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Abstract

The use of shape memory alloy (SMA) actuators
has steadily increased within the fields of aerospace,
robotics, and biomedical engineering due to their su-
perior properties compared to other actuation sys-
tems. Position control of SMA actuators is difficult
due to the highly non-linear behaviour but has been
well studied using numerous approaches. Electrical
resistance can be used to estimate strain in SMA ac-
tuator wire due to a strong correlation between the
two parameters. Models that approximate this cor-
relation have so far been limited to single applied
load conditions, ignored hysteresis effects, apply only
to the specific actuator used during testing, or sub-
ject to a combination of these drawbacks. This pa-
per presents a stress-strain-resistance model that ac-
counts for varying applied load, major and minor hys-
teresis effects, and is normalized in terms of actuator
geometry. Results of simulation and a simple posi-
tion control experiment are demonstrated, validating
the performance of the model. Furthermore, a corre-
lation between the model and an augmented version
of the Liang & Rogers model is also presented.
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1 Introduction

Shape memory alloy is a low-cost, light-weight, and
easily integrated alternative to conventional actua-
tors that use hydraulics, electric motors or solenoids
[1]. Although the shape memory effect was first dis-
covered in 1932 by Arne Ölander [2], it was subse-
quently found to be present in a near equiatomic Ni-
Ti alloy by researchers at the Naval Ordnance Lab-
oratory – where it was appropriately named Nitinol
[3]. The superior properties of Nitinol made it at-
tractive from an engineering application perspective,
and studies of its thermomechanical properties were
then pursued. Since its first successful application as
a coupling ring in the F-14 Tomcat [4], Nitinol has
been the focus of much research and resulted in nu-
merous applications within such fields as aerospace,
biomechanical, and robotics engineering [5] [6] [7].

Despite the fact that Nitinol is difficult to machine
and process, its high strength, large actuation stroke,
and durability make it a desirable choice for use as an
actuator [8]. Furthermore, Nitinol has excellent fa-
tigue properties and is also bio-compatible (making it
ideal for in-vivo biomedical applications [9] [10] [11]).
The material is typically used in wire form, which
results in a number of benefits. It may be modeled
as a one-dimensional problem; cooling is maximized
due to the high ratio of surface area to volume; and
integration within a mechanical system is easily ac-
complished [12] [13].

The thermomechanical phenomenon that makes
shape memory alloy unique is known as the shape
memory effect. This phenomenon is driven by trans-
formations in the crystal microstructure of shape
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memory alloy that depend upon the material’s tem-
perature and applied mechanical stress, as well as its
exact composition and manufacturing process. At
lower temperatures, the material is composed pri-
marily of martensite, while at higher temperatures,
the material is composed primarly of austenite [14].
The application of mechanical stress may also conse-
quently result in the formation of martensite even at
higher temperatures where austenite is predominant.
Transformation between martensite and austenite
causes twinning and de-twinning of the crystal struc-
ture elements, a process that allows apparent plastic
deformation to be recovered through the application
of heat or reduction in applied stress. This is unlike
conventional metals that undergo permanent and ir-
reversible plastic deformation due to the propagation
of dislocations through slip.

A third phase has also been observed in Nitinol
named R-phase (referring to the rhombohedral con-
figuration of the phase’s crystal structure). This
phase precipitates intermediately during transforma-
tions between austenite and martensite. The pres-
ence of R-phase is dependent upon similar factors
that define the other two phases, such as manufac-
turing processes, applied heat treatments, and al-
loy composition. Significant hysteresis behaviour ob-
served in the stress, strain, temperature, and resis-
tivity response of Nitinol is primarily due to the oc-
currence of R-phase.

Position control of Nitinol actuators is a challeng-
ing task that continues to be the focus of much re-
search. Many early actuators were open-loop sys-
tems that most often used on-off control. This type
of control is sufficient for mechanisms that have two
states, such as a valve with only open and closed posi-
tions. However, most applications require closed-loop
control to handle unpredictable perturbations due to
variable ambient conditions and external forces.

Proportional-integral-derivative (PID) control has
been used extensively for position control of Nitinol
actuations, alone or as part of a larger algorithm. For
example, Madill and Wang investigated PI control
and demonstrated stability based on L2 criteria [15].
Linear optimal and robust control laws have also been
applied successfuly. Lee and Marvoidis implemented
a linear-quadratic control law and extended Kalman

filter based on the H2 algorithm [16]. Jayender also
used a linear-quadratic controller based on the H∞
algorithm and optimized using gain scheduling [17].

