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Velocity

Definitions

The particle A travels from position Ra to position R‘,& along an arbitrary

curved path over small time increment At

R’A = ﬁA + AR‘A
Total change in position
AR =R\ — Ra

Average velocity

= AﬁA
Vi =
AT AT
Instantaneous velocit_y .
v | ARa dRa
AT AtI:AO At dt

Notes:

° V4 applies to a specific point.

(1)

(2)

(3)

(4)

°* Vy depends on the motion of the observer and the observer's reference

coordinate system.

® V), is an absolute velocity only if the observer's coordinate system is

stationary.
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Angular Velocity

The rigid body changes position and orientation from PQ to P'Q’ over time

increment At.

® The rigid body undergoes general
planar motion.

® Translation of AﬁQ from PQ to
P* Q*
® Rotation of Af from P*Q* to
P/Q/
® Throughout At, an observer in the
moving x2y» coordinate system will
observe no motion of Q.

® The magnitude of the angular
velocity is

A0 df

@l =imae = ©
where & is directed along the axis

of rotation and positive CCW.

B

General planar motion (translation and rotation).
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Velocity Difference
Consider the following derivation:

AR
sin <ﬁ> = ca (6)
2 Re/q

Therefore,

. (A0
ARP/Q = 2RP/Q sin <7> (7)

For small angles (i.e., small At)

sin (%) ~ % = ARp;q = Rp/oA0
(8)
Then,
o] = gim, “52 = (fim, 3¢ ) Fora=soe )

Noting that & L ﬁP/Q and \7,:/@ 1 ﬁp/o, vector notation can be used to write
the velocity difference vector as

‘7P/Q R ﬁp/Q (10)

0000000000000 0000O00O0O00O000000000000
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For two points, P and Q, on a rigid body, the velocity difference vector states

Ve =@ x Req (11)
The position difference equation states
ARp = ARq + ARp/q (12)
For small At . - .
lim ARe _ iy ARe i ARe/q (13)

At—0 At A0 At At—0 At

This is the velocity difference equation
\7,0 = \7Q + \7P/Q (14)

Notes:
® Equation 14 can be applied to any pair of points

® Equation 11 makes sense only when applied to a pair of points on the
same rigid body.

® Equations 14 and 11 can be combined for points on the same rigid body

\7;: = \7Q + @ x ﬁP/Q (15)



Definitions  Velocity Polygons Relative Linear Velocity Relative Angular Velocity
0000 ©0000000000000000 OO 000000000

Velocity Polygons

Standard Velocity Polygon

Instantaneous Centres

0000000000000 0000O00O0O00O000000000000

The velocities of points A and B on the unconstrained rigid body ABC are
known to be Vi and Vi respectively. The objective is to determine the angular

velocity & and V.

® The velocity difference equation
can be written as

\/_\/ \/_\‘/ 00
Vi = Vg + VA/B (16)
\73 = \7,4 + \73/,4 (17)

® Choose a scale.

e Draw Vj and Vs from a common
origin.

® Obtain VA/B (magnitude and
direction) by solving Equation 16
graphically

A Vs

St

oy
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® The angular velocity is determined

from application of the velocity % Vis
difference vector.
- - A
Vajg = & X Ras (18) Oy ’
| VA/B | = UJRA/B (19)
| Vays |
w = —— (20
Ras (20)

® The direction of & is obtained by
inspecting the direction of Vj,5
and considering the RH rule.
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To obtain Ve, use the velocity
difference equation

o VY oY VY ey
Ve=Va+ Vca=Ve+ Vs
(21)
-Note that the directions of \7C/A
and \75/5 are known to be
perpendicular to R;C/A and I-:\”C/B
respectively.

To find V¢, we can continue in one
of two ways:
1. By calculating the velocity
difference magnitude
® Calculate |\7C/A| = wRcya or
[Vc/el = wReys
vy
® Complete the polygon for V 4
vy vy
and V ¢ 4 (or V g and
vy oo
V ¢/B) to obtain V¢
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2. By using the directions of the velocity differences exclusively
® From the graphical solution to Equation 21 which states

Loy L vy ey L vy
Ve =Vcja(LtoResa)+ V a=V g (LtoRe/g)+ Vg (22)

Dir of VC/A

Dir of chv B
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Enhanced Velocity Polygon
Consider the construction of an enhanced velocity polygon

® Choose an appropriate scale and
point Oy for the origin.
® Draw \7A and \73 from Oy with
termini labeled as A and B.
® Proceed as with the standard
velocity polygon above.
The enhanced velocity polygon can be
interpreted as follows:

Dir of RB/C

® Oy is the velocity image of the H
fixed link and all points with zero
absolute velocity. B|  velocity image of link

® The absolute velocity of any point
on the velocity polygon is B
represented by a line from Oy to
the image of the point. C

Dir of RA/C

® The velocity difference vector
between any two points is Oy A
represented by the line between the
image of the two points.
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Characteristics of a velocity image are:
® The velocity image of a link has a shape similar to the link with a scale
factor equal to w of that link (e.g.,
Vg a = wRg/a;Ve/a = wRc/a;Ve/c = wRg/c).
® The velocity image of a translating link is a single point in the velocity
polygon.
® The velocity image of a link is rotated 90 deg in the direction of &.

