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A B S T R A C T

A novel angle-only relative navigation algorithm that utilizes both the extended and unscented Kalman filters
for spacecraft relative motion is proposed in this paper. Specifically, the algorithms take advantage of a process
model based on exact Hamiltonian dynamics that includes perturbations along with an exact measurement
model that maps orbital elements to angle measurements. The proposed solution is tested in highly elliptical
and low Earth orbits and compared against relative orbital elements based models, where the proposed
model resulted in orders of magnitude increase in accuracy. Furthermore, due to the relationship between
nonlinearities and increase in eccentricity of the orbit, the adaptive unscented Kalman filter demonstrated a
larger increase in accuracy in the highly elliptical reference orbit case than the low Earth orbit.
1. Introduction

Ongoing worldwide space robotic activities and missions focus on
the use of multiple spacecraft for formation flying, rendezvous and
docking. This is a key technology for such missions as it offers lower
costs and increased reliability by reducing the mass, power demand
and size of the spacecraft buses. This reduction is a direct result of
distributing functions and payloads among several small spacecraft.
Among the many applications for spacecraft formation flying are the
servicing and maintenance of existing satellites in orbit. Specifically,
many proposals exist to refuel and repair damaged or otherwise con-
sidered obsolete satellites. In a historic, first of its kind mission with
Northrop Grumman’s spacecraft MEV-1,1 Intelsat 901 (IS-901) commu-
nications satellite was returned to an operational state in late February,
2020. The main considerations are with respect to the guidance, nav-
igation and control systems (GNandC), since they are responsible for
calculating and controlling the desired relative motion between both
vehicles.

Navigational instruments used in formation flying, such as GPS,
are prone to noise, drift, and other adverse effects. To solve this
problem, several filtering techniques have been proposed. Amongst
them, Kalman-based filtering represents the most popular navigational
solution employed with formation flying missions. The Kalman filter
is a method to design optimal state observers or estimators by taking
advantage of probability distributions. In other words, it can either
find the best estimate of a value that cannot be measured directly
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1 https://news.northropgrumman.com/news/releases.

or provides an optimal measurement of states by combining different
sensor measurements which are subject to noise and inaccuracies.
The efficiency of Kalman-based relative navigation filters have been
demonstrated in various missions such as PRISMA [1], CanX-4/5 [2,3],
and AVANTI [4], which were able to maintain control accuracies at the
sub-meter level and thereby present a new host of possibilities for the
safe utilization of co-orbiting, cooperative formations.

More recently, Fraser and Ulrich [5] proposed methodologies for
adaptive extended Kalman filtering, which are suitable for spacecraft
formation flying on non-Keplerian low Earth orbits. The adaptive ex-
tended Kalman filter (EKF) algorithm used Maximum Likelihood Esti-
mation (MLE) to develop adaptation mechanisms for the process and
measurement noise covariance matrices used within the filter. The
objective of the MLE routine was to maximize the likelihood that
the observed measurements corresponded to the current tuning of
the EKF, and the adaptation laws were derived through the residuals
covariance matrix of the filter. Furthermore, intrinsic smoothing was
incorporated into the MLE algorithm for improving the accuracy of
covariance matrix prediction. The adaptive EKF methods proposed by
the authors [5] were shown to produce relative position and velocity es-
timates that were more accurate than estimates provided by a standard,
non-adaptive EKF.

However, the relative navigation algorithm employed by Fraser
and Ulrich [5] relies on GPS measurements of both the target and
chaser spacecraft, which can pose an issue in non-cooperative scenarios
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where target GPS measurements are unavailable. In such scenarios,
 common solution utilizes monocular cameras to determine relative
tates based on angle-only measurements. The use of angles-only navi-
ation for orbital rendezvous and docking, spacecraft formation flight,
nd other relative motion applications have been demonstrated by
everal space missions with increasingly demanding relative naviga-
ion requirements that must be achieved autonomously using limited

onboard resources [6]. Angle-only relative navigation using a single
camera (monocular vision) sensor provides an inherently passive, ro-
bust, and high-dynamic range capability due to their low-cost, low
power consumption, and small size as compared with other systems
such as LIDAR and RADAR [4,7]. According to these contributions,
applying maneuvers along the line-of-sight vector renders the system
observable. Indeed, the angles-only navigation problem is not fully
observable in the absence of maneuvers [6,8,9]. Of particular interest
in this research is an active chaser attempting rendezvous from large
eparation distances (on the order of hundreds of kilometers) with a
on-cooperative target spacecraft relying primarily on an angle-only
elative navigation solution.

Most relative navigation algorithms rely on Keplerian nonlinear
quations of motion in the cartesian frame within an EKF. Such for-

mulations result in errors due to neglecting perturbations within the
dynamical model and linearizations of the process and measurement
models of the estimation algorithm [7]. To overcome the linearization
of the measurement model, Sullivan and D’amico [10] employed the
unscented Kalman filter (UKF) to enhance dynamical observability and
filter performance. The authors utilized a relative orbital elements
(ROE) based linear dynamical model to further improve observability
during maneuvers. Indeed, the unobservability of the relative navi-
gation problem is only in one component of the states: the relative
argument of latitude [7]. The ROE model used by the authors takes
into account secular (mean) variations due to 𝐽2, solar radiation pres-
sure, atmospheric drag, and luni-solar third-body perturbations [11].
Furthermore, Sullivan et al. [11] further developed the algorithm into
a generalized architecture for relative navigation with multiple tar-
gets which was tested on in partnership with NASA on the Starling
Formation-flying Optical eXperiment; a hardware-in-the-loop experi-
mental testbed. For all cases, the algorithms proposed by the authors
were tested for passive formation flying scenarios using first-order

auss’ Variational Equations to propagate perturbing effects. However,
he ROE dynamical model is limited by the small-angle assumption
hich would result in reduced accuracy for large relative orbital ele-
ents. Furthermore, their proposed model does not considers periodic

ariations of orbital elements for all perturbations, and only takes into
ccount mean-to-osculating conversion due to 𝐽2, further reducing the
ccuracy of the estimation schemes. In addition, first-order approxi-
ated equations relating ROEs to cartesian coordinates developed by

chaub et al. [12, p. 593–673] were used to formulate the measurement
models for all aforementioned angle-only relative navigation algo-
rithms. The authors incorporated an adaptive algorithm for covariance
tuning using the innovation covariance matching technique [13] which
is similar to Fraser and Ulrich’s MLE algorithm but without the intrinsic
moothing.

In this context, the main contributions of this paper are: (1) devel-
pment of extended and unscented Kalman filtering algorithms using
onlinear Hamiltonian dynamics that captures the full periodic effects
f 𝐽2, luni-solar third-body, solar radiation pressure and atmospheric
rag perturbations [14] (2) the utilization of exact nonlinear dynamics
n the measurement model that relates orbital elements to angle-only
easurements and (3) extension of the maximum likelihood estima-

ion adaptive algorithm with intrinsic smoothing developed by [5] to
ngle-only relative navigation. The nonlinear dynamics utilized in the
evelopment of the measurement model is based on Gurfil and Khol-
hevnikov’s equations of motion [15,16]. In addition, the algorithms

proposed in this work are validated in simulation using exact Cartesian
nonlinear equations of motion under the effects of perturbations, unlike
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in [7,10] which was validated using first-order Gauss’ Variational
Equations.

This paper is organized as follows: Section 2 describes the mathe-
matical preliminaries pertaining to the unscented and extended Kalman
filtering algorithms as well as the reference frames used in the de-
velopment of the measurement model. Next, Section 3 describes the
derivation and development of the relative navigation algorithms. Sec-
tion 4 presents results for far-range relative navigation scenarios in both
low Earth orbit (LEO) and highly elliptical orbit (HEO) and concluding
remarks are provided in Section 5.

2. Preliminaries

For completeness, this section provides the mathematical prelimi-
naries for the EKF and UKF techniques, along with adaptive covariance
tuning. In addition, the relevant reference frames are defined within
his section.

