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I. Introduction

S PACECRAFT rendezvous and docking (RVD) is a key technol-
ogy required for on-orbit servicing and space debris removal

missions. For the successful execution of such close-proximity oper-
ations, a chaser spacecraft must be able to navigate around obstacles,
avoid colliding with the target, and react to contingencies to ensure
the safety of all spacecraft. Consequently, recent research efforts have
focused on real-time, collision-free autonomous RVD (ARVD) guid-
ance algorithms responsible for the path planning of safe, feasible
trajectories. In addition to obstacle avoidance capabilities, it is
important for the guidance algorithm to minimize the propellant
consumption during these operations.
Developing path-planning methods is an art form that involves

balancing the complexity and related computational expense of the
algorithm with the performance, robustness, and optimality of the
solution. Several methods that analytically solve for the trajectory,
e.g., glideslope [1], artificial potential functions [2], and Lyapunov
vector fields [3], are computationally inexpensive and are therefore
real-time implementable, but the proposed solution is nonoptimal.
Analytical methods can be modified to increase their optimality (see,
e.g., [4,5]), but still achieve suboptimal performance as compared to
optimization-basedmethods [6]. Recently, deep reinforcement learn-
ing [7–9] has been applied to spacecraft RVD maneuvers by solving
for velocity commands that are tracked by a conventional controller.
The trained guidance policy achieves suboptimal, collision-free tra-
jectories and has been shown to be real-time implementable and
robust to unmodeled disturbances in experiments on an air-bearing
testbed.
The challenge of employing optimization-based methods is their

computational expense, which, if too large, limits the real-time
implementability of the algorithm. An optimization problem can be
formulated as a nonlinear programming (NLP) problem using
approaches such as inverse dynamics in the virtual domain [10] or
model predictive control (MPC) with nonlinear constraints [11–13],
i.e., nonlinear MPC (NMPC). In general, NLP problems offer flex-
ibility in directly handling nonlinear dynamics and nonconvex con-
straint equations that are inherent to spacecraft RVD maneuvers, but
lack convergence guarantees and require complex numerical solvers
[14]. Convexifying all elements of the NLP problem, i.e., generating

a convex programming problem, gained popularity as a means for
real-time, optimal trajectory generation as this class of problems
enjoys polynomial-scaling runtime in the problem size and guaran-
tees for globally optimal solutions [14]. In [15–17], the convex
programming problem is generated through local linearization of
all nonconvex constraints in the original nonlinear problem and is
iteratively solved as a second-order cone programming problem.
Quadratic programming has also been used to solve for spacecraft
RVD under a linear quadratic (LQ) MPC framework to a static
[18,19] and rotating target [20,21] with obstacle avoidance. The
obstacle constraints, which naturally are nonconvex, must be recast
as linear constraint equations for which various methods have been
proposed, e.g., rotating hyperplanes [18,19], dual hyperplanes [12],
and a direct linearization method [22].
When the guidance problem is posed as an optimization problem,

an algorithm or solvermust be employed to calculate the solution. A
variety of commercial solvers have been used to solve for optimal
spacecraft RVD trajectories in the literature: MATLAB’s fmincon
has been used by [10], MATLAB’s quadprog used by [22], Interior
Point OPTimizer (IPOPT) [23] used by [12,13,24], MOSEK used
by [15–17], CPLEX used by [25], and CVXGEN used by [19].
Authors may also develop custom solvers to solve their optimal
control problem (OCP). The so-called Fast MPC was proposed
formally by Wang and Boyd [26] and describes an algorithm to
create a gradient-based solver employing the infeasible start New-
ton method that exploits the structure of the LQ-MPC problem for
fast computation. Similar algorithms are being implemented on
field programmable gate arrays [27], known for their high computa-
tional speeds.
In this paper we develop an optimal, real-time Fast MPC guidance

algorithmwith obstacle avoidance capabilities specific to RVD oper-
ations. The performance of the Fast MPC solver is compared to
commercially available solvers, IPOPT and MATLAB’s fmincon,
in two- and three-dimensional simulations. To the best of the authors’
knowledge, a comparison of the performance of different solvers for
spacecraft rendezvous operations has not been published beyond a
brief qualitative comparison of solvers in [28], which focuses on
experimental implementation on lowcomputational power hardware.
Since the speed of the solver is paramount to the real-time imple-
mentability of a guidance algorithm, the computation time of each
solver is compared in this work, as well as the total impulse of the
calculated solution. The FastMPC guidance algorithm is validated to
work in real-time on a physical testbed. In this context, the original
contributions of this work are 1) the development of an optimal, real-
time Fast MPC guidance algorithm with moving obstacle avoidance
capabilities for ARVD operations, 2) the quantitative comparison of
the results and performance obtained by the Fast MPC solver against
existing solvers, and 3) experimental validation of the optimal guid-
ance algorithm solved using the Fast MPC solver demonstrating its
real-time capabilities.
This paper is organized as follows: Sec. II describes the RVD