® The velocity image concept can be used to obtain Ve very quickly as
follows:

® Obtain Oy A and Oy B.
® Construct ABC on the velocity polygon by means of angles o and 3.

® Read V¢ as Oy C (after appropriate scaling).
DirofR,B/C
B Velocity image of link

ﬂ Dir (’fE/C

A
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Example 6.1: Graphical Solution

Four-bar linkage

A four-bar linkage is shown schematically below. It is required to find \75, \7,:,
@3, and Wy for the case where &> = 900 rpm ccw.

Solution:
Loop closure equation

VB/A + \7C/B + \70/c + \7A/D =0
~—— —— ——

Vg ~Vesp 0
——
—Ve
2% oV o/

\73+ VC/B: \75

J J.Uicker. Theory of Machines and Mechanisms. Oxford University
Press Inc., New York, New York, United States, 3rd edition, 2003.
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® w, = (900 rev/min)(27 rad/rev)(1l min/60 sec) = 94.2 rad/s ccw
o Vi = VatViu = @2 xRa/a = (94.2rad/s)(4/12 ft) = 31.4 ft /s /210 deg

[ )
o VoV VY oV
Ve=Vg + Vc/8=Vb + Vc,p
0
Ve = )75/)(4- \7C/D
[ ]

VC/B =384 ft/S; VC = VC/D =45.6 ft/S

10Ft/s
——

velocity scaole

o, A

Lto Ry

J J.Uicker. Theory of Machines and Mechanisms. Oxford University
Press Inc., New York, New York, United States, 3rd edition, 2003.
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® Then,
- - Vess 38 4
Veig =ws X Reyp = w3 = /B — 222 _ 25,6 rad/s cow
Rec/e B
- - Ve/p 45 5
Veip =wia X Reyp = wa = / —5— = 49.6 rad/s ccw
Reyp 2

oo VYV oV VY oV
Ve=Vp + VE/B Ve + VE/C

\75 =27.6 ft/S

c Lto Rye
Ve
E
0, A 5
D
B¢ lto B J J.Uicker. Theory of Machines and Mechanisms. Oxford University
c/E

Press Inc., New York, New York, United States, 3rd edition, 2003.

Note that an alternative approach, in this case, would have been to construct
A CEB similar to link BEC.
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® Similarly, V& = 31.8 ft/s

J J.Uicker. Theory of Machines and Mechanisms. Oxford University
Press Inc., New York, New York, United States, 3rd edition, 2003.
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Example 6.1: Analytic Solution

® Using the position analysis techniques from Lecture Slide Set 5 and using
the laws of cosines and sines we find that for the given link lengths and
input angle of ¢ = 120° that the orientations of lines BC and DC on links
3 and 4, relative to the xj-axis are

¥3 = 20.92°
Ys = 64.05°
The relative position vectors are
Rgja = 4in /120° = —27+ 3.46] in
Reys = 18in £20.92° = 16.817 + 6.43] in N et
Rep = 1lin /64.05° = 4.817 +9.89] in {ﬁz'
Rp/a = 10in £0° = 10/ +0jin L_:w“* T
Re)g = 10.77in Z —0.88° = 10.77/ — 0.17] in

Reyp = 7.62in /40.85° = 5.76/ + 4.98] in
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® Calculate the angular velocity of link 2 in rad/s

0000000000000 00OO000OO000O0O0000000000
rev rad 1 min

w = (900—,) 2124
min

= 042
oy 50 5 ) 94.25 rad/s ccw

® Calculate Vi after converting units of inches to feet and noting that point
A is relatively fixed

—

0
Ve )/A4+ V/a = W2 X Rgya

—27.217 — 15.74] ft /s = 31.42 ft/s £/210°
F

Pose diagram

Velocity polygon
[} = =

DA
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® The velocity of point C can be expressed as

oy v ey Aoy
Ve = Ve+ Ve = )/L{-G- Ve
= \73—1—(33)(/‘?5/3 = 54XﬁC/D-

(23)

F

Zy

Pose diagram

Velocity polygon
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® Substituting the vector elements of ﬁC/B, R'C/D, and Vg into
inches to feet

