Chapter 4

Grobner Bases

There are many algorithms for the numeric solution of non-linear systems of
equations. However, they only approximate the solutions. They ignore the
geometric properties of the solution space and do not take possible alternate
descriptions of the system into account [1]. The approximations can be very
accurate, i.e., to many decimal places. If the equations are well conditioned,
accuracy may not even be a relevant issue. Nevertheless, the solutions are still
approximate.

Consider a system of linear equations. The computational effort required
to solve the system is dramatically reduced by transforming the system to the
reduced row echelon form by Gauss-Jordan elimination. The reduced system of
equations has exactly the same solutions as the original system, but, depending
on the original system, may be ‘easier’ to solve. It would be a good thing if
there were an analogous process that could reduce finite systems of non-linear
equations such that the reduced system was ‘easier’ to solve. In the early 1960’s,
Wolfgang Grobner wondered if such an algorithm existed.

Grobner bases were introduced in the Ph.D. thesis of Bruno Buchberger,
written in 1965 at the University of Innsbruck, Austria. They were named
in honour of Wolfgang Grobner, Buchberger’s supervisor. The essential idea
behind the theory is a generalization of the theory of univariate polynomials
and finite systems of linear equations. The Buchberger algorithm [1, 2], which
computes Grobner bases, is an extension of the division algorithm for polynomial
long division, the method of determining least common multiples (lcm) of certain
terms of two polynomials, and the Fuclidean algorithm for determining the
greatest common divisor (ged) of two polynomials. Thus, given a finite set of

multivariate polynomials over a field, the Buchberger algorithm computes a new
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set of polynomials, called Grobner bases, which are generators of the same ideal
as the original. The minimal Grébner basis of a given ideal are thus a set of
basis vectors, in that every polynomial in the ideal is generated by a linear
combination of of the Grobner basis. The solution space of the Grobner basis is
identical to the solution space of the ideal. Depending on the given ideal, it may
be that the set of polynomials which comprise the Grobner basis are ‘easier’ to
solve than the given set of the ideal.

The advantage of using Grobner bases theory over numerical methods, such
as the Newton-Raphson or secant methods is that the reduction is algebraic, not
numeric. Moreover, the Grobner bases can always be computed for any ideal

and divergence is never a problem.

4.1 Computational Algebra

A very detailed description of Grébner bases theory may be found in [1], [2], and
[3]. Most of the notation from [1] will be used here so that additional information
will be easily accessible from that reference without major notation conflicts. A
discussion of the basic theory of Grébner bases requires a few definitions from
abstract algebra.

A group consists of a set, G, together with a binary operator, *, defined on

G which satisfies the following axioms:

i [closure] rxy€G Vao,yeg

ii: [associativity] (zxy)xz=xx(yxz) Vaz,y,2€G

iii: [identity] 31eg: Ixz=xxI=u,
Vzeg

iv: [inverse] Jzteg: rxx =z lxx=1

Vexedg

If in addition to Axioms 1 through 4, the elements in G are commutative (i.e.,
xxy = y*x, Vo,y € G) then G is an Abelian, or commutative group. A sub-group
‘H of group G is a subset of G which is a group under the binary operator defined
on G.

A commutative ring is a set R with two binary operators + (addition) and

X (multiplication) which satisfy the following:

i R is a commutative (Abelian) group with respect to + and x.

ii The operation x has the closure, associativity, and identity properties.
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iii The distributive laws: Vz,y, 2z € R,

rx(y+z) = (vxy)+(@x2),
(x+y)xz = (zx2)+(yx2).

A field is a commutative ring in which every element, except 0, has a multi-
plicative inverse. Let k be a field. A k-vector space, V, is an additive commuta-
tive group together with an operation called scalar multiplication that assigns
to each a € k, called a scalar, and to each v € V, called a vector, an element
av € V so that the following hold:

i ai(aav) = (a1a2)v,Va; €k and Vv € V;

ii (a1 +az)v=a1v+agv,Va; €k andVv eV,
iii a(vy 4+ ve) =avy +ave,Va €k and Vv; € V;
ivlv=v,VveV.

If vi,---,v, are pairwise different elements of a k-vector space V and for all

a € k then any sum of the form

n
g a;V;
i=1

is also called a linear combination of the v; with coefficients a;.
Let B be a subset of V. B is linearly independent if for all pairwise different
Vi, -,V € Band ay,---,a, in the field k&

n
Zaivi =0 implies a1 =---=a, =0.
i=1
A set that is not linearly independent is called linearly dependent.
Let k& be any field, N be the field of non-negative integers, i.e., the integers
0,1,2,3,---, V be any k-vector space, and B C V. B is a generating system of
VivveV,3neN, vy,---,v, € B,and a1, ,a, € k with

n

v = E a; V.

i=1

B is called a basis of V if it is a linearly independent generating system. The
following proposition is important to Grébner bases theory: If V is a k-vector

space and B is a subset of V' then the following are equivalent
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i B is a basis of V.
ii B is a minimal generating system for V.

