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I. Introduction

OVER the last few decades, organizations around theworld have
invested in various civilian and military space capabilities. This

is driven by the increasing number of objects of interest, including
resident space objects (RSOs),which encompass all near-Earth objects
such as debris, spacecraft, and comets and asteroids [1]. Because space
is becoming increasingly congested, contested, and competitive,
another area that has recently attracted a lot of attention is space
situational awareness (SSA), which involves detecting, tracking, iden-
tifying, and characterizing RSOs. One of the main objectives of SSA
activities is therefore to react to potential threats posed by noncoopera-
tive RSOs against space assets. As such, SSA represents a critical
capability to enable safe operations in the space domain.
One of the major threats that face space assets is interference by

noncooperative RSOs, in the form of unauthorized attempts to per-
form rendezvous and proximity operations (RPO). It is therefore
critical to develop spaceborne guidance and control capabilities to
perform orbital evasivemaneuvers against such treats. Tomake those
orbital evasive maneuvers capable of reacting autonomously and in
real time to unexpected events while on orbit, it is important that they
rely on computationally simple guidance and control methodologies.
Furthermore, the guidance and control actions must be optimal to
ensure that the evasive maneuvers 1) maximize the distance between
the space asset to be protected (the evader) and the noncooperative
RSO (the pursuer), at the end of the maneuver, while 2) maximizing
the pursuer navigation errors. In a scenario where the pursuer RSO
can actively sense the motion of the evader through angle-only
navigation, it is indeed important to perform evasive maneuvers in
a way that induces errors in the pursuer navigation system, thereby
reducing the observability of the evasive maneuvers.
The use of angles-only navigation for orbital rendezvous and dock-

ing, spacecraft formation flying, and other relativemotion applications
has been demonstrated by several space missions with increasingly
demanding relative navigation requirements that must be achieved
autonomously using limited onboard resources [2]. Angle-only rela-
tive navigation using a single camera (monocular vision) sensor pro-
vides an inherently passive, robust, and high-dynamic range capability

due to their low cost, low power consumption, and small size as
compared with other systems such as lidar and radar [3,4].
The idea behind solving optimal strategies for multi-agent pursuit-

evasion scenarios was first proposed by Isaacs [5]. In this seminal
work, the concept of pursuit evasion was first described as a differ-
ential game wherein two opposing players aim at either maximizing
or minimizing a common objective. The agent who aims at minimiz-
ing the objective cost function is considered the pursuer, while the
agent which strives at maximizing the same objective cost functional
is called the evader.When the strategy of only one agent is deemed to
be under control, the differential game simplifies to a single-sided
optimization problem. This situation is representative of orbital
evasive maneuvers against a noncooperative RSO attempting unau-
thorized RPO.
Over the years, a few solutions to the optimal evasive problemhave

been proposed in the context of space debris collision avoidance
maneuvers [6–8]. Notably, Kelly and Picciotto [9] proposed an
optimal collision avoidance evasive method via a nonlinear optimi-
zation approach. Patera and Peterson [10–12] proposed probabilistic
optimal evasive strategies. Bombardelli [13] obtained an optimal
maneuver method to numerically maximize the miss distance at the
predicted collision point. More recently, genetic-algorithm-based
approaches were developed by Lee et al. [14] and Kim et al. [15] to
solve for evasive maneuvers that optimize fuel consumption. More
recently, de Jesus and de Sousa [16] investigated the existence of
symmetry in determining the initial conditions of collisions among
objects. One major limitation of existing optimal orbital evasive
approaches described previously is that they were developed in the
context of passive pursuers such as space debris. However, in most
operational scenarios, the pursuer is likely to be an active nonco-
operative RSO capable of sensing and tracking the motion of the
evading space asset, through vision-based sensors and thrusters,
respectively. Therefore, these solutions are not applicable in an
evasive scenario against a pursuer that actively senses, corrects,
and/or maintains its own trajectory with respect to the evader.
The first active orbital pursuer–evader problem was studied by

Wong [17], who solved the problem from the pursuer perspective for
the interception of a maneuverable spacecraft while assuming planar
two-body Keplerian motion. Anderson [18] developed a near-
optimal feedback control law that effectively allows a pursuer to
rendezvous with an active target spacecraft using a modified
first-order differential dynamic programming algorithm. Burk and
Widhalm [19] developed optimal evasive-maneuver strategies using
impulsive and continuous control maneuvers. Wang et al. [20]
developed a solution to the pursuer–evader problem based differ-
ential game control theory for angle-only navigation based on
monocular and binocular vision.Moreover, the formulation is based
on Hill’s equations of motion and is therefore only optimal for short
separation distances and circular orbits. An analytical coplanar
orbital evasion strategy is proposed by Yu et al. [21] by considering
the variation of relative space geometry and angle-only measure-
ments to find optimal evasive maneuvers. Specifically, the solution
uses a genetic algorithm to formulate an analytical solution to the
optimal evasive maneuver problem in a pursuer–evader scenario.
However, the solution is only applicable to small separation dis-
tances (approximately 100 km).
The previously published solutions to the orbital evasion problem