~27.21ftfs | | [ ~0541t
—15.74 ft /s

0000000000000 0000O00000000000000000
Equation (23) yields the following vector equation after converting units of

[ o821t
1406 |93 T

0.40 ft } e
® Solving the two vector element equations simultaneously yields the angular
velocities of links 3 and 4

w3 = 25.28 rad/s (ccw),

ws = 49.51 rad/s (ccw)
F

Zy
Pose diagram

Velocity polygon

m]

=
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® The velocities of points E and F can be determined using the relative
velocity equations choosing points B and D as the relative points:
Ve = Ve+ Vg

VE

= \75 + W3 X R;E/B, and
0
= )%(—F Wa X ﬁF/D-
Ve

Vb + Ve/p
® This yields the desired velocities after units of inches are converted to feet

—26.867 4 7.07; ft /s
Ve —20.55/ 4 23.76] ft/s

27.77 ft /s £165.25°, and

31.41 f}/s /130.85°.

Pose diagram

Velocity polygon
[} = =
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Relative (Apparent) Linear Velocity of a Point

Often it is easier to work with the
velocity of a point constrained to
move on a path on a moving body
relative to another point which
remains stationary on the moving
link rather than the absolute
velocity of the point.

Consider the schematic illustration.

Point @ moves with the slotted
plate (link 2) but does not move
with respect to the plate.

Points P and Q are initially
coincident.

Point P is on link 3, but is

constrained to move in the slot on
link 2.
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During a short time interval At
® xoy» moves to X}y,
® Pin P (attached to Link 3)
moves relative to Link 2 along a
known constrained path in Link 2
(the slot).
Q is initially coincident with P, but
attached to Link 2.

ARp is the absolute displacement
of Pin P as observed by a stationary
observer (SO) attached to xiy1.

Aﬁ@ is the absolute displacement
of the coincident point Q as
observed by the SO.

AﬁP/Q is the relative (apparent)
displacement of Pin P as observed
by a moving observer (MO)
attached to x2y».
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Relative Linear Velocity Rel

By the relative displacement equation
Aﬁp = AR‘Q —+ Aﬁp/Q

Dividing by At and taking the limit as At — 0, results in the relative velocity
of P with respect to Link 2

Ve = \70 + \7P/Q

Note that for the MO in x2y», during the small
At, i.e., small Ag:

- . ARpjq
Verq = Alimo At
AEP/Q As

= lim

At—0  As At

dﬁp/Q ) ds _ dSE»
ds dt dt
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for VP/Q:

® The direction of the relative velocity is
always known and it is tangent to the
known path of P in Link 2.

® The magnitude of the relative velocity is
equal to the relative speed with which
Point P moves along the path.
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Relative (Apparent) Angular Velocity

The two bodies, i and j, have angular
displacement relative to each other:

w; is the angular velocity of
Body i;

«; is the angular velocity of

Body j; and

Wjs; is the apparent angular
velocity (the angular
velocity of Body i with
respect to Body ).

To an observer attached to Body j and
rotating with it
Gij = Wi — &j (24)

= Wi Z(ﬂj-i-df,-/j (25)
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Example 6.2

Given: The scotch yoke mechanism as shown where w; is known
Determine: A complete velocity analysis of the mechanism

+VA/o =ws X RA/O

‘ \7A |: UJQRA/O 1 to OA
o/ Vv oV
VQ: Vi + VQ/A

-
[
o
o
%
(|
EN

JJ. Ulcker Theory of Machines and Mechanisms. Oxford
v York, New York, United States, 3rd
«dition, 2003.
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Example 6.3
An inversion of the slider-crank mechanism is shown. Link 2 is driven at an
angular velocity of 36 rad/s cw. It is required to find ws. and the velocity of
the slider along link 4.

¥

e i
Pathof Ay |
on link 4

R <

J J.Uicker. Theory of Machines and Mechanisms. Oxford University Press Inc., New York, New York, United States, 3rd edition, 2003.

® B is defined to be a point attached to Link 3.
® Q is defined to be a point that is coincident with B but on Link 4.
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[ele]o] lelelele]
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® Velocity difference between A and E
Va = Ve + Vae = @2 x Raje = (36 rad/s)(3/12 ft) = 9 ft/s | Ra/e

® Apparent velocity between B and Q
Ve = Vo + Vi o= Vo +Vo0+ Vi
B Q B/Q D Q/D B/Q
0
e V3 can also be written using the velocity difference between B and A

Vs = \7A + \73/A = Ve +\7A/E + \75/A
~~

0
® Combining the two expressions for Vg:
WV o/ oV
Vase + Veja=Vo/p + Vg
F
it 4
Pathof A ~
— v . . on link 4
® Vg4 and Vj/q have the same direction, C
= E A=k
%) ]
therefore 2] - i _"ib
\/\/ O\/ O\/ O\/ J J.Uicker. Theory of Machines and Mechanisms. Oxford
University Press Inc., New York, New York, United
States, 3rd edition, 2003.

