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@000

Linear Acceleration

Linear Acceleration

For change of velocity of point A:

AVpy = Va - Vy
We define
. AV,
average acceleration = =2

and, instantaneous acceleration or

simply the acceleration as:
QT AVy _ dVy
A=limaeso Ff =g

As with velocity:

=, Poth of &
y \/A A, owver smoll At
B Ve
e
o X

system but not its position
-is absolute only if observed in an absolute i.e.,inertial

coordinate system

-linear acceleration is defined at a point
-depends on the motion of the observer's coordinate



Linear Acceleration
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Acceleration Components
distance traveled by point A along the path in
time increment At
instantaneous speed of point A along its path
unit vector locally tangent to the path and
directed toward increasing s
unit vector normal to 7 and directed toward
the instantaneous centre of rotation
between point A and the body on which the path
is defined

y

Path of point A

Cpd o
//A

%
-

o
Then the velocity of point A is
Va = $7
From Equation (1)
- d -~ d d7
A:—V:—._’: ST 5 ——
4= g VA = g ¢7) Lt g

Change in magnitude

(1)

(2)

Change in direction

where, d7  d7 d¢ ds

dt  do ds dt
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Consider each derivative in the R.H.S. of Equation (3)

d7  d7 do ds —
dt  doé ds dt (3) i N
® Over At the direction of 7 1) ‘)(ﬁ)"‘ Agb
changes from 7 to 7+AT X bt

Starting from a common origin we have:

| AF |=2(1) sin (%)

AT must be L to 7,i.e., || to i, therefore:
AF = 2(1)sin (%) 7

Then for small Ao,

dF . AF  2sin(42)A

d¢ ~6S0 Ao aéso AN

A7 Sin(A¢/2)

Sy
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® Next note that in Equation (3)
99 = rate of change of the direction of the path with distance travelled =

ds —
curvature of path (k) = the reciprocal of the radius of curvature = %
Lo _1
ds  p
® Also in Equation (3) ds
i
Hence Equation (3) becomes
d7  dT d¢ ds YA S,
i S =2 4
gt ~dpdsdr ~ (M) (p) o (4)
Using (3) and (2):
A A= sT + fﬁ‘ Y Path of point A
P
N + S A4
tangential  normal oAt N
component component pNJA‘P
3 ! ! A
or, Ap = A+ AL o x

Ki\: has magnitude § and is directed along the tangent to the path
> . 2 -
A% has a magnitude 5; and is directed towards the centre of curvature
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Angular Acceleration

® Applies to motion of a rigid body.

® The change in angular velocity over time increment At is :
AF=w — @
then the angular acceleration
A& = time rate of change of the angular velocity of a rigid body
and,
AG  dw

d= lim == =223
At—0 A\t dt
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Acceleration Difference Vector
Consider planar analysis

Position: ﬁp = ﬁQ + ﬁP/Q
Velocity: Vp = %(ﬁp) = Rg + Rp/q

Ve = Vo + Vpsq
1

velocity difference = & x ﬁp/Q z
(rel. velocity of P wrt Q)

Acceleration:  Ap = d—t” = Vo +ax RP/Q + WX RP/Q
Lo - .
AQ a VP/Q =W X RP/Q
Ep ﬁ +aXRP/Q+wX(w><RP/Q) (5)

where,
e Ap is the absolute linear acceleration of point P
° /TQ is the absolute linear acceleration of point Q
® aXx ﬁp/o = tangential component of acceleration difference
| a x ﬁP/Q | = aRp/Q



Acceleration Difference
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® To calculate & x (& x ﬁp/Q) : recall that for three vectors we have

Ax (BxC)=(A-C)B-(A-B)C
thenfor A=, B=3 & fzﬁp/Q
we get W X ((IJ' X RP/Q) = (LU . RP/Q)L:J' - (OU'UU)RP/Q
where

(@-Rpyq) =0, because @ L ﬁp/Q
@
|LZ5 X @ X RP/Q | = - QJQRP/Q

normal component of the acceleration difference

Thus for two points on the same rigid body:
A}D = KQ + C?X/‘?p/Q + d X ﬁXﬁp/Q
L 4
AtP/Q A”p/Q

or, p=Aq+Ap/q (6)
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Example 7.1

Consider a simple pendulum at the instant shown,
Determine Ajx.

Solution:

Ap = ﬁs + /Z\‘A/B

= A A/B + At A/B
=—w RA/B + OéXRA/B
I
| w?Ra/p \\ )/ | aRp/p |

| Ae | = \/(A"A/B)2 +(Ata/g)’

= \/w4RA/52 + a?Ray8°

= Rajsv/a* T a2
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Acceleration Polygons

Acceleration polygons can be constructed in a manner similar to velocity
polygons.

