations only use a single FLS, the number of output linguistic

values is M, = 1, and the set of linguistic values is

Eq:{ﬁg g=m=1 :p:Mq:l} (55)
The input linguistic variables used for the Q-adaptations are also used
subsequently for the R-adaptations, and have been named as: “negative
high (NH), negative low (NL), zero (ZERO), positive low (PL)”, and
“positive high (PH)”, and the output linguistic variables are again taken
as “negative maximal (NMAX), negative minimal (NMIN), zero (ZERO),

positive minimal (PMIN)” and “positive maximal (PMAX)”.

4.2.2. For the measurement noise covariance

Adaptations for the measurement noise covariance R, are found
using seven SISO fuzzy systems, so the FLS input and output indices
are i = 1,2,...,n =7 and ¢ = 1,2,...,m = 7, respectively. The input
to the ith FLS is the corresponding diagonal element of the degree
of mismatch matrix np,,, and the controllable universe of discourse
for each of the DOM components are defined to be +20 m? for the
position mismatch, +1 m?/s? for the velocity mismatch, and +0.1 rad?
for the true anomaly mismatch. Values outside of these ranges result
in a saturated input signal, which means that the output of the FLS is
identical for any values outside the controllable universe of discourse.

Constant linguistic variables i; are used to describe the time-varying
crisp inputs u;, and the linguistic variables for the inputs are defined as
follows: iy, iiy, ii; = Degree of mismatch for the x, y, z-position components,
i, = Degree of mismatch for the true anomaly 0 component, iis, ig, i; =
Degree of mismatch for the x, y, z-velocity components. The set of linguistic
values assigned to the input linguistic variables are defined as

A,.:{A;’ i=1,...n=7: j:l,...,Nl-:S} (56)
where the number of input linguistic values is again N; = 5. An
equivalent definition can be made for the outputs, where the given
number of output linguistic values is M, = 7, and the set of linguistic

values is

By={B : g=1..m=7: p=1..M,=7} (57)
4.2.3. Membership functions

The nonlinear FLS mapping from the crisp inputs u; to the crisp
outputs 4, requires that the inputs first be transformed into their
respective fuzzy sets, denoted by A’. The fuzzy sets characterize how
much the particular value of an input meets the criteria defined by each
of the relevant linguistic values, and this characterization is defined in



C.T. Fraser and S. Ulrich

NH NL

1.0

Input
Membership

ZERO

Acta Astronautica 178 (2021) 700-721

PL

Functions
-1 -0.5 0 0.5 1
NMAX NMIN ZERO PMIN PMAX L
Output
Membership
Functions
-1 -0.25 0 0.25 1

Fig. 4. Membership functions for the normalized input and output variables.

terms of the membership function u,;(4;). The membership function

maps the input onto the universe of discourse V7" ~ [0, 1], whereby a
high the degree of membership for a given linguistic value intuitively
indicates that the linguistic value accurately describes the observed
input. Mathematically, the fuzzy sets for the input are defined as

{ { <uivﬂA{'(ui)>

A

= u,.ezf,.} wn=7 j=1,...N,;=5

(58)

A combination of Sigmoidal and Gaussian curves are used to model
the input membership functions, which ensures all fuzzified inputs have
non-zero membership over the span of the universe of discourse. The
Sigmoid functions are used to saturate the extrema of the universe
of discourse, preventing inputs outside the effective control range
from yielding net-zero memberships. Thus, the two outermost input
membership functions (i.e., j = 1,5) are written as

1

1 +exp [—aA{(u, - bA{)] ©

MU a0, by) =
fori=1,...,7, where a J ER defines the curvature of the function and
b, €R designates the centre of the function (i.e., where the function
crosses 0.5). The remaining inputs for j = 2,3,4 are classified using

Gaussian membership functions centred at ¢ ” with widths of ¢ s SO
for i =1,...,7, the inner membership functions can be written |
—(u; — ¢ ,j)>
Mg € 4j,0,7) = exXp| ————— (60)
A €l O ) 5 Gi/

The output membership functions u,; are constructed using equiva-
lent mathematical definitions, all of which are modelled using Gaussian
curves. Fig. 4 shows the resulting normalized input and output mem-
bership functions, where each curve is defined with 100 points spread
equidistant along the respective universe of discourse. The spacecraft
formation FAEKF parameters selected for the Sigmoidal membership
functions are a,;, = {-0.75,0.75} and b,; = 25, and the Gaussian
membership functions are centred at ¢ ” ‘= {-0.5,0,0.5} and cpi =
{=1,-0.25,0,0.25, 1}, with widths of o ,; = 6,/ = 1/12. The clustering
of the output membership functions is used to provide more precise
control authority to the outputs as the inputs approach zero [40]; this
yields larger adaptations when the DOM or DOD parameters are large,
and finer adaptations as these parameters approach the ideal value.
Both the Q, and the R, FAEKF adaptation schemes use the membership
functions described above.

4.3. Logic rule bases

The fuzzy logic framework can be used to provide highly special-
ized control and adaptation laws specific to an application, since the
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Table 1

Rule table for the SISO Fuzzy logic system.
Inputs {7} NH NL ZERO PL PH
Outputs {/Tq} NMAX NMIN ZERO PMIN PMAX

designer is effectively able to code human knowledge and reasoning
into rule bases for the FLS. Using the linguistic variables introduced
previously, governing IF-THEN rules for the FLS are written in terms of
a premise and a consequent. For this work, with the inputs correspond-
ing to the premises and the outputs corresponding to the consequents,
the rules are written as:

IF i, is PL THEN 4, is PMIN
IF @, is ZERO THEN J, is ZERO
IF ii; is NMAX THEN 4, is NH

and so forth. These rules are a large design consideration when cus-
tomizing the fuzzy system, and have been chosen to align with the
innovation-based covariance matching methodology. As an example, if
the degree of mismatch for a particular covariance element is large, this
implies the theoretical RCM is larger than the observed RCM, and the
theoretical noise covariance should be decreased. With this in mind, the
linguistic rules are defined such that the output of the FLS will adapt
the noise covariance matrix accordingly, and Table 1 summarizes the
rule bases used for the fuzzy system. There are n, = 5 rules for the table
shown below, so the rule base index can be defined as i, =1,...,5.

4.4. The inference mechanism

After successfully mapping the inputs into their respective fuzzy
sets, and defining rule bases that contain the logical relations to be
maintained by the FLS, the process of inference is used to determine
how likely the input corresponds to a particular output. Since each of
the rules applied here involves a single premise only, and assuming
singleton fuzzification, the degree of certainty to which the i rule
applies for the ith input is simply given by the membership function
of the input evaluated for that rule. Hence, Hi, ) = py () for i, =
1,...,5 for each input. The inference stage is then completed using the
MIN operator, whereby the output membership functions u B (4,) of the
implied fuzzy sets B; are evaluated over the range of inputs, outputs,
and logic rules, as

e Ghg) = min [y ). gy ) 61)
Much like the input membership functions, the implied fuzzy set Bfl
quantifies the level of membership the output has for a specific crisp
output, albeit only taking into account the i" rule. The MIN operator
identifies the intersection of the two fuzzy membership functions within
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the argument, and therefore ensures that uncertainties in the premises
(through u m) limit the confidence of the conclusions from the inference
process. Implied fuzzy sets are implemented here, as aggregated im-
plied fuzzy sets were found to be computationally burdensome without
improving performance.

