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Abstract

The nonparametric theoretical work of Li et al. (2013) shows that the realized

volatility estimator is asymptotically biased under the assumption that observation

times are endogenous. Motivated by this finding, we develop a model for irregularly

spaced returns where durations, the time span between two consecutive transactions,

are endogenous. The model contains a bivariate Ornstein-Uhlenbeck (OU) process that

jointly models equity latent volatility and trading intensity. Together with two other

processes modeling trading prices and durations, the time endogeneity is captured by

our model. The mode has a linear state space representation. We obtain an asymp-

totically unbiased volatility estimator via the Kalman filter. Estimates from Microsoft

(MSFT) high-frequency trading data reveal a positive time endogenous effect between

durations and logarithmic prices.
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1 Introduction

A huge body of literature on time-varying volatility estimation has been developed during

the past few decades due to its crucial role in option pricing, efficient portfolio allocation,

and risk management. As the availability of high-frequency, or tick-by-tick, trading data

has increased, the literature has evolved from parametric discrete time models estimated

with daily or lower frequency data, to continuous time parametric or nonparametric models.

Discrete time parametric models take two main forms. The autoregressive conditional

heteroscedasticity (ARCH) model was developed by Engle (1982). Its generalized version,

the GARCH model, was proposed by Bollerslev (1986). The competitive alternative to the

ARCH and GARCH models is often referred as the stochastic volatility (SV) model (see

Hull and White, 1987; Kim et al., 1998). However, this class of models requires regularly

spaced data (fixed time intervals for transactions). The requirement of regularly-spaced

data is a drawback when dealing with high-frequency data, since valuable information can

be lost when temporally aggregating millisecond data to a coarser time grid (see Engle,

2000). Other challenging issues, like the difficulty of capturing long-memory dependencies

and handling large dimensional systems, make the discrete time model models ill-suited

for accommodating high-frequency data (see Bollerslev, 2001).

Nonparametric methods dominate the recent continuous time volatility literature. A

standard approach is to model the asset price in continuous time with an Itô process

d lnSt = µtdt+ σtdWt, where lnSt is the logarithmic price, µt is a drift term, σt is instan-

taneous volatility, and dWt is a stochastic Wiener term, whose increments over a period

of time ∆t follow a normal distribution, N(0,∆t). The process is observed at times ti,

i = 0, 1, · · · , N in the time interval [0, 1]. Thus the increment of lnSt at the observation

time ti is defined as ∆Xi ≡ lnSti − lnSti−1 . By design, we see that the difference of log-

prices, ∆Xi, is also the continuously compounded rate of return of the i-th trade. Within

the same framework, additional terms (or processes) can be added to the Itô process to en-

compass unique features of high-frequency data, including price jumps and microstructure
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noise.

To evaluate the volatility of a financial asset, a natural way of defining the cumulative

variance of asset prices over a period of time is simply to integrate instantaneous volatility

over the time interval. It is called integrated volatility (IV) in the literature, defined as:

IV ≡
∫ T

0 σ2
t dt. Unfortunately, the instantaneous volatility is a latent variable. Searching for

better volatility proxies has been an ongoing challenge in financial econometrics research.

Jacod and Protter (1998) laid the statistical theory foundation in probability theory by

proving that for an Itô process, Realized Variance (RV), defined as [X,X]t =
∑

ti≤t(∆Xi)
2,

asymptotically converges to the IV of the process. Barndorff-Nielsen and Shephard (2001,

2002) introduced this theory to financial econometrics. Since then, more than 400 non-

parametic volatility estimators of IV have been developed (Liu et al., 2015). Several of

these estimators have proven superior to the rest from various perspectives. The first

estimator, 5-minute Realized Volatility (RV5min), is frequently used due to its ease of im-

plementation (see Andersen and Benzoni, 2009, for details). Computing RV5min requires

aggregating high-frequency data into 5 minute intervals and then summing up the squared

returns at each 5-minute time interval: RV5min ≡
∑

(∆X5min
i )2, where ∆X5min

i is the log-

return of the ith interval on a consecutive 5-minute time grid. However, in order to be a

unbiased estimator, RV5min depends on the strong assumption that the market is friction-

less and arbitrage-free. Additionally, the literature has dozens of jump-robust estimators

of IV with many interesting insights behind their construction. Bipower Realized Volatil-

ity (BPV) (see Barndorff-Nielsen and Shephard, 2004) and Truncated Realized Volatility

(TRV) (see Mancini, 2009) are representative choices. The intuition behind BPV is that

jumps only occur infrequently. Instead of summing over the squared one-period price re-

turn, they sum over the product of absolute returns from two neighboring periods. By

assumption, one jump would most likely occur in only one of the adjacent periods. At the

limit, the cross-product efficiently kills the jumps. The idea behind TRV is to filter out

jumps based on sophisticatedly selected thresholds. Another disturbance to the price pro-
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cess is market microstructure noise including bid-ask spread, discreteness of price changes,

gradual response of prices to a block trade, strategic components of the order flow, inven-

tory control effects, data recording errors, rounding effects, and others (see Aı̈t-Sahalia and

Yu, 2009). Realized Kernel (RK) (see Barndorff-Nielsen et al., 2011) serves as a robust

estimator to both jumps and microstructure noises with substantially improved precision.

Loosely speaking, RK is the summation of realized autocovariances weighted by a non-flat-

top Parzen kernel. Barndorff-Nielsen et al. (2011) defined RK as: RK ≡
∑H

h=0 k( hH )Γh,

where Γh =
∑n

j=h+1(∆Xj∆Xj−h) for h ≥ 0, which is the autocovariance of high-frequency

price returns. k(·) is the Parzen kernel, H is the bandwidth.