Hysteresis effects have been successfully compen-
sated using many types of model-based control laws.
Although linear models have been used to improve
the response of feedback control laws [18] [19], non-
linear models more accurately capture the actuator
behaviour. The commonly used Liang & Rogers
model has been applied within a backstepping feed-
back control law [20] and variable structure control
[21]. The similar Brinson model has also been applied
in combination with a PID control law [22]. Hystere-
sis effects have also been compensated through pre-
dictive control using a Duhem differential model [23]
as well as forward and inverse fuzzy Preisach models
[24]. Other techniques that have been studied include
sliding mode control [25], time-delay compensation
[26], and neural networks [27].

The aforementioned control algorithms all depend
upon position feedback using sensors such as en-
coders, strain gauges, and load cells. Integrating a
position sensor into the actuation system results in a
significant increase in mass, volume, and complexity
(features otherwise considered favourable for shape
memory alloy actuators). Although predictive mod-
elling has been used to provide feed-forward control,
it is difficult to achieve high precision without posi-
tion feedback control.

Fortunately, Nitinol exhibits a strong and repeat-
able correlation between actuator strain and electri-
cal resistance. This correlation is primarily due to
the well known relationship between length, L, cross-
sectional area, A, resistivity, ρ, and resistance, R,
shown in equation 1. Resistivity itself also changes
according to temperature as shown in equation 2.

R =
ρL

A
(1)

ρ = ρ0

(
1 + α (T − T0)

)
(2)

This relationship may then be applied to each
phase of the material and combined using a simple
linear mixture rule as shown in equation 3, where ξM
and ξR are the fractions of martensite and R-phase
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respectively and ρA, ρM , and ρR are the resistivities
of each phase.

ρ = ρA (1− ξM − ξR) + ρMξM + ρRξR (3)

Furthermore, applied stress has an indirect im-
pact due to the resulting strain and changes in phase
transformation temperatures. The combination of
these various dependencies results in a relationship
between strain and electrical resistance that is over-
all non-linear and subject to hysteresis. The width
of the hysteresis is also notably larger if R-phase is
present in the alloy.

The correlation between strain and electrical re-
sistance can be exploited to give Nitinol actuators
a self-sensing ability. Passive elements have been
used to track structural deformations due to earth-
quakes [28], and have also been embedded in compos-
ite structures for strain monitoring [29]. A linear rela-
tionship can be assumed for passive strain monitoring
since the alloy remains in a single phase. The strain-
resistance correlation has also been integrated into
the Liang & Rogers model [30] and Brinson model
[31].

Electrical resistance feedback has been successfully
applied for position control of Nitinol actuators us-
ing many different approaches. Simple methods have
been studied where a reference resistance value is
used as an indicator of complete actuation, prevent-
ing overheating and unnecessary overextension [32],
or to enable pre-heating for faster response [33]. Lin-
ear models have been used extensively, but are lim-
ited to a single applied load or stiffness and rely on
the absence of hysteresis effects. Ikuta designed an
endoscope employing antagonistic Nitinol actuators
controlled by a PID law with resistance feedback and
a linear strain-resistance model [34]. Neugebauer also
used a linear strain-resistance model but within an
energy-based thermomechanical model that formed
the basis for feedback linearization control of an ac-
tuator [35]. The use of polynomial functions can im-
prove the accuracy of strain-resistance models, but
is most often restricted to conditions that minimize
hysteresis effects. Arai modelled the strain-resistance
correlation using a fourth-order polynomial and con-
trolled an actuator using a PID law based on the

model and resistance feedback [36]. Similar ap-
proaches were also used by Shi [37] and Zhang and
Lin [38].

The effects of hysteresis in the strain-resistance
behaviour have been overcome using numerous ap-
proaches. Meier switched between separate linear
functions for the strain-resistance correlation during
heating and cooling [39]. Position control was then
achieved using a PID law based on the resistance
feedback model. Liu applied fourth-order polyno-
mials within a Duhem differental model for predict-
ing actuator strain, again controlled with a PID law
[40]. Artificial neural networks have also been inves-
tigated for modelling the hysteresis behaviour. Ma
used a neural network to model the major hysteresis
response and provide position estimation for a PD
control law [41]. Both major and minor hysteresis
effects were captured using a neural network model
developed by Asua and applied within PID control
[42].

These algorithms are able to achieve position con-
trol of Nitinol actuators based on resistance feedback.
However, many do not account for one or more impor-
tant considerations: variable applied load, hysteresis
behaviour, and generalization for actuator size. In
most cases, the strain-resistance correlation is mod-
elled for a fixed applied load or stiffness. Although
models developed by Urata [43] as well as Zhang and
Lin [38] accounted for variable applied stress, there
was no consideration for hysteresis effects in either
study. Furthermore, many models are not gener-
alized for Nitinol wire of any length and diameter.
Normalization is sometimes performed but without
consideration of variable applied load.