\7A/E +(\73/A - \73/0) =\7Q/D
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® Solving the equation graphically results in
|Vao/p| = 7.3 ft/s

%
/e 3 7.55 rad/s ccw

T Rojp  11.6/12

® To complete the velocity image, note that since Link 3 is always L to Link

4, b3 = W4 = 7.55 rad/s ccw. Then,
Vg, a = (7.55 rad/s)(2/12 ft) = 1.26 ft/s. This information can then be

used to locate Point B.

o
7
)
Lfer T
Path of A
on link 4

J J.Uicker. Theory of Machines and Mechanisms. Oxford University
Press Inc., New York, New York, United States, 3rd edition, 2003.

//'to CF, 1 to AB
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Example 6.4

Direct Contact Problem
Consider the cam and follower arrangement shown.

® P is defined as a point on Link 3 and located at the point of contact.
® Q is defined as a point on Link 2 (the cam) coincident with Point P.
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® The apparent velocity expression is written between points P and Q

\7P = \7Q =+ \7p/Q

® Rearrange and split into components normal and tangential to the line of

sliding contact
(Vera), = (V)= (V),

(Vera), = (%), (Va),

A /Q) = 0 (to avoid separation/interference of links)

\7p/Q : o n
(Vero),

VP/QI \7p— \7@2

where

sliding velocity (also zero if no sliding)



Definitions Velocity Polygons Relative Linear Velocity Relative Angular Velocity Instantaneous Centres
0000 0000000000000 0000 0000 000000080 0000000000000 0000O00000000000000000

o |f (VP/Q) = 0, then there is no slipping (i.e., minimal wear). This leads
t

to rolling contact. In this case, the rolling contact condition can be
expressed

. L VYN e oY
VP/Q =Vp—Vp=0=Vp=Vp=Vc + Vp/(_‘
\7P/C = w3
And on link 4 by:

0
Ve = )75-5- \76/3 = \7C/B

Ve = wa
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Summary of Velocity Equations

Points are Coincident Separated
On same body Trivial Case: Ve/ocity Difference:
Ve = Vo VP—VQ+VP/Q

VP/Q = wijp/Q

On different bodies

Apparent Ve/ocity:
VP = VP + VP,/j
where path P;i,; is known

Pure Rolling Contact
VP:‘ = ij and \7p,. i = 0

Too general: use two steps.
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Instantaneous Centres of Velocity

Definitions
Instantaneous centres of velocity (ICV) are defined as:

1. The instantaneous coincident location of two different points located on
two different rigid bodies in general relative plane motion where the
absolute velocities of the two different points are instantaneously
identical.

2. It can also be the instantaneously coincident location of a pair of points
on two different rigid bodies where the relative velocity of the two points
is instantaneously zero.

3. A point on one rigid body about which some other rigid body is rotating
at the instant being considered.

® The property of being an ICV is only valid at the instant in time being
considered.
® A new pair of coincident points becomes the ICV at the next instant.

® The ICVs lie on well defined curves, called centrodes, as the motions occur
over time.
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e Linear Velocity Relati

Locating an ICV for a Moving and Fixed Rigid Body Pair

Consider rigid body 2 at the
instant shown moving relative to
fixed rigid body 1 where points A
and B have velocities V4 and V.
Construct a line segment from the
tail of \7A perpendicular to the
direction of V.

Construct another line segment
from the tail of Vi perpendicular
to the direction of V3.

The intersection of these two line
segments, labelled P12, is the ICV
between link 2 and the fixed rigid 0, zi
body, link 1.

The order of the indices is not
important: P = Po.
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ICV for a Moving and Fixed Rigid Body Pair

VA

Xy

Determination of ICVs



Computing the Location of an ICV

® |f the angular velocity of link 2
were known relative to link 1, then
P11 is the instantaneous centre of
w2, and the velocity of every point
on link 2 can be computed.

® We can abstractly consider point
P1, to be a coincident point
located on both links 1 and 2.

® The relative position vector from
P12 to any point on link 2
expressed in the coordinate system
attached to link 1, let's say point
A, is given by
= (32 X \7A
R = ——=
A/ P12 wg
® Of course, we need to know the
velocity of point A, V4, and the
angular velocity of link 2, &.

gular Velocit,

Instantaneous Centres
000@000000000000000O0O00O000000000000
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Aronhold-Kennedy Theorem of Three Centres

® |CVs are labelled Pj where i and j are the labels of the two links for which
the particular ICV applies.