rely on simplified representations of the relative motion dynamics
based onHill–Clohessy–Wiltshire (HCW)model [22] that assumes a
circular reference orbit. As a result, those solutions to the cost
function are not truly optimal due to the simplifications made to
the dynamical model used within the cost function. Furthermore, in
most of the past methodologies for orbit evasion, the focus was on
nonmaneuvering RSOs rather than on active pursuers. For the cases
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where an active pursuer is considered, the dynamical model used is
only applicable to small separation distances and coplanar orbits and
therefore would not provide an optimal solution that renders the
pursuer angle-only navigation system unobservable. In this context,
the main objective of this work is to develop innovative orbital
evasive maneuvers in response to an active, yet noncooperative,
RSO attempting unauthorized RPO. Autonomous and real-time
capabilities are ensured through the development of computationally
simple spaceborne guidance and control algorithms. Optimal perfor-
mance of the evasive maneuvers, in terms of maximizing evader–
pursuer separation distances and therefore ensuring unobservability
of the pursuer’s relative navigation system, is guaranteed through the
use of a highly accurate relative motion dynamical model that relies
of perturbed state-transition matrices recently developed by Chihabi
and Ulrich [23–25]. This dynamical formulation was recently used
for spacecraft formation flying to develop a two-point guidance law
that determines the optimal trajectory in a desired time interval
[26,27]. As such, this work extends the optimal guidance technique
in Ref. [27] to develop an algorithm that determines an evasive
trajectory and control maneuvers that renders the pursuer angle-
only navigation system unobservable. This is done by integrating
previously established analyses of vision-based-only relative motion
observability criteria within the optimal guidance algorithm to maxi-
mize the pursuer navigation errors [28–33]. Furthermore, the use of
the highly accurate dynamical model with optimal control theory
ensures that the evader spacecraft performs optimized and fuel-
efficient evasive maneuvers.

II. Preliminaries

This section presents the preliminaries required to formulate the
optimal evasive maneuver strategies. Specifically, Woffinden and
Geller’s [2] observability criteria are briefly described, along with
spacecraft relative dynamics based on relative orbital elements
(ROEs) [23–25] and finally optimal control theory (see [34]
pp. 120–124), which will be combined to derive optimal evasive
maneuvers in a pursuer–evader scenario such that the evader renders
the pursuer’s onboard angle-only navigation system unobservable.

A. Angle-Only Observability Criteria

This subsection reviews the observablility criteria formulated by
Woffinden and Geller [2] modified for application with a pursuer–
evader scenario. The development of the observability criteria
assumes that the pursuer is in a circular reference orbit with the
evader having a linear relativemotion profile according to the follow-
ing state-space model such that the HCW model [22] can be used to
model the relative motion, for which the resulting state-space formu-
lation is given by

_x � Ax� Bu (1)

with

A�

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

3n2 0 0 0 2n 0

0 0 0 −2n 0 0

0 0 −n2 0 0 0

B�

0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1

x� ρT _ρT
T � x y z _x _y _z

T
u� ux uy uz

T

where ρ denotes denotes the position of the evader with respect to the
pursuer with components � x y z �T in the radial, along-track, and
cross-track directions of the local-vertical–local-horizontal (LVLH)
reference frame, u denotes the control acceleration of the evader

spacecraft, and n denotes the mean orbital motion of the pursuer

spacecraft.
Based on linear time-invariant system dynamics, the solution of

the state-space model can be determined as

x�τ� � Φ�τ; τ0�x�τ0� �
τ

τ0

Φ�τ; μ�Bu�μ� dμ (2)

where the state-transition matrix denoted by Φ�τ; τ0� is given by

Φ�τ; τ0� � I�AΔτ�A2Δτ2

2!
(3)

where I denotes the identity matrix and Δτ � τ − τ0. Alternatively,
Eq. (2) can be expanded as

ρ�τ�
_ρ�τ�

�
Φρρ Φρ_ρ

Φ_ρ_ρ Φ_ρρ

ρ0

_ρ0

�
τ

τ0

Φρρ�τ; μ� Φρ_ρ�τ; μ�
Φ_ρ_ρ�τ; μ� Φ_ρρ�τ; μ�

0

I
u�μ� dμ (4)

The angle measurements can be rewritten as a LOS unit vector

measurement im equivalent to the unit vector of the position of the

evader with respect to the pursuer based on the description in Fig. 1,

that is,

im�τ�
� cos�αm�τ�� cos�βm�τ�� sin�αm�τ�� cos�βm�τ�� sin�βm�τ�� T

� ρ�τ�
jjρ�τ�jj (5)

where αm and βm denote the measured azimuth and elevation angles,

respectively. Solving for ρ�τ� from Eq. (4) and substituting into

Eq. (5) results in

im�τ� �
Φρρρ0 �Φρ_ρ _ρ0 � τ

τ0
Φρ_ρ�τ; μ�u�μ� dμ

Φρρρ0 �Φρ_ρ _ρ0 � τ
τ0
Φρ_ρ�τ; μ�u�μ� dμ

(6)