4.5. Defuzzification

The defuzzification process calculates crisp values for the outputs
4, € A, from within their appropriate universe of discourse A,, and
the centre of gravity (COG) method for implied fuzzy sets [41] is used
here. COG defuzzification gives the crisp outputs for g =1,...,m as

g
21 b, /Aq Hyir(Ag) 44
q Z:’::l /Aq MB;’ (49 d4,

where n, is the number of linguistic rules for the adaptations, and
bj.’ € R is the centre of area of the membership function of the output
,

(62)

fuzzy set B}, which corresponds to the implied fuzzy set B;’ for the
i rule. The crisp normalized outputs are lastly re-dimensionalized
through multiplication with the appropriate scaling gains. The universe
of discourse for the normalized outputs 4, spans A = [—1 1 ], and
output scaling gains h; transform the normalized outputs back into di-
mensional space. Once the crisp fuzzy output has been un-normalized,
the scale factors for Q, and R, are calculated with Egs. (51) and (53),
and the final adaptations to the noise covariance matrices are made
through Egs. (50) and (52).

5. Simulation and results

Numerical simulations of two near-Earth spacecraft are used to
assess the formation navigation accuracy of the proposed MLE-AEKF
and FAEKF algorithms. The following section provides an overview of
the simulation environment and introduces the spacecraft formations
being modelled, after which the numerical results from the simulations
are presented. Relative position and velocity estimates obtained from
the adaptive EKFs are compared with the measurement-only and clas-
sical EKF relative navigation solutions, followed by a discussion of the
results.

5.1. The formation flying navigation simulator

The true states of both the target and the chaser spacecraft are sim-
ulated using a real-world orbit propagator, which models the dynamics
of each spacecraft individually in the inertial frame. The propagator
outputs the ECI position states r,,r, € R? and velocity states v,,v, € R
for the target and chaser respectively, and the relative motion between
the spacecraft is then evaluated by differencing these absolute states. A
coordinate transformation based on the LVLH frame definition is then
applied to map the relative states from the ECI frame into the LVLH
frame fixed to the target, using standard kinematics relations [42].

For the following scenarios, the inertial force models use the stan-
dard two-body equations of motion [31], expanded to include pertur-
bations due to the oblateness of the Earth (J,), atmospheric drag, solar
radiation pressure, and luni-solar third body gravity. Details about the
mathematical modelling of these perturbations can be found in the
text by Montenbruck [43], and all simulations are completed within
the MATLAB-Simulink software environment. Numerical integration
for the orbit propagator is performed using Simulink integrator blocks
configured with the ODE4 fixed time-step solver with a step size of 1 s,
with absolute and relative error tolerances set at 107°.

Whereas the states output by the orbit propagator are used to repre-
sent the true state of the formation, the EKF only receives information
about the spacecraft through measurements. Hence, simulated mea-
surements of the spacecraft formation are modelled by first corrupting
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the inertial target and chaser states with zero-mean, white Gaussian
noise, via

r"=r,+N (0,0,) " =r,+ N (0,0,)
Vi=v,+ N (0,0,)

(63)
(64)

where the superscript m denotes measured quantities. For all scenarios
tested in this research, the standard deviation of the position and
velocity noises, ¢, € R? and o, € R’ respectively, are treated as equal
and spatially-independent noise processes that corrupt each component
of the measurement, so o, = [0, o, o,]' and 6, = [0, o, 0,]". These
resulting noisy ECI states are then used to calculate the ECI-to-LVLH
rotation matrix, and the noise-corrupted relative position and velocity
components are transformed into the LVLH frame. The resulting LVLH
components, with the embedded random noise, are finally passed to the
EKF through the measurement vector defined previously in Eq. (12).

5.2. Quantifying performance of the navigation filters

Comparisons between the various filter algorithms are based on
the resulting estimation errors from the simulations, which define
the difference between the true state of the formation and the state
estimated by the filter. Recall that the estimation error e, is calculated
as e, = x,—X,, and note that the error covariance bounds of the Kalman
filter are also useful for demonstrating that the errors stay within the
covariance bounds predicted by the filter covariance P,. The standard
deviation ¢, of the ith state is calculated from the corresponding ith
diagonal element of the state error covariance matrix of the filter, so at
a given time #,, the standard deviation is

o)) = VPG

Both the positive and negative 35-bounds of the filter are plotted when
considering the estimation errors, thereby illustrating the range of
errors that the filter estimates should fall between with 99% certainty.
In addition, the three-dimensional Root-Mean-Square (3D-RMS) error
is utilized as a scalar metric to quantify the overall filter accuracy. The
position and velocity 3D-RMS errors are calculated over the past N
data points from the filter output using the equations below, where it is
important to note that x, y and z used here indicate the specific LVLH
states:

(65)

RMS _

€oIN _\

Position 3D-RMS

z|~

g [(xj - */)2 + (v —)7,)2 +(z - 2/_)2]

RMS _

. 1
Velocity 3D-RMS €N = \ A
Jj=io

(67)

The number of data points used in the calculation of the RMS error
is N = n— j, + 1, where n represents the total number of data points
collected in the simulation, and j, represents the starting point for the
RMS calculation. Since the initial portion of the EKF estimation requires
a period of convergence to the true states, the starting point of the
RMS calculation for the analyses here consider only the data from the
second orbit of the two-orbit simulations; this implies that the EKF has
converged to the true state trajectory after one orbital period.

The following subsections contain the analyses of two spacecraft
formation scenarios. First, the PRISMA formation will be considered,
followed by a generic projected elliptical orbit (PEO) formation. Each
section presents the relevant orbital parameters, spacecraft characteris-
tics, and Kalman filter settings, along with the resulting data analysis.
As a performance benchmark, past works have identified that the
relative position accuracy should be at least two orders of magnitude
lower than the separation of the spacecraft, based on current GNC
system performances [44].
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Table 2 Table 4
Initial orbital elements of the PRISMA formation. Initial EKF settings for the PRISMA formation.
Parameter Target (TANGO) Chaser (MANGO) X =-5472 m Xo =210.73 mm/s
True Anomaly 6 358.903 490 28° 0.00° Initial Yo = —86.82 m Yo =71.70 mm/s
Semi-Major Axis a 7087.297 556 km 7087.297 677 km States Zp=4599 m 2o =83.19 mm/s
Eccentricity e 0.001 454 43 0.001 459 08 %) 0o = 3589 deg 0 = 0.0608 deg/s
Inclination i 98.185 286 13° 98.184 666 76° iy = 7077.04 km fiy = =021 m/s
RAAN Q 189.891 384 5° 189.890 860 2° Initial o2 =100 m? o2 =1m’/s’
Argument of Perigee w 1.097 451 382° 0.00° State o) =100 m* o) =1m’/s?
Error o'g =100 m? n'g =1 m?/s?
Covariance oy =1 deg? 7 =001 deg’/s*
Table 3 P, o2 =10 000 m’ o2 =100 m?/s?
Spacecraft properties for the PRISMA formation. . > . T
iti =02 =5x10" 52
Parameter Target (TANGO) Chaser (MANGO) Initial s m2 s 5 m / 52
Process g, =02 m gy =5x 107 m*/s
Mass, m 42.5 kg 154.4 kg Noise g. =02 m? g: =5x 107 m?/s?
Drag Area, A, 0.38 m? 2.75 m? Covariance g = 1x1073 deg? g = 1x1075 deg?/s?
Drag Coefficient, C, 2.25 2.5 Q g, =5x107 m? g, =5%107 m*/s?
SRP Area, A, 0.55 m? 25 m? — ~ —
SRP Coefficient, C, 12 m? 1.32 Initial ry =20 m* ry =05 m*/s
Measurement r, =20 m? ry =05 m?/s?
Noise r, =20 m? r. =05 m?/s?
Covariance rg = 0.01 deg?
. L . . R
5.3. Relative navigation analysis for the PRISMA formation 0
The PRISMA formation consists of two spacecraft, the target (named ;;b;‘;wz from PRISMA simulati
. . - errors from simulation.
TANGO), and the chaser (named MANGO). The formation operates in od om ; = ;