High-frequency data usually contains the following information: a time stamp indicating

when the transaction occured with up to millisecond accuracy, transaction price, ask price,

bid price, and the transaction volume. One important advantage of high-frequency data

compared to lower frequency data is the inclusion of irregularly spaced transaction time.

Intuitively, informed market participants would have clustered trading behavior when news

hits the market and flat trading behavior when no news hits the market. Both clustered

and flat trades break the demand-supply balance in the market and affect the volatility

of the financial products (see Easley and O’Hara, 1992). Hence, by including transaction

duration, the time span between two consecutive transactions, one can generate a better

volatility estimator. Following this idea, single factor duration volatility models and joint

models between duration and price returns have been developed during the past couple of

decades. The autoregressive conditional duration (ACD) model was proposed by Engle and

Russell (1998). Another single factor model, the Stochastic Conditional Duration (SCD)

model, was put forth by Bauwens and Veredas (2004). Ghysels et al. (2004) developed

a joint model for duration and risk. Renault et al. (2013) built a passage hitting time

model based on Abbring (2012) mixed hitting-time model that serves as a generalized

ACD model and SCD model. Moreover, Pelletier and Zheng (2013) and Wei and Pelletier

(2015) constructed a bivariate Ornstein-Uhlenbeck (OU) process for duration and price
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return that lays the foundation for this paper.

Li et al. (2014) made an interesting discovery that under the assumption that there

exists an instantaneous correlation between duration and price return, the realized volatil-

ity is an asymptotically biased estimator of integrated volatility. They documented that

such time endogeneity between the transaction durations and the price process exists in

financial data. Furthermore, they brought tricity, defined as [X,X,X]t =
∑

ti≤t(∆Xi)
3,

into the picture for the first time in the nonparametric continuous time volatility literature.

Before their paper, tricity was considered a non-contributor to volatility estimation since

it converges to zero asymptotically. However, under the time endogeneity assumption,

non-zero tricity becomes the source of RV’s estimation bias. They established the central

limit theory for the realized volatility in a general endogenous time setting.

Inspired by the discovery of Li et al. (2014), we modify Pelletier and Zheng (2013) joint

model between duration and price return to capture the endogenous time effect. First,

the log-price dynamics follow a Wiener process. The second layer of the model is a bivari-

ate Ornstein-Uhlenbeck (OU) process that simultaneously captures two latent variables:

transaction intensity and volatility. Afterward, the transaction duration process follows

an exponential distribution conditional on trade intensity. Finally, we model the instanta-

neous dependence between duration and price return with a Gaussian copula function. Our

model strictly differs from examples listed in Li et al. (2014). Compared to nonparametric

methods for estimation of integrated volatility, our model has the advantage of producing

both estimation and prediction of latent volatility and duration. The flexibility of our

model also allows for the future incorporation of market microstructure noise and price

jumps.

The rest of this paper is organized as follows. In Section 2, we specify the joint model of

price return and duration with an endogenous time setup. In Section 3, we give a detailed

discussion of the implementation of QMLE via the Kalman filter for model estimation.

Section 4 contains a summary of an empirical study on MSFT high-frequency trading data.
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Section 5 presents the simulation experiment design to investigate our model’s ability to

capture time endogeneity. Section 6 concludes.

2 Model Specification

In this section, we will define the stochastic process of durations and returns within an

endogenous time setting. Our model consists of four layers. Loosely speaking, the first layer

is a logarithmic price process linking observable prices with latent instantaneous volatilities.

The second layer is a dynamic process for the durations. Durations are generated by an

exponential distribution with the conditional mean equal to the inverse of the latent trade

intensity. The third layer of our model is a bivariate Ornstein-Uhlenbeck (OU) process

for two latent variables: the logarithmic trade intensity and the logarithmic instantaneous

volatility. The last layer allows for time endogeneity via a Gaussian copula. The details of

the model are presented below.

2.1 A Wiener Process for Logarithmic Price

The dynamics of logarithmic price St at time t, are defined as a simple Wiener process

W0,t times a latent instantaneous volatility σt.

d lnSt = σtdW0,t. (1)

As suggested by Engle (2000) and Renault and Werker (2004), a Wiener process itself is

powerful enough to accommodate high-frequency data. Therefore we ignore the drift term

for simplicity in our model. Regarding other ingredients common for a price return process,

e.g., price jumps or market microstructure noise, we will include them in future research.

2.2 A Poisson Process for Durations

Here, we introduce some general point process theory, which leads directly to the expo-

nential distribution on which the duration dynamic is built (see Chen et al., 2013; Kiefer,
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1988). A point process on (0,∞) is a sequence of nonnegative random variables {Ti}i∈1,2,···

defined on a probability space (Ω, F, P ), satisfying 0 < T1 < T2 < · · · , where Ti is the

instant of the i-th occurrence of an event. More specifically, in our model, the arrival time

for the i-th transaction or trade event is modeled as Ti.

λti is the stochastic intensity characterizing a point process. Intuitively, λti can be

interpreted as the instantaneous probability that the i-th trade occurs at time t. It is also

called the Hazard function. It is defined as:

λti = lim
∆t→0

(
1

∆t
Prob[N(t+ ∆t)−N(t) = 1|Ft−]

)
,

where N(t) =
∑

i≥1 1(Ti ≤ t) is a counting process, summing up the total number of events

up to and including time t. Ft− is a sub-sigma field of F , which can be interpreted as all

available information up to time t.