* Pj=Pj

The number of ICVs N that exist for an n-link mechanism is given by

_n(n—1)
N= R (26)

® The Aronhold-Kennedy theorem states
that the three ICVs shared by three
rigid bodies in relative motion to one
another all lie on the same straight
line. This is proved by contradiction;
any two coincident points P and Q
that are not on the line P3P13 cannot
be an ICV because Vp #* VQ

The Aronhold-Kennedy theorem was discovered independently by Siegfried
Heinrich Aronhold (a German mathematician) in 1872 and by Alexander
Blackie William Kennedy (an English civil and electrical engineer) in 1886.

It is often called the Kennedy theorem, but Kennedy was second to the
show, so that is just not right!
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The Kennedy circle method, combined with Aronhold-Kennedy's theorem,
is used to determine all possible ICVs in a mechanism.

R-joint centres are ICVs that can always be identified by inspection.
These are called primary ICVs.

ICVs that are determined by the Aronhold-Kennedy theorem are called
secondary ICVs.

For a planar four link mechanism, links 1, 2, 3, 4 can be grouped in four
distinct sets of three, each set defining a distinct line of three ICVs

1+2+3 P2, P23, Pi3
1+2+4 N P12, Pas, Pua
1+3+4 P13, Pz, Pu

2+3+4 Py, Pz, Py
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Example 6.5

Kennedy Circle

Consider the four-bar linkage shown.
Locate all ICVs. 4 )

Solution:
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Examples of Finding ICVs
Direct Contact with Sliding

connen tangent

® The ICV must lie along a line e
perpendicular to the sliding
direction

® Apply Kennedy's theorem

Rolling Contact

® Point of rolling without slipping is
an ICV

nb slipping



Sliding Pair (P-Pair)

N = 4(42—1) -6

The R-pair ICVs are easily located

P24 is on a line L to the
instantaneous direction of sliding
containing Pp3

P13 is where the centreline of link 2
intersects a line L to the
instantaneous direction of sliding
containing Pia

P34 is on a line L to the
instantaneous direction of sliding
with |R| = occ.

Note that Ps4 is the intersection of
the parallel lines containing P13 and
P14, as well as Py3 and Py

Instantaneous Centres
0000000 0e@00000000000O00000000000000
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Example 6.6
Locate all the instant centres of the mechanism shown assuming rolling contact
between links 1 and 2.

® The instant centres P13, P34 and Pis, being
pinned joints, are located by inspection.

® Pi, is located at the point of rolling
contact.

® The instant centre Pos may be noticed by
the fact that this is the centre of the
apparent rotation between links 2 and 4

® Py3 and P14 can be found using the
Aronhold-Kennedy theorem.

® One line for the instant centre Pos comes
from noticing the direction of slipping
between links 2 and 5.

® The other comes from the line P15 Pis. J J.Uicker. Theory of Machines and Mechanisms. Oxford University
Press Inc., New York, New York, United States, 3rd edition, 2003

® After these, all other instant centres can
be found by repeated application the
Aronhold-Kennedy theorem.
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Velocity Analysis using ICVs Algorithm Steps

1. Identify the three link numbers that correspond to the given velocity, the
unknown velocity of interest, and the reference link (usually the fixed
ground link since absolute velocities are usually specified and requested).

2. ldentify the three ICVs associated with the links identified in the previous
step.

3. Determine the velocity of the common ICV by considering it as a point on
the link whose velocity is given.

4. Using the velocity of the common ICV just determined, consider the
common ICV as a point on the link with the unknown velocity and
compute the velocity of the desired point.
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Example 6.7
Slider mechanism with hidden links

Consider the mechanism shown that includes an enclosed housing with
unknown internal configuration. At the instant shown, the location of ICV Pas
is known as well as Ve = 10 m/s. Determine the angular velocity &, using
instant centres.

T =

250 mm “._ Llne of Centers

PES
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Solution:

® Since we are given \7c5/1 and we are looking for ¢, /1, we need ICVs
associated with links 1, 2, and 5; P12, P15 and Pas.

® Py, is easily identified; Pos is given; therefore we need Pis. Consider using
the circle method as shown.

® From the diagram it is apparent that we could obtain Pis if we knew Pig
and Pse. Psg is known from inspection and Pig must be located at infinity
1 to Vc due to sliding contact between links 1 and 6.

® Aronhold-Kennedy's theorem locates Pis as being at the intersection of
lines P12 Pos and PigPs¢. =—> Pi5 is located at infinity.