scenario considered and the OCP to be solved, Sec. III reviewsWang
and Boyd’s [26] Fast MPC algorithm specifically applied to the
spacecraft RVD problem, Sec. IV presents numerical simulations
in two and three dimensions, Sec.Vpresents the experimental results,
and Sec. VI concludes this paper.

II. Rendezvous Problem Formulation

Thiswork considers a chaser spacecraft that rendezvouswith a target
spacecraft in thepresence ofmovingobstacles. In the three-dimensional
problem, the chaser rendezvous to a final holdingdistancemodelled as a
sphere around the target. In the two-dimensional problem, the chaser
additionally docks with the rotating and translating target. To do so, the
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chaser is guided to a holding position on a dynamic collision avoidance
constraint around the target and an entry corridor activates when the
chaser nears the target for safe docking. The obstacle avoidance is
accomplished with nonlinear ellipsoidal constraints for a nonlinear
OCP (NMPC framework), and linearized hyperplane constraints for a
linear OCP (LQ-MPC framework). It is assumed that the target and
obstacles have constant translational and angular velocities around their
center of mass. In experimental validation, the target and obstacle are
static.

A. Optimal Control Problem

The OCP to be solved that minimizes the state error of the chaser
spacecraft x ∈ Rn from its desired state xt ∈ Rn and the commanded
control effort u ∈ Rm at each iteration over a horizonN starting from
the current sampling instant k is written as

minimize J�
�
x�k�N�−x�k�N�

t

�
T
Qf

�
x�k�N�−x�k�N�

t

�
��u�k��TRu�k�

�
Xk�N−1

τ�k�1

�
x�τ�−x�τ�t

�
T
Q
�
x�τ�−x�τ�t

�
��u�τ��TRu�τ� (1a)

subject to x�τ�1� �Ax�τ� �Bu�τ�; τ� k;: : : ; k�N− 1 (1b)

fi

�
x�τ�; u�τ�

�
≤ 0; τ � k; : : : ; k� N (1c)

In Eq. (1a), J is the cost function with state and control weighting
matrices Q ∈ Rn×n and R ∈ Rm×m, respectively, and Qf ∈ Rn×n is

the terminal stateweightingmatrix and is chosen as the solution of the
discrete Riccati equation to ensure local stability [29]. The linear
system dynamics in Eq. (1b) are in the form of a discrete-time state
space model with the state and control matrices denoted byA andB,
respectively. Equation (1c) quantifies the generalized inequality
constraints, given by fi. Linear inequality constraints that are state-
control-separable take the form8<

:F�τ�
x x�τ� ≤ f �τ�

x ; τ � k� 1; : : : ; k� N

F�τ�
u u�τ� ≤ f �τ�

u ; τ � k; : : : ; k� N − 1
(2)

with problem dataFx ∈ Rlx×n,Fu ∈ Rlu×m, fx ∈ Rlx , and fu ∈ Rlu ,
where lx and lu specify the number of state and control constraints,
respectively. The philosophy of this MPC design is to, repetitively,
recompute the solution every sampling instant in which only the

commanded control effort at the current sampling instant u�k� is
applied. At the next sampling instant, the solution is recomputed
using the current state as the initial condition.

B. Model

Assuming a small separation distance and a target spacecraft
on a circular orbit, Clohessy–Wiltshire (CW) differential equations

[30] are used as the relative motion model for three-dimensional
simulations, 8>>>>><

>>>>>:

�x − 3n2x − 2n _y � ux
m

�y� 2n _x � uy
m

�z� n2z � uz
m

(3)

where x, y, and z are the radial, in-track, and cross-track separations of
the spacecraft;u�� is the control force in the specified direction;m is the

chaser spacecraft mass; and n �
��������������
μ�∕a3

p
is the mean motion of the

target spacecraft, where μ� � 3.986 × 105 km3∕s2 is the gravitational
parameter of the Earth and a is the semimajor axis of the target’s orbit.
As is common in short timescale and separation distance proximity

operations research, orbital effects are ignored and the CWequations
can further be simplified to planar dynamics with three translational
degrees of freedom (DOF) [6–8,12,13,24]. The translational DOF in
z is replaced by a DOF to rotate about the z axis to give the relative
motion model in two dimensions:8>>>>>>><

>>>>>>>:

�x � ux
m

�y � uy
m

�θ � τ

Iz

(4)

where Iz is the moment of inertia about the z axis and τ is the control
torque.
The continuous-time models in Eqs. (3) and (4) are discretized

using a zero-order hold to be written in the form of a discrete-time
state-space equation as given by Eq. (1b).