2.1. Kalman filtering

Most systems, if not all, are characterized by a system of non-linear
equations. As a result, applying a linear Kalman filter is not sufficient
to provide accurate estimations of states. A non-linear system is defined
by

𝒙̇(𝑡) = 𝒇 (𝒙, 𝒖, 𝑡) +𝒘(𝑡) (1)

𝒚(𝑡) = 𝒉(𝒙, 𝑡) + 𝒗(𝑡) (2)

where 𝒙 are the states, 𝒚 is the measurement output and 𝒘 and 𝒗
are the process and measurement noise respectively. Function 𝒇 is a
nonlinear function that relates the states at the previous time step 𝑘 − 1
to the states at the current time-step 𝑘 whereas function 𝒉 relates the
current states to the current measurements. The extended Kalman filter
equations are given by [17]

𝒙̂−𝑘 = 𝒙̂𝑘−1 + ∫

𝑡𝑘

𝑡𝑘−1
𝒇 (𝒙̂𝑘−1, 𝒖𝑘−1, 𝑡)𝑑 𝑡 (3)

𝑷 −
𝑘 = 𝜱𝑘𝑷 +

𝑘−1𝜱
𝑇
𝑘 +𝑸𝑘−1 (4)

𝑲𝑘 = 𝑷 −
𝑘𝑯

𝑇
𝑘 (𝑯𝑘𝑷 −

𝑘𝑯
𝑇
𝑘 +𝑹𝑘−1)−1 (5)

𝒙̂+𝑘 = 𝒙̂−𝑘 +𝑲𝑘(𝒚𝑘 − 𝒉(𝒙̂−𝑘 , 𝟎)) (6)

𝑷 +
𝑘 = (𝑰 −𝑲𝑘𝑯𝑘)𝑷 −

𝑘 (𝑰 −𝑲𝑘𝑯𝑘)𝑇 +𝑲𝑘𝑹𝑘𝑲𝑇
𝑘 (7)

where 𝑯 is given by

𝑯 = 𝜕𝒉
𝜕𝒙

(𝒙̂𝑘, 0) (8)

and where state transition matrix, 𝜱𝑘, is calculated as follows

𝜱 = 𝑰 + 𝑭 𝑘−1𝛥𝑡 +
𝑭 2

𝑘−1𝛥𝑡
2

2!
+

𝑭 3
𝑘−1𝛥𝑡

3

3!
+ .., (9)

𝑭 𝑘−1 =
𝜕𝒇
𝜕𝒙

(𝒙̂𝑘−1, 𝒖𝑘−1) (10)

with 𝛥𝑡 = 𝑡𝑘 − 𝑡𝑘−1.

2.2. Unscented Kalman filter

The EKF algorithm provides a first order approximation to the
optimal state estimation problem by linearizing the nonlinear process
nd measurement models [18]. An alternative approach, known as

the unscented Kalman filter, avoids this issue by propagating Gaus-
sian random variables (GRV) using sample points known as sigma
points [18,19]. These sigma points are found using the prior estimates
according to the following equations

0 = 𝒙̄ (11)

𝑖 = 𝒙̄ +
(

√

(𝐿 + 𝜆)𝑷
)

𝑖
𝑖 = 1, … , 𝐿 (12)

(

√

)

𝑖 = 𝒙̄ − (𝐿 + 𝜆)𝑷
𝑖

𝑖 = 𝐿 + 1, … , 2𝐿 (13)
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where 𝐿 is the dimension of the state vector 𝒙 and the square root
of the matrix 𝑷 is found by taking the 𝑖th column of lower triangular
Cholesky factorization of the matrix. A matrix  of sigma vectors can
be formed as

𝑘−1 =
[

𝒙̂𝑘−1 𝒙̂𝑘−1 + 𝛾
√

𝑷 𝑘−1 𝒙̂𝑘−1 − 𝛾
√

𝑷 𝑘−1
]

(14)

where 𝛾 =
√

𝐿 + 𝜆 and 𝜆 is the composite scaling parameter determined
by 𝜆 = 𝛼2(𝐿+𝜅) −𝐿. The variable 𝛼 determines the spread of the sigma
points around the mean states and is usually set to a small positive
alue (e.g., 1e-3) and 𝜅 is a secondary scaling parameter which is
sually set to 0. The time update equations are given by

𝑘|𝑘−1 = 𝑘−1 + ∫

𝑡𝑘

𝑡𝑘−1
𝒇 (𝑘−1, 𝒖𝑘−1, 𝑡)𝑑 𝑡 (15)

𝒙̂−𝑘 =
2𝐿
∑

𝑖=0
𝑊 (𝑚)

𝑖 𝑖,𝑘|𝑘−1 (16)

𝑷 −
𝑘 =

2𝐿
∑

𝑖=0
𝑊 (𝑐)

𝑖
[

𝑖,𝑘|𝑘−1 − 𝒙̂−𝑘
] [
𝑖,𝑘|𝑘−1 − 𝒙̂−𝑘

]𝑇 +𝑸 (17)

𝑘|𝑘−1 = 𝒉(𝑘|𝑘−1) (18)

𝒚̂−𝑘 =
2𝐿
∑

𝑖=0
𝑊 (𝑚)

𝑖 𝑖,𝑘|𝑘−1 (19)

where

𝑊 (𝑚)
0 = 𝜆∕(𝐿 + 𝜆) (20)

𝑊 (𝑛)
0 = 𝜆∕(𝐿 + 𝜆) + (1 − 𝛼2 + 𝛽) (21)
(𝑚)
𝑖 = 𝑊 (𝑛)

𝑖 = 1∕{2(𝐿 + 𝜆)} 𝑖 = 1, … , 2𝐿 (22)

and 𝛽 is used to incorporate prior knowledge of the distribution of 𝒙
(for Gaussian distributions, 𝛽 = 2 is optimal). The measurement update
equations are then given by

𝑷 𝒚𝑘𝒚𝑘 =
2𝐿
∑

𝑖=0
𝑊 (𝑐)

𝑖
[

𝑖,𝑘|𝑘−1 − 𝒚̂−𝑘
] [
𝑖,𝑘|𝑘−1 − 𝒚̂−𝑘

]𝑇 +𝑹 (23)

𝑷 𝒙𝑘𝒚𝑘 =
2𝐿
∑

𝑖=0
𝑊 (𝑐)

𝑖
[

𝑖,𝑘|𝑘−1 − 𝒙̂−𝑘
] [
𝑖,𝑘|𝑘−1 − 𝒚̂−𝑘

]𝑇 (24)

𝑲𝑘 = 𝑷 𝒙𝑘𝒚𝑘𝑷
−1
𝒚𝑘𝒚𝑘

(25)

𝒙̂+𝑘 = 𝒙̂−𝑘 +𝑲𝑘(𝒚𝑘 − 𝒚̂−𝑘 ) (26)

𝑷 +
𝑘 = 𝑷 −

𝑘 −𝑲𝑘𝑷 𝒚𝑘𝒚𝑘𝑲
𝑇
𝑘 (27)

2.3. Covariance adaptation using maximum likelihood estimation

Kalman filters is essentially a recursive algorithm that depends only
on estimates from the previous time step. As such, the incorporation
of a set of previous estimates and measurements may provide further
improvement to the accuracy of the algorithms [5,20]. Fraser and

lrich [5] provide an adaptation method for process and measurement
covariance tuning based on maximum likelihood estimation (MLE) with
ntrinsic smoothing that provides optimal values of the matrices by

running backward through a window of size 𝑁 , which contains the set
of data points from 𝑖0 = 𝑘−𝑁 + 1 to the latest point 𝑘. Initial smoothed
estimates are taken from the filter at the current time step as 𝒙̂𝑁|𝑁 = 𝒙̂+𝑘
and 𝑷𝑁|𝑁 = 𝑷̂ +

𝑘 , where the smoothed state estimate at time 𝑡𝑘 given 𝑁
ast data points is denoted by 𝒙̂𝑘|𝑁 . Using these initial conditions, the

smoothed state and error covariances within the memory window for
data from 𝑘 = 𝑁 − 1, 𝑁 − 2, … , 𝑖0 are calculated using

𝑮𝑘−1 = 𝑷 +
𝑘−1𝜱

𝑇
𝑘
(

𝑷 −
𝑘
)−1 (28)

𝒙̂𝑘−1|𝑁 = 𝒙̂+𝑘−1 +𝑮𝑘−1
(

𝒙̂𝑘|𝑁 − 𝒙̂−𝑘
)

(29)

𝑷 = 𝑷 + +𝑮
(

𝑷 − 𝑷 −)𝑮𝑇 (30)
𝑘−1|𝑁 𝑘−1 𝑘−1 𝑘|𝑁 𝑘 𝑘−1
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where 𝑮𝑘 ∈ R𝑛×𝑚 is a smoothing gain derived as the MLE estimator for
the current state estimates given the entire set of measurements avail-
able [21]. The adaptation equations for the process and measurement
covariance matrices is then given as

𝑸̂𝑘 = 𝑲𝑘

[

1
𝑁

𝑁
∑

𝑖=𝑖0

(

𝒛𝑖 − 𝒛̂𝑖|𝑁
) (

𝒛𝑖 − 𝒛̂𝑖|𝑁
)𝑇

]

𝑲𝑇
𝑘 (31)

̂ 𝑘 = 1
𝑁

𝑁
∑

𝑖=𝑖0

[

(

𝒛𝑖 − 𝒛̂𝑖|𝑁
) (

𝒛𝑖 − 𝒛̂𝑖|𝑁
)𝑇 +𝑯 𝑖|𝑁𝑷 +

𝑖|𝑁𝑯𝑇
𝑖|𝑁

]

(32)

where

̂ 𝑖|𝑁 = 𝒉(𝒙̂𝑘|𝑁 ) (33)

and 𝑯 𝑖|𝑁 is evaluated using smoothed state estimates.