This paper presents a model of the stress-strain-
resistance behaviour of Nitinol shape memory alloy
that accounts for variable applied load, major and
minor hysteresis effects, and is normalized in terms of
actuator geometry. There are three primary sections:
characterization of the actuator response in terms of
strain-resistance curves, modelling the heating, cool-
ing, and hysteresis behaviour, and application of the
model for actuator position control. The model it-
self consists of a family of linear curves for heating
and cooling paths whose coefficients are defined by
polynomial functions of applied stress. Transition be-
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Figure 1: Bench-top experimental setup.

tween the heating and cooling paths is modelled using
an exponential function and accounts for major and
minor hysteresis. Position control was successfully
demonstrated with varying constant applied loads as
well as a bias spring load.

2 Experimental Setup

Experiments for characterization and control of Niti-
nol actuatore wire were performed on a bench-top
setup shown in figure XXXX. The actuator wire was
mounted vertically and hung from a Futek LRF300
load cell attached to the tower. A Solartron Metrol-
ogy S-Series linear variable displacement transducer
(LVDT) was mounted to the tower with the probe
attached to the free end of the actuator wire. Con-
stant loading was provided by hanging brass weights
from the end of the LVDT probe, while bias spring
loading was provided by fixing a spring to the end of
the probe (the other end of which was connected to
the tower base by a threaded rod). Low-temperature
Ni-Ti Flexinol actuator wire was used from Dynalloy.

The electrical resistance of the wire was determined

by placing a reference resistor in series and measur-
ing the voltages across the reference and the input
terminals. Lead wire resistance was then measured
by removing the actuator wire and short-circuiting.
Therefore, the actuator wire resistance is given by
equation 4, where RSMA is the actuator resistance,
Rref is the reference resistance, Vnet is the total in-
put voltage, Vref is the voltage across the reference
resistor, and Rlead is the resistance of the lead wires.
Note that a small baseline current was required to
maintain Vref > 0 and avoid division by zero.

RSMA = Rref

(
Vnet
Vref

− 1

)
−Rlead (4)

Data acquisition was accomplished using a Na-
tional Instruments system consisting of a PXI-1033
chassis with PXI-6220 and PXI-4110 modules for
measurement and power, respectively. The PXI-6220
module was connected to an SCXI-1000 chassis with
SCXI-1102 signal conditioner and SCXI-1303 termi-
nal block, through which the sensor outputs are mea-
sured. Additionally, the load cell was excited, am-
plified, and pre-conditioned using an Ectron 563H
transducer amplifier/conditioner. The data acquisi-
tion system was connected to a Dell Precision 690
computer through a PCIe-8361 card. Measurement
and control programs were created and run in Lab-
View 7.1 software.

3 Characterization

In order to develop a model for use in position con-
trol algorithms, it was important to first characterize
the response of the Nitinol actuator wire in terms of
stress, strain, and electrical resistance. Experiments
were therefore performed to identify the trends in the
stress-strain-resistance relationships. The major hys-
teresis strain-resistance curves were observed during
complete actuation and return for a series of vary-
ing constant applied loads. Minor hysteresis curves
were also observed during incomplete actuation and
return. Characterization experiments used open-loop
or simple on-off feedback control where the control
input was desired electrical current.
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Figure 2: Major hysteresis loop behaviour in the heating and cooling resistance-displacement curves. The
inset shows an approximation of the wire temperature during the experiment.

3.1 Resistance-Displacement Curves

The complete major hysteresis curve was examined
by performing a simple open loop experiment. A con-
stant applied load of approximately 1 N was applied
and actuation was achieved using a square wave pulse
of current. Figure 2 shows the resulting heating and
cooling resistance-displacement curves that form the
major hysteresis loop.

The wire starts at a temperature near the marten-
site finish phase transformation temperature, Mf , at
point (a). As heating occurs, the temperature reaches
the austenite start temperature, As, at point (b) and
phase transformation from martensite to austenite
begins. Transformation completes at point (c) where
the actuator the austenite finish temperature, Af , at
point (c), at which point the actuator is fully con-
tracted. Input current is then removed and the ac-
tuator wire cools until reaching the R-phase start
temperature, Rs, where phase transformation from
austenite to R-phase begins. Regardless of com-
plete or incomplete transformation to R-phase, phase

transformation to martensite occurs once the actu-
ator reaches the martensite start temperature, Ms.
The actuator then cools back to the initial tempera-
ture while transforming back to martensite.