C. Inequality Constraints

The following operational and path constraints are considered in
the OCP to be solved.

1. Maximum Thrust Limitations

The thrusters onboard the chaser spacecraft are limited in the
amount of thrust they can provide. At each step within the horizon,
there is a maximum thrust umax that applies to all directions, that is,���u�k�x

���; ���u�k�y

���; and
���u�k�z

��� ≤ umax (5)

A similar maximum torque τmax limitation is applied in the two-
dimensional case.

2. Obstacle Avoidance

As shown in Fig. 1, an ellipsoidal [11] keep-out-zone (KOZ) is
drawn around the obstacle in two and three dimensions that identifies

Fig. 1 An ellipsoidal keep-out-zone can be linearized using direct linearization.
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the region the chaser spacecraftmust remain outside of to safely avoid
collisions.
This nonlinear obstacle avoidance constraint used in the NMPC

framework is given by

1 ≤
�
r�k� − r�k�obj

�
T
S
�
r�k� − r�k�obj

�
(6)

where r�k�obj is the obstacle position, r
�k� is the position of the chaser,

and the ellipsoid with axes a, b, and c has a shape matrix defined

by S � diag�a−2; b−2; c−2�.
Direct linearization [22] convexifies the ellipsoidal obstacle con-

straint by taking the first-order Taylor series expansion of the non-
linear constraint term around the point on the boundary of the KOZ
between the obstacle’s center and the position of the chaser, denoted
by r�k�0 , as shown in Fig. 1. Here, the reference trajectory of the chaser
from the previous iteration is used to determine the expansion points,

r�k�0 , over the horizon. Defining the right-hand side of Eq. (6) as f, the
linearized version of the obstacle constraint can be written as

1 ≤ f
�
r�k�0

�
� ∂f

∂r�k�

����
r�k�
0

�
r�k� − r�k�0

�
(7)

The authors note a mistake in this formula in [22], where the last term
is written with robj instead of r0. Evaluating the terms of Eq. (7) with

the defined f function, the linearized obstacle constraint equation
used in the LQ-MPC framework is

1 ≤ 2
�
r�k�0 − r�k�obj

�
T
S
�
r�k� − r�k�obj

�
−
�
r�k�0 − r�k�obj

�
T
S
�
r�k�0 − r�k�obj

�
(8)

3. Dynamic Target Collision Constraint

A dynamic holding radius [13] as depicted by the solid gray circle
in Fig. 2 is implemented as a collision avoidance constraint with
radius rhold centered at the target spacecraft position r�k�tar ,�

r�k�hold

�
2
≤
�
r�k� − r�k�tar

�
T
�
r�k� − r�k�tar

�
(9)

and can be linearized to the form of Eq. (8). The desired holding

position of the chaser spacecraft x�k�t , as referenced in Eq. (1a), is
defined to be on the holding radius directly in front of the target’s
docking port, as shown in Fig. 2.
The holding radius is a set value at the beginning of the rendez-

vous, rhold;0, and decreases throughout the mission based on two
conditions [13]: first, the chaser spacecraft is within a certain

distance η from the holding position x�k�t ; second, the chaser is
within a certain attitude error ζ of the docking port. The condition

on the attitude of the chaser ensures that there is precise attitude
pointing, and the slow decrease in holding radius ensures that there
is soft docking. If the position and attitude error conditions are met,
then the holding radius at the next sampling instant is reduced by a

factor of γ ∈ �0; 1�, i.e., r�k�1�
hold � γr�k�hold. The holding radius reduces

in size until it reaches the lower limit rhold;min, which is defined as

the distance between the center of mass of the target and chaser
platforms in the docking position, depicted by the dotted circle
in Fig. 2.