Whenever control input is applied along the line-of-sight (LOS)

direction (along ρ), the equality (7) is satisfied

τ

τ0

Φρ_ρ�τ; μ�u�μ� dμ � η�τ� Φρρρ0 �Φρ_ρ _ρ0 (7)

and substituting this equality into Eq. (6) results in

im�τ� �
Φρρρ0 �Φρ_ρ _ρ0 � η�τ��Φρρρ0 �Φρ_ρ _ρ0�
Φρρρ0 �Φρ_ρ _ρ0 � η�τ��Φρρρ0 �Φρ_ρ _ρ0�

� �1� η�τ���Φρρρ0 �Φρ_ρ _ρ0�
�1� η�τ���Φρρρ0 �Φρ_ρ _ρ0�

(8)

Evader
+Z

+X

+Y
Pursuer

Fig. 1 LOS angle measurements.
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where η�τ� is a multiplication factor for the LOS vector that can be

either constant or time varying.

As shown inEq. (8), the LOSmeasurement profilewill not result in

any change when η�τ� > −1 and therefore will not produce any

observability, rendering the measurements unobservable as shown

in Fig. 2a. This is due to the fact that the range or scale on the initial

conditions cannot be determined. Any maneuvers that act along the

LOS vector will result in unobservable measurements, regardless of

the scale. Table 1 summarizes the observability criteria.

B. Spacecraft Relative Dynamics Based on Relative Orbital Elements

Woffinden and Geller’s [2] observability criteria are derived based

on the HCW model, which is only applicable to circular reference

orbits. As such, this subsection provides a brief overview of the ROE-

based equations of motion that will be used instead of the HCW

model to formulate new ROE-based observability criteria for angle-

only navigation which is applicable to arbitrary eccentric orbits

[23–25]. A full analysis of the dynamical model, including effects

of fourth-order luni-solar third-body perturbations, solar radiation

pressure, atmospheric drag, and gravitational field up to the fifth

zonal harmonic, can be found in Refs. [23,25].

1. Linearized Equations of Relative Motion Using Relative Orbital

Elements

The nonlinear equations of motion formulated by Gurfil and

Kholshevnikov [35,36] provide a method of calculating the relative

motion of two spacecraft in the LVLH reference frame using each

spacecraft’s orbital elements. However, orbital elements cannot be

determined fromCartesian coordinates using these equations. In turn,

these equations cannot be used to determine ROE using a set

of desired Cartesian coordinates. Schaub and Junkins derived the

linearized equations of motion using a first-order approximation,

which is presented in state-space form as [37]

ρ�τ� � � x y z �T � ΦLVLHΔœ (9)

where

œ � � a e i ω Ω M �T (10)

ΦLVLH �

rp
ap

−ap cos θp 0 0 0
apep sin θp

1−ep2
p

0
rp sin θp
1−ep2

�2� ep cos θp� 0 rp rp cos ip
rp

�1−ep2�3∕2

0 0 rp sin θp 0 −rp cos θp sin θp 0

(11)

where the variables a, e, i,Ω,ω, θ, andM denote the semimajor axis,
eccentricity, inclination, right ascension of the ascending node, argu-
ment of perigee, true anomaly, and mean anomaly, respectively. The
variable Δœ contains the difference in orbital elements between the
evader and the pursuer spacecraft such that Δœ � œe − œp, where

the subscripts e and p denote the evader and pursuer, respectively.
The pursuer’s distance, speed, true anomaly, and rate (rp, _rp, θp, and
_θp) are given in Ref. [38].

2. Unforced Relative Orbital Elements Dynamical Model

This subsection briefly describes the unforced relative dynamics
for two spacecraft in terms of orbital elements. The orbital dynamics
are defined as

_œa � _a _e _i _ω _Ω _M _BSRP _Bdrag T � f�œa� (12)

where œ is augmented to include ballistic coefficients of solar radi-

ation pressure (SRP) and atmospheric drag, denoted by BSRP and
_Bdrag, such that œa � � a e i ω Ω M BSRP Bdrag �T . The
ballistic coefficients are given by

BSRP � CrA

m
Bdrag � CDA

m

where Cr and CD denote the coefficients of reflectivity and atmos-

pheric drag, respectively;A represents the exposed area inm2; andm
denotes the mass of the spacecraft. The resulting dynamics is the
combination of Keplerian and total perturbing effects considered
represented by

f�œa� � fkep�œa� � fper�œa� (13)

where

fkep�œa� � � 0 0 0 0 0 n 0 0 �T (14)

fper�œa� � _aper _eper _iper _ωper
_Ωper

_Mper 0 0
T

(15)

where subscript fgper denotes the perturbed terms. The system

dynamics can now be expressed in terms of relative orbital elements
by taking the Jacobian of Eq. (12) as

Δ _œa � F�τ�Δœa (16)

where

F�τ� � ∂f�œa�
∂œa

œ�œa
p

(17)

Fig. 2 Unobservable and observable maneuver profiles.