The response is highly non-linear and results in
a large hysteresis effect. However, the resistance-
displacement curves can easily be understood consid-
ering the relationships defined earlier by equations
1, 2, and 3. Figure 3 shows a simplified approxima-
tion of the resistance-displacement hysteresis (using
actuation length, L, instead of displacement). Lines
of constant resistivity are also shown for the phase
transformation temperatures. As the actuator heats
from point (a) to the start of the martensite-austenite
phase transformation at point (b), there is negligi-
ble change in length but the increase in temperature
causes an increase in resistance. The martensite-
austenite phase transformation occurs as tempera-
ture increases, but the lower resistivity of austen-
ite results in a decrease in actuator resistance until
reaching point (c). Subsequent cooling results in a
decrease in resistance until reaching point (d), where
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Figure 3: Simplified resistance-displacement response
including lines of constant resistivity for martensite
at Mf , martensite at As, austenite at Af , austenite
at Rs, and R-phase at Ms.

the austenite-R-phase transformation begins. Due to
the much larger resistivity of R-phase, the transfor-
mation causes an increase in resistance despite the
decrease in temperature. Phase transformation from
austenite to R-phase also accounts for some strain re-
covery as the actuator reaches point (e). Finally, the
transformation from R-phase to martensite causes a
decrease in resistivity both due to cooling and phase
change, but an increase in resistance due to the in-
crease in actuator length.

3.2 Influence of Applied Stress

The resistance-displacement behaviour was then
characterized for a series of constant applied loads re-
sulting in stress ranging from approximately 15 MPa
to 175 MPa. The procedure described in the previ-
ous section was used to generate complete actuation
responses for each load case. The resulting family of
curves are shown in figure 5.

As applied stress increases, there is an expected
increase in displacement and resistance at both lim-
its of actuation due to increased elastic strain. The
width of the hysteresis also decreases with increasing
applied stress. This is due to the change in phase
transformation temperatures which causes transfor-

T

σ

Rs

Af

Mf

Ms

As

Figure 4: Effect of applied stress on phase transfor-
mation temperatures.

mation to martensite to occur sooner during cool-
ing, reducing the amount of R-phase that appears
beforehand. Figure 4 demonstrates this relationship
between the phase transformation temperatures and
applied stress, where it can be seen that Ms becomes
greater than Rs at high stress.

3.3 Incomplete Actuation

Another important consideration for the model is
incomplete actuation, which causes minor hystere-
sis loops within the resistance-displacement response.
Instead of using the open-loop control method pre-
viously described, the actuator was commanded to
reach a series of test points using on-off feedback con-
trol.

Two series of test points were used, incomplete
heating and incomplete cooling. During incomplete
cooling, the wire is heated to full actuation and then
cooled until reaching a desired intermediary position.
The wire is subsequently heated and then cooled to
the next test point. Incomplete heating is performed
similarly, where the wire is partially heated until
reaching the test point and then cooled fully. The
resulting sets of minor hysteresis loops are shown in
figure 6, where a constant load of approximately 1.3
N was applied.

It can be seen that minor hysteresis loops are com-
posed of curves that extend from the point of in-
complete actuation and asymptotically approach the
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Figure 5: Resistance-displacement curves for a series of constant applied loads.

overall heating or cooling paths. Similar to the major
hysteresis behaviour, the minor hysteresis loops occur
due to differences in the transformation temperatures
as well as the presence of R-phase.

4 Modeling

The relationships between stress, strain, and resis-
tance were modelled for the purpose of position con-
trol based on resistance feedback as well as feedback
of the applied load (either using a load cell or based
on known conditions). The model was developed
based on the behaviour observed during character-
ization and captured the three important features:
overall heating and cooling paths, minor hysteresis
loops, and the influence of applied stress. Linear
functions were assumed for the heating and cooling
paths, the coefficients of which were modelled as poly-
nomial functions of applied stress. Transition paths
during incomplete actuation were modelled using an
exponential function for the path slope. The model
parameters were then normalized in terms of actuator
length and diameter. Correlations between the model

and an augmented version of the Liang & Rogers
model were also investigated.

4.1 Heating & Cooling Curves

The majority of the overall heating and cooling
paths are linear, with a highly non-linear and non-
deterministic regions at the start and end of trans-
formation. The non-linear regions are ignored and
linear functions assumed for modelling the heating
and cooling paths separately. Equations 5 and 6 de-
fine the heating and cooling paths respectively, where
δ is the displacement and a and b are the linear coef-
ficients (the subscripts H and C denote heating and
cooling).

δH = aHR+ bH (5)

δC = aCR+ bC (6)

Figure 7 shows the linear functions used to approx-
imate heating and cooling paths for the resistance-
displacement behaviour observed with an applied
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Figure 6: Minor hysteresis loops during incomplete cooling (left) and incomplete heating (right).

load of approximately 0.5 N. Although the linear
functions do not capture the behaviour at the limits
of actuation, there is a good correlation otherwise.

4.2 Influence of Applied Stress

The process of fitting linear functions to the heating
and cooling curves of the resistance-displacement re-
sponse was then repeated for each constant applied
load case. The resulting families of linear functions
are described in figure 8, where the slope and offset
of the heating and cooling curves are plotted as a
function of applied stress.