4. Entry Cone

An entry corridor [12,13] that guides the chaser to the docking port
is activated once the chaser spacecraft is within a certain distance
rcone from the target. The entry cone shown in Fig. 2 consists of two
hyperplanes that intersect at the base of the target’s docking port and
create a triangular feasible region with a half angle θh. The constraint
for each hyperplane is given by8<

:−n̂�k�
c1 ⋅ r�k� ≤ −n̂�k�

c1 ⋅ r�k�dock

n̂�k�
c2 ⋅ r�k� ≤ n̂�k�

c2 ⋅ r�k�dock

(10)

where r�k�dock is the position of the docking port and n̂
�k� is the hyper-

plane normal vector given by n̂�k�
c1 � �sin�θ�k�t � θh�;− cos�θ�k�t �

θh�� and n̂�k�
c2 � �sin�θ�k�t − θh�;− cos�θ�k�t − θh��.

III. Fast MPC

This section reviews Wang and Boyd’s [26] Fast MPC algorithm,
which is used to solve a convex optimization problem using a
gradient-based method called the infeasible start Newton method.

A. Compact Problem Formulation

TheOCPgiven in Eq. (1) is considered convexwhen the inequality
constraints are linear, such as those given by Eq. (2). It is convenient
to write such a problem in a compact form by defining the overall
optimization column vector z ∈ Rnz , nz � �n�m�N, that contains
the states and controls, x andu, of the system at each sampling instant

over the horizon, z≜ �u�k� x�k�1� u�k�1� : : : x�k�N−1� u�k�N−1�

x�k�N��T . The target vector zt ∈ Rnz is similarly defined to contain
information about the desired states of the chaser spacecraft over the

horizon, zt ≜ �0 x�k�1�
t 0 : : : x�k�N−1�

t 0 x�k�N�
t �T . Then, the

convex OCP based on Eq. (1) can be written compactly as

minimize J�z� � �z − zt�TH�z − zt�
subject to Cz � b

Pz ≤ h

(11)

where the matrices H ∈ Rnz×nz , C ∈ Rnhi×nz , and P ∈ Rnfi×nz are
structured along the diagonal with nhi � nN and nfi � �lx � lu�N.

The column vectors b ∈ Rnhi and h ∈ Rnfi are defined from the
appropriate constraint equations.
The thrust constraints in Eq. (5) can be written compactly by

defining a matrix U ∈ RmN×nz with the identity matrix repeated

along the diagonal and a column vector k ∈ RmN built from the
maximum thrust and torque limits. Then, Eq. (5) can be written as
	Uz ≤ k, Similarly, the obstacle avoidance constraints can be

written compactly by defining E�k� ≜ �r�k�0 − r�k�obj�TS such that

Eq. (8) becomes

−2E�k�r�k� ≤ −1 −E�k�
�
r�k�0 � r�k�obj

�
(12)

A matrix D ∈ RN×nz is built from the blocks of E�k� to apply
this constraint to each step in the horizon, and column vectors �r0 ∈
Rnz and �robj ∈ Rnz are built that contain the expansion points r�k�0

and positions of the obstacle r�k�obj, respectively, over the horizon.
Fig. 2 Desired position on the dynamic holding radius and entry cone
constraints.
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The compact linearized obstacle avoidance constraint is then

written as

−2Dz ≤ −1N −D��r0 � �robj� (13)

where 1N is a column vector of ones with length N. The entry cone
constraints in Eq. (10) can be written compactly by defining a

matrix Gci ∈ RN×nz that contains the normals of the hyperplane i
over the horizon and a column vector �rdock ∈ Rnz that contains the
position of the apex of the entry cone over the horizon. Then,

Eq. (10) can be written as

(
−Gc1z ≤ −Gc1 �rdock

Gc2z ≤ Gc2 �rdock
(14)

The compact matrices 	U, −2D, −Gc1, and Gc2 are combined

and their rows reordered into a block diagonal structure to form the

matrix P of Eq. (11). The corresponding inequality values are
similarly combined and reordered to form the column vector h.