A polynomial in n variables, f(x1,---,2,), with coefficients in k is a finite

sum of terms of the form
a]mfl P xgn’

where a; € k, j € N, and 8; C N such that, ¢ = 1,--- ,n. The polynomial f
may be thought of as a sequence of numbers where a; = 0 for all but finitely
many a € k and j € N.

Let k[z1,---,2,] be the set of all polynomials in n variables! with coeffi-

cients in the field k. With respect to polynomial addition and multiplication

Elx1,- -+ ,x,] is a commutative polynomial ring. This commutative polynomial
ring k[z1, -+ ,x,] is also a k-vector space with basis the set T™ of all power
products

™ = {xll“'xfi"wiCN,i:l,”',Tl}-

For example, a power product could be z{x$z2z3.

All polynomials are uniquely determined by their coefficients. A univariate
polynomial may be represented by a sequence of real numbers, the coefficients
a; # 0,i € {1,2,3,---},a € R. Observe that this sequence is a function that

maps a positive, non-zero integer to a real number
F: N—R

Similarly, a multivariate polynomial can be represented by a function. The
real numbers are replaced by an arbitrary ring, R. Further, coefficients are

needed not just for powers ™ of xz, but for power products of variables as well,

ie., xlﬁl -~ zPn The function may be represented as
F: N*"—>R.
This function assigns a coefficient in the ring R to each n-tuple (81, -, ).

An affine n-space is defined as

k" :{(ala"' 7an)|ai ekvi:17"' 1n}'

1From now on, whenever just one, two, or three variable polynomials are considered, vari-
ables with subscripts will not be used. Rather, the variables will be denoted z, y, or z as
needed.
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The a; are the basis vectors of the n-space. For example, if k = R, k" = R™ is
the Euclidean n-space.

A polynomial f € k[zy,- -+ ,z,] determines a function k™ — k defined by
(a1, -+ ,an) = flar, - ,an), V(a1 - ,a,) € k™.

This function is called evaluation [1], and maps the affine n-space k™ to the field
k. Hence, there are two distinct ways to regard a polynomial f € k[z1,--+ ,zp]:
one is as a formal polynomial in k[z1,--- ,x,]; the other is as a function that
maps k™ — k. In [1], this dual existence of polynomials is considered to be the
“...bridge between algebra and geometry”.

The variety defined by f, V(f), is the set of solutions to the equation f = 0,
i.e., the zeros, or roots of the polynomial. It is defined mathematically as

V(f):{(ah'"7an)ek|f(a17"'uan):07} gkn

For a set of polynomials fi,---, fs € k[x1,--- ,x,] the variety V(f1, -+, fs) is
the set of all solutions to the system

fi=fo=-=f=0, (4.1.1)
or, more formally
V(flv"'ufs) = {(alv"'7an)€k‘fi(a17"'aan):07i21727"'38}'

Hence, the variety defined by a set of polynomials, or in other words, a system
of equations, is the set of all intersections of the system

V(fi,- . fs) = nV(fi)-

For example, the variety V(2% + y? — 4,2 — 2y?) C R? is the intersection of the
circle 2 + y2 = 4 and the parabola z = 2y? in the zy-plane.

Let R be a commutative ring, and {0} # I C R. Then I is called an ideal
of R if

irz4+yel,Va,yel, and
iiarel,Vaelandr eR.

I is trivial if I = {0}, and proper if I # R. The ideal generated by the set of
polynomials fy,-- -, fs is denoted by (f1,- -, fs), and is defined mathematically

<f1a"'afs> = {Zuifiuiek[xla”’,xn]ai17"'55}'

i=1
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This means that if fi,fo € I then so is f1 + fo, and if f; € I and w is any
polynomial in k[xy,--- ,x,], then uf € I. The set of polynomials {f1,---, fs}
is a generating set of the ideal I. An ideal may have many different generating
sets with different numbers of elements. For example, in k[z,y], (x + y,z) =
(z,y) = (x +zy, 2%,9%, y + 2y).

It is important to note that a variety is determined by an ideal, not by a

particular set of equations, or polynomials.