Table 1 Observability criteria

Observable ∫ τ
τ0
Φρ_ρ�τ; μ�u�μ� dμ ≠ η�τ� Φρρρ0 �Φρ_ρ _ρ0 for any η�τ�

Observable ∫ τ
τ0
Φρ_ρ�τ; μ�u�μ� dμ � η�τ� Φρρρ0 �Φρ_ρ _ρ0 for η�τ� < −1

Unobservable ∫ τ
τ0
Φρ_ρ�τ; μ�u�μ� dμ � η�τ� Φρρρ0 �Φρ_ρ _ρ0 for η�τ� > −1
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The matrices that make up the Jacobian matrix F�τ� are given by

Chihabi and Ulrich [23,25] and contain the perturbing effects of J2
luni-solar third-body, atmospheric drag and SRP. Themapping of the

augmented orbital elements to the relative position in LVLH refer-

ence frame is also augmented as follows:

ρ�τ� � � x y z �T � Φa
LVLHΔœa (18)

where

Φa
LVLH � �ΦLVLH 03×2 � (19)

3. Forced Linear Time-Varying Relative Orbital Elements Dynamical

Model

The system dynamics of spacecraft relative motion can be

expressed in terms of relative orbital elements and chaser control

actuation by adding the newly developed second-order integral form

of Gauss’s variational equations (GVEs) [39] to the equation pre-

sented in Eq. (16) as

Δ _œa � F�τ�Δœa � B�τ�u (20)

where

B�τ� � B 0�τ� � B′′�τ� (21)

B 0�τ� �

2 a2 e sin�θ�
h

p sin�θ�
h 0 − p

μ
cos�θ�

e 0 − η �2 e r−p cos�θ��
e h 0 0

2 a2

h r
e r�cos�θ� �p�r�

h 0 sin�θ� �p�r�
e h 0 − η sin�θ� �p�r�

e h 0 0

0 0 r cos �θ�w�
h − r sin �θ�w� cos�i�

h sin�i�
r sin �θ�w�
h sin�i� 0 0 0

T

(22)

B′′�τ� � GT
1u GT

2u GT
3u GT

4u GT
5u GT

6u 03×2
T

(23)

and u ∈ R3 is the control acceleration of the evader spacecraft

expressed in its own orbital reference frame; the variable h denotes

the target’s orbital angular momentum, calculated as h �
μa�1 − e2�; and η � 1 − e2

p
. The second-order mapping of the

control inputs to the rate of change of orbital elements, represented by

matricesG1 toG6, are given in [27], and the elements of matrixB�τ�
are evaluated at the target’s time-varying orbital elements, using the

analytical equations for two-body plus perturbations discussed in the

previous section.

C. Optimal Control Theory

Finally, this subsection presents a brief overview of nonlinear

optimal control theory as described by Lewis [34], which is used to

derive a guidance and control law for optimal evasive maneuvers

based on the observability criteria and ROE-based relative dynamics.

A nonlinear time-varying dynamical system in state-variable form is

given by ([34] pp. 120–124)

_x � f�x; u; τ� (24)

where x�τ� ∈ Rn is an arbitrary state vector and u�τ� ∈ Rm are the

time-varying control inputs of the system. The objective of optimal

control theory is, in general, to determine control input u�τ� that

minimizes a performance index (PI) or cost function given by

J�τ0� � ϕ�x�τf�; τf� �
τf

τ0

L�x�τ�; u�τ�; τ� dτ (25)

where ϕ�x�τf�; τf� is a final state weight function and

L�x�τ�; u�τ�; τ� is an integral weight function that require minimiza-

tion. In addition to minimizing the previous cost function, the objec-

tive of the optimal control problem is to ensure the final state

constraint Ψ ∈ Rp goes to zero, as

Ψ�x�τf�; τf� � 0p (26)

where p is the order of state constraints.
The solution to the optimal control problem involves the use of

Lagrangemultipliers to relate the previous optimal control equations.

To satisfy the constraints given by Eqs. (24) and (26), the cost

function of Eq. (25) is augmented as (see [34] pp. 120–124)

J 0 � ϕ�x�τf�; τf� � νTΨ�x�τf�; τf�

�
τf

τ0

L�x�τ�; u�τ�; τ� � λT�τ��f�x; u; τ� − _x� dτ (27)

where λ�τ� ∈ Rn and ν ∈ Rp are time-varying and constant associ-

ated Lagrangemultipliers, respectively. This leads to theHamiltonian

function

H�x; u; τ� � L�x�τ�; u�τ�; τ� � λT�τ�f�x; u; τ� (28)

with the well-known Hamilton’s equations for the states and costates

_x � ∂H
∂λ

� f�x; u; τ�; τ ≥ τ0 (29)

−_λ � ∂H
∂x

� ∂fT

∂x
λ� ∂L

∂x
; τ ≤ τf (30)

Equations (29) and (30) must satisfy the following stationary and
boundary conditions:

stationary conditions∶
∂H
∂u

� ∂fT

∂u
λ� ∂L

∂u
� 0 (31)

boundary conditions∶ x�τ0� � x0 (32)

ϕx � ΨT
x ν − λ

T

τf
dx�τf� � ϕp � ΨT

pν�H
T

τf
dτf � 0

(33)

where the subscripts x and τ denote the matrix derivatives with
respect to the states and time, respectively. These conditions are also
known as Euler’s equations. The boundary conditions given by
Eqs. (32) and (33) are necessary to solve the Hamiltonian system
and hence to determine the optimal control that achieves these con-
ditions. In other words, the optimal control u�τ� is evaluated in terms
of the states x�τ� and costates λ�τ�.