. . . Metho Position (cm. Velocity (cm/s Relative
low-Earth, Sun-synchronous orbit, and details of the orbital character- N Y . :
L K N [% Error]? [% Error]? Runtime
istics [45] and spacecraft properties [46] can be found in Tables 2 and oy - 29910 12.677] T4 P A

. . e e easurements . B o0 K X o
3,.respect1vely: The orl.31ts of both spaf:ecraft have small eccentricities, Standard EKF 86.20 [0.77%] 376 [16.44%] 1.00
with an operational altitude band ranging from 668 km to 749 km, and a O-MLE-AEKF 2389 [021%] 0.10 [044%] 2.29
relatively short orbital period of 99 min. Due to the LEO environment, R-MLE-AEKF 105.11 [0.94%] 6.91 [30.21%] 2.47
both spacecraft are subjected to the effects of atmospheric drag and QR-MLE-AEKF 48.60 [0.43%] 063 [2.75%] 2.96
solar radiation pressure (SRP); this is suitable for demonstrating the QFAEKF 26.46 [0.24%] 0.10 [0.44%] 1.25

bati dels that d within th 1 1d orbit R-FAEKF 86.85 [0.77%] 3.12 [13.63%] 1.29
perturbation models that are used within the real-world orbit propa- QR-FAEKF 61.58 [0.55%] 1.76 [7.70%] 1.30

gator and the adaptability of the AEKF methods, because the onboard
dynamics model is of lower fidelity than the real-world model. Fig. 5
shows the relative motion resulting from the orbit configuration of
PRISMA, where the chaser spacecraft follows a bounded relative orbit
about the target that is offset in the radial direction. The separation
between spacecraft is on the order of 120 m, which means acceptable
1% position errors are on the level of one metre.

5.3.1. PRISMA simulation conditions

The simulation duration is twice the orbital period of the target
spacecraft, and a sampling frequency of 1 Hz is used for processing
the measurements. The random zero-mean Gaussian noise added to
the measurements is based on accuracy specifications of the NovAtel
FlexPak6 GNSS Receiver,' where the standard deviations for the posi-
tion and velocity noise processes are o, = 1.2 m and o, = 0.03 m/s,
respectively. It is critical to reiterate these noises are added to mea-
surements in the inertial frame, not the LVLH frame; consequently the
noise characteristics of the filter cannot be expected to directly match
the added noise, due to the transformation between the ECI and LVLH
frames. Initial conditions for the EKF states and covariances are listed
on the following page in Table 4.

Within the filter, the relative position states of the formation are
initialized to values that constitute initial state errors of approximately
3% of the amplitude of the respective state. For the MLE-AEKF, the
moving-window size was selected as N 30 to provide reason-
able smoothing performance without excessively straining the com-
putational requirements. Similarly in the FAEKF, the averaging of
residuals uses the past N = 30 observations. This value of N was
selected empirically, based on knowledge that N must be large enough
to smooth the data but small enough capture the dynamical envi-
ronment throughout the spacecraft orbit (i.e., if a large value of N

1 https://www.novatel.com/assets/Documents/Papers/FlexPak6.pdf
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aThe position and velocity percent errors are calculated relative to the minimum
distance and speed between the spacecraft, respectively.

encompasses an entire orbit, the periodic nature of the relative dy-
namics would be averaged to roughly zero, while a very small N
provides negligible smoothing). Selecting the same value of N for
both the MLE-AEKF and FAEKF also provides reasonable grounds for
comparing the computational costs of each method. The input scaling
gain for the Q-adaptations using the DOD is selected as g¢ = —5 x
1073, and the output scaling gain is k9 = 1073. Corresponding gains
for the R-adaptations are g {0.05,0.05,0.05,10,1,1,1} and h!
{1074,1074,107%,1074,1073,1073,1073} Vi = 1,...,7, for the inputs and
outputs, respectively.

5.3.2. PRISMA simulation results

The resulting 3D-RMS errors for the PRISMA simulations are pre-
sented in Table 5, along with the relative runtime for each variant
of the EKF. The relative runtimes are calculated with respect to the
non-adaptive EKF, and the costs of the adaptation schemes agree with
the expected trends: the MLE-AEKF is more complex than the FAEKF
and the standard EKF by over a factor of 2, due to the storing and
processing required by the smoothing routine and update laws within
the MLE algorithm. The R-MLE adaptations in Eq. (47) have a larger
number of calculations than the Q-MLE adaptations in Eq. (46), which
is reflected in the larger runtime for the R-MLE scenario. Not sur-
prisingly, attempting to estimate both noise covariances at the same
time leads to the QR-MLE-AEKF displaying the highest level of com-
putational complexity. The FAEKF is less computationally demanding
than the MLE-AEKF, with the R-FAEKF being more costly than the Q-
FAEKEF. Since the R-FAEKF involves processing seven inputs through the
FLS and the Q-FAEKF requires only one, the R-FAEKF understandably
requires a longer runtime.


https://www.novatel.com/assets/Documents/Papers/FlexPak6.pdf

C.T. Fraser and S. Ulrich

0 T

= -200
§ -a00
b=
8
£ -600
>

-800

-500 0 500
z Position (m)

. 100
\E/ 50
g
£ 0
s
A, -50
I

-100

-200 -100 0 100

2 Position (m)

—— Chaser Trajectory

Acta Astronautica 178 (2021) 700-721

o Target Spacecraft

100

-100 100

0
-100
-200

-500

-1000
y (m)

 (m)

-800  -600  -400

y Position (m)

-200 0

Fig. 5. Relative orbit of the PRISMA mission over five orbital periods of the target spacecraft, under the influence of perturbations from solar radiation pressure, atmospheric

drag, third-body gravity and J,.

More interestingly however, are the estimation errors of the filtering
algorithms. First note that the standard EKF is entirely capable of
providing better position and velocity estimates than the measurements
alone. Furthermore, adaptations of the process noise matrix by both the
MLE-AEKF and the FAEKF improve the estimates of the EKF, yielding
position estimation errors less than 30% those of the EKF, and velocity
estimation errors less than 1% those of the EKF. Fig. 6 presents the state
estimates and estimation errors of the proposed filtering algorithms, for
both the relative position and relative velocity estimates. For brevity,
only plots of the EKF, the Q-MLE-AEKF, and the Q-FAEKF are shown,
since Q-adaptations provided the best overall performance in this case
study, and the EKF provides a baseline for comparison.