4.2 The Univariate Case

There exist many algorithms to numerically solve systems like the one in Equa-
tion (4.1.1). They do not take into consideration the geometric properties of
the variety, nor consider its possible alternate descriptions. Systems of linear
equations can be transformed with Gauss-Jordan elimination to the reduced
row echelon form. This is the form of the coefficient matrix where every row
has a leading ‘1’ with zeros directly beneath and above it. This system has the
same solutions as the original, but requires less computational effort to solve.
Grobner bases theory offers an analogous procedure for non-linear systems. This
method involves finding a ‘better’ representation for the corresponding variety
(solution space), meaning that the original non-linear system is now ‘easier’ to
solve. The desired ‘better’ representation for the variety V(f1,--- , fs) will be
a ‘better’ generating set for the ideal I = (f1, -, fs). ‘Better’, in this case,
means the new set of generators give a better understanding of the algebraic
structure of I = (f1,---, fs), and the geometric structure of V/(f1,--- , fs).

To obtain the ‘better’ generating set the following problem must be ad-
dressed: the ‘better’ generating set of polynomials must be in the same ideal
as the original set. This is called the ideal membership problem. Suppose the
univariate polynomials f, g1, - , gs are given over a field and it must be deter-
mined if f € I{g;), i.e., if f is in the ideal generated by the g;. The greatest
common diwisor (ged), g, of I{g;) must be determined. Then f is divided by g.
The polynomial f will be in the ideal I{g;) if and only if the remainder of this
division is zero. If this is the case, then a polynomial ¢ must exist that satisfies
[ =a9.

Grobner basis theory extends this idea to multivariate polynomials. The
criterion for ideal membership is similar. If the polynomial reduction, which is
also called generalized division, of f by g1, -+ , gs has a remainder of zero, then
f € I{g;). The main theorem that makes the theory work is that it is possible
to generalize the FEuclidean algorithm to a preprocessing of the set g1, ,gs
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in such a way that another set is obtained which generates the same ideal and
has the desired property that the remainder is zero for every division with a
member of the ideal as the dividend. Ideal bases with this property are called
Grobner bases. The preprocessing, i.e., the computation of a Grébner basis from
a given set of polynomials is the Buchberger algorithm. It is the multivariate
analogue to the Euclidean algorithm, and, as well, a generalization of Gauss-

Jordan elimination from linear algebra to the non-linear case [2].

4.2.1 The Euclidean Algorithm

Buchberger’s algorithm for computing Grébner bases is essentially a general-
ization of the Euclidean algorithm for determining the gcd of two univariate
polynomials. It may also be viewed as Gauss-Jordan row reduction for systems
of non-linear equations. Before discussing Buchberger’s algorithm it would be
helpful to review the Euclidean algorithm.

The algorithm attributed to Euclid is for determining the greatest common
divisor (gecd) of two positive integers, the largest integer that divides both of
them with out leaving a remainder. Suppose a and b are positive integers
denoted the dividend and divisor if a > b. Then for some integers ¢; and 7 (the

first quotient and remainder), 0 <ry < b.

a = qb+r.
Since r; < b, we also have

b = qritre,

where go and ry are integers, with 0 < ro < ry.

Successive divisions produce the sequence of equations

a=qib+ry, 0<r <b,
b= qar1 + 19, 0<ry <y,
T1 = q3T2 + 13, 0<r3<ry,

Tne9 = qnTn-1+"Tn, 0=7n <Tp_1 <Tpn_o.
Since the successive remainders are decreasing non-negative integers, the re-
mainder 7, = 0 must be obtained after a finite number of divisions. The gcd
of a and b is the last positive (i.e. non-zero) remainder in the sequence. This
is so because r,_1 is a divisor of each divisor and of each remainder. It must,
therefore, be a divisor of each dividend, and the gcd of a and b is the same as

that of r,_2 and 7,_1, namely, r,_1 [4].
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For example, let a = 1071 and b = 462. Since a > b then a is the dividend
and b is the divisor. Applying the Euclidean Algorithm produces the following

sequence of equations:

a=qb+r1 = 1071 = 2(462) + 147;
b=qor1 +1y — 462 = 3(147) + 21;
r=qsre+rs = 147=7(21)+0.

Since r3 = 0 the algorithm terminates with 21 as the ged of 1071 and 462.

The operations used in the Euclidean algorithm are addition and division.
These operators may also be used on polynomials. Hence, the Euclidean algo-
rithm may be used to determine the ged of two polynomials. The main tool in
the Euclidean algorithm is the division algorithm employed in the long division
of real numbers. What follows is the first division and subtraction steps in ob-
taining the first remainder in the gcd example above. Continued application of
the division algorithm reveals that quotient of the division of 1071 by 462 yields
2.31818181818 - - -, which is an infinitely periodically repeating decimal.

9 <«——— quotient
divisor ——» 462 | 1071 ~——— dividend
subtract 924

147 <«— remainder

4.2.2 The Univariate Polynomial Division Algorithm

Table 4.1: Polynomial term reference terminology.