The acceleration difference (relative acceleration) between two points P
and Q on the same rigid body consists of two orthogonal components
E"p/Q and /A_‘tp/Q. The normal component, (7w2l$p/Q), is completely
determined from the velocity analysis.

The orientation of the acceleration image depends on the angular
accelerations and velocities of the link, i.e., the velocity image of the link
is a constant rotation angle of +-90° from the link geometry.

Whereas the rotation angle of the acceleration image is

§ = 180° —tan! (%)

where the positive sense of § is counter-clockwise.

The acceleration image is scaled from the geometry of the linkage by the
factor vVw* + a2 (see Example 7.1).

The other properties of acceleration polygons remain the same as those for
velocity polygons.



Linear Acceleration Angular Acceleration Acceleration Difference Acceleration Polygons Apparent Acceleration
0000 o o]

Algebraic 10 Acceleration Equations
900000000000 000000000000 000 0000000000000V 00000000

Example 7.2

For the slider crank mechanism determine the linear velocities and accelerations
of points C & D and the angular acceleration of link 3 at the instant shown.

0,B=25in
BC =6.0in
Wy = 1800 rpm
(constant)

Velocity analysis:

w> = (1800 rev/min)(27rad/rev)(1min/60sec) = 188.5 rad/sec cw

Ve = Vo, + V0, = > X Rgjo, = (188.5 rad/sec)(2.5 in/12 in/ft)
= 39.3 ft/s\, (L to 0»B)

of vy ey

Ve= Vg + V¢sp
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of VY ey
Ve= Ve + V¢se

From velocity polygon:
Ve = 2.7 in(10ft/s/in) = 27 ft/s —

The velocity of D can be obtained by

forming the image of link 3 by:

-measuring Ygc/ep & Ycp/cs and

drawing
link 3's image

-using the direction of \7D/B & VD/C

to draw the image.

From polygon:

Vo = (2.1in)(10ft/s) = 21 ft/s (\, 27.5°)

For ws:
Ve/g = W3 X Reys

v : 4
L ows = gLt = 2nUOR/s/in) — 68.8 rad /s ccw

Ress Toin/ ft

0080000000000 0000000000000 00 OO0OOO0O000O0O000000000000
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Acceleration Analysis:
Ag = Ao + Agjo = A'gjo + Atg)o,
2o, / / /
0
HB = —w2§3/o + o X ﬁs/o
————

0
Ag= (188.5rad/s) (1;.3'/"&)
Ag = 7403ft/s/

Ya
Ac = Ag + Acss
o VY VY oy a

or, Ac= A + AnC/B =+ AtC/B C Ac 04,0, xaq
where, B

Arcip = —w’Re/p = (68 8rad/s)2(0.5ft) Atsp <

= 2367 ft/S (H to RC/B) B scale
At c/B = Q3 X RC/B (L to RC/B) A*,E/B B 1 unit =2000 ft/s?

From the diagram,
Ac = (4in)(2000ft/s?/in)
= 8000 ft/s? «
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By using
Atc/g = ds X Reyp
At
= 3 = RC/B
c/B
1.66in(20007t /52 / in)

- 0.5ft

= 6640 rad/s® ccw

To determine A}:

either,
® Write A‘D = ﬁg + A‘D/B and calculate components of ED/B and add to
acceleration diagram; Ya
C/ 0a 0y xq
or,

® Draw acceleration image of link 3 using
angles ¥gc/ep & Vcp/cp (this is what
has been done here)

it
ACB

S

scale
—

B 1 unit =2000 fi/s?
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Determine the angle of rotation of
BCD by:

§ =180 — tan™ " (%) Ya

Then from the diagram we get:

| Ap |= 4.13in(2000ft /s> /in) = 8260ft/s

scale
—

tp B 1 unit =2000 fi/s?
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Acceleration Analysis Using Complex Polar Notation
® Consider a general crank-slider
linkage (RRRP).

® The loop closure equation can be
expressed as

ne’? + e’ = ne®*/? 4

® After using the Euler identity

e’ = cos? + jsind

separate the real (x) and imaginary //‘// 7

(y) components leading to
rncost + r3cost¥s = ncos3n/2+rcos0 = n

nsindy + rsinds = nsin3n/24+nksin0 = —n

® Given ri, rn, r3, and input angle ¥, it is a simple matter to determine ry
and ¥s.
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® Differentiating the loop closure
equation with respect to time
determines the velocity level
kinematics with the substitutions

192 = w2,
193 = ws3,
I.’4 = Vg
giving
jl’2w26j02 +jr3w3ejﬁ3 = w (7)

® Apply the Euler identity to obtain

7))

Jrwa(cos s + jsind) + jrws(cosds + jsintds) = v

® Separate into real and imaginary components to reveal

—hw? sin 192 — r3ws sin 193

rwo cos s + r3ws cos V3

Vg,

0 = ws

rwy €os 97
r3 cos U3

7
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¢ Differentiating the velocity closure equation, Equation (7), with respect to
time determines the acceleration.