B. Infeasible Start Newton Method

Interior-point methods solve a quadratic programming problem by
reducing it to a sequence of linear equality constrained problems and

applying Newton’s method. Through expanding the compact cost

function and ignoring any terms that do not rely on z, an equivalent
cost function for the OCP in Eq. (11) is given by

J�z� � zTHz − 2zTt Hz (15)

The inequality constraints can be written implicitly in the objective

function using a logarithmic barrier ϕ,

ϕ�z� ≜ −
Xnfi
i�1

log��h − Pz�i� (16)

where �⋅�i denotes the ith row of the constraint equation matrix. The

augmented problem can be posed as

minimize J�z� � zTHz − 2zTt Hz − κ
Xnfi
i�1

log��h − Pz�i�

subject to Cz � b (17)

where κ is a tuning parameter that gives the weight of the inequality
constraints in the cost function. As κ → 0, the augmented problem

approaches the original problem that was posed in Eq. (11). The

Lagrangian L associated with the augmented problem is

L�z; ν� � zTHz − 2zTt Hz − κ
Xnfi
i�1

log��h − Pz�i� � νT�Cz − b�

(18)

where ν is the vector of Lagrange multipliers associated with the
equality constraints. The optimal solution of the problem, given by

(z
, ν
), is found by setting the gradient of the Lagrangian with

respect to z equal to zero,

2Hz
 − 2Hzt � κPTd� CTν
 � 0 (19)

where the vector d ∈ Rnfi has rows of di � 1∕�hi − Piz�, where hi
and Pi are the rows of h and P, respectively. The optimality con-

ditions for Eq. (17) are used to define the dual residual rd ∈ Rnz and
primal residual rp ∈ Rnhi ,

(
rd ≜ 2Hz − 2Hzt � κPTd� CTν

rp ≜ Cz − b
(20)

which equal zero at the optimal solution. The residual r is defined as a
stacked variable of the dual and primal residuals, r ≜ � rd rp �T , and
is used to find the search directions Δz and Δν that reduce the

augmented cost. To derive an expression for these search directions,
called the primal-dual Newton step, the first-order approximation of
the residual expanded at the next state is set equal to zero with

resulting expression"
Φ CT

C 0

#�
Δz
Δν

�
� −

�
rd

rp

�
(21)

where Φ ≜ ∇2J � 2H� κPTdiag�d�2P is the Hessian of the aug-

mented cost function.
The search directions can be calculated from the system of linear

equations in Eq. (21) using block elimination. By defining the Schur
complement Y ≜ CΦ−1CT ∈ Rnhi×nhi and vector β ≜ −rp�
CΦ−1rd ∈ Rnhi and rearranging Eq. (21), the search directions Δν
and Δz are solved from

YΔν � −β (22)

ΦΔz � −rd − CTΔν (23)

The authors note a mistake in [26], where Eq. (23) has written ν
instead of Δν.
To determine the step size t that the next solution iteration will take

along the search direction, a backtracking line search is used [31].
The step size t is initialized to a value of unity and repeatedly
decreased by a value of β ∈ �0; 1� if the inequality constraints are

violated at the next solution iteration. The step size is then refined
further to decrease the residual of the current solution scaled by a
factor of α ∈ �0; 1∕2� smaller.
Finally, the search direction and step size are used to calculate the

next solution iteration. The algorithm is repeated until the residual is

below a user-defined tolerance ϵ or the maximum number of iter-
ations has been reached. The entire process is repeated for decreasing
values of κ, which are used to weigh the inequality constraints in the
augmented cost function in Eq. (17). The infeasible start Newton
method is summarized in Algorithm 1.

C. Fast Computation of the Primal-Dual Newton Step

As explained in [26], through exploiting the block diagonal struc-

ture of the matrices in the problem, step 1 of Algorithm 1 can be

computed quickly. First, it is recognized that the inversematrixΦ−1 is

block diagonal with submatrices ~Q�j�
and ~R�j�:

Φ−1 � diag� ~R�0�; ~Q�1�; ~R�1�; : : : ; ~Q�N−1�; ~R�N−1�; ~Qf� (24)

Algorithm 1 Infeasible start Newton method

for κ � fκ1; κ2; κ3; : : : g with fκi ∈ R�jκi�1 < κig do
repeat

1) Compute primal and dual Newton steps, Δz and Δν
1.1) Form the Schur complement Y � CΦ−1CT and β � −rp�

CΦ−1rd
1.2) Determine Δν by solving YΔν � −β
1.3) Determine Δz by solvingΦΔz � −rd − CTΔν

2) Backtracking line search on krk2; α ∈ �0; 1∕2�, β ∈ �0; 1�
t ≔ 1

repeat
t ≔ βt

until all h − P�z� tΔz� > 0

while kr�z� tΔz; ν� tΔν�k2 > �1 − αt�kr�z; ν�k2 do
t ≔ βt

3) Update z ≔ z� tΔz and ν ≔ ν� tΔν
until (kr�z; ν�k2 ≤ ϵ and Cz � b) or maximum iterations exceeded

end

J. GUIDANCE, VOL. 46, NO. 5: ENGINEERING NOTES 1001

D
ow

nl
oa

de
d 

by
 C

ar
le

to
n 

U
ni

ve
rs

ity
 o

n 
Fe

br
ua

ry
 1

7,
 2

02
5 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/1

.G
00

73
14

 