2.4. Reference frames

In this work, three references frames are required to derive equa-
tions of relative motion: the Earth-centered inertial (ECI), the perifocal
and finally the local-vertical-local-horizon (LVLH) reference frames.

The ECI reference frame is denoted by 𝐼 and defined by its or-
honormal unit vectors [𝐼𝑥, 𝐼𝑦, 𝐼𝑧]𝑇 with its origin at the center of Earth.
he unit vector 𝐼𝑧 is aligned with the Earth’s axis of rotation in the
irection of the North Pole, and 𝐼𝑥 and 𝐼𝑦 lie on the Earth’s equatorial
lane. Furthermore, 𝐼𝑥 points in the direction of the vernal equinox
ith 𝐼𝑦 completing the triad such that the reference frame remains fixed

n space and 𝐼𝑦 = 𝐼𝑧 × 𝐼𝑥.
The perifocal reference frame is denoted by 𝑝 and defined by its

orthonormal unit vectors [𝑃𝑥, 𝑃𝑦, 𝑃𝑧]𝑇 with its origin also at the center
f Earth. The unit vector 𝑃𝑧 points in the same direction as the orbit’s

angular momentum vector normal to the orbital plane, 𝑃𝑥 and 𝑃𝑦 lie on
he orbital plane with 𝑃𝑥 pointing in the direction of the perigee, and
𝑦⃗ completing the triad such that 𝑃𝑦 = 𝑃𝑧 ×𝑃𝑥. For the purposes of this

paper, two perifocal reference frames are used and denoted as  𝑡
𝑝 and

 𝑐
𝑝 for the target and chaser orbit respectively.

Finally, the LVLH reference frame is denoted by 𝐿 and defined by
its orthonormal unit vectors [𝐿⃗𝑥, 𝐿⃗𝑦, 𝐿⃗𝑧]𝑇 with its origin at the target
spacecraft. The unit vector 𝐿⃗𝑧 points in the same direction as the orbit’s
angular momentum vector normal to the orbital plane. 𝐿⃗𝑥 points in the
direction of the target’s inertial position 𝑟𝑡 and 𝐿⃗𝑦 completing the triad
such that 𝐿⃗𝑦 = 𝐿⃗𝑧 × 𝐿⃗𝑥. Similarly, the chaser’s LVLH reference frame
denoted by 𝐿𝑐

can be expressed by instead defining the origin at the
chaser spacecraft.

3. Relative navigation formulation

This section presents the derivation of the relative navigation pro-
ess and measurement models.

3.1. Process model

The nonlinear dynamics of spacecraft orbital motion can be ex-
pressed in terms of orbital elements as

𝒐̇𝒆 =
[

𝑎̇ 𝑒̇ 𝑖̇ 𝜔̇ 𝛺̇ 𝑀̇
]𝑇 = 𝒇 (𝒐𝒆) (34)

where 𝑎, 𝑒, 𝛺, 𝑖, 𝜔, and 𝑀 are the semi-major axis, eccentricity, right
ascension of the ascending node (RAAN), inclination, and argument
f perigee, and mean anomaly of the spacecraft, respectively. The
nforced dynamics, 𝒇 (𝒐𝒆), is a combination of Keplerian and total
erturbing effects considered represented by

𝒇 (𝒐𝒆) = 𝒇𝑘𝑒𝑝(𝒐𝒆) +
∑

𝒇 𝑝(𝒐𝒆) (35)

where

𝒇𝑘𝑒𝑝(𝒐𝒆) =
[

0 0 0 0 0 𝑛
]𝑇 (36)

[ ]𝑇
𝒇 𝑝(𝒐𝒆) = 𝑎̇𝑝 𝑒̇𝑝 𝑖̇𝑝 𝜔̇𝑝 𝛺̇𝑝 𝑀̇𝑝 (37)
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Fig. 1. LOS angle measurements.

where subscript 𝑝 denotes the perturbed orbital elements. The orbital
otion of the chaser and the target spacecraft can be grouped together

o form the process dynamics using the previous equations as

𝒙̇ = 𝒇 (𝒐𝒆𝑡) (38)

such that 𝒙 = 𝒐𝒆𝑡. The process model Jacobian of the previous equation
is therefore expressed as

𝑭 (𝑡) = 𝜕𝒇 (𝒐𝒆)
𝜕𝒐𝒆

|

|

|

|𝒐𝒆=𝒐𝒆𝑡
(39)

The matrices that make up the Jacobian matrix, 𝑭 (𝑡), are given in
Chihabi and Ulrich [14,22] and contain the perturbing effects of 𝐽2,
uni-solar third-body, solar radiation pressure, and atmospheric drag.

3.2. Measurement model

The angle-only measurements are taken with respect to the chaser
spacecraft, therefore, the relative position vector of the target space-
craft with respect to the chaser, denoted as 𝜌, is defined as

𝜌 = 𝑟𝑡 − 𝑟𝑐 (40)

where 𝑟𝑐 and 𝑟𝑡 respectively denote the position vectors of the chaser
and target spacecraft. Expressed as components in the chaser’s LVLH
reference frame, Eq. (40) becomes

𝝆𝐿𝑐
= 𝒓𝑡𝐿𝑐 − 𝒓𝑐𝐿𝑐 (41)

where 𝒓𝑐𝐿𝑐 and 𝒓𝑡𝐿𝑐 are the position vector components of the chaser
and target spacecraft expressed in 𝐿𝑐

. The angle measurements can
be written as a LOS unit vector measurement 𝒊𝑚 equivalent to the unit
ector of the position of the target with respect to the chaser based on
he description in Fig. 1, that is [6],

𝒊𝑚 =
𝝆𝐿𝑐

‖𝝆𝐿𝑐
‖

=
⎡

⎢

⎢

⎣

cos(𝛼𝑚) cos(𝛽𝑚)
sin(𝛼𝑚) cos(𝛽𝑚)

sin(𝛽𝑚)

⎤

⎥

⎥

⎦

(42)

such that

𝛼𝑚 = 𝛼 + 𝑣𝛼 (43)

𝛽𝑚 = 𝛽 + 𝑣𝛽 (44)

wbere 𝑣𝛼 and 𝑣𝛽 denote the sensor noise contribution to the angle
easurements.

To find the position vector components of the target spacecraft in
he chaser’s LVLH reference frame, two rotation matrices are required.