III. Optimal Evasive Maneuvers Formulation

In this section, a new optimal guidance and control formulation for
computing optimal evasive maneuvers in a pursuer–evader scenario
is developed using ROE-based dynamics presented by Eq. (20). In
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particular, the development uses optimal control theory in combina-
tion with ROE-based dynamics to determine a new set of angle-only
observability criteria by modifying Woffinden and Geller’s [2]
existing criteria. The new formulation determines the optimal path
and maneuvers using the pursuer spacecraft’s initial conditions and a
desired maneuver time while minimizing the control effort.

A. Open-Loop Linear Time-Varying Quadratic Control Law

The development of the evasive maneuver control law is based on
the optimal guidance algorithm found in Ref. [27] and is used in the
formulation of evasivemaneuver. The algorithmbegins by selecting a
simple quadratic cost function as

J�τ0� � ϕ�œa�τf�; τf� � νTΨ�œa�τf�; τf� �
τf

τ0

1

2
uTRu dτ (34)

which results in the Hamiltonian system

H � 1

2
uTRu� λT �FΔœa � B�τ�u� (35)

Δ _œa � FΔœa � B�τ�u (36)

_λ � −FTλ (37)

subject to the constraints

ϕ œa�τf�; τf � 1

2
Δœa�τf� − Δœa

d�τf�
T
Δœa�τf� − Δœa

d�τf�
(38)

Ψ œa�τf�; τf � Δœa�τf� − Δœa
d�τf� � 08 (39)

whereΔœa
d is the desired relative orbital elements at the final time τf

and R is the weight at which the control energy is penalized. The
optimal control problem can be further simplified by the fact that the
final time is known with τf � 0,

ϕœa � ΨT
œaν − λ T

τf
dΔœa�τf� � ϕœa − λ T

τf
dΔœa�τf� � 0

(40)

which implies

λ�τf� � ϕœa � Δœa�τf� − Δœa
d�τf� (41)

Applying the stationary condition from Eq. (31), the constraint that
guarantees minimization of the cost function with respect to the
control acceleration needed, to Eq. (36) results in

u � −R−1BT�τ�λ�τ� (42)

This is referred to the open-loop linear time-varying quadratic control
law. Substituting the previous equation into Eq. (36) and expressing it
in a linear time-varying state-space form gives

Δ _œa

_λ
� F�τ� −B�τ�R−1BT�τ�

08×8 −F�τ�T
Δœa

λ
(43)

B. New ROE-Based Observability Criteria and Initial Costates for
Optimal Evasive Maneuvers

To solve for the open-loop controller given in Eq. (42), the solution
to λ�τ� must be determined. This requires that the system dynamics
represented by Eq. (43) to be solved, which ultimately needs λ�τ0�.
The solution to the linear time-varying system of Eq. (43) can be
found using the following Peano–Baker formula for the linear time-
varying state-transition matrix (see [40], pp. 106–117). Therefore,

the solution to Eq. (43) is herein derived as

_Φ�τ; τ0� �
F�τ� −B�τ�R−1BT�τ�
0 −F�τ�T Φ�τ; τ0� (44)

with Φ�t0; t0� � I denoting the initial state-transition matrix. The

time-varying state-transition matrix can also be expressed as

Φ�τ; τ0� �
Φœa�τ; τ0� Φœaλ�τ; τ0�
Φλœa �τ; τ0� Φλ�τ; τ0�

(45)

Note that the matrix B�τ� is also a time-varying function of the
control input u due to the presence B′′�τ�. However, at τ � 0, the
control inputs u is equal to 03. Therefore, the solution to the time-

varying state-transition matrix can be initialized withB�τ0� using the
first-order integral form of GVEs such that B′′�τ0� � 08×3.
The solution to Eq. (43) is therefore determined as

Δœa�τ�
λ�τ� � Φœa�τ; τ0� Φœaλ�τ; τ0�

Φλœa�τ; τ0� Φλ�τ; τ0�
Δœa�τ0�
λ�τ0�

(46)

Solving this equation is only dependent on the pursuer’s orbital
elements and the initial states and costates, which will guarantee an
optimal trajectoryΔœ�τ� that minimizes the cost function of Eq. (34).