Naturally, we define the time span between the (i − 1)-th trade and the i-th trade as

duration di:

di ≡ Ti − Ti−1, (2)

Chen et al. (2013) concluded that, requiring only weak regularity conditions, one will

have a general result di ·λti ∼ i.i.d. Exp(1). We assume di follows a conditional exponential

distribution with mean λ−1
ti−1

:

f(di|λti−1) =
1

λti−1

· νi with νi ∼ Exp(1). (3)

2.3 OU Process for Intensity and Volatility

Following Pelletier and Zheng (2013), we consider the third layer of our model for two latent

variables: the logarithmic trade intensity λt and the logarithmic instantaneous variance

σ2
t following a bivariate Ornstein-Uhlenbeck (OU) process. Appealing features of an OU

process are: 1) it is mean-reverting; 2) it has a closed form solution; 3) it can be interpreted

as the continuous time version of an AR(1) process. The bivariate dynamic process is
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denoted as:

dXt = A(µ−Xt)dt+ SdW−0,t (4)

where:

Xti =

lnλt

lnσ2
t

 , A =

a11 a12

a21 a22

 , µ =

µ1

µ2

 , S =

σ1 0

0 σ2

 , W−0,t =

W1,t

W2,t

 .
The vector Xt contains two latent variables: the logarithmic trade intensity λt and the

logarithmic instantaneous volatility σt. The coefficient matrix A is called the transition

matrix, which controls the persistence of Xt during the evolution of the process. The vector

µ is the unconditional mean of Xt. The matrix S serves as the variance matrix for a Wiener

process. W−0,t refers to the Wiener terms in this OU process. Its subscript −0 indicates

that W−0,t differs from W0,t.

2.4 Time Endogeneity Setting

For the purpose of introducing the endogenous time effect to our model and linking afore-

mentioned stochastic processes together, we impose contemporaneous correlations, denoted

as Γ, in our model.

Sklar’s theorem (1959) states that the joint distribution function can be written as a

unique copulas function of random variables’ marginal distributions under the condition

that all marginal distributions are continuous. We choose the multivariate Gaussian copulas

to implement these correlations due to its handy properties (Žežula, 2009): (i) Gaussian

copulas allow for any marginal distribution and any positive definite correlation matrix. (ii)

Gaussian copulas consider only pairwise dependence between the individual components of

a random variable. Although the second property seems to be a drawback, it accommodates

time endogeneity in our model perfectly.

The Gaussian copulas density function in our case is defined as:

c(x) =
1

|Γ|1/2
exp

[
−1

2
u′(Γ−1 − I4)u

]
(5)
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where:

x =


∆W0,ti/

√
di

∆W1,ti/
√
di

∆W2,ti/
√
di

νi

 , Γ =


1 ρ1 ρ2 ρ4

ρ1 1 ρ3 0

ρ2 ρ3 1 0

ρ4 0 0 1

 , u =


∆W0,ti/

√
di

∆W1,ti/
√
di

∆W2,ti/
√
di

Φ−1(Fexpνi)

 .

∆W0,ti/
√
di, ∆W1,ti/

√
di, and ∆W2,ti/

√
di are discretized per trade Wiener increments of

process (1) and (4) respectively. They all follow a standard normal distribution. νi is

the innovation term of equation (3). The normal quantile function ui is given by: ui =

Φ−1(Fi(xi)), where Fi(·) is the corresponding cumulative density function (cdf) of xi. In

particular, Fexp is the cumulative function of di’s conditional exponential distribution. I4

denotes a 4× 4 identity matrix. To generate discretized innovation terms of equation (1),

(3) and (4), we first use the Gaussian copulas density function with the imposed correlation

matrix Γ to draw a 4 × 1 random variable vector, all ranging from [0, 1], then take their

related inverse cdf functions.

The specifications of ρ’s in Γ are defined as follows: ρ1 is the instantaneous correlation

between Wiener terms in lnSti and lnλti dynamics. It is defined as:

ρ1 ≡< W0,t,W1,t > . (6)

ρ2 is the parameter controlling the leverage effect. It is defined as the instantaneous

correlation between Wiener terms in lnSti and lnσ2
ti dynamics, denoted as:

ρ2 ≡< W0,t,W2,t > . (7)

ρ3 is the instantaneous correlation between Wiener terms in lnλti and lnσ2
ti dynamics. It

is defined as:

ρ3 ≡< W1,t,W2,t > . (8)

ρ4 brings the time endogeneity effect to the model. If it is set to be zero then the model is

counted for a exogenous time case. It is denoted as:

ρ4 ≡ Corr(Φ−1(Fexp(νi)),∆W0,ti/
√
di). (9)
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3 Estimation

In this section, we discretize our continuous time model, rewrite the model into state space

representation, and employ the Kalman filter to do Quasi-Maximum Likelihood Estimation

(QMLE) using similar techniques to those in Harvey et al. (1994); Pelletier and Zheng

(2013). The log-squared return transformation that we take to derive the state space

representation renders correlation parameters unidentified. We use the sign of the return

to recover these parameters.

3.1 Model Discretization and Linearization

The dynamics of logarithmic prices, latent volatility, and intensity are modeled in contin-

uous time. However, even high-frequency data is not recorded frequently enough to fully

satisfy the continuous time process assumptions. Our estimation strategy is to conduct

QMLE via the Kalman filter on the discretized model. The bivariate OU process in our

model has an analytical solution in the form of a discrete time AR(1) model (see Jacod and

Protter, 2011; Pelletier and Zheng, 2013, for details). Using this solution will not cause any

discretization error. However, the continuous time process of logarithmic prices does not

have a closed form solution. The Euler scheme is employed to discretize the process. The

aforementioned point process of trade durations, equation (2), is used as the discretization

time gird. Notice that utilizing any discretization schemes, e.g., the Euler scheme, will

introduce discretization errors. However, the discretization errors are negligible since the

time intervals are very small. Details of the model discretization are presented below.