The first rotation matrix converts the position vector components in  𝑡
𝑝

o 𝐼 using 𝑪𝐼 𝑃𝑡 (𝜔𝑡, 𝑖𝑡, 𝛺𝑡) defined as a 3-1-3 rotation sequence given
y

𝑪𝐼 𝑃𝑡 (𝜔𝑡, 𝑖𝑡, 𝛺𝑡) =
⎡

⎢

⎢

⎢

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑠𝜔𝑡

𝑐𝑖𝑡 −𝑐𝛺𝑡
𝑠𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝜔𝑡

𝑐𝑖𝑡 𝑠𝛺𝑡
𝑠𝑖𝑡

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑠𝜔𝑡

𝑐𝑖𝑡 −𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝜔𝑐

𝑐𝑖𝑡 −𝑐𝛺𝑡
𝑠𝑖𝑡

⎤

⎥

⎥

⎥

(45)

⎣

𝑠𝜔𝑡
𝑠𝑖𝑡 𝑐𝜔𝑡

𝑠𝑖𝑡 𝑐𝑖𝑡 ⎦
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The second rotation matrix, 𝑪𝐿𝐼 , converts the position vector compo-
nents of the target spacecraft in 𝐼 to  𝑐

𝑃 using 𝑪𝑃𝑐𝐼 (𝜔𝑐 , 𝑖𝑐 , 𝛺𝑐 ) given
y

𝑪𝑃𝑐𝐼 (𝜔𝑐 , 𝑖𝑐 , 𝛺𝑐 ) =
⎡

⎢

⎢

⎣

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑠𝜔𝑐

𝑐𝑖𝑐 𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑠𝜔𝑐

𝑐𝑖𝑐 𝑠𝜔𝑐
𝑠𝑖𝑐

−𝑐𝛺𝑐
𝑠𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝜔𝑐

𝑐𝑖𝑐 −𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝜔𝑐

𝑐𝑖𝑐 𝑐𝜔𝑐
𝑠𝑖𝑐

𝑠𝛺𝑐
𝑠𝑖𝑐 −𝑐𝛺𝑐

𝑠𝑖𝑐 𝑐𝑖𝑐

⎤

⎥

⎥

⎦

(46)

such that 𝑪𝐼 𝑃 (𝜔, 𝑖, 𝛺) = 𝑪𝑇
𝑃 𝐼 (𝜔, 𝑖, 𝛺), and from  𝑐

𝑃 to  𝑐
𝐿 using 𝑪𝐿𝑐𝑃𝑐 (𝜃𝑐 )

iven by

𝑪𝐿𝑐𝑃𝑐 (𝜃𝑐 ) =
⎡

⎢

⎢

⎣

𝑐𝜃𝑐 𝑠𝜃𝑐 0
−𝑠𝜃𝑐 𝑐𝜃𝑐 0
0 0 1

⎤

⎥

⎥

⎦

(47)

where 𝜃𝑐 denotes the true anomaly of the chaser such that

𝒓𝑡𝐿𝑐 = 𝑪𝐿𝑐𝑃𝑐 (𝜃𝑐 )𝑪𝑃𝑐𝐼 (𝜔𝑐 , 𝑖𝑐 , 𝛺𝑐 )𝑪𝐼 𝑃𝑡 (𝜔𝑡, 𝑖𝑡, 𝛺𝑡)𝒓𝑡𝑃𝑡 (48)

𝒓𝑐𝐿𝑐 =
[

𝑟𝑐 0 0
]𝑇 (49)

where 𝒓𝑡𝑃𝑡 denotes the position vector components of the chaser space-
craft in  𝑡

𝑝 given by

𝒓𝑡𝑃 =
[

𝑟𝑡 cos 𝜃𝑡 𝑟𝑡 sin 𝜃𝑡 0
]𝑇 (50)

and 𝑟𝑡 and 𝑟𝑐 are calculated using the orbit equation

𝑟 =
𝑎(1 − 𝑒2)
1 + 𝑒 cos 𝜃

(51)

Since the equations shown above are functions of the true anomaly,
𝜃, a way of computing it is required. A simple recursive solution is given
by

𝐸 = 𝑀 + 𝑒 sin(𝑀 + 𝑒 sin(𝑀 + 𝑒 sin(𝑀 +⋯ + 𝑒 sin(𝑀)))) (52)

cos 𝜃 = cos𝐸 − 𝑒
1 − 𝑒 cos𝐸

(53)

sin 𝜃 =

√

1 − 𝑒2 sin𝐸
1 − 𝑒 cos𝐸

(54)

𝜃 = t an−1 sin 𝜃
cos 𝜃

(55)

where 𝐸 is the eccentric anomaly and 𝑀 is the mean anomaly. This is a
recursive solution based on the Newton–Raphson Iteration Technique2

which implies an infinite series. Therefore, a term will be truncated
based on the desired accuracy. Now, the measurement model can
herein be defined as the line of sight unit vector from the chaser to
the target spacecraft as

𝒚(𝑡) = 𝒊𝑚 =
𝝆𝐿𝑐

‖𝝆𝐿𝑐
‖

=
𝒓𝑡𝐿𝑐 − 𝒓𝑐𝐿𝑐

‖𝒓𝑡𝐿𝑐 − 𝒓𝑐𝐿𝑐 ‖
= 𝒉(𝒙) (56)

Taking into consideration that 𝒓𝑐𝐿𝑐 is only a function of 𝑎𝑐 , 𝑒𝑐 and 𝜃𝑐 ,
the Jacobian of the measurement dynamics is herein derived as

𝑯(𝒙) = 𝜕
𝜕𝒙

𝒓𝑡𝐿𝑐 − 𝒓𝑐𝐿𝑐
‖𝒓𝑡𝐿𝑐 − 𝒓𝑐𝐿𝑐 ‖

= 1
‖𝒓𝑡𝐿𝑐 − 𝒓𝑐𝐿𝑐 ‖

(

𝜕
𝜕𝒐𝒆𝑡

𝒓𝑡𝐿𝑐

)

+
(

𝒓𝑡𝐿𝑐 − 𝒓𝑐𝐿𝑐

)

(

𝜕
𝜕𝒐𝒆𝑡

1
‖𝒓𝑡𝐿𝑐 − 𝒓𝑐𝐿𝑐 ‖

)

(57)

The partial derivatives contained within the previous equation can be
written as

𝜕
𝜕𝒐𝒆𝑡

𝒓𝑡𝐿𝑐 =

⎡

⎢

⎢

⎢

⎣

𝐻1
1,1 𝐻1

1,2 𝐻1
1,3 𝐻1

1,4 𝐻1
1,5 𝐻1

1,6
𝐻1

2,1 𝐻1
2,2 𝐻1

2,3 𝐻1
2,4 𝐻1

2,5 𝐻1
2,6

𝐻1
3,1 𝐻1

3,2 𝐻1
3,3 𝐻1

3,4 𝐻1
3,5 𝐻1

3,6

⎤

⎥

⎥

⎥

⎦

(58)

2 http://web.mit.edu/10.001/Web/Course_Notes/NLAE/node6.html.

http://web.mit.edu/10.001/Web/Course_Notes/NLAE/node6.html
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Fig. 2. LEO EKF estimation errors using ROE dynamics and measurement model.
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o

𝜕
𝜕𝒐𝒆𝑡

1
‖𝒓𝑡𝐿𝑐 − 𝒓𝑐𝐿𝑐 ‖

=
[

𝐻2
𝑛𝑢,1

𝐻2
𝑑 𝑒,1

𝐻2
𝑛𝑢,2

𝐻2
𝑑 𝑒,2

𝐻2
𝑛𝑢,3

𝐻2
𝑑 𝑒,3

𝐻2
𝑛𝑢,4

𝐻2
𝑑 𝑒,4

𝐻2
𝑛𝑢,5

𝐻2
𝑑 𝑒,5

(

𝜕 𝜃
𝜕 𝑀

)

𝑡

𝐻2
𝑛𝑢,6

𝐻2
𝑑 𝑒,6

]

(59)

where
⎡

⎢

⎢

⎢

⎣

𝐻1
1,1

𝐻1
2,1

𝐻1
3,1

⎤

⎥

⎥

⎥

⎦

=
( 𝜕 𝑟
𝜕 𝑎

)

𝑡
𝑪𝐿𝑐𝑃𝑐 (𝜃𝑐 )𝑪𝑃𝑐𝐼 (𝜔𝑐 , 𝑖𝑐 , 𝛺𝑐 )𝑪𝐼 𝑃𝑡 (𝜔𝑡, 𝑖𝑡, 𝛺𝑡)

⎡

⎢

⎢

⎣

cos 𝜃𝑡
sin 𝜃𝑡
0

⎤

⎥

⎥

⎦

(60)

⎡

⎢

⎢

⎢

⎣

𝐻1
1,2

𝐻1
2,2

𝐻1
3,2

⎤

⎥

⎥

⎥

⎦

=
(

𝜕 𝑟
𝜕 𝑒
)

𝑡
𝑪𝐿𝑐𝑃𝑐 (𝜃𝑐 )𝑪𝑃𝑐𝐼 (𝜔𝑐 , 𝑖𝑐 , 𝛺𝑐 )𝑪𝐼 𝑃𝑡 (𝜔𝑡, 𝑖𝑡, 𝛺𝑡)

⎡

⎢

⎢

⎣

cos 𝜃𝑡
sin 𝜃𝑡
0

⎤

⎥

⎥

⎦

(61)