Solving forΔœ�τ� and applying the ROE to LVLH conversion using
Eq. (9) results in the relation for ρ�τ�,

ρ�τ� � Φa
LVLH ΦœaΔœa

0 �Φœaλλ0 (47)

which is the ROE equivalent to Eq. (4) such that

Φρρρ0 �Φρ_ρ _ρ0 �
τ

τ0

Φρ_ρ�τ; μ�u�μ� dμ

� Φa
LVLH ΦœaΔœa

0 �Φœaλλ0 (48)

The measurement profile based on ROE can herein be derived by

substituting Eq. (47) into Eq. (6), that is,

im�τ� �
Φa

LVLH�ΦœaΔœa
0 �Φœaλλ0�

jjΦa
LVLH�ΦœaΔœa

0 �Φœaλλ0�jj
(49)

Similar to the observability criteria defined byWoffinden and Geller

[2], if the control acceleration is applied along the LOS vector such
that

Φa
LVLHΦœaλλ0 � η�τ�Φa

LVLHΦœaΔœa
0 (50)

which substituting into Eq. (49) results in

im�τ� �
Φa

LVLH�ΦœaΔœa
0 � η�τ�ΦœaΔœa

0 �
jjΦa

LVLH�ΦœaΔœa
0 � η�τ�ΦœaΔœa

0 �jj

� Φa
LVLH��1� η�τ��ΦœaΔœa

0�
jjΦa

LVLH��1� η�τ��ΦœaΔœa
0�jj

(51)

New observability criteria can now be inferred from the previous
equations. Specifically, as withWoffinden and Geller’s observability

criteria, the angle-only navigation becomes unobservable when
η�τ� > −1. The ROE-based observability criteria are tabulated in
Table 2.
For performing evasive maneuvers from a pursuer, the navigation

system onboard the pursuer must be rendered unobservable through

the previous condition by selecting η�τ� > −1. For the purposes of
this paper, themultiplication factor η�τ� can henceforth be denoted as
the control coefficient. Based on the observability criteria and the fact

that the transformation matrix Φa
LVLH appears on both sides of the
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equations in Table 2 defining the conditions, the initial costate can be

determined through the equation

λ0 � Φ−1
œaλ η�τ�ΦœaΔœa

0 (52)

which results in an optimal evasive trajectory calculated using

Eq. (46) that guarantees unobservability in the estimation of relative

trajectories.
Because of the formulation of the dynamicalmodelwhich includes

SRP and a drag ballistic coefficient, both of which do not have

a dynamical representation, the inverse Φ−1
œaλ�τ; τ0� is singular.

However, because the ballistic coefficients at the initial and final

time are the same (i.e., they are assumed to be constant with time), the

last two elements of the operation for �η�τ�ΦœaΔœa
0 � are equal to the

initial relative ballistic coefficients, that is,

ΔBSRP�τ� � ΔBSRP�τ0� ΔBDrag�τ� � ΔBDrag�τ0�

This means that they need not be included in determining the final

two elements of λ�τ0�, which are always zero as a result of the

boundary conditions from optimal control theory. Therefore, the first

six elements of λ�τ0� can be determined as

λr�τ0� � Φ−1
œaλr

�τ; τ0�er (53)

where the subscript r denotes the reduced matrix such that λr�τ0� ∈
R6 and Φ−1

œaλr
�τ; τ0� ∈ R6×6, which is found by determining the

inverse of the first six rows and columns of Φœaλ�τ; τ0�. The matrix

er denotes the first six elements after the evaluation of the full

equation represented by �η�τ�ΦœaΔœa
0 �, which allows the consider-

ation of spacecraft ballistic coefficients when propagating the relative

orbital elements inΦœa�τ; τ0�Δœa�τ0�.

C. Algorithm

This section presents the procedure, summarized in steps, of the

optimal evasive maneuver implementation by using the equations

presented in the previous sections:
1) For initialization, a set of osculating orbital elements are first

initialized for the pursuer, œa
p�τ0� � �ap0

; ep0
; ip0

;ωpu0 ;Ωp0
;Mp0

;

BSRP
p0

; BDrag
p0

�T . A set of osculating orbital elements for the evader is

also initialized, œa
e�τ0� � �ae0 ; ee0 ; ie0 ;ωe0 ;Ωe0 ;Me0 ;B

SRP
e0 ;BDrag

e0 �T ,
such that the initial relative osculating orbital elements can be calcu-
lated as Δœa�τ0� � œa

e�τ0� − œa
p�τ0�.

2) Select the variable η�τ� and the desired evasive time, Te �
Δτ � τf − τ0. The constant multiplication factor for the LOS vector

η�τ� is selected depending on how much separation distance is
desired between the evader and the pursuer RSO. The larger the value
is, the larger the separation distance at the end of the maneuver is.
Furthermore, the time of flight should be selected proportionally in
order to avoid overshoots and reduce fuel consumption.
3) Propagate the linear time-varying state-transition matrix of

Eq. (44), which can then be stored in memory, and calculate the
initial costates using Eq. (52).
4) Using the linear time-varying state-transition matrix, the initial

states from step 1, and costates from step 3, calculate the optimal
trajectory from Δœa�τ0� to Δœa�τf� using Eq. (46). The optimal
relative trajectory in the LVLH frame can then be calculated with
Eq. (18). The open-loop optimal control maneuvers uœ for the evader
can be calculated using Eq. (42).