The matrix Φ has a similar form, but with submatrices denoted by
�Q�j� and �R�j�. Next, the Cholesky factorization of each submatrix

within Φ is computed, i.e., �R�j� � L �Rj
LT

�Rj
and �Q�j� � L �Qj

LT
�Qj
.

Then, forward and backward substitution is used within the expres-

sions of the submatrices Yij ∈ Rn×n of Y,

8>>><
>>>:
Y11 � Bd

~R�0�BT
d � ~Q�1�

Yii � Ad
~Q�i−1�AT

d � Bd
~R�i−1�BT

d � ~Q�i�

Yi;i�1 � YT
i�1;i � − ~Q�i�AT

d

(25)

which are then used to build the matrix Y,

Y �

2
666666666664

Y11 Y12 0 : : : 0 0

Y21 Y22 Y23 : : : 0 0

0 Y32 Y33 : : : 0 0

..

. ..
. ..

. . .
. ..

. ..
.

0 0 0 : : : YN−1;N−1 YN−1;N

0 0 0 : : : YN;N−1 YNN

3
777777777775

(26)

without the need for direct inversion of the matrix Φ. In using the

expressions of Eq. (25), it is necessary to exploit the fact that each

submatrix withinΦ is the inverse of the corresponding submatrix in

Φ−1, i.e., ~R�j� � � �R�j��−1 � �L �Rj
LT

�Rj
�−1.

Once Y has been formed, it must be factored via Cholesky factori-

zation, i.e., Y � LLT . Then, the dual stepΔν can be calculated from
Eq. (22) via forward and backward substitution. The primal step Δz
can be directly calculated fromEq. (23) since the inversematrixΦ−1,

Eq. (24), can be built from its subblocks that are computed using

forward and backward substitution during the construction of the

Schur complement Y.

D. Additional Variations

As suggested in [26], Algorithm 1 can be computed much faster

through two simple variations: first, the number of loops for κ is

limited to decrease the number of Newton iterations required to solve

the problem and to improvewarm starting from the previous solution;

second, the maximum number of iterations is significantly limited.

As a result, the solutionmay not be primal feasible, but the inequality

constraints are satisfied. Since only the control force for the first

sampling instant within the horizon is applied and the rest of the plan

is not used, it is not imperative that the plan be perfectly computed.
In this work, Algorithm 1 is used with a fixed κ value and a

maximum iteration count of 10. There are two variations on this

solver: The first, referred to as ISNM, computes the search directions

directly from Eqs. (22) and (23) using the MATLAB backslash

notation, \, to invert the matrices. The second, referred to as Fast

MPC, computes the search directions following the approach out-

lined in Sec. III.C, whereby the inversion of matrices is avoided

through use of Cholesky factorization and forward and backward

substitution.

IV. Simulation Results

This section presents the simulations performed, whereby the
nonlinear OCP is solved using IPOPT and the linear OCP is solved

using IPOPT, fmincon, ISNM, and Fast MPC. Simulations were
executed using MATLAB on a Quad Core 1.99 GHz Intel Core i7
64-bit CPU with 16 GB RAM.

A. Three-Dimensional Simulations

The simulation considers a large chaser spacecraft (m � 6500 kg)
that rendezvous with a target satellite in low Earth orbit (705 km
altitude). In the local-vertical–local-horizontal frame, the target
spacecraft is located at the origin, so the desired holding position

for the chaser spacecraft x�k�t in the OCP cost function is zero. The
rendezvous mission terminates when the chaser reaches the holding
distance from the target, chosen as 2.3 m.
The ISNM and Fast MPC solvers are implemented with κ � 0.05

and parameters for the backtracking line search selected as α � 0.01
and β � 0.95. The solution to the OCP is found when the residual is

below the tolerance ϵ of 10−9 or the maximum iteration limit of 10 is
reached. The two obstacle KOZs are modeled as spheres with radii of
20 and 50 m. The maximum thrust limit umax is set as 20 N. Addi-

tional model parameters are listed in Table 1.
The scenario ismodeled for when obstacles are present and absent,