⎡

⎢

⎢

⎢

⎣

𝐻1
1,𝑖

𝐻1
2,𝑖

𝐻1
3,𝑖

⎤

⎥

⎥

⎥

⎦

= 𝑪𝐿𝑐𝑃𝑐 (𝜃𝑐 )𝑪𝑃𝑐𝐼 (𝜔𝑐 , 𝑖𝑐 , 𝛺𝑐 )
[

𝜕
𝜕(⋅)𝑪𝐼 𝑃𝑡 (𝜔𝑡, 𝑖𝑡, 𝛺𝑡)

]

𝒓𝑡𝑃𝑡 (62)

⎡

⎢

⎢

⎣

𝐻1
16

𝐻1
26

𝐻1
36

⎤

⎥

⎥

⎦

=
(

𝜕 𝜃
𝜕 𝑀

)

𝑡

(

𝜕 𝑟
𝜕 𝜃
)

𝑡
𝑪𝐿𝑐𝑃𝑐 (𝜃𝑐 )𝑪𝑃𝑐𝐼 (𝜔𝑐 , 𝑖𝑐 , 𝛺𝑐 )𝑪𝐼 𝑃𝑡 (𝜔𝑡, 𝑖𝑡, 𝛺𝑡)

⎡

⎢

⎢

⎣

cos 𝜃𝑡
sin 𝜃𝑡
0

⎤

⎥

⎥

⎦

+ 𝑟𝑡
(

𝜕 𝜃
𝜕 𝑀

)

𝑡
𝑪𝐿𝑐𝑃𝑐 (𝜃𝑐 )𝑪𝑃𝑐𝐼 (𝜔𝑐 , 𝑖𝑐 , 𝛺𝑐 )𝑪𝐼 𝑃𝑡 (𝜔𝑡, 𝑖𝑡, 𝛺𝑡)

⎡

⎢

⎢

⎣

− sin 𝜃𝑡
cos 𝜃𝑡
0

⎤

⎥

⎥

⎦

(63)

and the partial derivatives contained within the previous equations
are provided in Appendix A. Furthermore, Eq. (59) is derived using

ATLAB symbolic and are given in the Appendix B.

4. Results

This section presents a comparison of proposed adaptive Kalman
filter algorithm developed in the previous section against a numerical
498 
propagator that integrates the exact nonlinear differential equations
of motion in the inertial reference frame to verify the accuracy of
the model. Specifically, the adaptive Kalman filtering algorithm is
ompared against a benchmark extended Kalman filter that employs
OE-based dynamics model as well as first-order accurate measurement

model that relates ROEs directly to angle measurements [10]. A sensi-
tivity analysis is performed by closing the loop of the navigation system
with a guidance and control law for the chaser spacecraft in a ren-
dezvous scenario. The chaser spacecraft employs a two-point optimal
guidance law developed by Chihabi and Ulrich [23] in combination
with a Guardian map-based Simple Adaptive Control law [15]. In
addition, a comparison with both a maneuvering and a passive target
spacecraft is provided. The proposed model was validated in both LEO
and HEO.

The numerical propagator used as the truth model integrates the
inertial two-body equation of motion to which the inertial perturb-
ing accelerations are added. Specifically, perturbing accelerations due
to gravitational field through the expansion of gravitational poten-
tial function up to degree and order 180 [24], third body effects
f the sun, moon and solar system planets [25,26], ocean and solid

Earth tidal effects, relativity [24], solar radiation pressure, and drag
are included [27]. This numerical propagator is developed within
MATLAB/Simulink environment using the International Astronomical
Union’s software package for dynamical astronomy, which features
the most accurate numerical propagation of spacecraft and celestial
bodies. Note that an off-the-shelf propagator, such as NORAD’s SGP4,
could be used; however, it is only useful for long-term propagation
and orbital analysis due to its computational efficiency. Generally,
numerical integrators display more accurate orbit propagation when
compared to analytical propagators such as SGP4/SDP4. In MATLAB,
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Fig. 3. LEO EKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement model (without adaptive covariance tuning).
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an ODE45 solver with a relative and absolute tolerance of 1 × 10−9 was
selected for all cases.

The initial time was selected as July 1, 2014 for Planetary
phemeris. The mass and cross-sectional area are 211 kg and 1.77 m2,

and 339 kg and 3.34 m2 for the chaser and target spacecraft, re-
spectively [28]. For the solar radiation pressure model, a constant
oefficient of reflectivity of 2 is used for both spacecraft. For all
imulation cases, the Kalman filters were initialized with the following
alues: 𝑷 0 = (1 × 10−20)𝑰6, 𝑸0 = (1 × 10−10)𝑰6, 𝑹0 = (1 × 10−4)𝑰3,
= 1 × 10−3, 𝛽 = 2, 𝜅 = 0, and 𝑁 = 60.

4.1. Low earth orbit

The orbital elements for low Earth orbit is selected as 𝑎𝑡 = 7947
m, 𝑒𝑡 = 0.1343248, 𝑖𝑡 = 79.7965◦, 𝜔𝑡 = 165.8128◦, 𝛺𝑡 = 261.0864◦, and
𝑡 = 194.2893◦. The initial orbital elements for the chaser were selected

such that 𝛥𝒙0 =
[

−0.5 −5 × 10−4 −1◦ −1◦ 1◦ −0.2◦
]𝑇 .

4.1.1. Passive chaser and target
Table 1 shows the 3D RMS results for each filtering strategy, bench-

marked against the filtering strategy employed in [10] for a passive
haser and target scenario in LEO. The 3D RMS values for each scenario
re calculated as

3D-RMS =

√

√

√

√

√

1
𝑁

𝑁
∑

𝑗=𝑗0

[

(

𝑥𝑗 − 𝑥̂𝑗
)2 +

(

𝑦𝑗 − 𝑦̂𝑗
)2 +

(

𝑧𝑗 − 𝑧̂𝑗
)2
]

(64)

Based on the 3D RMS values for each filtering strategy, a steady
ecrease in error is observed between the reference EKF, the EKF
mploying the proposed Hamiltonian dynamics with the nonlinear
easurement model, and the adaptive EKF, while the adaptive UKF
499 
Table 1
Passive chaser and target average RMS error.

Method 3D position RMS error (m)

Benchmark EKF [10] 22 883.8

EKF, Proposed dynamics
and measurement models 19 473.3

Adaptive EKF 15 381.1
Adaptive UKF 3458.1

showed the greatest decrease of a whole magnitude in 3D RMS error.
These can be verfied through Figs. 2 to 5, which present the relative
navigation error results as a function of time. Fig. 2 shows the error for
the reference case which employs an extended Kalman filter with ROE
ased dynamics and first order measurement model. When compared
ith Fig. 4, which utilizes Hamiltonian dynamics along with exact

nonlinear Equations for the measurement model, the improvement in
accuracy becomes apparent. As shown in Fig. 4, the errors converge to
values closer to 0 in the 𝑥 and 𝑦 directions, while being two orders of
magnitude lower in the 𝑧-direction as opposed to Fig. 2 which diverges
bout all three axes. Fig. 5 shows the navigation error for the UKF case

and when compared with Fig. 4 shows a minor increase in accuracy
about all three axes, with the in-plane motion error converging to a
value closer to 0.

Histograms of the error distributions are also provided in Figs. 6
and 7. The improvement the Hamiltonian dynamics and nonlinear

easurement model has over the benchmark EKF is clear in Fig. 6,
which shows that near-zero error are over two times as frequent
when comparing proposed dynamics and measurement models with
the reference EKF. Furthermore, when comparing the adaptive UKF
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Fig. 4. LEO EKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement model (with adaptive covariance tuning).
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Table 2
Maneuvering chaser and passive target average RMS error.

Method 3D position RMS error (m)

Adaptive EKF 11 167.5
Adaptive UKF 3295.5

with the adaptive EKF in Fig. 7, the estimation accuracies for the UKF
are considerably greater. This is due to the nonlinear nature of the
UKF which allows for the filtering algorithm to take full advantage of
the nonlinear measurement model and Hamiltonian dynamics, which
otherwise are linearized by the EKF.

4.1.2. Maneuvering chaser and passive target
Figs. 8 and 9 show the results for a maneuvering chaser rendezvous

ith a passive target spacecraft. Table 2 similarly shows the 3D RMS
errors for the adaptive UKF and adaptive EKF. The errors are consider-
ably larger for the EKF case, especially along the 𝑦 and z directions by
an order of magnitude, and the UKF converges closer to 0 and maintains
accurate relative distance estimation as opposed to the EKF case. When
omparing these results with the passive case from the previous section,

it becomes apparent that the UKF is more robust to the chaser’s control
maneuvers than the EKF. This can be seen when observing the 3D RMS
errors, which shows an order of magnitude improvement in accuracy
for the adaptive UKF case.