Fig. 7(a) provides a set of histograms comparing the position estima-
tion error distributions for the PRISMA scenario. The first row compares
the EKF and the GPS measurements, and shows that the estimation
errors of the EKF are more frequently distributed at smaller values
than those of the measurements (i.e., the EKF improves the position
estimation accuracy relative to the GPS measurements). The second
row compares the Q-MLE-AEKF and the EKF, where the adaptive EKF
markedly outperforms the standard EKF. A comparison of the Q-FAEKF
and the Q-MLE-AEKEF is given in the third row, where it is more difficult
to determine visually which method provides the best estimation accu-
racy. It was established from the RMS errors that the Q-MLE-AEKF does
indeed provide estimation errors that are 2.57 mm less than those of the
Q-FAEKEF, so the third row here is effectually demonstrating that both
methods provide a comparable level of estimation accuracy. Similar
results are obtained for the velocity estimation error distributions,
which are illustrated in Fig. 7(b). As a final note, see that the range of
the error distributions (the horizontal axes) decreases along the first,
second, and third rows, indicating the estimation accuracy increases
along the rows.

5.3.3. PRISMA simulation conclusions

The array of figures shown for the simulations of the PRISMA forma-
tion have demonstrated that both the Q-MLE-AEKF and the Q-FAEKF
provide the best estimation performance out of the proposed algo-
rithms, for this particular formation configuration. The 3D-RMS values
further supported these results, where both Q-MLE-AEKF and the Q-
FAEKF methods outperform the standard EKF. Although both adaptive
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schemes provide comparable accuracy in the relative velocity esti-
mates, the position estimates using the MLE adaptations are marginally
more accurate than the estimates from the FAEKF adaptations. This
additional accuracy comes at the cost of additional computational time
however, with the Q-MLE-AEKF requiring 1.8 times more processing
time than the Q-FAEKF. Lastly, the position estimation errors obtained
in this scenario are well within the predefined one-metre accuracy
objective.

To clarify why the Q-adaptation routines provide the best results in
this scenario, consider the dynamical and measurement environments
of the system tested here: in Low Earth Orbit, the nonlinear effects
of perturbations are significant and dominate the errors due to the
measurements. The altitude range spanned by the formation means
that the spacecraft are subjected to varying degrees of non-conservative
forces from atmospheric drag, and similarly the effects of J, will be
prevalent at these altitudes. These effects are unmodelled by the EKF’s
dynamics model, so by adapting the process noise covariance matrix of
the EKF, a more appropriate weighting between the dynamics and the
measurements of the filter can be obtained using Q-adaptations.

5.4. Relative navigation analysis for the projected elliptical orbit formation

The second formation configuration considered in this analysis
yields a projected elliptical orbit between the chaser and the target.
Physical spacecraft characteristics similar to the PRISMA formation are
used here for continuity, but the defining orbital elements and resulting
relative motion have been modified. In this case, both the target and
the chaser orbits have an eccentricity near 0.1, two orders of magnitude
larger than the PRISMA mission. The relative orbit of the chaser is also
centred on the target, whereas the PRISMA formation featured an offset
relative orbit. Table 6 lists the orbital elements used to define the PEO
formation, and due to the non-zero eccentricity in this LEO scenario,
the orbital environment varies in altitude from between 372 km to
1 862 km. The separation between spacecraft oscillates between 370 m
and 1 500 m, and the trajectory of the chaser with respect to the target
is shown in Fig. 8.

5.4.1. PEO simulation conditions
To demonstrate the performance of the filtering algorithms in the
presence of larger measurement noises, the standard deviations of the
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Table 6

Initial orbital elements of the projected elliptical orbit formation.
Parameter Target Chaser
Semi-Major Axis, a 7500 km 7500 km
Eccentricity, e 0.100 00 0.100 05
Inclination, i 98.188° 98.178°
RAAN, Q 189.891° 189.891°
Argument of Perigee, w 1.094° 1.094°
True Anomaly, 6 0° 0°

noise processes have been increased by an order of magnitude from the
previous case, now taking on values of ¢, = 12 m and ¢, = 0.3 m/s. The
initial measurement noise covariance matrix has been increased in light
of the additional noise, and the initial conditions of the EKF are also
modified to account for the different configuration of the formation.
Table 7 contains the initial settings for the EKF, and this case study
provides insight into the performance of the filter adaptation schemes

in situations where the measurement noises are improperly defined or
unknown a priori.

The initial relative position and velocity states of the formation are
offset from the true values by 20 m and 20 mm/s, respectively, and
the same moving window size of N = 30 is used for both the MLE-
AEKF and the FAEKF. Here, values of g7 = —5 x 1073 and h% = 1072
are selected for the input scaling gain for the Q-adaptations, and g/ =
{0.05,0.05,0.05,10,1,1,1} and A7 = {1074,1074,107%,107%,1073,1073,
1073} Vi = 1,...,7 are chosen for the R-adaptation input and output
gains.

5.4.2. PEO simulation results

Despite the increased measurement noises used in this case study, all
filters are successfully able to converge to the true state trajectory and
provide relative position and velocity estimates that are more accurate
than the measurements themselves. Table 8 is a compilation of the 3D-
RMS errors and the relative runtimes observed in the PEO simulations.
The MLE-AEKF schemes require more processing time than the FAEKF

712



C.T. Fraser and S. Ulrich Acta Astronautica 178 (2021) 700-721

= 2000 . . 2000 . 2000
-]
3
: EKF
2 1000 1000 | 1000 -c 5
5} [ [els
=
o
2
=0 0 0
K 0 5 5 0 5 -5 0 5
= 4000 2000
2000+
év 2000
o, Q-MLE-AEKF
2000 10001 1000 -EKF
g |
g
£
Moo 0 0
4 2 0 2 4 2 0 2 92 0 1 2
= 1500 1000 1500
=
S
1000 1000
I Q-FAEKF
g 3001 -C.;»I\ILEAEKF
g, 500 500
&
o4
= o0 0 0
05 0 05 1 05 00 05 1 05 0 05 1
e, Distribution (m) e, Distribution (m) e. Distribution (m)
(a) Relative position error distributions.
:;_,: 1500 1500 1000
a3
e
© 1000 1000 f EExF
g 500 Blcrs
< 500 500
=y
&
=0 0 0

-200 -100 0 100 200 -200  -100 0 100 200 -100  -50 0 50 100
5 4000 3000 3000
3
= 2000 2000 [ Q-MLE-AEKF
g 2000 [ [Ny
2 1000 | 1000
&
2
<3 0 0 0
-50 0 50 -100 -50 0 50 100 -50 0 50
£ 1000
2 600 | 600
o]
g 500 4001 400 I Q- FAEKF
£ I Q- MLE-AEKF
=) 200} 200
@
= 0 0 0
-2 -1 0 1 2 -2 0 2 -1 -0.5 0 0.5 1
¢; Distribution (mm/s) ¢; Distribution (mm/s) e: Distribution (mm/s)

(b) Relative velocity error distributions.