IV. Simulation Results

This section presents the closed-loop simulations for the newly
developed optimal evasive maneuvers. The pursuer spacecraft
employs a two-point optimal guidance law developed by Chihabi
and Ulrich [26] in combination with a Guardian map-based Simple
Adaptive Control law [41]. Furthermore, the onboard relative navi-
gation system employs an adaptive extended Kalman filter proposed
by Fraser and Ulrich [42] modified to the angle-only measurement
model and orbital elements-based process dynamics by Chihabi and
Ulrich [43]. For all simulation cases, the Kalman filter was initialized
with the following values:P0 � �1 × 10−20�I6,Q0 � �1 × 10−14�I6,
R0 � �1 × 10−4�I3, and a white Gaussian noise standard deviation of
0.0032 deg for measurement angles αm and βm. The Kalman filter
employs the same dynamics model used within the optimal guidance
law developed by Chihabi and Ulrich and the optimal evasive maneu-
ver development of this Note which contain the perturbing effects of
J2 luni-solar third-body, atmospheric drag and SRP.
The numerical propagator used as the truth model integrates the

inertial two-body equation of motion to which the inertial perturbing
accelerations are added. Specifically, perturbing accelerations due to
gravitational field through the expansion of gravitational potential
function up to degree and order 180; third-body effects of the sun,
moon, solar system planets; ocean and solid Earth tidal effects;
relativity; SRP; and drag are included. This numerical propagator
is developed within the MATLAB®/Simulink environment using the
International Astronomical Union’s software package for dynamical
astronomy, which features the most accurate numerical propagation
of spacecraft and celestial bodies. In MATLAB®, an ODE45 solver
with a relative and absolute tolerance of 1 × 10−9 was selected for all
cases. This is thus slightly different than the dynamics model used in
the optimization problem. As a result, these modeling mismatches
would negatively impact the (lack of) observability.
The initial time was selected as 1 July 2014 for planetary ephem-

eris. The mass and cross-sectional area are 211 kg and 1.77 m2 and

339 kg and 3.34 m2 for the chaser and target spacecraft, respectively.
For the solar radiation pressure model, a constant coefficient of
reflectivity of 2 is used for both spacecraft. No maneuver execution
errors are modeled for both spacecraft.

A. Low Earth Orbit

The osculating orbital elements for low Earth orbit (LEO) are
selected
as ap � 7947 km, ep � 0.1343248, ip � 79.7965 deg, ωp �
165.8128 deg, Ωp � 261.0864 deg, and θp � 194.2893 deg. The

initial orbital elements for the evader were selected such that

Δœ�τ0���−0.5 −5×10−4 −1 deg −1 deg 1 deg −0.2 deg �T . The
duration of the simulation corresponding to the pursuer’s rendez-
vous time was selected as 5000 s.
Figure 3 shows the relative motion in the evader’s LVLH reference

frame in which the red dashed line represents the pursuer’s desired
path, and Fig. 4 shows the relative navigation errors, both without
evasive maneuvers applied. Figures 5 and 6 show the same except
with evasive maneuvers with η�τ� � 0.5 and evasive time of
Te � 1000 s. When comparing the results, it is clear that the optimal
evasive algorithm indeed does result in unobservable measurements
in the pursuer’s navigation system because the navigation errors
diverge, as shown in Fig. 6. Furthermore, Fig. 7 shows the control

accelerations remain low on the order of 10−3 m∕s2, resulting in a
total Delta-V requirement of approximately 11 m/s.
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Fig. 3 LEO scenario pursuer path in LVLHwithout evasive maneuvers.

Table 2 New relative orbital elements observability criteria

Observable Φa
LVLHΦœaλλ0 ≠ Φa

LVLH�η�τ�ΦœaΔœa
0 � for any η�τ�

Observable Φa
LVLHΦœaλλ0 � Φa

LVLH�η�τ�ΦœaΔœa
0 � for η�τ� < −1

Unobservable Φa
LVLHΦœaλλ0 � Φa

LVLH�η�τ�ΦœaΔœa
0 � for η�τ� > −1
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For the same LEO initial conditions, a sensitivity analysis is

performed by varying η�τ� and Te to observe the effects on Delta-

V requirement, maximum distance between the evader and pursuer,

and navigation error at the end of the scenario. The results

are provided in Fig. 8, in which the error is calculated as

�xtrue − xnav�2 � �ytrue − ynav�2 � �ztrue − znav�2.

When observing the results, it can be seen that applying η�τ� � 0
results in a Delta-V requirement of 0 m∕s. This is due to the fact that
the evasive maneuver time derivative of the costates only varies as a
function of the costates themselves and selecting η�τ� � 0 results in 0
for the initial costates, therefore yielding no control actuation based
on Eq. (42). Furthermore, as the evasive maneuver time is decreased,
the slope of the curves become steeper, implying larger control efforts
with larger maximum distance and errors at the end of the scenario.
This also true when varying the value for η�τ�, which is expected
because the optimal evasive law represented by Eq. (50) represents a
desired maximum distance between the spacecraft at the end of the
maneuver and hence larger control demand.