The superiority of the adaptive UKF can again be seen with the
provided histogram of the error distributions in Fig. 10. Specifically,
the estimation errors for the adaptive UKF are more concentrated close
towards the zero meter error mark, while the adaptive EKF clearly
hows more frequent errors of greater than 5000 m. Furthermore, this
 d

500 
Table 3
Maneuvering chaser and target average RMS error.

Method 3D position RMS error (m)

Adaptive EKF 11 176.3
Adaptive UKF 3297.4

is especially true for the in-plane motion, where the adaptive EKF
eventually diverges from the true solution as depicted in the previous
error graphs.

4.1.3. Maneuvering chaser and target
Figs. 11 and 12 show the results for a scenario where both the target

and chaser are maneuvering. The target’s maneuvers are applied using
a random number generator with a mean of 0 and a variance of 1 × 10−4.
imilar to the previous case where only the chaser is maneuvering, the
KF maintains a higher accuracy than the EKF. Furthermore, when
omparing the results of this case with the previous case, the errors
how negligible difference in accuracy due to the adaptive MLE with
ntrinsic smoothing accounting for the target’s maneuvers within the
ovariance matrices. The corresponding 3D RMS results and histogram
re provided in Table 3 and Fig. 13, respectively.

4.2. Highly elliptical orbit

The initial osculating orbital elements for the highly elliptical orbit
xample were initialized as 𝑎𝑡 = 40000 km, 𝑒𝑡 = 0.8325, 𝑖𝑡 = 90.0◦,
𝑡 = 350◦, 𝛺𝑡 = 100.0◦, and 𝜃𝑡 = 180◦. The initial ROE, 𝛥𝒙0, is
quivalent to the one selected for the LEO case with the same scenario
uration.
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Fig. 5. LEO UKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement model.
Fig. 6. LEO relative position error distributions for reference ROE based EKF and non-adaptive EKF with proposed dynamics and measurement model.
o
w
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4.2.1. Passive chaser and target
Similarly to the LEO example, Table 4 shows the 3D RMS results

or each filtering strategy, benchmarked against the filtering strategy
mployed in [10] for a passive chaser and target scenario, this time,

applied in HEO. Figs. 14 to 17 present the relative navigation er-
or results for a passive chaser and target scenario. The errors for
501 
Fig. 15 the errors converge to values closer to 0 in the 𝑥 and 𝑦
directions, while peak errors reduced by half for all three axes as
pposed to Fig. 14. Fig. 16 shows the results for the EKF except
ith the adaptive algorithm enabled. Enabling the adaptation law

esults in more accurate estimates for relative motion mid-way through
he simulation period, during which the spacecraft are approaching
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Fig. 7. LEO relative position error distributions for adaptive EKF and UKF.
Fig. 8. LEO EKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement models.
o

perigee. Fig. 17 shows the navigation error for the UKF case and
hen compared with Fig. 15 shows a major increase in accuracy about

all three axes, with the in-plane motion error converging closer to
0. These conclusions are reflected when observing the accompanying
histograms in Figs. 18 and 19. The results for the HEO passive case,
502 
when comparing to the LEO passive case, demonstrate the robustness
of both the UKF and the adaptation algorithm to the variation in the
rbital regime since they resulted in a more significant increase in

relative navigation accuracy in the HEO case as opposed to the LEO
case.
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Fig. 9. LEO UKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement models.
Fig. 10. LEO relative position error distributions for adaptive EKF and UKF.

s
L

4.2.2. Maneuvering chaser and passive target

Table 5 similarly shows the 3D RMS errors for the adaptive UKF and
daptive EKF, except this time for a chaser spacecraft rendezvous with
 passive target in HEO. Figs. 20 and 21 show the errors as a function

of time. The errors are considerably larger for the EKF case, especially
long the 𝑦 and z directions by an order of magnitude, and the UKF
503 
converges closer to 0 and maintains accurate relative distance estima-
tion as opposed to the EKF case. As expected, the relative navigation
errors follow the same trend as the LEO case with the maneuvering
chaser. However, the relative navigation error towards the end of the
cenario is much larger for the EKF in the HEO case than in the
EO case. This is due to the fact that the EKF algorithm employs a
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Fig. 11. LEO EKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement models.
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Table 4
Passive chaser and target average RMS error.

Method 3D position RMS error (m)

Benchmark EKF [10] 86 698.2

EKF, proposed dynamics
and measurement models 82 447.5

Adaptive EKF 79 175.2
Adaptive UKF 31 516.3

Table 5
Maneuvering chaser and passive target average RMS error.

Method 3D position RMS error (m)

Adaptive EKF 78 166.2
Adaptive UKF 23 258.4

linearization process as opposed to the UKF which is a nonlinear al-
orithm capable of capturing nonlinearities that are inherent in highly

elliptical orbits.

Similar to the LEO case, the superiority of the adaptive UKF can
gain be seen with the provided histogram of the error distributions
n Fig. 22. Specifically, the estimation errors for the adaptive UKF are
ore concentrated close towards the zero meter error mark, while the

daptive EKF clearly shows more frequent errors of greater than 5000
. Furthermore, this is especially true for the in-plane motion, where

he adaptive EKF eventually diverges from the true solution as depicted
in the previous error graphs.
504 
Table 6
Maneuvering chaser and target average RMS error.

Method 3D position RMS error (m)

Adaptive EKF 78 272.8
Adaptive UKF 23 348.7

4.2.3. Maneuvering chaser and target
Figs. 23 and 24 show the results for a scenario where both the

arget and chaser are maneuvering. The target’s maneuvers are applied
sing a random number generator with a mean of 0 and a variance of
 × 10−4, similar to the LEO case. Similar to the previous case where only
he chaser is maneuvering, the UKF maintains a higher accuracy than
he EKF. Furthermore, when comparing the results of this case with
he previous case, the errors show negligible difference in accuracy
ue to the adaptive MLE with intrinsic smoothing accounting for the
arget’s maneuvers within the covariance matrices. The corresponding
D RMS results and histogram are provided in Table 6 and Fig. 25,

respectively.

5. Conclusion

This work presented an adaptive angle-only navigation solution
using both the extended and the unscented Kalman filters for spacecraft
relative motion. The proposed method utilized Hamiltonian dynam-
ics while considering the effects of 𝐽2, luni-solar perturbations, solar
radiation pressure and atmospheric drag complete with their peri-
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Fig. 12. LEO UKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement models.
Fig. 13. LEO relative position error distributions for adaptive EKF and UKF.
s

odic variations. A novel measurement model that exactly maps orbital
elements to angle measurements was derived that by-passes the first-
order limitations of previous the measurement model used in literature.
505 
In addition, the adaptive algorithm incorporated the use of intrinsic
moothing with maximum likelihood estimation to tune the covariance

matrices of the Kalman filters on-line.
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Fig. 14. HEO EKF estimation errors using ROE dynamics and measurement models.

Fig. 15. HEO EKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement models (without adaptive covariance tuning).
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Fig. 16. HEO EKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement models (with adaptive covariance tuning).

Fig. 17. HEO UKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement models (with adaptive covariance tuning).

Acta Astronautica 228 (2025) 494–514 

507 



Y. Chihabi and S. Ulrich

o
v
t
t
r
t
s
t
d

Acta Astronautica 228 (2025) 494–514 
Fig. 18. HEO relative position error distributions for reference ROE based EKF and non-adaptive EKF with proposed measurement model.
Fig. 19. HEO relative position error distributions for adaptive EKF and UKF.
Two formation flying scenarios, one on a highly elliptical reference
rbit and the other in low earth orbit, were tested in simulation for
arious passive and maneuvering spacecraft cases. The results showed
he effectiveness of the proposed measurement and process models over
he relative orbital elements based models, where the proposed model
esulted in orders of magnitude decrease in estimation errors. Fur-
hermore, the adaptive algorithm and unscented Kalman filter demon-
trated a higher accuracy in the highly elliptical reference orbit case
han the low Earth orbit due to the fact that nonlinearities increase
rastically as the eccentricity of the orbit increases. Future work will
508 
be done to incorporate a method to estimate the target control inputs
to further improve the estimation accuracy.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.



Y. Chihabi and S. Ulrich

Fig. 20. HEO EKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement models (with adaptive covariance tuning).