Fig. 7. Estimation error distributions for the PRISMA formation, comparing the measurement-only, EKF, Q-adaptive MLE-AEKF, and Q-adaptive FAEKF.

schemes as discussed previously, and similarly the R-adaptations are

Table 7 more costly than the Q-adaptations. These computational considera-
Initial EKF settings for the PEO in LEO formation. tions match the results from the previous case study of the PRISMA
X = —395.00 m %) = 2.00 mm/s formation.
Initial Yo =20.00 m Yo = 852.70 mm/s With the additional measurement noises applied in this study,
States zy=—4249 m zy = —1404.48 mm/s 3 . . ..
% 0 = 0 deg 0o = 0.0684 deg/s ?daptmg the r'neasuremfznt noise covariance matrix is presumal?ly the
r,, = 6750.05 km £, =0.00 m/s ideal way to improve filter performance, and the results of this case
Initial 22100 m? =1 m/s study verify that prediction. In both the MLE-AEKF and the FAEKEF tests,
State o2 =100 m? ol =1m/s the R-adaptation schemes provide the best position estimation results,
Error 02 =100 m? 02 =1m?/s? with RMS errors of 444 cm and 488 cm, respectively. In contrast, both
Covariance o5 =1 deg? 5 = 001 deg?/s? the Q-MLE-AEKF and Q-FAEKF provide position estimates that are more
P o7, =10 000 m* o;, = 100 m*/s* erroneous than the non-adaptive EKF. This recapitulates the fact that
Initial 9, =02 m’ 4 =5x107 m?/s? identifying and selecting the proper adaptation method for a particular
Process 4y =02 m® 4y =5x 107 m?/s? scenario is indeed a design consideration in and of itself.
Noise q. =02 m’ g: =5x1070 m*/s?
Covariance 4 =1%107 deg? 4 =1%107 deg?/s> The adaptive EKF algorithms are able to obtain position estimation
Q g, =5%x1073 m? g, =5%10 m?/s? accuracies between 1% — 2% of the minimum spacecraft separation
Initial =100 m? r=25 m/s distance, an impressive result considering the magnitude of the noises
Measurement r, =100 m? r, =25 m/s? added to the measurements in this scenario, and the varying range of
Noise r, =100 m? r, =25 m?/s? separation between the spacecraft. Further support for the numerical
;‘:"ariaﬂce rg = 0.05 deg? results of the PEO in LEO simulations are provided the position and

velocity estimation error plots in Fig. 9, along with an analysis of
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Table 8

3D-RMS errors from PEO simulation.
Method Position (cm) Velocity (cm/s) Relative

[% Error] [% Error] Runtime

Measurements 2974.18 [7.98%] 74.11 [204.28%] N/A
Standard EKF 719.32 [1.93%] 29.68 [81.89%] 1.00
Q-MLE-AEKF 1697.27 [4.56%) 0.42 [1.16%] 2.32
R-MLE-AEKF 443.61 [1.19%] 20.41 [56.31%] 2.56
QR-MLE-AEKF 457.24 [1.23%] 5.88 [16.22%] 2.58
Q-FAEKF 2375.70 [6.38%] 59.27 [163.53%] 1.17
R-FAEKF 487.72 [1.31%] 19.01 [52.45%] 1.28
QR-FAEKF 2415.14 [6.48%) 74.10 [204.45%] 1.30

the error distributions in Fig. 10. For this scenario with increased
measurement noises, figures relating to the EKF, the R-MLE-AEKF, and
the R-FAEKF are shown.

The position estimation errors distributions for the PEO case study
are contained in Fig. 10(a), and use the same format as the previous
histograms: the first row compares the EKF and the GPS measurements,
the second row compares the R-MLE-AEKF and the EKF, and the third
row compares the R-FAEKF and the R-MLE-AEKF. The magnitude of the
measurement noise in this scenario leads to a widely distributed error
plot for the measurements, spanning +50 m. However, the baseline
EKF is able to greatly reduce this distribution to within +25 m, and
from the RMS values shown previously, the position errors from the
EKF are 25% as large as the measurement errors. Considering the
second row, errors from the R-MLE-AEKF appear more tightly-grouped
around zero than errors from the EKF, signifying that errors from the
adaptive filter are more frequently at a lower magnitude than errors
from the non-adaptive filter. This further substantiates that adapting
the measurement noise covariance is a suitable tactic for dealing with
the large, unknown noises in the measurements. In brief, the position
estimation errors of the R-MLE-AEKF and R-FAEKF are similar, but the
MLE-AEKEF yields errors that are more frequently smaller than the errors
from the FAEKEF.

Fig. 10(b) presents the velocity estimation error distributions for the
PEO formation, and the first row clearly demonstrates that the velocity
estimates from the EKF are more accurate than the measurements
provided to the EKF, a result that is not unexpected. Interestingly, the
second row exposes that the span of the velocity estimation errors from
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the R-MLE-AEKF is nearly as large as the EKF. Although the width
of both these symmetric distributions is similar, the sharpness of the
R-MLE-AEKF is greater than that of the EKF. Thus, more estimation
errors from the MLE-AEKF are smaller than the errors from the EKEF,
which corroborates with the smaller RMS errors achieved by the MLE-
AEKF compared to the EKF. The third row confirms that the velocity
estimates obtained by the R-FAEKF are consistently more accurate than
the estimates by the R-MLE-AEKF. The RMS error for the FAEKF is only
14 mm/s lower than that of the MLE-AEKF, but the histograms shown
below provide an astute representation of the filter performances.

5.4.3. PEO simulation conclusions

The EKF, MLE-AEKF, and FAEKF demonstrated improved relative
position and velocity estimation throughout this study of a spacecraft
PEO formation. Increasing the measurement noises led to poor per-
formance from the Q-adaptation routines, a foreseeable result given
that the formulations of both the MLE-AEKF and the FAEKF do not
distinguish between noises due to measurement errors and noises due
to modelling mismatch. As such, selecting an appropriate adaptation
scheme for a particular scenario is a consideration that must be made
before implementing these adaptation filters in a practical setting. The
processing requirements for the Kalman filter variants in these simula-
tions matched those from the PRISMA case, where QR-adaptation was
the most expensive, followed by R-adaptation and then Q-adaptation.
The FAEKF required 30% more computational time than the EKF, and
the MLE-AEKF took twice as long as the FAEKF. From the PRISMA test
case, recall that the 3D-RMS position errors of the standard EKF were
reduced by 72% through the use of the MLE-AEKF for resolving errors
in the dynamical models, and here use of the MLE-AEKF in dealing with
measurement noises gave a 3D-RMS position error reduction upwards
of 38%.

6. Conclusions

This paper presented the methodology, design and numerical val-
idation of two adaptive extended Kalman filtering algorithms. The
performance of these filter was analysed through the simulation of two
unique spacecraft formation scenarios, the first of which considered
the PRISMA formation in a low-eccentricity, low-Earth orbit. In these
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Fig. 9. Comparing the performance of the navigation routines for the PEO formation, showing estimation errors and 3¢ covariance bounds from the EKF, the R-MLE-AEKF, and

the R-FAEKF.

conditions, unmodelled orbital perturbations were expected to dom-
inate the state estimation errors of the EKF, and it was shown that
the proposed Q-adaptation methods were able to drastically improve
the accuracy of the state estimates. The second scenario simulated a
representative spacecraft formation in a LEO-based projected-elliptical
orbit with mild eccentricity, and featured an increase in the mea-
surement noises. The performance of the R-adaptive Kalman filter
schemes accordingly provided better state estimates in this scenario
than the non-adaptive EKF. In both case studies, the performance of
the Maximum Likelihood Estimation EKF was superior to that of the
Fuzzy Adaptive EKF. The analytic MLE adaptation laws displayed rapid
responsiveness, while the FAEKF provided slower adaptations based on
the current tuning of the FLS. Improved estimation accuracy by the
MLE-AEKF comes at the cost of the additional processing power needed
to complete the smoothing and adaptation calculations within the MLE
routine, as the MLE-AEKF required twice the computational time of
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the FAEKF. While the MLE-AEKF estimation errors were lower than
those of the FAEKF in these case studies, they were not commensurate;
this means careful consideration of the processing budget and desired
navigation accuracy would need to be considered before implementing
one of these methods for onboard operation. Above all, by intelligently
selecting to adapt either the process noise or the measurement noise
covariances within the EKF, the adaptation schemes presented in this
chapter successfully demonstrate two methods for improving the es-
timation accuracy of the standard EKF in the presence of modelling
errors, measurement noise, and poorly-defined initial noise statistics
within the filter itself.
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Appendix A. Linearization of the nonlinear dynamics models