® Proceeding as for the velocity equation, after separating the result into
real and imaginary components yields two linearly independent equations
that can be solved for two unknowns, typically the coupler angular and
slider linear accelerations a3 and as:
rgwg siny — rap cos Yo + r3w§ sin Y3

(0] =
r3 cos V3 ’

2 . 2 .
a3 = —hw)cost — nassint, — rws costs — rsaszsin s
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4R Complex Polar Acceleration Analysis

® The same procedure can be carried
out for planar 4R linkages.

® Start with the loop closure
equation in any convenient form:

I’2€j’l92—i-r3(i'il93 = r16j0+r4€j194
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Example 7.3

Consider the 4-bar linkage as shown.
Determine the acceleration of points
E and F, and angular accelerations
of links 3 and 4.

J J.Uicker. Theory of Machines and Mechanisms. Oxford
University Press Inc., New York, New York, United States, 3rd
edition, 2003.

The velocities were analyzed in Examples 6.1 and 6.2, where the velocity
polygon was developed as shown below from which we had:

Vs = 31.4 ft/s
VC = 46.6 ft/S
\75 =276 ft/S
Ve =318 ft/s

Wr = 94.2 rad/s ccw
W3 = 25.5 rad/s ccw
W4 = 49.6 rad/s ccw
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Now the acceleration equation is:
0 0(a=0)
vy = —
AB— An +AB/A—AB/A+AB/A—-W Rs/a;

. Ag = -(94.2 red/s?)(4/12ft) = 2958 ft/s? \,
Now,
Ac = Ag + A’C/B = As + Arc/g + Atcsp
Also,
Ac = Ap + 'EC/D = AﬂnC/D + AﬂtC/D
~—
Wy oy vy oy

Ag+ Alcip + Alcig = /Z\'nC/D + Ate)p
where,

A"c /g = wi’Reyp = (25.6)°(18/12) = 983 ft/s?

A"c/p = wi?Reyp = (49.6)*(11/12) = 2255 ft /s
By using,

Atc,p =ax Rep

At 2
C/B _ 160ft/s
= O3 = e, T 1810

a3 = 107 rad/s* ccw

J J.Uicker. Theory of Machines and Mechanisms.
Oxford University Press Inc., New York, New York,
United States, 3rd edition, 2003.
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Similarly:

- A'c/p 16701t /52 2
(e 7= W = W = 1822 rad/s cw

The linear accelerations at E and F can be
determined in one of three ways:

1. Apply the same method used for

evaluating Ac above; e.g., ) ) .

— — — — — J J.Uicker. Theory of Machines and Mechanisms.

Ae = Ag + A = Ac + Ag/c Oxford University Press Inc., New York, New York,
United States, 3rd edition, 2003.

2. Evaluate A} and A'F analytically
knowing d&’3, s (and &3 and &Js)

3. From the acceleration images of links 3
and 4 as shown below

Scaling from acceleration image, we read:
Ap = 2580 ft/s?
Ar = 1960 ft/s?
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Apparent Acceleration of a Point in a Moving Coordinate System

Consider a rigid body with attached x2y»z coordinate system that is moving
relative to the fixed xiy1z1. The x2y22 is fixed to the body, whereas x1y121

system is fixed in space.

Recall that the general expression
for the derivative of a vector

r= X2I + yzj ina movmg coordlnate

system with unit vectors i and j,

that is also rotating with an wk, so
we must account for change in both

magnitude and direction, i.e.,

F) (le +yof) =

Y,
lot
y b=y
2\ mé\
XE
Ny
- RE A
=N
0 . >y
Gai + y2j) + (oo + dJ) (8)
2i + y2j 2dt Y2 gt

:i’—l—(XQ&}xi—|—y2&5><f):;—|—d}><(xzr+y2j):i+ﬁ><F

Then in the figure above assume that motion of B relative to A,

i.e., “apparent” motion is possible, i.e.,

R = Ra+ i /a
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Linear Acceleration Angular Acce
0000 [e]

Rs = Ra + B/A

Ve=2(Rs)=Ra+ Fga +Ixfaa=Vat Vi +&XT7s/a
A magnitude A direction velocily
of B as measured
from xpy, frame
and: .
= 2(Vs) = Va + Vre/ + d x rB/A + @ x faja + & X (rB/A+w X Fg/a)
AB:%(VB): VA+ Vre/+(47>< Vrel+d)><F'B/A+u_j>< Vrel+ﬁx(wxrB/A)
AB—VA—i—V/—i—wxr + @& x (0 xn —|—2w><V/
re B/A ( B/A) re
Ap Arel @