The slope and offset coefficients for cooling change
drastically in comparison with those for heating, but
all four parameters exhibited non-linear relationships
with respect to applied stress. Therefore, polynomial
functions were selected for approximating these rela-
tionships. Equations 7 to 10 define the slope, a, and
offset, b, for heating and cooling (denoted by sub-
scripts H and C), where σ is the applied stress, β are
the polynomial coefficients, and N is the polynomial
order.

aH =

N∑
i=0

βaH,iσ
i−1 (7)

bH =

N∑
i=0

βbH,iσ
i−1 (8)

aC =

N∑
i=0

βaC,iσ
i−1 (9)

bC =

N∑
i=0

βbC,iσ
i−1 (10)

These coefficients are determined by fitting the
polynomial functions to the slope and offset values
obtained from experimental data. The resulting ap-
proximations are also shown in figure 8 using a poly-
nomial order of 4. While there is a better correlation
for the heating coefficients, the overall approach re-
sults in a good approximation of the stress influence.
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Figure 7: Linear functions for approximating heating and cooling.

Figure 8: Slope and offset coefficients for heating and cooling curves as a function of applied stress.
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4.3 Incomplete Actuation

Characterization of the actuator response during
incomplete heating and cooling showed that the
resistance-displacement curve tended to asymptoti-
cally approach the relevant complete heating or cool-
ing curve. This behaviour is modelled using a dif-
ferential approach, where the slope of the resistance-
displacement transition curve, a, is determined and
the displacement integrated with respect to the
change in resistance. The slope starts at a relatively
low value and increases continuously until reaching
the slope of the relevant heating or cooling curve.
An exponential function is used to model the slope
of the resistance-displacement curve, where the inde-
pendent variable is the difference between the current
resistance and the expected resistance on the relevant
curve at the current displacement.

Equations 11 and 12 define the transition curve
during heating, while equations 13 and 14 define the
transition curve during cooling. The initial slope, a0,
and decay coefficient, τ , are assumed to be constant
and determined from analysis of experimental data.

a = (aH − a0)e−τzH + a0 (11)

zH = R− δ − bH
aH

(12)

a = (aC − a0)e−τzC + a0 (13)

zC =
δ − bC
aC

−R (14)

Actuator displacement is then estimated by inte-
gration of the slope in the resistance domain, as de-
fined by equation 15, where Ro and δo are the re-
sistance and displacement at the onset of heating or
cooling.

δ =

∫ R

Ro

adR+ δo (15)

In practice, the displacement is estimated using nu-
merical integration according to equation 16, where
k is the time index and the slope, ak, is computed
based on Rk and δk−1.

δk = ak (Rk −Rk−1) + δk−1 (16)

The transition model for incomplete actuation is
then applied to estimate displacement from experi-
mental characterization data. Figure 9 shows the re-
sulting comparison between experimental data and
the model, with both major and minor hysteresis
loops captured.

4.4 Normalization

The model parameters described so far are deter-
mined in terms of electrical resistance, applied stress,
and displacement. A calibrated set of model param-
eters is therefore only applicable to wire of the same
length and diameter as that used for characterization.
Instead, the model may be normalized with respect
to the actuator geometry so that model parameters
may be calibrated for a given alloy and applied to
actuators of any size.

Normalization of the model was performed by an-
alyzing the response characteristics of actuator wires
of various lengths. Figure 10 shows the result-
ing set of major hysteresis loops for the resistance-
displacement response (shown in terms of actuator
length instead of displacement). The sets of hystere-
sis loops appear to grow linearly in terms minimum
and maximum resistance and displacement. This is
expected since the generalized behaviour is given in
terms of resistivity and strain, which are linearly pro-
portional to resistance and displacement respectively.

Resistance is normalized by dividing by the nom-
inal resistance at the purely martensitic state. This
nominal martensite resistance is then described in
terms of the nominal martensite resistivity and ac-
tuator geometry. Equation 17 defines the normal-
ized resistance, λ, and equation 18 defines the nomi-
nal martensite resistance, R0, where ρM is the nomi-
nal martensite resistivity, L0 is the nominal actuator
length, and A0 is the nominal actuator cross-sectional
area.

λ =
R

R0
(17)
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Figure 9: Comparison of transition model and experimental data.

Figure 10: Sets of resistance-displacement response curves for actuator wires of various lengths.
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R0 =
ρML0

A0
(18)

Actuator displacement is normalized simply by di-
viding by length, resulting in the actuator strain.
Equation 19 defines the actuator strain, ε.

ε =
δ

L0
(19)

Normalization was then applied to the resistance-
displacement curves shown in figure 10 and the re-
sults overlaid for comparison in figure 11. It can be
seen that the same hysteresis loops are followed by
each actuator in terms of normalized resistance and
strain.