as shown in Fig. 3, where the path of the chaser is plotted by the
various red lines, the target is depicted by a black circle at the origin,
and the obstacles are plotted in blue. This simulation demonstrates
the successful moving obstacle avoidance capabilities of the algo-

rithm as solved by each solver. Furthermore, it is clear that the custom
solvers successfully calculate a solution that is comparable to the
solutions of the commercially available solvers, with minor
differences in the trajectories attributed to the different numerical

algorithms being employed. The solution of IPOPT NMPC has the
lowest total impulse (32.93 kN). The custom solvers find a similar
total impulse of 33.80 and 33.98 kN for ISNM and Fast MPC,
respectively. The largest total impulse is commanded by fmincon
(34.33 kN).
The computation time of the solvers per iteration step is shown in

Fig. 4. It is clear that IPOPT is the slowest of the solvers. As expected,

the custom solvers are generally the fastest, with averages of 0.019
and 0.021 s for ISNM and Fast MPC, respectively, when the periods
of high computation time are excluded. These large increases in
computation effort may be attributed to the planning of maneuvers

that have a significant change in the control effort, which certainly
includes avoiding moving obstacles. In such cases, the algorithm
needs to refine its line search significantly to ensure feasibility of the
next solution (Algorithm 1, step 2) and in turn requires a longer
computation time.When including the high computation periods, the

average time for the custom solvers is higher than fmincon, as shown
in Fig. 5.

B. Two-Dimensional Simulations

The two-dimensional simulations havemodel parameters based on

the Spacecraft Robotics and Control Laboratory’s Spacecraft Prox-
imity Operations Testbed (SPOT) with equations developed in the
inertial reference frame with origin fixed to the table. The maximum
thrust limit is 0.15 N and the circular obstacle KOZ radius is 0.47 m.

Table 1 Model parameters for the three-dimensional simulations

Parameter Value

Initial states �x; y; z; _x; _y; _z�
Chaser, m, m/s (50, −1000, 10, 0, 0, 0)

Obstacle 1, m, m/s (−30, −800, 10, −0.075, −0.005, 0.015)
Obstacle 2, m, m/s (−100, 0, −40, 0.07, −0.16, 0.01)

Problem variables

Horizon N 30

Discretization time Td, s 15

Q diag(1, 1, 1, 100, 100, 100)

R diag(100, 100, 100)
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The dynamic holding radius around the target spacecraft is initialized

to 1.15manddecreases by a factor of γ � 0.95with η � �������
0.5

p
m and

ζ � 10°. The entry cone has a θh � 20° half angle and activateswhen
the chaser is rcone � 0.75 m from the docking position. The ISNM

and Fast MPC solvers are implemented with the same parameters as

the three-dimensional simulations. Additional model parameters,

including the initial states given with translational units of m and

m/s and rotational units of ° and °/s, are listed in Table 2. Note that the

chaser spacecraft always begins at rest, while the target and obstacles

have nonzero initial velocities. The rotation rates of the target

represent a slow-spinning motion (< 5°∕s), yet the chosen rates are

faster than previously reported MPC experiments [13].

Two scenarios are modeled, each simulated without and with

obstacles, as shown in Figs. 6 and 7 for test cases A and B, respec-

tively. The chaser is depicted by the red platform and its trajectory is

plotted in red for each solver. The target and obstacles are plotted in

black and blue, respectively. Notably, the docking port of the chaser

and target spacecraft is off-axis, which reflects the physical SPOT

platforms.

The simulations are depicted at four different snapshots: the first

snapshot at the initial condition has the highest transparency, the

final snapshot in the docked position is the most bold, and two

additional intermediate snapshots show the progress of each plat-

form. The entry cone is depicted by the gray hyperplanes when the

constraint is active.
For both test cases with obstacles present, the custom solvers

calculate the solution with the lowest total impulse. Unlike in the

three-dimensional simulations, the custom solvers do not experience

periods of high computation time and therefore have the lowest

average computation time, as shown in Fig. 5.

Fig. 4 The computation time of each solver for the three-dimensional simulations.

Fig. 5 Average computation time for each solver for the scenarios including obstacles.