= Ap = A+ A + @ x Feja—+@ X (& X Fgya) + 20 x Vier (9)
—_— — Y

At An

Ac
B/A B/A B/A
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-

B:EA+ﬁrsl+aXFB/A+LEX(C3XF;3/A)+2CA_}X Vier
N—— N——

N———
- - Ac
AtB/A ATz/A B/A

Ag = absolute acceleration of point B relative to the fixed frame

A = absolute acceleration of point A relative to the fixed frame

A = acceleration of B relative to A in the moving frame

@ X rg/a = tangential acceleration due to angular acceleration of moving frame

W % (& x Fgya) = normal acceleration due to angular velocity of the moving
frame

20 x Ve = Coriolis acceleration; this component of acceleration results from

change in length of J X 75,4 and change in direction of FB/A
® it depends on quantities obtained from velocity analysis

® it is rotated 90° from Vo in the direction of &
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Lupd”
4 \\OJXOJX}%1
W, &
A
R,
0, X
AB:AA+(}X?B/A+(I)‘X(QXF‘B/A)—F2QX Viel + (10)
As observed from a non-rotating frame at A:
| & X rg/a | = arg,a is perpendicular to /4 in the direction of o with centre at A
| & x (& X Fgya) | = wer/A is directed from B to A
in terms of the coincident point P we can interpret:
QX Ig/a: as the tangential component of Ap,4 of point P in its circular
motion about A
W x (& x rgja) :  normal component of Ap,/s of point P in its circular motion

about A
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t

Vo

B/A

Ny axg
\
\

~\B,P /x2

2T }S
; Tufld

T WxWx Vo
w, &
A
R,

0, X

| (Arer)t | = §:  change of speed of B relative to A or P
- 2

| (Aret)n | = % towards the centre of the path
20 X _‘,e, : Coriolis acceleration: this is the difference between the ﬁg/p as

measured from non-rotating axes and from rotating axes. It is
always perpendicular to Vg4 and its direction is rotated 90°
from Ve in the direction of & according to the right-hand-rule.
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- Vel
Y Y, axF,

- J))ls
n Tjaf% _
" \\OJ><OJ><}3/1
w, &
A
RA
O
Hence

X

Ap = Art @ x Fe/a+ @ X (& X Fgsa) + 20 x Viel + Arer

ZP/A
= AA +AP/A + 2(3 X Vrel + Arel
N———
Ap

EB = /EP + 20 x \7rel + A‘rel (11)

Note that the apparent acceleration expression reduces to the acceleration
differences expression if A & B are points on the same rigid body,
ie., ":B/A = '.'B/A =0.
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Example 7.4

Given the rod with slider as shown. Determine acceleration of the slider at the
instant shown.

Solution: Apply Equation (10):

— — — —

Arx=Ao+ Al + 0 X Faj0+ @& X (X Faso) + 20 X Vi

%, A
3
O
Where, Q(Q 30 m/s = constant

Ao =0
e 2 (L= 50 rod/s = constant
Arel =0 n
83X P -0 3 -
« rajo = 45°  rototing coordinate system

O ><J

1

& X (@ X Fajo) = —w?Fajo = (50rad/s)?(0.5m) = 1250 m/s* /
20 %V, = 2(50 rad/s)(30 m/s) = 3000 m/s> <
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Note that & x (& X 7a;0) may be thought of differently in terms of the
coincident point P that is attached to the rod and the rotating coordinate
system xy. Then we have : & X 7p,0 = Vp/o and & x (J X 7p,0) = (Ap/0),

Acceleration Polygon: y,

P

A
“é (coincident point>

30 m/s = constont

(%= S0 rad/s = constant

Scale 1000 m/s? = 10 units

The resultant acceleration AﬂA can
be scaled or calculated and found to
be 3250 m/s? and at 22.4° with the
horizontal

scale

10 units = 1000 m/s*
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Example 7.5

Given the inverted slider-crank mechanism as shown below.

Where AE = 3.0 in, ED = 14.0 in, AB = 2.0 in and w> = 36 rad/s cw constant.
Determine the angular acceleration of link 4 at the instant shown.

Solution:

Let point Q be coincident with point A but attached to link 3, which has the

same angular acceleration as link 4.
The velocity analysis was performed in Example 6.3 with the results:

”
Va =09 ft/s\, L to AE F
Vo/p = 7.24 ft/s /L to QD -
- - ATl
VA/Q = Vi = 5.52 ft/S, H to FC Y\ E]::l:';:k43
W2 = 36 rad/s cw (constant) ]
W3 = W4 = 7.55 rad/s ccw C“‘z g2

J J.Uicker. Theory of Machines and Mechanisms. Oxford
University Press Inc., New York, New York, United States, 3rd
edition, 2003.