The logarithmic price process, equation (1) is discretized as:

lnSti+1 − lnSti = σti · ζti+1 with ζti+1 ∼ N(0, di+1).

We define lnSti+1 − lnSti as the log-return yti+1 of (i+ 1)-th trade:

yti+1 ≡ lnSti+1 − lnSti . (10)
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Combining these two equation, we have:

yti+1 = σti · ζti+1 with ζti+1 ∼ N(0, di+1). (11)

The solution of the OU process, equation (4), is given by:

Xti+1 = [I2 − expm(−Adi+1)]µ+ expm(−Adi+1)Xti + Ωti+1 , (12)

where the innovation term

Ωti+1 =

∫ di+1

0
expm(A[µ− ti+1])SdW−0,µ follows Ωti+1 ∼ N(0,ΣΩ

ti+1
).

where vec(ΣΩ
ti+1

) = (A⊕A)−1(I4−expm(−[A⊕A]di+1))vec(ΣΩ), with ΣΩ = S

 1 ρ3

ρ3 1

S.

Moreover, expm(·) is the matrix exponential function, defined as expm(A) ≡
∑∞

k=0
Ak

k! .

The covariance between the innovation term in the price process and the two in the

OU process is:

Σζ,Ω
ti+1

= Cov(ζti+1 ,Ωti+1)

= Cov(

∫ ti+1

ti

expm(A[u− ti+1])SdW−0,u,

∫ ti+1

ti

dW0,u)

=

∫ ti+1

ti

expm(A[u− ti+1])S

ρ1

ρ2

 du
= A−1[I2 − expm(−Adi+1)]S

ρ1

ρ2

 . (13)

3.2 Kalman Filter

We follow the Kalman filter documented in De Jong (1991) and De Jong and Shephard

(1995). This version of the Kalman filter allows the innovation terms from the state

equation and the observation equation to be correlated. The state space representation is

11 of 35



given by the following system of equations:

Observation Equation: Yt = Xtβ + Ztαt +Gtut;

State Equation: αt+1 = Wtβ + Ttαt +Htut.

where ut are independent N(0, σ2I) variables. β, Zt, Gt, Tt, and Ht are parameters of

interest. To estimate the state space model, they implements the following Kalman filter

to record et, Dt and Kt:

Innovation: et = Yt −Xtβ − Ztat

Innovation Covariance: Dt = ZtPtZ
′
t +GtG

′
t

Kalman Gain: Kt = (TtPtZ
′
t +HtG

′
t)D

−1
t

at+1 = Wtβ + Ttat +Ktet

Pt+1 = TtPtL
′
t +HtJ

′
t

Lt = Tt −KtZt

Jt = Ht −KtGt

where a1 = W0β and P1 = H0H0. As the by-product of Kalman Filter, the log-likelihood

function based on Y = {y1, y2, · · · , yt} is:

lnL(Y ) = −1

2
{
T∑
t=1

ln |Dt|+
T∑
t=1

e′tD
−1
t et}

3.3 State Space Representation

We follow Harvey et al. (1994) and Pelletier and Zheng (2013) to derive the state space

representation of our model. First, we take the logarithm of squared returns in equation

(11) to get:

ln(y2
ti+1

) = ln(σ2
ti) + ln(di+1) + ln(η2

ti+1
).

where ηti+1 ∼ N(0, 1). According to Abramowitz and Stegun (1965), we know that the

mean of ln(η2
ti+1

) is equal to -1.2704, and the variance is equal to 4.9348. We treat all
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innovation terms as though they were normally distributed to implement QMLE, thus

assuming ln(η2
ti+1

) ∼ N(−1.2704, 4.9348). Hence, using the new notation εti to replace

ln(η2
ti), we have

ln(y2
ti+1

) = ln(σ2
ti)− 1.2704 + ln(di+1) + εti+1 with εti+1 ∼ N(0, 4.9348). (14)

Taking the logarithm of equation(3), we have:

ln(di) = − ln(λti−1) + ln νi.

Likewise, the mean of ln νti is equal to -0.5772 and the variance is equal to 1.6449. We

approximate ln νi ∼ N(−0.5772, 1.6449). Rewriting it with the new notation ψti :

ln(di) = − ln(λti−1)− 0.5772 + ψti with ψti+1 ∼ N(0, 1.6449). (15)

Therefore the observation equation of the state space representation is:

Yti =

−0.5772

−1.2704

+

−1 0

0 1

Xti +

ψti
εti

 , (16)

where

Yti =

 ln(di)

ln(y2
ti)− ln(di)

 , Xti =

ln(λti)

ln(σ2
ti)

 .
The state equation of the state space representation is the same as equation (12):

Xti = [I2 − expm(−Adi)]µ+ expm(−Adi)Xti−1 + Ωti . (17)

3.4 State Space Representation Conditional on the Sign of the Return

After transforming the innovation term in the price process ζti , which follows a normal

distribution, into ln ζ2
ti , the correlations between ln ζ2

ti and Ωti will be zero, irrespective

of the value of ρ1 and ρ2. The reason for the information loss in ρ1 and ρ2 is bacause

of the symmetry of the normal joint distributions of f(ζti ,Ωti). As for the correlation

between ln ζ2
ti and ln νti , the sign of the correlation will be unidentified because of the
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symmetric parabolic shape of the covariance function between ln ζ2
ti and ln νti centerring

around ρ4 = 0 (see panel (1,1) in Figure 1). To illustrate this point, moments of ln νti are

plotted in Figure 1. Unconditional moments of ln νti are in the first column of Figure 1.