(o]
oy
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® Since Pi5 is at infinity, link 5 must be in pure translation (i.e., ws = 0).
Therefore, Vpas = Vpsg = Ve = 10 m/s.

® Next, consider Pps as a point on link 2:

Vb, = Wa X RP25/P12

Therefore

Vp25 10 m/s
Wy = =

= = =40 rad/s ccw
Rpas/p12 0.25 /

FiE
Ve
B 7
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The Angular Velocity Ratio Theorem

In the figure below, P4 is the instant centre common to links 2 and 4. lts

absolute velocity \_/’p24 is the same whether Py is considered as a point of link 2
or of link 4. Considering it each way, we can write

\7P24 = Wa/1 X §P24/P12 = Way1 X ﬁPZA/PIA (27)

Considering the magnitudes only, we can rearrange the equation to read

. -
Wa/1 RP24/P12

- (28)
wa2/1 Rpai/Pua
The angular velocity ratio theorem states that the angular velocity ratio of any
two bodies in planar motion with respect to a third body is inversely
proportional to the distances between the associated ICVs along the line of

centres.
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Generalised Velocity Ratio Theorem

® Nouns concerning joint centres are arbitrary.

Let's restate and generalise the velocity ratio theorem, also known as
Freudenstein's theorem, in terms of the algebraic 10 equations.

Because the link directed line segments (length vectors) are labelled a1, a2,
az, and as, the ICVs must also be relabelled as in the figure.

\/
A B,
/N

/
\

\B,

®
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Generalised Velocity Ratio Theorem
Recall the six algebraic 10 equations for a planar 4R linkage:

AVEVZ + Bv? 4+ Cv} — 8arasviva + D = 0, (29)

where A=AA = (a1 —a— a3+ as)(ar + a2 — a3 + as),

)
B=BiB,=(a1—a,+ as+ as)(ar + a2 + as + as),
C=GG=(a1—a+az—as)(a1+ a + as — as),
D=DD;=(a1+a —as—as)(a1 — a» — a3 — as),

v1:tan%, v;;:tan%“.

A1Bivivi 4+ AsBavi 4 CiDav3 4 8azasviva + CoDy = 0, (30)
ArBivivE 4+ AiBovE + CGiDvE + GDy = 0, (31)
BiCiv3VZ 4+ A1DovZ + AyDivi — 8araswvovs + B Gy = 0, (32)
ALCVEVE 4 BiDovE + Ay GovE + BoDy = 0, (33)

A2C1V§V42 + BlD1v32 + A1 C2V42 — 82234V3V4 =+ B2D2 =0. (34)
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Generalised Velocity Ratio Theorem
The equation relating the time rates of change of the joint angle parameters v;
and v4 can be determined as the first time derivative of Equation (29):
d
((AV12 + C)V4 — 43133V1) EV4. (35)

d
((AV‘% + B)V1 — 4ala3V4) EVI +
Because Equation (35) equates to zero, the velocity parameter ratio is
d 2
$V4 _ E _ _(Av4 —|—B)V1 —4a1a3vy (36)
%1 (AV12+C)V4743183V1.

d
dt

Vi
It is VERY IMPORTANT to note the negative sign!
It is also important to note that for the i link, v; # 6; since v; = tan (6,/2)

. 2
P 0i(1+ v,)7
2
and that
2v;
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Generalised Velocity Ratio Theorem

Hence, the reciprocal of the mechanical advantage is
0,
61

(AVE + B)V1 — 43123V4)(1 + V12)
(A + C)va — 4arazvi)(1 + v

(37)

_(
(

® This is a ratio of relative angular velocities, but in this case 91 and 94 are
both measured relative to stationary coordinate systems. This is not true
for the other five ratios!

® We will denote the relative angular velocities with the symbol 6 and the
absolute angular velocities with the symbol w.
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Generalised Velocity Ratio Theorem

The five remaining relative angular velocity ratios are

@ _ ((AlBl V22 + A282)V1 + 43234V2) (1 + V12) (38)
él ((AlBlvlz —+ C1D2)V2 + 4aza4v1) (1 + V22)7
éj _ ((AzBl V32 + A; Bz)vl) 1+ v12) (39)
91 ((A2BIV12 + C1D1)V3) (1 + V??),
@ _ ((81C1V32 + A1D2)V2 — 4aga4V3) (1 + v22) (40)
ég ((51C1V22+A2D1)V3—43234V2) (1+v32)7
Q . B ((Alclvf + Bng)V2) (1 + V22) (41)
92 ((A1C1V22 + A2C2)V4) (1 + Vf) ’
9;4 _ ((A2C1vZ + B1D1)vs — 4aasvy) (1 + v3) (42)

03 ((A2C1V§ + A1 C2)V4 — 43234V3) (1 + VE)
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Example 6.8