The model can therefore be prescribed in terms of
normalized parameters for the heating and cooling
coefficients, β̃, and transition curve coefficients, ã0
and τ̃ . These coefficients may be determined from a
given sample of actuator wire, as well as the nominal
martensite resistivity, ρM .

Equations 20 and 21 describe the normalized heat-
ing and cooling curves, respectively.

εH = ãHλ+ b̃H (20)

εC = ãCλ+ b̃C (21)

The normalized slope and offset coefficients are
then defined by equations 22 to 25.

ãH =

N∑
i=0

β̃aH,iσ
i−1 (22)

b̃H =

N∑
i=0

β̃bH,iσ
i−1 (23)

ãC =

N∑
i=0

β̃aC,iσ
i−1 (24)

b̃C =

N∑
i=0

β̃bC,iσ
i−1 (25)

The slope of the normalized transition curves dur-
ing heating and cooling are then defined by equations
26 and 27, respectively.

ã = (ãH − ã0)e
−τ̃
(
λ− 1

ãH
(ε−b̃H)

)
+ ã0 (26)

ã = (ãC − ã0)e
−τ̃
(

1
ãC

(ε−b̃C)−λ
)

+ ã0 (27)

Equation 28 then defines the strain estimated from
numerical integration of the slope in the normalized
resistance domain.

εk = ãk (λk − λk−1) + εk−1 (28)

The estimated displacement is then determined
based on the nominal actuator length using equation
19.

New actuator wires are modelled by first com-
puting the nominal martensite resistance, R0, which
is then used to normalize the measured resistance.
Strain is estimated from the model based on normal-
ized resistance, λ, and applied stress, σ, and then
converted to displacement for position feedback.

4.5 Simulation

The performance of the model was validated through
simulation after determining the model parameters
from experimental characterization data. The pur-
pose of simulation was to verify the suitability of the
integrated model when applied to experimental data.
Electrical resistance and applied stress measurements
were input into the model and the estimated actua-
tor displacement compared to the measured value.
Data from simple actuation experiments used during
characterization was used that included incomplete
heating and cooling segments as well as various con-
stant applied loads and spring constraint loading.

Figures 12 and 13 show simulation results for ex-
periments performed with constant applied loads of
0.49 N and 0.98 N, respectively, while figure 14 shows
results using a spring constraint. The model provides
a good estimation of the actuator displacement, with
the exception of the highly non-linear and indeter-
minate martensitic region. The overall mean error
was approximately 2.1% of the nominal actuator dis-
placement (defined as 4% of the actuator length).
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Figure 11: Normalized resistance-displacement curves overlaid for comparison.

The ability of the model to capture the influence of
varying applied load is verified by the successfully po-
sition estimation under both constant loads, but es-
pecially by the results obtained using the spring con-
straint. Since the applied stress varies with actuator
displacement, the linear coefficients for the heating
and cooling paths are being modified throughout the
hysteresis loop. Although the model was not devel-
oped with this consideration in mind, experimental
results demonstrate that the method is valid.

The importance of accounting for varying applied
load is shown in figure 15, where a constant ap-
plied load is incorrectly assumed for an actuator with
spring constraint load conditions. There is a signif-
icant increase in the model error due to the incor-
rectly assumed coefficients for the heating and cooling
paths, which results in a mean error of approximately
7.8% (almost four times the mean error when vary-
ing stress is properly included). This emphasizes the
need to include the influence of applied stress within
the model.

The resulting resistance-displacement curves for
each simulation are shown in figures 16 to 19.

Figure 16: Simulated resistance-displacement curves
for a constant applied load of 0.49 N.
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Figure 12: Simulation results under constant applied load of 0.49 N.

Figure 13: Simulation results under constant applied load of 0.98 N.
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Figure 14: Simulation results under spring constraint loading conditions.

Figure 15: Simulation results under spring constraint loading conditions but with constant applied load
assumed.
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Figure 17: Simulated resistance-displacement curves
for a constant applied load of 0.98 N.

Figure 18: Simulated resistance-displacement curves
for the spring constraint loading condition.

Figure 19: Simulated resistance-displacement curves
for the spring constraint loading condition with con-
stant applied load assumed.

Figure 20: PID control law used for position control
using resistance and applied load feedback.

5 Position Control

Simulation results showed that the model is capa-
ble of estimating the actuator displacement through
complete and incomplete actuation as well as un-
der varying load conditions. The performance of the
model was then tested within a simple position con-
trol application. Electrical resistance and applied
load were measured and input to the model. The
resulting estimate of actuator displacement was then
used as position feedback within a PID control law
with wire current as the input, as described by figure
20. Gains were selected by trial and error to achieve
stability and a reasonable settling time, resulting in a
satisfactory underdamped response. Threshold limits
were also applied to the desired wire current value,
preventing too much current input as well as main-
taining the minimum baseline current.