Fig. 21. HEO UKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement models (with adaptive covariance tuning).
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Fig. 22. HEO relative position error distributions for adaptive EKF and UKF.

Fig. 23. HEO EKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement models (with adaptive covariance tuning).
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Fig. 24. HEO UKF estimation errors using Hamiltonian dynamics and proposed nonlinear measurement models (with adaptive covariance tuning).

Fig. 25. HEO relative position error distributions for adaptive EKF and UKF.
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Appendix A. Partial derivatives

This appendix presents the partial derivatives used in the derivation
f the navigation algorithms proposed in this paper.

𝜕 𝑀
𝜕 𝜃 =

(

1 − 𝑒2
)3∕2

(𝑒 cos (𝜃) + 1)2
(A.1)

𝜕 𝑟
𝜕 𝑎 = − 𝑒2 − 1

𝑒 cos (𝜃) + 1 (A.2)

𝜕 𝑟
𝜕 𝑒 =

𝑎 cos (𝜃)
(

𝑒2 − 1)

(𝑒 cos (𝜃) + 1)2
− 2𝑎𝑒

𝑒 cos (𝜃) + 1 (A.3)

𝜕 𝑟
𝜕 𝜃 = −𝑎𝑒 sin (𝜃)

(

𝑒2 − 1)

(𝑒 cos (𝜃) + 1)2
(A.4)

𝜕
𝜕 𝑖𝑪𝐼 𝑃 (𝜔, 𝑖, 𝛺) =

⎡

⎢

⎢

⎣

𝑠𝛺𝑠𝜔𝑠𝑖 𝑠𝛺𝑐𝜔𝑠𝑖 𝑠𝛺𝑐𝑖
−𝑐𝛺𝑠𝜔𝑠𝑖 −𝑐𝛺𝑐𝜔𝑠𝑖 𝑐𝛺𝑐𝑖
𝑠𝜔𝑐𝑖 𝑐𝜔𝑐𝑖 −𝑠𝑖

⎤

⎥

⎥

⎦

(A.5)

𝜕
𝜕 𝜔𝑪𝐼 𝑃 (𝜔, 𝑖, 𝛺) =

⎡

⎢

⎢

⎣

−𝑐𝛺𝑠𝜔 − 𝑠𝛺𝑐𝜔𝑐𝑖 −𝑐𝛺𝑐𝜔 + 𝑠𝛺𝑠𝜔𝑐𝑖 0
−𝑠𝛺𝑠𝜔 + 𝑐𝛺𝑐𝜔𝑐𝑖 −𝑠𝛺𝑐𝜔 + 𝑐𝛺𝑠𝜔𝑐𝑖 0

𝑐𝜔𝑠𝑖 −𝑠𝜔𝑠𝑖 0

⎤

⎥

⎥

⎦

(A.6)

𝜕
𝜕 𝛺𝑪𝐼 𝑃 (𝜔, 𝑖, 𝛺) =

⎡

⎢

⎢

⎣

−𝑠𝛺𝑐𝜔 − 𝑐𝛺𝑠𝜔𝑐𝑖 𝑠𝛺𝑠𝜔 − 𝑐𝛺𝑐𝜔𝑐𝑖 𝑐𝛺𝑠𝑖
𝑐𝛺𝑐𝜔 − 𝑠𝛺𝑠𝜔𝑐𝑖 −𝑐𝛺𝑠𝜔 + 𝑠𝛺𝑐𝜔𝑐𝑖 𝑠𝛺𝑠𝑖

0 0 0

⎤

⎥

⎥

⎦

(A.7)

𝜕
𝜕 𝜃𝑪𝐿𝑃 (𝜃) =

⎡

⎢

⎢

⎣

−𝑠𝜃 𝑐𝜃 0
−𝑐𝜃 −𝑠𝜃 0
0 0 1

⎤

⎥

⎥

⎦

(A.8)

Appendix B. Partial derivatives of measurement model matrix

This appendix provides the MATLAB symbolic derivation of the
artial derivatives used in the measurement model matrix.

𝐻2
𝑛𝑢,1 = −2

(

𝑝𝑐2𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

𝑎𝑐𝑟𝑐
+

𝑝𝑐2𝑐𝜔𝑐
𝑠𝑖𝑐 𝑠𝜃𝑐

𝑎𝑐𝑟𝑐

) (
𝑝𝑐2𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

𝑟𝑐

+
𝑝𝑐2𝑐𝜔𝑐

𝑠𝑖𝑐 𝑠𝜃𝑐
𝑟𝑐

−
𝑝𝑡2𝑐𝜃𝑡𝑠𝑖𝑡𝑠𝜔𝑡

𝑟𝑡
−

𝑝𝑡2𝑐𝜔𝑡
𝑠𝑖𝑡𝑠𝜃𝑡

𝑟𝑡

)

+ 2
⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑎𝑐𝑟𝑐
−

𝑝𝑐2𝑠𝜃𝑐
(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑎𝑐𝑟𝑐

⎞

⎟

⎟

⎟

⎠

×

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

+ 2
⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑎𝑐𝑟𝑐
−

𝑝𝑐2𝑠𝜃𝑐
(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑎𝑐𝑟𝑐

⎞

⎟

⎟

⎟

⎠

×

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

(B.1)

512 
𝐻2
𝑑 𝑒,1 = 2

⎛

⎜

⎜

⎝

(

𝑝𝑐2𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

𝑟𝑐
+

𝑝𝑐2𝑐𝜔𝑐
𝑠𝑖𝑐 𝑠𝜃𝑐

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡𝑠𝑖𝑡𝑠𝜔𝑡

𝑟𝑡
−

𝑝𝑡2𝑐𝜔𝑡
𝑠𝑖𝑡𝑠𝜃𝑡

𝑟𝑡

)2

+

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

2

+

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

2
⎞

⎟

⎟

⎟

⎠

3∕2

(B.2)

𝐻2
𝑛𝑢,2 =

2𝑝𝑐
𝑟𝑐2

(

𝑐𝜃𝑐 𝑝𝑐
2 + 2𝑎𝑐𝑒𝑐𝑟𝑐

) (
𝑠𝛺𝑐

𝑐𝜃𝑐 𝑐𝜔𝑐
− 𝑠𝛺𝑐

𝑠𝜃𝑐 𝑠𝜔𝑐
+ 𝑐𝛺𝑐

𝑐𝑖𝑐 𝑐𝜃𝑐 𝑠𝜔𝑐

+𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

𝑠𝜃𝑐
)

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐

−
𝑝𝑡2𝑐𝜃𝑡

(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡
−

𝑝𝑐2𝑠𝜃𝑐
(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐

+
𝑝𝑡2𝑠𝜃𝑡

(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

−
2𝑝𝑐
𝑟𝑐2

(

𝑐𝜃𝑐 𝑝𝑐
2 + 2𝑎𝑐𝑒𝑐𝑟𝑐

)

×

(

𝑐𝛺𝑐
𝑠𝜃𝑐 𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝜃𝑐 𝑐𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜃𝑐 𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

𝑠𝜃𝑐
)

×
⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

+
2𝑝𝑐
𝑟𝑐3𝑟𝑡

sin
(

𝜃𝑐 + 𝜔𝑐
)

𝑠𝑖𝑐
(

𝑐𝜃𝑐 𝑝𝑐
2 + 2𝑎𝑐𝑒𝑐𝑟𝑐

) (
𝑝𝑐

2𝑟𝑡𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

+𝑝𝑐2𝑟𝑡𝑐𝜔𝑐
𝑠𝑖𝑐 𝑠𝜃𝑐 − 𝑝𝑡

2𝑟𝑐𝑐𝜃𝑡𝑠𝑖𝑡𝑠𝜔𝑡
− 𝑝𝑡

2𝑟𝑐𝑐𝜔𝑡
𝑠𝑖𝑡𝑠𝜃𝑡

)

(B.3)

𝐻2
𝑑 𝑒,2 = 2

⎛

⎜

⎜

⎜

⎝

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

2

+

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

2

+ 1
𝑟𝑐2𝑟𝑡2

(

𝑝𝑐
2𝑟𝑡𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

+ 𝑝𝑐
2𝑟𝑡𝑐𝜔𝑐

𝑠𝑖𝑐 𝑠𝜃𝑐 − 𝑝𝑡
2𝑟𝑐𝑐𝜃𝑡𝑠𝑖𝑡𝑠𝜔𝑡

−𝑝𝑡2𝑟𝑐𝑐𝜔𝑡
𝑠𝑖𝑡𝑠𝜃𝑡

)2
)3∕2

(B.4)
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𝐻2
𝑛𝑢,3 = − 2𝑝𝑐2

𝑟𝑐2𝑟𝑡
sin

(

𝜃𝑐 + 𝜔𝑐
)