Consider a planar 4R linkage similar to the one in the figure whose
configuration is

Parameter | Dimension || Parameter | Dimension
ai 5 01 45°
a 6 0> 308.0304°
as 8 03 207.5141°
as 2 04 20.5445°

Determine the six possible angular velocity ratios
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Example 6.8 Continued

We transform the joint angles to angle parameters using v; = tan6;/2 and
substituting the appropriate angle parameters and link lengths into
Equations (37) to (42) and evaluating we obtain all six angular velocity ratios:

@ = 1.0657; @ = —1.2595;

91 92

@ = —0.2532; @ = —4.2085;

91 2

é = 0.3189; @ = 3.3419.
1 3

If any of the 0; is specified it is a simple matter to determine the three other
relative angular velocities using the ratios!
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Example 6.8 Continued

® \We must always remember that the 6; are all relative to some other 6;,
and they are not absolute angular velocities.

® |f, for example, we specify é1 = 10 rads/s, and

2 _ 90530,
01

then the angular velocity of 0, = -25.32 rads/s is relative to 0;.
® The absolute angular velocity of a; is w» = -15.32 rads/s.
® The difference, in this case, is 62 + 6;.

® Only 01 and 0, can be thought of as absolute angular velocities since they
are measured relative to a non-moving coordinate system.
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Example 6.8 Continued

® \We must always remember that the 6; are all relative to some other 6;,
and they are not absolute angular velocities.

® |f, for example, we specify é1 = 10 rads/s, and

2 _ 90530,
01

then the angular velocity of 0, = -25.32 rads/s is relative to 0;.
® The absolute angular velocity of a; is w» = -15.32 rads/s.
® The difference, in this case, is 62 + 6;.

® Only 01 and 0, can be thought of as absolute angular velocities since they
are measured relative to a non-moving coordinate system.
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Relatively Translating Coordinate System

® Consider the open kinematic chain on the left in the image.

The input link, a1, is rotating with an absolute angular velocity of w;.

To determine the absolute linear velocity of Point B on the coupler link,
a>, we attach a moving coordinate system to point A, and we consider
point A to be located on the coupler.

Point A is located on the centre of the joint connecting a; and ay, so it
can be considered to be located on either link.

Since the moving coordinate system translates with a», but does not
rotate, we can express the absolute linear velocity of Point B as

Vg = \7A+\75/A = Va+do X &,

where V4 and Vs are absolute linear velocities and &, is the absolute
angular velocity of 3.
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Relatively Translating and Rotating Coordinate System

® Consider the closed kinematic chain on the right in the image.

® The input link, a1, is rotating with an absolute angular velocity of w; = 6;.

® To determine the absolute linear velocity of Point B on the coupler link,
a>, we attach a moving coordinate system to point A, and we consider
point A to now be located on the input link.

Now, the moving coordinate system translates and rotates with ai, we can
express the absolute linear velocity of Point B as

Vg = \7A+Q1X52+92><52,
where V4 and Vs are absolute linear velocities and €25 is the absolute

angular velocity the moving coordinate system, which is @1 of 31, and 6, is
the angular velocity of 3 measured in the rotating coordinate system.
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Computing Maximum Angular Velocities and Critical Input Angles

® Now we will compute the critical values of the input angle required for the
maximum values of output angular velocities.

® This method works for any of the six 10 angular velocity equations, but we
will illustrate the method using the vi-v4 equation listed as Equation (29).
However, the equations become quite large so some computational
software, like Maple, is needed.

® The method will be laid out algorithmically.

1. Convert the two variable angle parameters v; and v4 to angles as
v; = tan#;/2.

2. Take the first time derivative of the resulting equation.

3. You now have an equation for 94 in terms of 91.
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Computing Maximum Angular Velocities and Critical Input Angles

4. If values for a1, a2, as, and a4 are specified and the input angular velocity

is a constant specified value, we need to determine the critical values 6;
that result in 04

crit

so we need to eliminate 64 from both the position

max/min '

and angular velocity 10 equations.

4.1

4.2

4.3

4.4

4.5

Solve the 10 equation for 64 and substitute the result into the angular
velocity 10 equation.

Since the value for 6; is specified, the resulting equation expresses 64 in
terms of 67.

Solve the equation obtained in Step 4.2 for 64, giving 04 = f(61) .

Take the derivative of this angular velocity equation determined in Step 4.3
with respect to 6.