This appendix provides the partial derivatives terms used to con-
struct the Jacobian of the nonlinear dynamics model. In the context of
spacecraft formation navigation presented in this paper, the Jacobian
is necessary to construct the discrete time state transition matrix of the
linear dynamics, which is then used to propagate the EKF error covari-
ance ahead one step in time. The full Jacobian matrix is defined in
Eq. (18), and the non-zero partial derivatives of the nonlinear dynamics
are given here. The derivatives of the radial position dynamics with
respect to the states are:
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and the linearized components for the along-track position dynamics
are:
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_dy y
y, = 22 (§> z (A.12)
L0y ( o h )
Jo=—==2|0y—x+ —x (A.13)
T r
0y + )
B, = 2 =3u L2 ) y-207tx (A.14)
rooor r r
Partial derivatives of the cross-track position are given by:
. 0z X
7o=== z A.15
=g M< - ) (A.15)
" 0z y
zy=$)=3/4(ﬁ>z (A.16)
c
5. =92 _ K |3 EAR (A17)
oz A re )
c
+
;=95 _3,(TX), (A.18)
T o, r
and linearizing the true anomaly dynamics equation gives:
00 (2
=% _921p A.19
't art rtz ( )
" 00 ¥y
Op = — =-2— A.20
0= . (A.20)
b 6
== =-22 A.21
' oF, r ( )
Lastly, the linearized target radius components are:
oF .
po= Tt g2yt (A.22)
noor, rt3
" o, j
Fiy = % =20r, (A.23)

All components of the states and their respective dynamical equa-
tions shown above take their usually definitions from the formation
flying relative motion descriptions described in Section 2. Within the
EKF, the state transition matrix is calculated at every time step by
evaluating each of these partial derivative components at the current
best estimate of the state (i.e., at the a posteriori state estimate from the
previous time step).

Appendix B. Observability for relative spacecraft motion

Continuing from the in-text discussion on observability within the
EKF, this appendix outlines the construction of the observability matrix
O(x), with the objective of showing that the observability matrix is
full rank. Recalling that the zeroth-order Lie derivative is simply the
measurement model of the system, it is known that

ﬂ}h(x) =h(x) (B.1)

where h(x) is given by Eq. (12). The gradient of the zeroth-order Lie
Derivative of f(x) along h(x) can then be established, and corresponds
to the linearized measurement model used within the EKF. As such, this
yields

oh(x)
ox

H

VL) = = (B.2)

S oo oo o~
S o oo o —Oo
S o oo~ o0
S oo~ O OO0
S oo oo oo
SO = O OO0
(= = =l =l R ]
-0 O o0 o o0
S oo oo oo
S oo o ocoo
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The first-order Lie Derivative requires more work to derive, and is
seen to be

1 0o 0 0 0 0 0o 0o o o]l [+]
01 0000 O0O0 0 0 g ¥
00 1 00 000 0 off |z
£}h(x)=Hf(x)= 00 01 0 0 0 0 0 offff=[(é
00000 10 0 0 ol |
00 0000 T1UO0T0 0 i §
0000000 0 1 o0 ofg [z]
L7 ]
(B.3)

Taking the gradient of the first-order Lie Derivative leads to the
following result:

[0 0 0 0 0 1 0 0 0 O
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 O
vg}h(x) =fo o o 0 0 0 O O I O (B.4)
X, X v X, 0 )'é,r 0 X 5 0 X5 X ¥
Ve ¥y Vo 0, ¥ 0 0§y oy
|z, %, 2 0 %0 0 0 0 0|

As a reminder, the symbol %, is shorthand notation used to indicate
the partial derivative of X with respect to x, and so on for the other
dynamical states. The second-order Lie Derivative in the spacecraft
formation scenario is

0 0 0 0 0o 1 o o o oll”] [x]
00 0 0 0 0 1 0 0 0 Z y
0o 0 0 0 0 0 0 1 0 o0} 7
£2hx=[0 0 0 0 0 0 0 0 1 0 "=l g
f00%, % 0 %, 0 & 0 % %, )y‘ L,
j}x .vy j}z 0 yrr yV 0 0 YG yr’, 5 L2
20 2, % 0 z 0 0 0 0 0]f5] [Ls]
a
(B.5)
where L,, L, and L, represent the following functions
Ly = %%, +yX, + 2%, + 7%, + J%; + 0%y + Py, (B.6)
Ly = X3 + 93y + 23, + F,§, + %5 + 05y + i3, (B.7)
Ly = X2, + yi, + 22, + F,Z,, (B.8)

The gradient of the second-order Lie Derivative can be written as

Xy X, X, 0 56,! 0 Xy 0 Xg Xy,

Ve ¥ ¥ 0§, ¥ 00§

£, £, % 0 £, 0 0 0 0 0
vVLihw =0 0 0 0 4 0 0 0 § b,

as; a5y as3 0 a5 asg a5y X asg a5

a1 gy x%3 0 ags @ a7 Vo g9 g0

(a7 app a3 0 s 2, %, Z; O Z, |
(B.9)

where the various «, ; matrix components are shown on the following
page, for k € 1,...,7 and j € 1,...,10. The second-order form of the
partial derivative shorthand notation is needed within the «, ; terms,
where for example %,, represents

_ 0% _ 9 ox _ 0%
T ox  dox0z 0xoz

(B.10)

xZX
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as, = % = XK+ X+ 2R+ + X+ 0%, (B.11)
a5y = ad—Ly‘ = XXy, + VX, + 2R, + X, + 5% + 0%, + X, (B.12)
as; = % = XXy, + X, + 2%, + X, + 7%, (B.13)
55 = l;—i' = XKy, + PR, 2K, PR, + R+ 0,5, + F X+ PR, (B.14)
As6 = % =X, + Xy (B.15)
As7 = da—Lyl =X, + 95&9}., (B.16)
Osg = % =X, (B.17)
asg = % = XX+ VX5 + PR+ PRy + IRy + Op% + O3gg + FoX, + Py
(B.18)
@510 = % = X, + %, + V%, + 0,5, + 0%, (B.19)

t

The second-order partial derivative terms in these matrices are not
presented here, as they are quite lengthy and cumbersome. They are
easily derivable using software that features an analytic solver, such
as Maple or the MATLAB Symbolic Toolbox. Thus, for the purposes
of confirming observability for the proposed extended Kalman filter
algorithms, it is sufficient to demonstrate that these terms are non-zero.