Fig. 3 Trajectories of the solutions for each solver for the three-dimensional scenario without (left) and with (right) obstacles.
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V. Experimental Validation

The experiments were conducted using the Spacecraft Robotics
and Control Laboratory’s SPOT facility, as depicted in Fig. 8, which
was recently upgraded to include a third floating platform. The
controllers on the platforms are based on a Simulink diagram that
interfaces with the experiment hardware. The diagram is converted,
compiled, and then executed on a Raspberry Pi 3 computer, which
runs a Quad Core 1.2 GHz Broadcom BCM2837 64-bit CPU with
1 GB RAM. Due to limitations of the MATLAB Code Generation
process, only the custom solvers can be implemented on the SPOT
platforms. Further limitations in the facility infrastructure have the
consequence that the guidance algorithm can only be validated with

static target and obstacle platforms. The experiments use the same
model parameters as the two-dimensional simulations described in
Sec. IV.B, with the exception that a horizon of 10 is used, the entry
cone half angle is 45°, and the κ value of the Fast MPC solver is
modified to 0.1.
The experiment was performed with an initial chaser state of (3 m,

2 m, 0°), target state of (0.4973 m, 0.4919 m, 318.16°), and obstacle
state of (1.4897 m, 1.2410 m, 0°). The result of five experimental
trials of the ISNM and Fast MPC algorithms is shown in Figs. 9 and
10, respectively, plotted in red for experiments without (left) andwith
(right) the obstacle platform. The simulated trajectory in each sce-
nario is overlaid the experimental data in dark red, showing good

Fig. 6 Trajectories of the solutions for each solver for the two-dimensional scenario test case A without (left) and with (right) obstacles.

Fig. 7 Trajectories of the solutions for each solver for the two-dimensional scenario test case B without (left) and with (right) obstacles.

Table 2 Model parameters for the two-dimensional simulations

Value

Parameter Test case A Test case B

Initial states �x; y; θ; _x; _y; _θ�
Chaser (3.0, 1.3, 180, 0, 0, 0) (3.2, 2.2, 90, 0, 0, 0)

Target (1.1, 1.3, 270, 0.015, −0.008, 4.0) (0.2, 0.2, 0, 0.02, 0.01, −2.5)
Obstacle 1 (1.0, 2.0, 0, 0, −0.005, 0) (1.3, 1.0, 0, 0.01, −0.01, 0)
Obstacle 2 (1.0, 0.5, 0, 0.01, 0, 0) (2.1, 1.0, 0, 0.012, 0.01, 0)

Problem variables

Horizon N 15

Discretization time Td, s 2

Q diag(10, 10, 10, 300, 300, 500)

R diag(10, 10, 10)
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agreement. The trends in computation time and commanded control
effort of the solvers are compared between simulations and experi-
ments (using the average of five trials) in Fig. 11.
The experimental results show that the proposed guidance algo-

rithm solved using the custom solvers is real-time implementable
with successful collision avoidance capabilities. The solvers have

similar computation times on the Raspberry Pi 3, shown in Fig. 11c.
These computation times are 20 to 50 times larger than simulated
results due to the different processors used. As shown in Figs. 11b
and 11d, the commanded control effort of the solvers agree in
both simulations and experiments, and the experimental trends
show excellent correlation to simulated expectations. Discrepancies

Fig. 9 The experimental results of five trials using ISNM.

Fig. 10 The experimental results of five trials using Fast MPC.

Fig. 8 The spacecraft proximity operations testbed.
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between the simulated and experimental trajectories could be attrib-
uted to a number of factors, including a persistent disturbance caused
by a significant leak in the plumbing of the chaser platform.

VI. Conclusions

In this paper a custom gradient-based solver was developed for a
real-time, fuel-optimal, collision-free spacecraft RVDguidance algo-
rithm based on the LQ-MPC framework. Simulations in three dimen-
sions considered maximum thrust limitations and moving obstacle
avoidance constraints when rendezvousing to a set holding distance
from the target. Two-dimensional simulations additionally consid-
ered a dynamic holding radius and an entry corridor to facilitate safe
docking to a rotating and translating target. The performance of the
custom solver was compared to commercially available solvers,
IPOPT and fmincon, and additionally a nonlinear MPC problem
solved by IPOPT. Results show that the custom solver has the lowest
average computation time per iteration, but is susceptible to periods
of high computation time when computing maneuvers with a large
change in control effort. The real-time implementability of the guid-
ance algorithm solvedwith the custom solverwas validated on an air-
bearing testbed in experiments with a static target and obstacle.
Future work at the Spacecraft Robotics and Control Laboratory
includes modifying the line search algorithm of the custom solver
to minimize the periods of high computation time, as well as exper-
imentally validating the custom solver with a rotating/translating
target and moving obstacle.
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