Clearly, ρ4 is completely unidentifiable in all cases of ln νti moments without conditioning

on the signs of the returns. Notice that to generate these plots we condition on the signs of

ζti , whose signs are the same as the corresponding returns. Figures plotted in the second

column of Figure 1 are conditioning on positive ζti draws. The third column is conditional

on negative ζti draws.
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Figure 1: Moments of ln νti Conditional on the Sign of the Returns
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Harvey and Shephard (1996) solved a similar identification issue by conditioning on the

signs of the returns. The following state space representation conditioning on return signs

is similar to theirs. The subscript ∗ indicates the use of the sign. The observation equation

conditioning on the signs of the returns is:

Yti =

 µψ∗,ti

−1.2704

+

−1 0

0 1

Xti−1 +

ψ∗,ti
ε∗,ti

 , (18)

where µψ∗ is the expected value of ln νti conditional on the signs of returns. We do not

have a closed-form solution for µψ∗ , but it can be pre-computed by simulation for all values

of ρ4. We also apply the same technique to the computation of σ2
ψ,∗. The state equation

conditioning on the signs of the returns is:

Xti = [I2 − expm(−Adi)]µ+ µΩ
∗,ti + expm(−Adi)Xti−1 + Ω∗,ti , (19)

where

µΩ
∗,ti = 0.7979 · Σζ,Ω

ti
(di)

−0.5 · sign(yi) with sign(yi) =


1 if yi is positive

−1 if yi is negative

.

The variance-covariance matrix of the innovation terms conditional on the signs of the

returns is:

Var


ψ∗,ti

ε∗,ti

Ω∗,ti

 =



σ2
ψ,∗,ti Σψ,ε

∗,ti 01×2

Σψ,ε
∗,ti σ2

ε,∗ Σε,Ω
∗,ti
′

02×1 Σε,Ω
∗,ti ΣΩ

∗,ti


4×4

, (20)

where

Σε,Ω
∗,ti = 1.1061 · Σζ,Ω

ti
(di)

−0.5 · sign(yi),

ΣΩ
∗,ti = ΣΩ

ti − µ
Ω
∗,tiµ

Ω
∗,ti
′
.
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Thus, the corresponding mappings to De Jong’s Kalman filter algorithm are:

Xtβ =

 µψ∗,ti

−1.2704

 , Zt =

−1 0

0 1

 ,
Wtβ = [I2 − expm(−Adi)]µ+ µΩ

∗,ti , Tt = expm(−Adi),

GtG
′
t =


σ2
ψ,∗,ti Σψ,ε

∗,ti

Σψ,ε
∗,ti σ2

ε


2×2

, GtH
′
t =


01×2

Σε,Ω
∗,ti
′


2×2

, HtH
′
t = ΣΩ

∗,ti .

3.5 Parameter Restrictions

Two parameter restrictions are imposed to ensure that the model is well defined. First, the

persistence matrix A has to be positive definite (PD). This is required by the stationarity

condition of the OU process. Second, the correlation matrix Γ has to be PD. A real square

matrix A is PD if and only if the sum of a symmetric part of (A+A′)/2 is PD.

3.6 Asymptotic Normality of QMLE Estimator

The QMLE estimator has a normal asymptotic distribution (see Hamilton, 1994, pp. 389):

√
T (θ̂ − θ0) ∼ N(0, I−1JI−1), (21)

where θ0 is the true value of the parameter vector and θ̂ denotes its QMLE estimator. And

J = IE0

[(
∂ lnL(θ0, y)

∂θ0

)(
∂ lnL(θ0, y)

∂θ′0

)]
,

I = −IE0

[
∂2 lnL(θ0, y)

∂θ0∂θ′0

]
.

16 of 35



Their sample equivalents are consistent estimators of the Fisher information matrix J and

the matrix I:

Ĵ =
1

T

T∑
t=1

(
∂ lnLt(θ)

∂θ

)(
∂ lnLt(θ)

∂θ′

)
,

Î = − 1

T

T∑
t=1

∂2 lnLt(θ)

∂θ∂θ′
.

4 Empirical Results

4.1 Data Description

In this section, we apply our model to tick-by-tick transaction price data. We analyze a

large liquid stock, Microsoft (ticker: MSFT), over the Jan. 16, 2012 to Feb. 15, 2012

period. We follow the data cleaning procedure described in Barndorff-Nielsen et al. (2009)

to process the original data. We first remove all trading records outside the 9:30 am -

4 pm EST window when the exchange is open. Second, we delete entries with corrected

trades, whose correction indicator is different from zero, as well as those with an abnormal

sale condition (where COND has a letter code other than ’E’ and ’F’). Third, if multiple

transactions have the same time stamp, we only keep one trade record with the volume-

weighted price.