More elaborate control algorithms or careful selec-
tion of PID gains could be used to improve the feed-
back control response. However, this position control
experiment was intended to simply test the perfor-
mance of the model under expected application con-
ditions. Although the performance of the controller is
dictated by the error between desired and actual dis-
placement, the performance of the model is dictated
by the error between estimated and actual displace-
ment.

Figure 21 demonstrates the results of applying the
model for position control. Varying applied load
was achieved using the spring constraint condition.
The desired displacement signal consisted of stepping
through a series of randomly generated positions and
holding at each one for 20 s after settling. The perfor-
mance of the model is similar to that observed during
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Figure 21: Results of applying the model in a simple position control experiment with varying applied load.

simulation, with a mean error of approximately 2.2%.

6 Model Correlations

The model presented in this paper has been devel-
oped in terms of actuator stress, strain, and elec-
trical resistance. Temperature is not included as a
model variable even though it is the driving param-
eter behind the phase transformations. Algorithms
such as the Liang & Rogers model require both tem-
perature and applied stress as independent variables
for estimating strain, and were not considered for
use during the development of the model. However,
significant correlations were found between the pre-
sented model and an augmented version of the Liang
& Rogers model studied by Brammajyosula [30]. The
augmented model includes the presence of R-phase
and was used by Brammajyosula to predict actuator
strain and electrical resistance based on temperature
and stress inputs.

The Liang & Rogers model consists of a constitu-
tive equation describing the stress-strain relationship
(including terms for thermal expansion and transfor-

mation strain) and forward and reverse phase trans-
formation equations defining the phase fractions.
Equation 29 is the simplified constitutive equation,
where E is the Young’s modulus, εL is the transfor-
mation strain, ξM is the fraction of martensite, and
thermal expansion has been ignored since it is negli-
gible in comparison with the other terms.

ε =
σ

E
+ εLξM (29)

The Young’s modulus is defined by the simple mix-
ing rule in equation 30, where EA and EM are the
moduli of austenite and martensite, respectively.

E = EMξM + EA (1− ξM ) (30)

The fraction of martensite is defined by the tem-
perature and stress states. If the temperature is
low enough, the material is entirely martensite and
ξM = 1, whereas if the temperature is high enough
the material is entirely austenite and ξM = 0. Phase
transformation from martensite to austenite is de-
fined by equation 31 if heating occurs and the tem-
perature and stress states satisfy the inequality in
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equation 32.

ξM=
ξM0

2

{
cos
[

π
Af−As

(
T−As− σ

CA

)]
+1
}

(31)

As +
σ

CA
< T < Af +

σ

CA
(32)

Phase transformation from austenite to martensite
is defined by equation 33 if cooling occurs and the
temperature and stress states satisfy the inequality
in equation 34.

ξM=
1−ξM0

2

{
cos
[

π
Ms−Mf

(
T−Mf− σ

CM

)]
+1

}
+ξM0 (33)

Mf +
σ

CM
< T < Ms +

σ

CM
(34)

Brammajyosula modified this algorithm slightly to
include the R-phase fraction, ξR, adding another
phase transformation equation as well as including
separate transformation strains for martensite and R-
phase. The mixing rules used to determine materials
properties were also slightly modified to include R-
phase terms.

The resistance-displacement response was then
simulated using the Brammajyosula algorithm at
various levels of applied stress. Temperature was
ramped up from below Ms to above Af and then
ramped back down, resulting in complete forward and
reverse transformation. The response is shown in fig-
ure 22, where the behaviour observed during experi-
mental characterization is represented.

A comparison was then made between the Bram-
majyosula model and the model presented in this pa-
per. The linear heating and cooling curves are de-
scribed by coefficients that are functions of applied
stress. These coefficients can also be determined an-
alytically from the Brammajyosula model by defin-
ing two points on each of the heating and cooling
curves. The heating curve is defined by the limits
of the transformation from martensite to austenite,
while the cooling curve is defined by the limits of
transformation from R-phase to martensite. Expres-
sions for both the displacement and electrical resis-
tance must be determined at each point. Note that
electrical resistance is determined using equations 1

to 3 where constant volume is assumed when account-
ing for strain, resulting in equation 35.

R =
ρL0

A0
(1 + 2ε) (35)

The slope and offset for the linear heating function
are determined by equations 36 and 37, respectively.

aH =
δHs − δHf
RHs −RHf

(36)

bH =
δHfRHs − δHsRHf

RHs −RHf
(37)

Equations 38 to 41 define the start and finish re-
sistance and displacement during heating, where the
material starts in the martensite phase at As and
finishes in the austenite phase at Af .