a1 = D2 = 54 b 2 R4 0y 4 P (B.20)
ag = 0()_Ly2 = X3, + 9Py + 2V, + P + X 5 + 05, (B.21)
= % = WPz + Iy + 2V + s+ (B.22)
s = % = X+ Iy + 25y Fy K5+ 0,5 + 05, + T+ 75
(B.23)
Qg = % = J, + 05y, (B.24)
57 = 00_1;2 =J, +%,Jx (B.25)
g = % -y, (B.26)
g = % = %Py + IVy0 + 1+ KoV + Ko + 009 + 059y +Fo3, + g
(B.27)
a6 10 = (;—iz = %P+ Fy + P+ %35 + 0,5, + 05y, (B.28)
a, = % = XE Vi, + 22, i, (B.29)
ap = aa_L; = XZ, + V2, + 22, + FE,, (B.30)
ap = % =XE + Vi, + 22, +FE,, (B.31)
a;s = '2—613 = XZ,, + Vi, + 22, +iE, (B.32)

For the spacecraft formation dynamics and measurement models
used in this research, the first three Lie derivatives are sufficient to
show that observability is ensured when the relative position, relative
velocity, and target true anomaly are available as measurements. The
first N = 3 Lie derivatives are presented in the observability matrix
below, demonstrating the full rank condition, and the partition lines
indicate the zeroth, first, and second order Lie derivative portions of
the matrix. The resulting truncated observability matrix @, (x) can be
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summarized as:

1 0 o 0 O 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 o 1 0 0 0 0 0 0
0 0 o 0 O 1 0 0 0 0
0 0 o 0 O 0 1 0 0 0
0 0 o 0 O 0 0 1 0 0
o070 0 0o o 1 0 o 0o o
0 0 0o 0 O 0 1 0 0 0
0 0 o 0 O 0 0 1 0 0
0 0 o 0 O 0 0 0 1 0
O =5 X, % 0 % 0 % 0 X X
B2 P P R M 0 0 ¥ Yy,
15 % % 0 % 0 0 _ 0 0 0}
Xy )'c'y X, 0 X,r 0 Xy 0 Xg )'é,-r
R 2 S L VD M 0 0 ¥ Vy,
z, £, Z; 0 %, 0 0 0 0 0
0 0 0 0 0, 0 0 0 6 0,
as; a5y a3 0 a5s asg a5y X asg a5
agr A a3 0 ags  ags  agr Vo ag g0
ap oy a3 0 s E0 Z, 2,0 Z,
asp asy a3 0 ass  ase a5y z Q9 G570

(B.33)
Appendix C. MLE adaptation equation derivations

The proof of the MLE adaptation equations for Q, and R, is ex-
plained here for completeness, to clarify and consolidate past references
that have described different aspects of the derivation [14,16,32,36].
To begin, the goal of maximizing the log-likelihood function is equiva-
lent to minimizing the negative log-likelihood function, and a pseudo-
likelihood cost function was reduced to the form in Eq. (32), which is
rewritten here for convenience as

N
J(01Zy) 2 Y [ln|2,~|+v,.TZ'i_lvi] Cc1n
=1y
The MLE solution to the pseudo-likelihood minimization problem can
then be constructed analytically by taking the derivative of the cost
function with respect to the adaptation parameter «, and setting the
results equal to zero:

21 (01Zy)]

"o

To evaluate this partial derivative, a primary assumption is that
the filter states are insensitive to the adaptation parameters, implying
that % = 0. Two additional matrix identities are then required,
where the first specifies the partial derivative of the logarithm of a
matrix determinant, and the second specifies the derivative of a matrix
inverse [32]. For a generic square matrix A that is dependent on some

scalar term x, the two necessary identities are

(C.2)

oln|A|  oln|A| Al 1 A L 0A
= = o i{ AT C.3
ox JAl ox JA] ox T ox €3
0A~! _10A ,
—_A-19AQ C.
ox ox ¢4

Using Egs. (C.3) and (C.4), the partial derivatives of the pseudo-
likelihood cost function in Eq. (C.1) can be rewritten as

e

At this point, the relationship between the residuals covariance matrix
and filter process and measurement noise covariances can be used,
where the partial derivative of X, = H,.PI.‘H,.T + R, with respect to the
adaptation parameter can be inserted into the preceding equation. With

N

)

i=iy

i

0x 0X;
} -zt =zt v,]
o oay,

3 (C.5)
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the assumption that the rneasurernent model is independent of «;, and

time invariant, such that —L =0, evaluating the partial derivative of
the residuals covariance glves

0X. OR, P>

= 4 H—LH (C.6)
day, Oy ' oay

Further assuming that the state transition matrix of the dynamical
process is independent of the adaptation parameters, take % 0,
and obtain the sensitivity of the a priori state error covariance Pr =
. P" @ _, +Q, from Eq. (14) as

i—-17 - l
oP- + 0Q,
da

~
~

i g i-1

J =P o0 O
Ay Ay

(€7

If the convergence of the Kalman filter is assumed to be slower than the
rate of adaptation of the parameters (i.e., if the processes within the
estimation window are assumed to be at steady-state), than the term

Pt .

—‘ ~ 0. Thus sensitivity of P, reduces to a dependency only on ZS’,
k

an(ﬁ Eq. (C.6) reduces to

0X;, OJR; 0

o N L H. Q; HT (C.8)

day, Oy ' day,

Next, substituting Eq. (C.8) into (C.5) gives

JR,; 0Q;
0= Z[tr{ - <_+H,ﬁ

i=ig

JR;

)

day,

9y

+
i dak

i ) = l"i]
(C.9)

Using another identity of the trace operator [32], for two arbitrary

square matrices A and B, the following relations hold:
ATB =t {AB"} =t {BAT} (C.10)

and applying the identity from Eq. (C.10) to the right-hand term in the
summation of Eq. (C.9) leads to

o B[ef (2 nizan) ol (3 en ) )
(C.11)
Bringing both terms of Eq. (C.11) inside the trace gives
O=i‘r{5f1<— 9Q, HT>—£?'va2f‘ < +H 9Q )}
oL\ % R PR P
(€12)

and factoring similar terms shows that the partial differential equation
that maximizes the likelihood function for the adaptation parameters

is
JR.
{ [2;1 - Ei’lviviTZi’l] [—' +H . ] }
day, !

This equation represents the MLE solution for estimating either to
process noise covariance or the measurement noise covariance, and
independent analytic adaptation laws can be derived for both.

N

O=Ztr

i=iy

9Qi

1
i 0ak (€13)

C.1. Adaptations for the process noise covariance

By setting T = 0, the adaptation equation for the process noise
covariance is found by solving Eq. (C.13). Each diagonal entry of the
process noise covariance is treated as an adaptable term, so at each time
step the adaptation parameters a, = Q,,, correspond to the nth row or
column index of the process noise matrix. By assuming that the noise
covariance is dlagonal =1, and Eq. (C.13) simplifies to

{ = - z;lv,.vfzgl] [0+ 11| }

N

O=Ztr

i=iy

(C14)
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(C.15)

N
-y tr{ |z - z;lvivfz;‘]HiH,T}
i=iy

Recalling the trace identity from Eq. (C.10), the result from Eq. (C.15)
can be manipulated to

N
0=YH! [2;1 - Z;]VIVTEF']H,. (C.16)
i=ig
N
=) [HiTEi‘lHl. - HiTZi"vl.v,.TZi‘lH’.] (€17)
i=ig
Now, consider that the Kalman gain equation K; = Pl.‘Hl.TZI.‘1 can be
rearranged and transposed to give
Z'H, =K [P} (C.18)
H' =z =[P7]7'K, (€.19)
and then substitute these two terms into Eq. (C.17) to find
N
=y [[P;]-IK,.H,. - [P;]-IK,.V,.V,.TK,.T[P;]-I] (C.20)
i=i0
Z [[P (KH,P, —K,v V'K [P]] ] (c.21)