𝑐𝑖𝑐
(

𝑝𝑐
2𝑟𝑡𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

+ 𝑝𝑐
2𝑟𝑡𝑐𝜔𝑐

𝑠𝑖𝑐 𝑠𝜃𝑐

−𝑝𝑡2𝑟𝑐𝑐𝜃𝑡𝑠𝑖𝑡𝑠𝜔𝑡
− 𝑝𝑡

2𝑟𝑐𝑐𝜔𝑡
𝑠𝑖𝑡𝑠𝜃𝑡

)

−
2𝑝𝑐2

𝑟𝑐
𝑐𝛺𝑐

sin
(

𝜃𝑐 + 𝜔𝑐
)

𝑠𝑖𝑐×

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

+
2𝑝𝑐2

𝑟𝑐
sin

(

𝜃𝑐 + 𝜔𝑐
)

𝑠𝛺𝑐
𝑠𝑖𝑐

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐

−
𝑝𝑡2𝑐𝜃𝑡

(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡
−

𝑝𝑐2𝑠𝜃𝑐
(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐

+
𝑝𝑡2𝑠𝜃𝑡

(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

(B.5)

2
𝑑 𝑒,3 = 2

⎛

⎜

⎜

⎜

⎝

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

2

+

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

2

+ 1
𝑟𝑐2𝑟𝑡2

(

𝑝𝑐
2𝑟𝑡𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

+ 𝑝𝑐
2𝑟𝑡𝑐𝜔𝑐

𝑠𝑖𝑐 𝑠𝜃𝑐 − 𝑝𝑡
2𝑟𝑐𝑐𝜃𝑡𝑠𝑖𝑡𝑠𝜔𝑡

−𝑝𝑡2𝑟𝑐𝑐𝜔𝑡
𝑠𝑖𝑡𝑠𝜃𝑡

)2
)3∕2

(B.6)

𝐻2
𝑛𝑢,4 = 2

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑐2𝑠𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐

⎞

⎟

⎟

⎟

⎠

×

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

+ 2
⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑐2𝑠𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐

⎞

⎟

⎟

⎟

⎠

×

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

(B.7)
513 
− 2
(

𝑝𝑐2𝑐𝜃𝑐 𝑐𝜔𝑐
𝑠𝑖𝑐

𝑟𝑐
−

𝑝𝑐2𝑠𝑖𝑐 𝑠𝜃𝑐 𝑠𝜔𝑐

𝑟𝑐

) (
𝑝𝑐2𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

𝑟𝑐
+

𝑝𝑐2𝑐𝜔𝑐
𝑠𝑖𝑐 𝑠𝜃𝑐

𝑟𝑐

−
𝑝𝑡2𝑐𝜃𝑡𝑠𝑖𝑡𝑠𝜔𝑡

𝑟𝑡
−

𝑝𝑡2𝑐𝜔𝑡
𝑠𝑖𝑡𝑠𝜃𝑡

𝑟𝑡

) (B.8)

𝐻2
𝑑 𝑒,4 = 2

⎛

⎜

⎜

⎝

(

𝑝𝑐2𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

𝑟𝑐
+

𝑝𝑐2𝑐𝜔𝑐
𝑠𝑖𝑐 𝑠𝜃𝑐

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡𝑠𝑖𝑡𝑠𝜔𝑡

𝑟𝑡
−

𝑝𝑡2𝑐𝜔𝑡
𝑠𝑖𝑡𝑠𝜃𝑡

𝑟𝑡

)2

+

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

2

+

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

2
⎞

⎟

⎟

⎟

⎠

3∕2

(B.9)

𝐻2
𝑛𝑢,5 = 2

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑐2𝑠𝜃𝑐
(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐

⎞

⎟

⎟

⎟

⎠

×

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

− 2
⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑐2𝑠𝜃𝑐
(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐

⎞

⎟

⎟

⎟

⎠

×

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

(B.10)

𝐻2
𝑑 𝑒,5 = 2

⎛

⎜

⎜

⎝

(

𝑝𝑐2𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

𝑟𝑐
+

𝑝𝑐2𝑐𝜔𝑐
𝑠𝑖𝑐 𝑠𝜃𝑐

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡𝑠𝑖𝑡𝑠𝜔𝑡

𝑟𝑡
−

𝑝𝑡2𝑐𝜔𝑡
𝑠𝑖𝑡𝑠𝜃𝑡

𝑟𝑡

)2

+

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

2

+

⎛

⎜

⎜

⎜

⎝

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

⎞

⎟

⎟

⎟

⎠

2
⎞

⎟

⎟

⎟

⎠

3∕2

(B.11)
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𝐻
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𝐻2
𝑛𝑢,6 = 2

(

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

)

×
(

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑐2𝑠𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐

+
𝑒𝑐𝑝𝑐3𝑠𝜃𝑐

2 (𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐2
−

𝑒𝑐𝑝𝑐3𝑐𝜃𝑐 𝑠𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐2

)

+ 2
(

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

)

×
(

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑐2𝑠𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐

+
𝑒𝑐𝑝𝑐3𝑠𝜃𝑐

2 (𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐2
−

𝑒𝑐𝑝𝑐3𝑐𝜃𝑐 𝑠𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐2

)

−
2𝑝𝑐2

𝑟𝑐3𝑟𝑡
𝑠𝑖𝑐

(

𝑟𝑐 cos
(

𝜃𝑐 + 𝜔𝑐
)

+
𝑒𝑐𝑝𝑐𝑐𝜔𝑐

2
−

𝑒𝑐𝑝𝑐 cos
(

2𝜃𝑐 + 𝜔𝑐
)

2

)

×
(

𝑝𝑐
2𝑟𝑡𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

+ 𝑝𝑐
2𝑟𝑡𝑐𝜔𝑐

𝑠𝑖𝑐 𝑠𝜃𝑐 − 𝑝𝑡
2𝑟𝑐𝑐𝜃𝑡𝑠𝑖𝑡𝑠𝜔𝑡

− 𝑝𝑡
2𝑟𝑐𝑐𝜔𝑡

𝑠𝑖𝑡𝑠𝜃𝑡
)

(B.12)

2
𝑑 𝑒,6 = 2

((

𝑝𝑐2𝑐𝜃𝑐
(

𝑠𝛺𝑐
𝑐𝜔𝑐

+ 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑠𝛺𝑡
𝑐𝜔𝑡

+ 𝑐𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑠𝛺𝑐
𝑠𝜔𝑐

− 𝑐𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑠𝛺𝑡
𝑠𝜔𝑡

− 𝑐𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

)2

+

(

𝑝𝑐2𝑐𝜃𝑐
(

𝑐𝛺𝑐
𝑐𝜔𝑐

− 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑠𝜔𝑐

)

𝑟𝑐
−

𝑝𝑡2𝑐𝜃𝑡
(

𝑐𝛺𝑡
𝑐𝜔𝑡

− 𝑠𝛺𝑡
𝑐𝑖𝑡𝑠𝜔𝑡

)

𝑟𝑡

−
𝑝𝑐2𝑠𝜃𝑐

(

𝑐𝛺𝑐
𝑠𝜔𝑐

+ 𝑠𝛺𝑐
𝑐𝑖𝑐 𝑐𝜔𝑐

)

𝑟𝑐
+

𝑝𝑡2𝑠𝜃𝑡
(

𝑐𝛺𝑡
𝑠𝜔𝑡

+ 𝑠𝛺𝑡
𝑐𝑖𝑡 𝑐𝜔𝑡

)

𝑟𝑡

)2

+ 1
𝑟𝑐2𝑟𝑡2

(

𝑝𝑐
2𝑟𝑡𝑐𝜃𝑐 𝑠𝑖𝑐 𝑠𝜔𝑐

+ 𝑝𝑐
2𝑟𝑡𝑐𝜔𝑐

𝑠𝑖𝑐 𝑠𝜃𝑐 − 𝑝𝑡
2𝑟𝑐𝑐𝜃𝑡𝑠𝑖𝑡𝑠𝜔𝑡

−𝑝𝑡2𝑟𝑐𝑐𝜔𝑡
𝑠𝑖𝑡𝑠𝜃𝑡

)2
)3∕2

(B.13)
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