The values of 0 that determine the extreme values of 9.41““/"‘iIl are

those that make the derivative from the previous step equal zero.

crit



Definitions Velocity Polygons Relative Linear Velocity Relative Angular Velocity Instantaneous Centres
0000 O0000000000000000 OO0 000000000 0000000000000 0000O0000000000e000000

Example 6.9

® Consider a planar 4R mechanisms where the following has been specified

al = 2
az = 6
a = 7
aq = 5
6; = 10 rad/sec, constant

Determine 61,,,, and the extreme values of 4 in both assembly modes of

the mechanism.
SOLUTION

1. The specified link lengths mean that the mechanism is a Grashof
crank-rocker.

2. When the substitution v; = tan /2 has been made in Equation (29) the
resulting 01-04 equation is

2 2 2
0
<36 (tan %4) +160><tan %)7 <l12 tan 62—1tan 92—4>720 (tané‘) +64=0. (43)
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Example 6.9 Continued

3. Solve Equation (43) for 64. You will obtain two values since the equation
is of degree 2 in 64, one solution for each assembly mode.

4. Now substitute

into Equation (35).
5. We now have an equation that expresses 64 in terms of 61, 6,4, and 6;.

Solve this equation for 0.

6. Obtain two angular velocity equations, one for each assembly mode, by
substituting the expression for 64, obtained in Step 3 above, into the
angular velocity equation obtained in Step 4.

7. We now have two angular velocity expressions, one for each assembly
mode.

8. When the specified value for ) is substituted into each angular velocity
equation we determine two equations for 0, in terms of 6;.
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Example 6.9 Continued

9. Symbolically solve each equation obtained in Step 8 for 64, which gives
04 = f(601).

10. Due to this substitution technique, the angular velocity equations will
contain many terms and become prohibitively large to manage by hand
and a calculator, especially for the last and next steps.

10.1 A symbolic computer algebra software such as Maple, or the MatLAB
Symbolic Toolbox, is required to solve these equations.

10.2 You will find several instructional videos on Brightspace to show you how to
perform the symbolic computations in Maple.

11. To determine the critical values for 01 which result in maximum and
minimum values for 0, in each assembly mode we must take the derivative
of each angular velocity equation, which we have denoted as 04 = f(61),
and identify the values of 6;_,, cause the following to be true:
d (é4 - f(91))

a0 0. (44)
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Example 6.9 Assembly Mode 1

12. For the specified link lengths and input angular velocity of a1 = 2, a, = 6,
as =7, as =5, and 61 = 10 rad/s, constant, substituted into the
derivative obtained in Step 11 the equation is of degree 14 in 6;.

13. Hence, Maple will reveal all 14 solutions for 61

crit *

? Let’'s look at all

crit *

14. Shouldn't there be only two distinct real values for 6
the real solutions Maple gives us.

15. For the specified link lengths and input angular velocity we obtain the
following four real critical values for 61 in Assembly Mode 1 and the
corresponding maximum (most positive) and minimum (most negative)
values for 6,

max/min *

01y, = 357.3190°, 0i,, = -6.6959 rad/s
01y, = 221.0362°, 0s,, = 3.2493rad/s
01, = -2.6810° 0s,. = -6.6959 rad/s
01, = -138.9638°, 0, = 3.2493rad/s
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Example 6.9 Assembly Mode 1
16. It is clear that two of the four real solutions are repeated. This is an

artifact of the range selected for the input angle, and the fact that the
04 = £(01) equation is periodic.

> /

i
NIRRT T % |6 %

! qu

17. There are only two distinct real critical values for 01 and corresponding
extreme values for 64 in Assembly Mode 1:

010, = 357.3190°,  6a,, -6.6959 rad/s
3.2493 rad/s

0, = 221.0362°, 0.

crity
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Example 6.9 Assembly Mode 2

18. For the specified link lengths and input angular velocity of a; = 2, a, = 6,
a3 =7, as =5, and 0, = 10 rad/s, constant, we obtain the following four
real critical values for 61 in Assembly Mode 2 and the corresponding
maximum (most positive) and minimum (most negative) values for

04rﬂax/rﬂin :
01, = 26810° O, = -6.6959 rad/s
01, = 138.9638°, 0i,, = 3.2493rad/s
01y, = -357.3190°, 0a,, = -6.6959 rad/s
01y, = -221.0362°, 0, = 3.2493rad/s
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Example 6.9 Assembly Mode 2

19. It is clear that two of the four real solutions are repeated. This is an
artifact of the fact that the 6, = f(61) equation is periodic.

VAN

20. We can see that the velocity profile curve for Assembly Mode 2, plotted
with the dashed line-type, is reflected in the vertical #s-axis.

21. There are only two distinct real critical values for 61 and corresponding
extreme values for 64 in Assembly Mode 2:

-6.6959 rad/s
3.2493 rad/s

6, . = 26810°, 04

crity min

0, = 138.9638°, 0, .

crity
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