It can further be realized that the covariance terms must be positive
definite symmetric by definition, so the only way to solve Eq. (C.21) is
to zero the inner term and proceed with

N

)

i=iy

- TwT
[KiHiPi -K,v,v; K] ] (C.22)

To continue simplifying the equation, expand the optimal a posteriori
covariance equation [47] and rearrange, as follows:

P} = (I-KH,)P; =P, -KHP; (C.23)
P; -Pf =KHP; (C.24)
Now, Eq. (C.24) is inserted into the Eq. (C.22) and yields

N
0=y [P; -Pf K v K' (C.25)

i=ig
and substituting with the definition of the a priori error covariance P
from Eq. (14) leads to

(C.26)

N
- + T TT
O_Z[(qu 1P1 l¢ +Qi)_ KLV/VIK ]

i=ig
Finally, by extracting the process noise covariance as the average of the
cumulative adaptation parameter throughout the estimation window,

the estimated process noise covariance Q, can be obtained as

Q. =— z [KIV,V,TKT )]

i=i
Note that the parenthetical term in Eq. (C.27) contains the change in
the error covariances between the current and previous time steps. If
the filter has reached steady-state operation, as was assumed earlier
in the derivation, then the term in parentheses is approximately zero,
while the Kalman gain is roughly constant and can be taken outside of
the averaged summation. The estimate of the process covariance then
reduces to:
s

Qk=Kk|:

The bracketed terms contain the residuals of the filter averaged over
the N-steps of the fixed window, which has already been referred to as
the observed residuals covariance matrix and is defined as

N
o A 1 T
EMN = N E VI.V,.

i=ig

&,_Ph ol

(P} -, PF (€.27)

(C.28)

v

i=iy

(C.29)
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Thus, the final Q-adaptation law for the EKF can be re-written in the
form

A 5 T
Q, =K, 2 vK; (C.30)

C.2. Adaptations for the measurement noise covariance

Solving for the measurement noise adaptations uses the same pro-
cedure as above, except where Q, is designated as the known and
adaptation-independent parameter. Setting all % = 0 and choosing
the adaptation terms as «, = R,,,, the derivatives in Eq. (C.13) yield

0= itr{lil [z,. - vl.v,.T] = 1+0] }

i=ip
Several trivial manipulations are needed next, but are shown here to be
explicit. First, the trace identity from Eq. (C.10) (i.e., ATB = tr {BAT}),
is used again to remove the trace operator from the equation:

(C.3D

N

=3

i=iy

)= [zi - v,.v,.T] > (€.32)

Clearly I = I can also be removed from the equation now, and
inserting the definition of X, from Eq. (27) then gives the new form of
Eq. (C.32) as

N
0:22;1

i=i

[(HiPi‘HiT +R,) - vl.viT] z! (C.33)
Invariance of the estimation process is assumed for the given memory
window, implying that Zi’l is approximately constant throughout the
filtered data in memory [32,34,36]. Furthermore, the covariance X;
will also be positive definite, hence the solution for the R-adaptation
equation focuses on the inner terms of Eq. (C.33) only. Consider then

N

)

i=iy

[(HiPi‘HiT +R) —vy! (C.34)
from which an explicit estimate of the measurement noise covariance
is extracted to be

L X
R o— T -7
R, = N z [vivi - HP7H]]

i=ig

(C.35)

However, implementation of Eq. (C.35) has been shown to give
poor estimates of R, that break the positive definite constraints, so
an alternate variation of this R-adaptation law is derived by using
several other Kalman filter relations. Continuing from Eq. (C.33) and
multiplying the inverse residual covariances through, it can be seen that

N

0=3

i=iy

[2;1 (HP7H! +R) X' - 7ty 57! (C.36)
Next, the identity relating the post-fit measurement estimates 2} and
the residuals is needed [32], which is given by

v =2 g -2 =R [z, - 2] (€37

i

The residuals covariance X, is positive definite symmetric, therefore
its inverse will also be positive definite symmetric, and it is possible to
construct

v E =R [ -2 [g, - 27) R (C.38)

Replacing the right-hand term in Eq. (C.36) with the result from
Eq. (C.38), and expanding the left-hand terms, the problem reduces to

N

-3

i=iy

_ _ _ _ _ _ N JURY N
[(zi lHiPi HzTEi L+ > lRizi 1) -R : (2, —ZT) (2 _Z[+) R; 1}

(C.39)
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and then multiplying both terms by R; on the left and right, obtaining

N

=3

i=iy

—1 —xy7 v—1 —1 —1
[Ri (ZTHPTH =7 + 7R ZT R, — (2

i i

(C.40)

A number of other relations are needed before proceeding further; first,
an equivalent form of the Kalman Gain matrix can be found using the
Matrix Inversion Lemma [47], which incorporates R; through

K, =P H X' =P/H/R; (C.41)

Looking at the two terms that do not involve the Kalman gain, left-
multiplying both sides of the equation by the measurement matrix H;
gives

HP H 7! = HPH!R;! (C.42)
and by rearranging Eq. (27) to isolate the covariance of the residuals
X, it can be written that

HP'H =X -R, (C.43)

Now inserting Eq. (C.43) into the left side of Eq. (C.42), the result is

-1 -1 -
(Z,-R,) Z7' =I-R. = =HP/H R’ (C.44)

With the necessary relations defined, proceed with the derivation by
substituting Eq. (C.41) into Eq. (C.40), which changes the dependency
from the a priori error covariance to the a posteriori state covariance:

N

-3

i=iy

_ _ _ _ N AT
[Rk (2/’ ]HiP?—HtTRi L+ 2 IRizi ])Ri - (Zi _Z?—) (Zi - ZT) ]

(C.45)

Further substituting Eq. (C.44) into the left-most term in parenthesis
within Eq. (C.45) yields:

N o
R.

0=3 [k

i=ig L

. _ _ _ N ainT
(zil(I_Rizil)+Ei IRizil)Ri_(Zi_Z:—) (z, - 2]) ]

I
M=

i
=}

R, (2;1 - Z;lRizfl + ZZIR:‘ZZI) R —(z,-%f)(z, - i'Jr)T]

(C.47)

M=

(C.48)

[ N AT
R X 1Ri —(z,-12) (z, - 2f)

i

10
Quickly recall and rearrange Eq. (C.44), and then right-multiply it with
R; to obtain

R 'R, =R, —-HPH (C.49)
which can be substituted into Eq. (C.48), resulting in

N
0=y [Ri —HPH - (z,-7") (2, - ij)T] (C.50)

i=ip
Finally, the measurement noise covariance can be estimated as the aver-
age of the cumulative adaptation parameter throughout the estimation
window, and extracting R, from the preceding equation gives

N

A 1 N s\ T T

Ro=< Y [(z-2) (-2) +HPH| (€.51)
1=l

Notice that in the equation above, the a priori covariance P; has been

replaced by the a posteriori covariance P}, and the pre-fit residuals v,

have been replaced with the post-fit residuals v; . defined by

1>

vigg —it =z (C.52)

-H &
i i [
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Thus, the final form of the R-adaptation equation can be written as

N
no_ 1 ++T +yq T
Ro= = X [vivi" +m P!

(C.53)

i=ig
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