Soon after the standard data cleaning procedure, market microstructure noise remains

a native feature of high-frequency data. Examples of microstructure noise include bid-ask

spread, discreteness of price changes, data recording error, and rounding effects. Hansen

and Lunde (2006) point out that auto-correlated market microstructure noise contami-

nates observed returns, which biases the realized variance at ultra-high frequencies. A

common treatment to mitigate microstructure noise in the realized volatility literature is

to employ a calendar-time (every n minutes) sampling scheme under the assumption of

observation times being exogenous. It is widely believed that the higher frequency of sam-

pling schemes, the smaller magnitude of the noise, the lower noise-to-signal ratio. However,
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an obvious drawback of the calendar-time sampling scheme is the complete loss of tempo-

ral information in the raw data. For the purpose of preserving temporal information and

simultaneously diminishing market microsctructure noise, we employ the tick-time (every

m trades) sampling scheme. Similar to the calendar-time sampling scheme, it combines

returns and durations of all trades contained in each m-trade interval. Fukasawa (2010)

proves that under the assumption of no rounding error and observation times being exoge-

nous, the tick-time sampling scheme provides an appropriate RV estimator asymptotically

converging to IV on price grids, including both transaction price grids and quote price

grids.
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Figure 2: Annualized Realized Volatility Signature Plot

Figure 2 depicts the volatility signature for different tick-time sampling frequencies. The

y-axis indicates the annualized square root of volatility. The x-axis refers to the sampling
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frequency by m-trade. One can observe that volatility starts to stabilize when sampling

frequency is above the 15-trade mark, indicating that the microstructure noise is sufficiently

diminished by aggregating individual returns at a frequency of 15 trades or higher. From

the estimation results in Table 2, we can see that the ’every 15 trades’ sampling scheme

leaves relatively too much microstructure noise, which results in our model being unable to

capture persistence (elements of the persistence matrix A are not statistically significant).

Taking all factors into account, we focus on the ’every 50 trades’ tick-time sampling scheme

for our empirical study.

4.2 Summary Statistics

Table 1 includes the descriptive statistics for the returns and durations over the 23 trading

days of our sample. The number in the column name indicates the sampling frequency used

for the analysis. For example, ’Return 50’ represents the return series where an observation

consists of the returns over 50 consecutive trades. The sample size of individual trades over

the period is T = 4, 393, 504, roughly 190,000 transactions per trading day. In the case of

the 50-trade frequency data, the sample size is T = 87, 753, approximately 3,800 per day.

The 50-trade sampling scheme still leaves a considerable sample size for estimation. We

observe positive skewness and large excess kurtosis from the single-trade data. The 50-trade

sampling scheme mitigates the issue. Both the return distribution and duration distribution

have heavier tails than a normal distribution. It is worth noting that autocorrelation for

the return series becomes negligible after order one in the single-trade frequency data set.

However, for the 50-trade frequency data set, the return series appears uncorrelated. The

duration series, on the other hand, shows increasing autocorrelation after being aggregated.
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Table 1: MSFT Tick Data Summary Statistics (1/16/2012 - 2/15/2012)

Return 1 Return 50 Duration 1 Duration 50

Obs. 4,393,504 87,753 4,393,504 87,753

Mean 0.000000 0.000002 0.436730 21.862079

Std. 0.00014 0.00032 1.03410 17.69725

Min -0.01265 -0.00445 0.00300 0.16600

Max 0.01269 0.00332 30.88000 159.08000

Median 0.00000 0.00000 0.03000 17.40400

Skewness 0.01893 -0.02774 4.94251 1.47790

Kurtosis 94.446 7.741 41.910 6.014

ACF(1) -0.37329 -0.04921 0.23906 0.48345

ACF(2) -0.05921 0.01390 0.19626 0.38865

ACF(3) -0.01881 0.00182 0.16909 0.36563

ACF(4) -0.00624 0.00578 0.15169 0.35625

ACF(5) -0.00300 -0.01215 0.13832 0.35701

4.3 Diurnal Pattern

The diurnal pattern is a stylized feature of high-frequency financial data regarding volatility

(see Andersen and Bollerslev, 1997) and trade intensity (see Engle and Russell, 1998).

Traders have a tendency to trade more frequently near the opening of the market due

to the overnight effect as well as near the closing time, and less frequently in the middle

of the day. The more frequent trading at the beginning and end of the day generates

higher volatility and a lower duration. Hence, it is important to remove diurnal patterns

to have a correctly specified model. The simplest way to filter out this seasonality effect is

to apply a deterministic function of time as the filter to the original return and duration
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data. Equation (22) denotes the diurnal-pattern-filtered returns and durations:

y∗i = yi/
√
gdigvi−1

d∗i = di/gdi (22)

where y∗i and d∗i are the adjusted duration and return respectively. gdi and gvi are the

diurnal effects of duration and volatility at time ti respectively. To obtain the function

for gdi , we use the Nadaraya-Watson kernel estimator with a Gaussian kernel on the five-

minute average durations in 2012 (up to the end of April in 2012) to generate the diurnal

effect gdi . We have the same nonparametric kernel estimator applied to the average five-

minute realized volatility in 2012 for gvi (see Campbell et al., 1997, p. 547-548). The

diurnal pattern gdi (panel a) and gvi (panel b) are plotted in Figure 3.
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Figure 3: Diurnal Pattern Plots

4.4 Estimation Results

Our return and duration model is fitted to the deseasonalized return and duration data.

To ensure that the logarithm of squared returns is well defined, we add a tiny number

10−4 to those returns identically equal to zero. The aforementioned estimation procedure
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is developed for intraday estimation. To estimate the intra-day volatility for multiple days,

we first calculate the likelihood of each individual day. We then maximize the sum of the

daily log-likelihoods. Table 2 presents the estimation results from four different sampling

frequency-by-trade schemes. The associated standard errors are shown in adjacent columns

(see Hamilton, 1994, p.389).

Table 2: Estimation Results for MSFT Tick Data

Individual Trade 15-Trade 50-Trade 100-Trade

Parameters Estimates S.E. Estimates S.E. Estimates S.E. Estimates S.E.