Continuing with acceleration analysis, we apply Equation (10) to links 3 & 4:
AA = AQ + 2(Ij4 X Vrel + Kre/ (El)
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Where from link 2:
\L‘\
Path of A3 .
on link 4

An = Ae +/£A/E = 5+/§A/E

/Z\'A = A‘tA/E + AZ/E =0+ EZ\/E
J J.Uicker. Theory of Machines and Mechanisms.
Oxford University Press Inc., New York, New York,
United States, 3rd edition, 2003.
An = —w?Raje = —(36)%(3/12) = 324 ft/s?, || to AE ./ (E2)
and from link 4:
Ag=Ap+Aqp=0+Ay, +A,,
h¢ v
= _UJ42RQ/D \ + a4RQ/D )/‘_’
= —(7.55)°(11.5/12) \, + asRq/p /"
Or, Ag=-546\,(]|to QD)  + auRg/p /" (L to QD) (E3)
(E4)

2wy X Vi = 2(7.55)(5.52) = 83.4 ft/s> 7 (L to QD)
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substitute E2, E3, E4 into E1 to get:
A'A = A’E)/D + A'E)/_D’ + 2wg X ‘7rel + {rel
324 = 54.6 + a4 X RQ/D + 83.4 + Arel
([ to AE)  \(]| to QD) (L to QD) (L to QC) Nl to QQ)
or
A'A — 2wy X \7rel - A'rel = _’Z;/D + A’E)/D
324 —_— 83.4 —_— A,e/ = 54.6 + 624 X RQ/D
(0 AE) /(1 10QD) X(|t0QD) (] to QD) (1 to QD)

The acceleration polygon scale is
1 drawing unit = 50 ft/s*:
(Ag/p) = 274 ft/s’
| da | = g = 283 rad/s?,
ccw
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Apparent Angular Acceleration

Let @ °

a2 @ angular acceleration of link 2

a3 @ angular acceleration of link 3 &y
then, we define
a3/2 = Q3 — Q2.

“apparent” angular acceleration of link 3 w.r.t. link 2
Alternatively:

a3 = a2 + a3)2
This concept is rarely used in solving problems.

(12)
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Apparent Acceleration at a point of Rolling Contact

Recall “Rolling Contact” implies no slip between links in contact.
® Points P, and P; are coincident points on the disc and ground
® The path of P relative to link 1 is a cycloid of the disc

® When P, and P; are coincident, the tangent of the cycloid is perpendicular
to both surfaces at the point of contact

® Since the path of P, is known, we have:

Ap, = Ap, + 20 X Vi + Arer (13) e P
where: Path of P,
— on link 1

25 x Ve = 0 (rolling contact
& no slipping, Vi = 0)

/2
-,

. o - - % -
Arel = Apy/py = A"‘1’2/P1 + A:‘r’z/"ﬁ = P2p/P1 + A'EDZ/PI =0+ APZ/PI
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ﬁéz/ﬁ is the acceleration component tangent to the path, i.e., 1 to the
contact surface. To avoid confusion, it is called rolling acceleration and

denoted as KLQ/Pl hence Equation (13) becomes:

— — - Path of P,
AP2 = Apl + A,gz/p1 (14) on link 1
On the other hand from the disc:
Kpl :ﬁc+ﬁp1/c :ﬁc+ﬁﬁl/c+ﬁﬁl/c (15)
;lft’,/c
From Equations (14) & (15) we can write
o/ WY oy/ App A e

/Z\'er/Pl = Ac+ EnPl/C + ﬁtpl/c

LNy
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Instantaneous Centres of Acceleration (ICA)

® Defines as the instantaneous location of a pair of coincident points of two
different links where absolute accelerations of the two points are equal

® ICAs are: at different locations than ICVs
more difficult to locate than ICVs
not useful in analysis
not discussed further

® We will instead briefly turn our attention toward the algebraic
input-output (10) angular acceleration equations, in particular determining
the configurations of a planar 4R linkage possessing angular acceleration
extreme values for a constant angular velocity input
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® The time derivative of the six angular velocity O equations yields the six
angular acceleration 10 equations.

® Using these equations we can directly determine all the unknown angular
accelerations occurring in a planar 4R linkage if one angular velocity and
one angular acceleration are specified along with the configuration of the
linkage at the instant considered.