B. Highly Elliptical Orbit

The initial osculating orbital elements for the highly elliptical orbit
example were initialized as ap � 40000 km, ep � 0.8325, ip �
90.0 deg, ωp � 350 deg, Ωp � 100.0 deg, and θp � 100 deg.

The initial ROE Δœ�τ0� is equivalent to the one selected for the
LEO case with the same scenario duration. The highly elliptical orbit
(HEO) scenario shown by Figs. 9–13 aims to evaluate and compare
the performance of the evasive maneuver formulation by keeping all
the conditions the same between the HEO and LEO scenarios and
only changing the orbital regime.
Figures 9 and 10 show the relative motion in the evader’s LVLH

reference frame and relative navigation errors, respectively, without
evasive maneuvers. Figures 11 and 12 shows the same except with
evasive maneuvers with η�τ� � 0.5 and evasive time of Te �
1000 s. When comparing the results, the optimal evasive algorithm
results in unobservable measurements in the pursuer’s navigation
system, and hence the algorithm remains applicable to highly
elliptical orbit scenarios, thanks to the use of the ROE dynamical
model. Furthermore, Fig. 13 shows the control accelerations

remain on below 1 m∕s2, resulting in a total Delta-V requirement
of approximately 963 m/s with a maximum separation distance
between the spacecraft of approximately 3500 km at the end of
the maneuver. This high Delta-V requirement is due to the fact the
reference orbit is that of a highly elliptical one, resulting in larger
maximum distance and hence larger control demand when com-
pared to the LEO scenario while using the same values for η�τ� and
evasive time Te.
A sensitivity analysis is also performed for the HEO scenario by

varying η�τ� and Te to observe the effects on Delta-V requirement,
maximum distance between the evader and pursuer, and navigation
error at the end of the scenario. The results are plotted and shown in
Fig. 14. Similarly to the LEO scenario, as the evasive maneuver time
is decreased, the slopes of the curves become steeper, resulting in
larger control efforts with larger maximum distance and errors at the
end of the scenario. There is a slight asymmetry observed in Fig. 14
for the same positive and negative values of η�τ�. The negative value
of η�τ� implies a maneuver that is opposite of the line-of-sight vector
(i.e., toward the pursuer spacecraft), so slight asymmetry is expected
for such a maneuver. Because a Delta-Vof 963 m/s is not ideal, the
results shown in Fig. 14 demonstrate other options that are available
to reduce the Delta-V by tuning the evasive maneuver time and
control coefficient.
Table 3 shows the maximum errors, distances, evasive maneuver

times, and control coefficients, corresponding to picking a low
Delta-V from Fig. 14, of 10 m/s. It can be seen that a maximum
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navigation error of 29.2693 km occurs at a value of η�τ� � −0.1717
and Te � 2000, while a maximum distance of 98.2246 km at the

end of the scenario occurs when η�τ� � 0.2727 and Te � 2500.
Comparing these values with the trends in Fig. 14, it is evident that

a shorter-duration evasive maneuver time correlates with a larger
maximization of navigation error at the end of the scenario while
increasing the control coefficient η�τ� increases the maximum dis-

tance at the end of the scenario.

V. Conclusions

This work presented a simple, yet effective, methodology for

optimal evasive maneuvers using relative orbital elements in a

perturbed pursuer–evader scenario. Specifically, the guidance and

control law builds upon previous work in the areas of observability of

angle-only measurements for circular reference orbits, optimal con-

trol theory, and relative orbital elements dynamical modeling. The

dynamical model used in this formulation contains the effects of

gravitational, third-body, atmospheric drag, and solar radiation pres-

sure augmented with the second-order Gauss variational equations to

consider control inputs. This new formulation resulted in novel

relative orbital elements-based observability criteria that is applicable

to perturbed highly elliptical orbits and arbitrary separation distances.

The application of nonlinear optimal control theory to the new

observability criteria and dynamical formulation allowed for the

design of necessary evasive maneuvers to maximize the final sepa-

ration distance while rendering the pursuer’s onboard angle-only

navigation system unobservable.
Two pursuer–evader scenarios, one on a highly elliptical reference

orbit and the other in low Earth orbit, were simulated. The results

demonstrated the effectiveness of the proposed guidance and control

law in successfully rendering the pursuer’s onboard relative naviga-

tion system unobservable, thereby resulting in successful evasive

maneuvers. Furthermore, a sensitivity analysis was performed by

varying evasivemaneuver time and the constant scaling factor for the

line-of-sight vector. The analysis showed that as the maneuver time

increases the required Delta-V decreases. Similarly, it was shown

that themaximumestimation error, the distance achieved at the end of

themaneuver, and the required Delta-Vwere all directly proportional

to the line-of-sight scaling factor. Future work will focus on refor-

mulating the evasive maneuvers using a nonsingular orbital to
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accommodate for equatorial and circular orbits and formulating an
efficient way to determine the evasive maneuver times and control
coefficient in real time. The algorithm will also be expanded to
include rendezvous detection and simulated for longer evasive
maneuver times with lower thrust demand.
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