A11 0.53684 0.00001 0.00436 0.07959 0.04870 0.00945 0.02334 0.01364

A12 -0.10675 0.00000 0.00594 0.01613 0.00146 0.00008 0.00057 0.00022

A21 -0.99974 0.00001 0.07056 0.16153 0.08886 0.02794 0.02632 0.00033

A22 18.23772 0.00002 0.33592 0.43609 0.04188 0.00199 0.00774 0.00000

σd 0.71824 0.00001 0.08642 0.06885 0.03791 0.01206 0.02983 0.00502

σv 56.51033 0.00001 4.79010 0.21194 1.35651 0.02616 0.49807 0.00925

µd 0.82357 0.00000 -2.34626 0.00788 -3.55998 0.03922 -4.28808 0.01232

µv -15.01144 0.00002 -12.49792 0.33589 -12.09036 0.02097 -11.88744 0.00971

ρ1 0.05720 0.00002 0.05296 0.38421 0.11060 0.02398 0.07236 0.01517

ρ2 0.01046 0.00001 0.01360 0.20994 -0.04573 0.00545 -0.12913 0.01153

ρ3 -0.43701 0.00001 0.97416 0.79751 0.98770 0.00814 0.97939 0.01232

ρ4 -0.03252 0.00000 0.01513 0.16580 0.07309 0.01551 0.11891 0.02785

First, the persistence of the OU process is measured by expm(−Ad). Larger values of A

indicates less persistence in logarithmic intensity and logarithmic latent volatility. As the

sampling frequency increases, all elements in the transition matrix A get smaller, and one

observes a slowly decaying, persistent time path of the process. It is consistent with the

common belief that volatility or trading intensity does not fluctuate dramatically within one

trading day. This also supports the expectation that a lower sampling frequency mitigates

the microstructure noise effect. Second, an interesting finding is that for the single trade

data case, A22 is estimated above 18, indicating a highly impersistent path for lnσ2
t . Third,
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since ρ2 stands for the correlation between price and trading intensity, it is expected to

be negative due to the leverage effect. The parameter ρ2 is estimated as positive by lower

frequency sampling schemes. Fourth, when employing a 15-trade sampling scheme, many

parameters are statistically insignificant. All parameters are statistically significant for

the case of 50-trade and 100-trade sampling schemes. Most importantly, as expected, the

time endogeneity effect, captured by ρ4, becomes more and more prominent changing from

-3.3% to 11%, as sampling frequency decreases. This indicates that the empirical evidence

strongly supports the existence of the endogenous time effect. For the 50-trade case, ρ4 is

0.07, large enough to cause substantial inconsistency for the Realized Volatility and minor

bias for the Realized Kernel estimator based on the Monte Carlo experiment showed in the

next section.

4.5 Forecast

To demonstrate the forecasting accuracy performance of our model, we compare our model

with a parsimonious AR(1) model. We next generate five intra-day volatility predictors

from both models. To evaluate the forecasts, we choose the loss function family proposed

in Patton (2011) to implement Diebold and Mariano (1995) and West (1996) (henceforth

DMW) tests. Four volatility proxies are selected as benchmarks for the tests: the intra-day

RK estimator, the daily squared return, the RV5min, and the RV15min. The null hypothesis

of the DMW test is that the two models have the equivalent predictive accuracy. The loss

function family suggested in Patton (2011) is given by:

L(σ̂2, h; b) =


σ̂2b+4−hb+2

(b+1)(b+2) −
σ̂2−h
b+1 · h

b+1 for b /∈ {−1,−2}

h− σ̂2 + σ̂2 log σ̂2

h for b = −1

σ̂2

h − log σ̂2

h − 1 for b = −2.

, (23)

where an individual benchmark is denoted as h. σ̂2 refers to the volatility proxy generated

by a candidate model. The loss function family nests two of the most widely used loss
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functions in the volatility forecasting literature: the mean squared error (MSE) loss and

the quasi-likelihood (QLIKE) loss in the volatility forecasting literature. Up to additive

and multiplicative constants, when b = 0 the loss function becomes MSE loss: L(σ̂2, h) =

(σ̂2−h)2. The loss function becomes the QLIKE loss when b = −2. The particular interest

in MSE and QLIKE loss functions is due to their robustness to noise in the volatility

proxy. Furthermore, Patton and Sheppard (2009) pointed out that using QLIKE functions

provides higher power to reject inferior estimators than MSE. However, notice that to apply

the theory, the volatility proxy must be conditionally unbiased, while the forecasts do not

have to be unbiased. In the case of time endogeneity, all of the volatility proxies that are

applied in this test are not conditionally unbiased. The task remains for us to find the

conditionally unbiased volatility proxies to properly employ the Patton (2011) loss function

in the case of time endogeneity. One natural nonparametric candidate can be developed

from Li et al. (2014). We leave this for future work.

For the forecasting exercise, we calculate 82 intra-day RK, daily squared return, RV5min,

and RV15min as the benchmarks based on MSFT data from Jan. 3rd to April 30th, 2012.

We use the parameter values in Table 2 to simulate out-of-sample 5-day horizon ÎV as the

volatility forecasts from our model. To produce forecasts of the alternative AR(1) model,

R̂V5min, we use 77 in-sample RV5min as training data. A t-statistic greater than 1.96 (the

critical value for the 5% significance level) in absolute value indicates the rejection of the

null of equal predictive ability. A positive t-statistic indicates that the test favors our

model.

Table 3 reveals several important findings. First, both MSE loss and QLIKE loss reach

the same testing results. Second, the two models are statistically significantly different in

three cases of benchmarks: daily squared return, RV5min, and RV15min. Only in the daily

squared return case, our model significantly outperforms the AR(1) model. It falls within

our expectation that our model is beaten by the AR(1) model in the latter two cases.