® The parameter names and definitions in the figure are used in these
equations where the coefficients are

A=AA = (a1 —a — a3+ as)(ar + a2 — a3 + as),
B=BiB,=(a1— a,+ as + a)
)
)

a1+ a+ as + as),

a1+ ax+ a3 — as),

(
(

(1—22—23—34)
=ta

C:C1C2=(31—32+33—a4
D= D1D2—(a1+32—23—24

vy = tan %,




Acceleration Angular Acceleration ration Difference A

First, recall the six algebraic 1O equations for a planar 4R linkage:

AVEVZ + BvZ 4+ CvZ — 8arasviva + D = 0,
A1B1vEVE 4+ Ay BovE + CiDyv2 + 8arasvive + GDy = 0,
ArBivivi 4 AiBovi 4+ CiDivE 4 GDy = 0,
BiGiv3VZ 4+ A1DovZ 4+ AyDivE — 8araswvavs + B Gy = 0,
A1C1VEVE + BiDav3 + Ay Govi + BaDy = 0,

A2C1V32V3 + BlD1V32 + A1C2V42 — 8arasvavy + BoDr = 0.

Algebraic 10 Acceleration Equations
)0 O®00000000000000000000

(16)
(17)
(18)
(19)
(20)

(21)
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The six algebraic 10 angular velocity ratio equations for a planar 4R linkage are

Q _ 7((AVE + B)V1 — 43123V4)(1 + V12) (22)
91 ((AV12—|—C)V4—43133V1)(1+V42)
@ - ((Al By V22 + AQBQ)V;[ + 43234V2) (1 + V12) (23)
9-1 ((A151V12 + C1D2)V2 + 43234V1) (1 + V22)7
9.73 _ _ ((A251V§ —+ AlBQ)Vl) (1 —+ v12) (24)
61 ((A2B1vi + CiDy)vs) (1 + v2)’
% - ((BlC1v32 —+ A1D2)V2 — 43234V3) (1 + V22) (25)
9-2 ((31C1V22+A2D1)V3743234V2) (].+V32)7
% _ _ ((AlClvf + Bng)VQ) (1 + V22) (26)
ég ((A1C1V22 + A2C2)V4) (1 + Vf) ’
éi - ((AQC;[VE + BlDl)V3 — 43234V4) (1 + Vg) (27)

9-3 ((A2C1V§+A1C2)V4 743234V3) (1+V,?)7
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The six algebraic angular acceleration 10 equations for a planar 4R are

((Avf + B)Vl — 43133V4)\71 + ((Avlz + C)V4 — 43133V1)V4+
(AVZ + B)VZ + (AvZ + C)V2 + (4Avivg — 8araz) vy va, (28)

((A1B1v2 + A2Bo)vi + dapagva)in + ((A1B1vE + CiDa)va + 4apagvy) o+
(A1 B: V22 =+ AQBQ)\}IQ + (AIBIV12 + C1D2)\'/22 =+ (4A131V1 vo + 83234)\71 va, (29)

(A2B1VZ + A1 Bo)vivs + (AaBivZ + CiDy)vais+
(A2B1VZ + A1 Bo)V2 4 (AaB1vZ + C1D1)V2 + 4A2Bivivavavs, (30)

((81C1v32 + A1D2)V2 — 43133V3)V2 + ((B].C1V22 + A2D1)V3 — 4ala3vz)\'/'3+
(81C1v32 —+ A2D1)V22 =+ (Bl C1V22 + A2D1)\-/§ + (451 C1V2V3 - 83183)\'/2\-/3, (31)

(A1CLV2E + BiD2)vaiin + (A1 CivE + Ay Co)va v+
(ALC1VZ + B1D2)V3 + (A1 C1VE + Az Go)VZ + 4A1Crvavava Vs, (32)

((A2C1v2 + B1D1)vs + dapagva) s + (A2 Civi + A1 Go)vy + 4azagvs)va+
(A2C1vZ + BiD1)v2 + (A2 CivE + AL C)VZ + (4A2Crvava + 8anas) Vs V. (33)
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It is important to remember that for the i link, v; #* é,— and v; # 0, since
vi = tan (6;/2)

For angular velocity

é,’(l + V,2)

vi = #, (34)
and
2v;
At (35)

For angular acceleration

S N A 2
i = 2(a,+9,v,)(1+v,), (36)
and
i g2y (37)
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Example 7.6

Consider a planar 4R linkage similar to the one in the figure whose
configuration is

Given

Parameter Dimension
ai 8
a 14 Determine
a3 9 [0, [ 05 [ 6, |
EN 17 92 wy 94
01 60° b2 | 2 | 64
6 10 rads/sec
01 100 rads/sec?
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Example 7.6 Solution

® To determine 05 we can start by determining 0> using Equation (17), the
vi-v2 equation.
® Maple provides the following solution:

vo = —0.4840, —1.8988 = 0, = —51.6569°, —124.4528°

® We can choose to represent 0, as a positive value, so we can add 360° to
the negative angles giving

0> = 308.3430°, 235.5472°

® |et's select the first value for 6> and construct a scaled drawing for
reference, which looks like
308.34304241°

8.34304241°

84.56889541°

[/ 7
as

® To compute 05, consider the figure which is drawn to scale.
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Example 7.6 Solution

® The interior angle between a; and a, is 128.3430°.