RHs=
ρML0
A0

(
1+αM

(
As+

σ
CA

−T0

))(
1+2

(
εLM+ σ

EM

))
(38)

RHf=
ρAL0
A0

(
1+αA

(
Af+

σ
CA

−T0

))(
1+2 σ

EA

)
(39)

δHs = L0

(
εLM +

σ

EM

)
(40)

δHf = L0
σ

EA
(41)

The slope and offset during cooling are similarly
defined by equations 42 and 43.

aC =
δCf − δCs
RCf −RCs

(42)

bC =
δCsRCf − δCFRCs

RCf −RCs
(43)

The resistance and displacement at the start and
finish of the cooling phase transformation are defined
by equations 44 to 47, where the material starts at a
mixture of R-phase and austenite at Ms and finishes
in the martensite phase at Mf .

RCs=
ρCsL0
A0

(
1+2

(
εLR+ σ

ξRER+(1−ξR)EA

))
(44)
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Figure 22: Simulated resistance-displacement curves using the augmented Liang & Rogers model developed
by Brammajyosula.

RCf=
ρML0
A0

(
1+αM

(
Mf+

σ
CM

−T0

))(
1+2

(
εLM+ σ

EM

))
(45)

δCs = L0

(
εLR +

σ

ξRER + (1− ξR)EA

)
(46)

δCf = L0

(
εLM +

σ

EM

)
(47)

The fraction of R-phase at the start must be de-
termined as shown in equation 48 and used to deter-
mine resistivity as defined by equation 49 as well as
the elastic modulus in equations 44 and 46.

ξR= 1
2

(
cos
(

π
Rs−Rf

(
Ms+

σ
CM

−Rf− σ
CR

))
+1
)

(48)

ρCs = ξRρR

(
1 + αR

(
Ms +

σ

CM
− T0

))
+ (1− ξR) ρA

(
1 + αA

(
MS +

σ

CM
− T0

))
(49)

Substitution of the relevant equations results in re-
lationships for the heating and cooling slope and off-
set coefficients that are functions of applied stress.
These functions were then evaluated at the levels of
applied stress used during experimental characteri-
zation and modeling. Figure 23 shows the result-
ing correlation between the coefficients fitted to ex-
perimental data, the polynomial functions used to
approximate the curves, and the analytically deter-
mined values using the Brammajyosula model.

Considering that the material parameters were
used for a different Ni-Ti alloy (in the absence of
known values for Flexinol), there is a good corre-
lation between the experimentally and analytically
determined values. Therefore, it may be possible
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Figure 23: Correlations between experimental data, polynomial fitting functions, and the analytical results.

to define the linear heating and cooling coefficient
functions analytically instead of using polynomials
after identifying the material properties. Although
the transition functions for completing the hystere-
sis model were not studied analytically, the resulting
curves shown in figure 22 suggest that similar corre-
lations may exist.

7 Conclusions

The model presented in this paper successfully cap-
tured the key features of the stress-strain-resistance
behaviour of Nitinol shape memory alloy. Experi-
mental characterization revealed significant hystere-
sis effects in the resistance-displacement response
that varied with the level of applied stress.

Heating and cooling paths were found to be gener-
ally linear and therefore modelled as such. The coef-
ficients for the linear heating and cooling paths were
themselves defined as polynomial functions of applied
stress. Transition between the heating and cooling
curves was modelled using an exponential function

that captured both major and minor hysteresis ef-
fects.

Actuator wires of various lengths were also studied
and showed that the response characteristics are lin-
early proportional to the wire length. This allowed
the model to be normalized in terms of the actuator
geometry for more generalized application.

The performance of the model was validated
through simulation based on recorded experimental
data and within a simple position control applica-
tion. In both cases, the model had a mean error of
approximately 2% of the nominal actuator stroke and
handled the effect of varying applied load. Although
a simple PID control law was used with position feed-
back provided by the model estimation of actuator
displacement, more sophisticated algorithms could be
used to improve the controller performance.

The model was also compared to an augmented
version of the Liang & Rogers model. The linear
heating and cooling coefficients were defined analyti-
cally and estimated for a series of applied stress levels
using an assumed set of material properties. Good
correlations between the resulting curves demon-
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strated that the model coefficients may possibly be
estimated analytically instead of determined experi-
mentally.

It is expected that this model may be useful for fu-
ture applications of Nitinol actuator position control
based on electrical resistance feedback. The model
assumes feedback of the applied stress is also pro-
vided, but may possibly be replaced by a known
value or model depending on the boundary condi-
tions. Other functions may possibly be used to re-
place and improve upon the linear and polynomial
functions. However, the results of this study demon-
strate the feasibility of modelling the stress-strain-
resistance behaviour of Nitinol actuator wire consid-
ering major and minor hysteresis effects, varying ap-
plied load, and normalization in terms of geometry.
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