Because the training data used by AR(1) is RV5min. A third interesting finding is that, in
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the Realized Kernel case, although the test fails to reject the null hypothesis, the test still

favors our model. From the simulation study in Section 5 we know that RK has a smaller

bias from IV than RV when time is endogenous. Hence the result preferring our model is

in line with the expectation of our model having a superior forecasting accuracy.

Table 3: Comparison of proposed model and AR(1) model forecasts

Loss Function Realized Kernel Daily Squared Return 5-min RV 15-min RV

b = 1 1.12 2.84 -12.79 -12.79

b = 0 (MSE) 1.23 2.82 -12.18 -12.00

b = −1 1.27 2.76 -11.53 -11.19

b = −2 (QLIKE) 1.11 2.60 -9.85 -9.93

b = −5 -0.57 0.56 -2.01 -2.23

It is easy for our model to beat an AR(1) model, since it is the simplest model capturing

the time-varying intra-day volatility. As future work, we will compare our model with

more sophisticated models, e.g., an univariate autoregressive fractionally integrated moving

average (ARFIMA) model (see Andersen and Bollerslev, 2003) or a popular heterogeneous

autoregressive (HAR) forecasting model proposed by Corsi (2009). The ARFIMA model

is effective in empirical modeling long memory features are present in the log-realized

volatility. It will be interesting to see if our modeling would beat ARFIMA model when

taking the endogenous time effect into account. The HAR model is a AR-type model

with the feature of capturing its long memory properties. HAR model has been proven

successful in various volatility forecasting applications.

5 Simulation Study

In this section, we illustrate the time endogeneity effect through simulations. The param-

eter values in Table 4 are used to carry out one particular simulation experiment. In each
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simulation case, we independently generate 5,000 imaginary trading days. On each day, we

simulated transactions for a total duration of 23,400 seconds. The U.S. stock market opens

at 9:30 am and closes at 4 pm: a total of 6.5 hours, or 23,400 seconds. Our simulation fully

mimics the real stock market operation. Notice that, in this particular case, we introduce

time endogeneity by setting ρ4 = 0.2.

Table 4: Simulation Parameter Values

Parameters Values Parameters Values Parameters Values

ρ1 0.8 a11 0.0034 µ1 -1

ρ2 0 a12 -0.0008 µ2 -8.8

ρ3 0 a21 -0.0063 σ1 0.02

ρ4 0.2 a22 0.0037 σ2 0.02

Figure 4, panel (a) shows the price return dynamics in one specific trading day from

our simulation case. Each vertical line indicates the change of the logarithmic price of

one individual transaction, varying from -0.05% to 0.25%. Figure 4, panel (b) displays the

trade durations from the same trading day as panel (a). One can observe that the durations

between trades generated from our model are not constant, varying from 1 second to 25

seconds. This fits the real trading data for a stock with average liquidity.
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Figure 4: Model Simulation Plots
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Figure 5: Latent Variables Evolution in the OU Process

Figure 5 depicts the trajectory of two latent variables: lnλti and lnσ2
ti during the same

trading day. One can see that the OU process keeps these two variates fluctuating around

an imaginary straight path, demonstrating its mean-reverting feature. Additionally, one

can observe that the two individual paths have similar patterns. Peaks and dips tend to
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occur at the same place. In fact, the persistence of these two latent variables is driven by

the coefficient matrix A in equation (4). If one changes the values of A, the OU process

could generate other types of behaviors, e.g., the latent dynamics could evolve in opposite

directions.
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Figure 6: Volatility Proxy Performance Plots

Figure 6 displays the volatility analysis for all trading days from the simulation case.

The IV histogram summarizes the spreads of all integrated volatility from 5000 iterations,

centering around 4. The RK histogram plot (panel (1,2)) is beside IV’s. As mentioned in

the introduction section, RK is the best estimator of IV under the assumption that duration

is exogenous. We can see that although the differences between IV and RK do not center
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around zero, the magnitude of deviation is substantially smaller than the one created by

RV5min. This is direct evidence that RK is a better estimator than the commonly used

RV5min. Moreover, the simulation evidence proves that even the best estimator becomes

a biased estimator in the case of time endogeneity. The tricity plot is interesting as well.

It supports the theoretical finding of Li et al. (2014) that when time endogeneity effects

exist, the source of estimation bias is from non-zero tricity. The last plot is the re-scaled

tricity. In fact, Li et al. (2014) suggests that
√
N · Tricity contributes to the bias in the

RV.
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Figure 7: Tricity Deviation from Zero and Dispersion as Time Endogeneity Effect Grows

Figure 7 demonstrates the shape variations of Tricity spreads under the different values

of ρ4 when holding all other parameters fixed. Noticeably, the larger ρ4, the further tricity
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deviates away from zero and the greater variance it has. Hence, Figure 6 and Figure 7 di-

rectly support the point that our parametric model has the power of capturing endogenous

time effects.

6 Conclusion

Li et al. (2014) define time endogeneity as a situation in which randomness in observa-

tion time matters because it implies a nonzero limit for tricity. Under the assumption of

time being endogenous, conventional volatility proxies, e.g., Realized Kernel and Realized

Volatility, become asymptotically biased estimators. This paper introduces a model for

irregularly spaced returns when durations are endogenous. The model contains a bivariate

Ornstein-Uhlenbeck (OU) process that jointly models equity latent volatility and trading

intensity. Together with two other processes of trading prices and durations, the time

endogeneity is captured by our model. The mode has a linear state space representation.

Hence, we implement QMLE along with the sign conditions. We filter the volatility with

the Kalman filter to achieve an asymptotically unbiased volatility estimator when observa-

tion times are endogenous. Finally, our model demonstrates impressive prediction power

through forecast accuracy tests.
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