308.34304241°

8.34304241°

0,

, as| 84.56889541°
6,

® \We additionally observe that the angle between a; and horizontal reference
line from which 6} is measured, is 120°.
® Hence,
4 308.3430° — 180° 128.3430°,
0, = 128.3430° —120° = 8.3430°
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Example 7.6 Solution
® To determine 04 we can use Equation (16), the vi-v4 equation.

® Maple provides the following solution:

va = —2.7989, 0.9094 = 0, = —140.6787°, 84.5689°

® Since we have chosen the upper assembly mode then 04 must be the
second value

0, = 84.5689°.

8.34304241°

84.56889541°
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Example 7.6 Solution

® To determine 94 we can use Equation (22), the 91—94 angular velocity ratio.

® After substituting all known quantities we directly obtain

vy = 65574 = 6 = ws = 7.1781rad/s

® Compare this to the traditional trigonometric method for determining ws
with an observer attached to the coupler a; at Point A who only translates
with a», but does not rotate.

Ve = daxa = Va+Vga
VB/A = (h X a»

The x and y components of the vectors
yield two linearly independent equations in
terms of W, and s which can be solved
simultaneously giving

wr = —2.4463 rad/s, ws =7.1781 rad/s
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Example 7.6 Solution

® To determine éQ we can use Equation (23), the 91—92 angular velocity ratio.

® After substituting all known quantities we directly obtain

v, = —768l1 = 6 = —12.4463rad/s

and wy = 6> + 61 = —2.4463 rad/s
® Compare this to the traditional trigonometric method for determining wa
with an observer attached to a; at Point A who translates and rotates
with ai, and observes the motion of a» who perceives the effects of the
angular velocity of a; as a component of the angular velocity of az, but in
the opposite sense.

Ve = daxa = Va+ Vg/a
VB/A = Ql><52+9-2><52
The x and y components of the vectors
yield two linearly independent equations in

terms of #, and w4 which can be solved
simultaneously giving

0, = —12.4463 rad/s, ws = 7.1781 rad/s
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Example 7.6 Solution

® To determine é4 we can use Equation (28), the V1-V4 angular acceleration
parameter equation.

® After substituting all known quantities we directly obtain
Vs = 1574654 = 6, = as = 125.5109 rad/s?

® Compare this to the traditional trigonometric method for determining au
using a translating observer attached to Point A on the coupler a,

Ag = As+t /Z\'B/Au

s X Vg+dsxaz = 51XVA+51X51+52XVB/A+&2X52

® The x and y components of the vectors yield two linearly independent
equations in terms of @, and @; which can be solved simultaneously
yielding the angular accelerations relative to the non-moving coordinate
system:
s = —3.5916 rad/s?, as = 125.5109 rad/s>
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Example 7.6 Solution

® To determine f; we can use Equation (29), the V1-V» angular acceleration

parameter equation.

After substituting all known quantities we directly obtain

V» = —1102051 = 6 = —103.5916 rad/s’

and az = b, + 6, = —3.5916 rad /s>

Compare this to the traditional trigonometric method for determining a
using a translating and rotating observer attached to Point A on a1

Ag = ZA+£B/A,
(Ba X Vg + @5 x3) = (S xVat+arxa)+ox (&1 xa)+

2(&1 % (62 x ) + 62 X (62 X &) + b X &

The x and y components of the vectors yield two linearly independent
equations in terms of @ and @s which can be solved simultaneously
yielding the angular accelerations relative to the non-moving coordinate
system:

0> = —103.5916 rad/s’, a4 = 125.5109 rad/s
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Computing Extreme Angular Accelerations and Critical Input Angles

® Now we will compute the critical values of the input angle required for the
extreme values of output angular accelerations given a specified set of
feasible link lengths and specified constant value for the input angular
velocity 6;.

® This method works for any of the six 10 angular acceleration equations,
but we will illustrate the method using the vi-v4 equation listed as
Equation (16). However, as for computing extreme values of the output
angular velocity, the equations become quite large so some computational
software, like Maple, is needed.

1. Convert the two variable angle parameters v; and v4 to angles as
v; = tan0;/2 and solve for 64, there will be two solutions.

2. Substitute each expression for 6, into the 61-6, equation and solve the
resulting for 0s.

3. Substitute the expressions for 8, and 64 into the V1-vs equation after you
have substituted v; = tan (#;/2) and Equations (34) and (36).

4. Solve the resulting equation for 64 and substitute the specified value for
61. You now have an equation for 6, in terms of 6; as the only variable.
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Computing Maximum Angular Accelerations and Critical Input Angles
5. Because 91 is constant means that é1 =0, so the equation determined in
Step 4 is
0, = f(61)

6. To determine the critical values of the input angle 0:_,, where the output
angular acceleration is an extreme value, either the greatest positive or
negative value, determine the derivative of 84 = f(61) with respect to 6.

7. The extreme values of 54 occur at the values of 0; that cause the

following equation to be satisfied:

d (é4 - f(€1))
R

crit

=0.

8. If you obtain the solution using Maple, you will be faced with four real
values for 6, and 18 complex solutions.

crit !

9. Determine the corresponding values for é4mx/mm and you should see that
there are only two distinct values, one corresponding to a pair of values for
01 the other pair corresponding to the other extreme value of 0,.

crit?
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Example 7.7

® We will now continue with Example 6.9 in Lecture Slide Set 6

® Consider a planar 4R mechanisms where the following has been specified

al = 2
an = 6
as = 7
aa = 5
6 = 10 rad/sec, constant

Determine 6;,,,, and the extreme values of 4 in both assembly modes of

the mechanism.
SOLUTION

1. The specified link lengths mean that the mechanism is a Grashof
crank-rocker.

2. When the substitution v; = tan ;/2 has been made in Equation (16) the
resulting 01-04 equation is

04\ 01\ 0 0 05\ 2
<36 (tan 5“) +160><tan 51)7 (112 tan Eltan 54)720 (mé‘) +64=0. (38)
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Example 7.7 Continued

3. Solve Equation (38) for. 04 and substitute into the é1-é4 equation, then
solve this equation for 04 leading to the angular velocity profile as
04 = f(61)

4. We can see that the velocity profile curve for Assembly Mode 2, plotted
with the dashed line-type, is reflected in the vertical #4-axis.

5. There are only two distinct real critical values for ¢1 and corresponding
extreme values for 64 in Assembly Modes 1 and 2:

0, = 2.6810°, 0, =  -6.6959 rad/s

crity min
0, = 138.9638°, ... 3.2493 rad/s

crity
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Example 7.7 Continued

6. Using Equation (28), the V1-V4 equation, we similarly obtain the angular
acceleration profile in both assembly modes as 01 = f(61) with 04 in the
vertical axis and #; on the horizontal axis in radians

L. 80
04
60

—— Assembly Mode 1-++ - ‘Assembly Mode J

7. We now follow the same method as for the extreme values of a.

8. Substitute the following into the V1-V4 equation in the order given

2v; %) 2 0?v;, v =tan (0:/2).

bi=—""5, 0i=—"%
(1+v) (T+v)
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Example 7.7 Assembly Mode 1

9. Solve the resulting equation for 6, giving 64 = f(6:)

10. Take the derivative of this equation with respect to 6; and solve for the
critical values of 6;_., that cause the following to be true

d (é'4 - f(@l))
A

crit

11. The resulting equation in Maple has degree 22, leading to four real values
for 61, , but as for the extreme values of the output angular velocity, only
two of the solutions correspond to the largest positive and negative values
of 64 for Assembly Mode 1:

Oroy, = 246475°, 04, = 687731 rad/s’
Oroy, = 3261382°, i, = -87.9671rad/s’
Oroy, = -33.8618°, s, = -87.9671rad/s’
6, = -335.3525°, 0, = 68.7731 rad/s?

crity



Linear Acceleration Angular Acceleration Acceleration Difference Acceleration Polygons Apparent Acceleration Algebraic 10 Acceleration Equations
0000 [e] [e]e]e} 0000000000000 OOOOOO0OO00O0O00000 0000000000000 00000e00

Example 7.7 Assembly Mode 1

11. It is clear that two of the four real solutions are repeated. This is an
artifact of the range selected for the input angle, and the fact that the
04 = f(01) equation is periodic.

12. There are only two distinct real critical values for 61 and corresponding
extreme values for 64 in Assembly Mode 1:

0, =  24.6475°,  fa,..

crity

68.7731 rad/s’

0, = 326.1382°, O

crity

-87.9671 rad/s>

min
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Example 7.7 Assembly Mode 2

N w] I\
\ SN\

|
\

R <\
W=

\
\

13. There are only two distinct real critical values for 6; and corresponding
extreme values for 64 in Assembly Mode 2:

0, = 33.8616°, 0.

ity 87.9671 rad/s?
01

335.3525°, 0 -68.7731 rad/s?

crity min

14. The amplitude of the angular velocity profile has been magnified and
superimposed on the angular acceleration profile.

15. It is to be seen that at extreme values of §4 we have 64 = 0.
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Example 7.7 Continued

80 [\
\ 60 \

/}@ |

6

16. It is not clear why the values of 0;_,, or the extreme values of 6, occur in
the identified configurations.

17. More research here is required to fully understand these new results.
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