Symbol Meaning

deg(f) Degree of polynomial f
1t(f) The leading term of polynomial f
le(f) The leading coefficient of polynomial f

In this section we consider polynomials in one variable: 0 # f € kx].
The degree of a polynomial f, denoted by deg(f), is the largest exponent of
x in f. The leading term of f, 1t(f), is the highest degree term of f. The
leading coefficient of f, le(f), is the coefficient of 1t(f). These are summarised
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in Table 4.1. So, if
f = anwn +an71xn71 + -+ a1x + aop,

with ag, -+ ,a, € k and a,, # 0, then deg(f)=n, lIt(f)=a,z™, and lc(f)=a,.
The polynomial f is divisible by the polynomial ¢ if and only if deg(g)<deg(f).
Consider the two polynomials

—1
[ = apx" +ap_12" " 4 -+ a1z + ao,

g = bmmm—kbm,lxm_l+-~'+b1x—|—b0,

with n = deg(f) > m = deg(g). If this is so, then g divides f.

The first step in the division of f by ¢ is to subtract from f the product

g. The factor of g in this product is llzg ; The remainder after the

a —
nxn m

m
first division step is denoted as r; and is

_ 1t(f)
o= f—@Q

The first remainder ry is called a reduction of f by g and the process of com-
puting r; is indicated by

fi>’l"1.

It is to be observed that deg(r1) is necessarily less than deg(f) due to the
subtraction of the factor of g that eliminates 1t(f). If deg(r1) >deg(g) the

process continues, reducing r; by g to obtain ry as

lt(rl)
T g

The division algorithm continues until the final remainder equals zero, or the

T2 =

degree of the remainder is less than deg(g). At this point 1t(g) can no longer be
used to eliminate 1t(r). If the polynomial division required three steps to obtain

the final remainder, the reduction could be represented by
L L Lo

However, the following shorthand may be used to indicate that repeated reduc-

tion steps were used:
f i}+ T.

Note that an ordering of the polynomials is implied. That is, for the algo-
rithm to terminate, the final remainder r must be zero, or have a degree less
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than that of g. This can only occur if the powers of x are ordered with 2™ < "
and m < n. The last condition, m < n is equivalent to the statement that =™
divides z™ [1].

It is well established ([5, 4, 6]) that, given a non-zero polynomial g € k[z],

then for any f € k[z] with deg(f) > deg(g), 3 ¢, the quotient, and the remainder,
r, both € k[x] such that

f = qg+r, withr =0 or deg(r) < deg(g).

Moreover, ¢ and r are unique. The division algorithm for polynomials with one
variable is listed below.

Algorithm 4.2.1 The Univariate Polynomial Division Algorithm.
INPUT: f,g € k[z] with g # 0 and deg(f) >deg(g)

OUTPUT: ¢, : f = qg+ r and r = 0 or deg(r) <deg(g)
INITIALIZATION: ¢ :=0;7:= f

WHILE r # 0 AND deg(g) <deg(r) DO

gi=qet 1t(r)
It(g)
1t(r)
ri=r—
Ii(g)”
CONTINUE
END

For an example implementation of the univariate polynomial division algo-
rithm, let f = 22% — 22+ 22+ 1 and g = 422 + 52 + 7 be in the polynomial ring
with coefficients in the field of rational numbers. Since deg(f) > deg(g) then g
divides f. Applying the algorithm yields

T —

0]~

<~— quotient

(SIS

divisor —— 422 +52+7 | 223 — 224+ 2x 4+ 1 ~——— dividend
subtract 2% + EULZ + ET +0

77x27%x+1

2
_r,2_ 35, 49
subtract 5T ST

—3r + 2 —r0 remainder

The result is that f = (32— %) g+ (-3 + 2).
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Next, consider an ideal I = (f1, f2) € k[z]. The ged of f; and fo will
have a variety identical to V(f1, f2) [1]. Hence, it may be that the system
(f1,-++, fs) can be solved with less computational effort if g = ged(f1,---, fs)
is first computed with the Euclidean algorithm. Then all solutions to the system
are obtained by solving g = 0. The ged of fi; and f5 is a polynomial with the
following properties [6]:

1. g divides both f; and fo;
2. if h € k[x] divides f; and fo, then h divides g;
3. g is monic, i.e., lc(g) = 1.

Furthermore, any other polynomial in k[z] for which the remainder is zero upon
division by ¢ is in I. The gcd g is said to generate I, and is the ‘best’ generator
for the ideal.

The Euclidean algorithm, discussed earlier, may be expressed as follows:

Algorithm 4.2.2 The Euclidean Algorithm

INPUT: f1, fo € k[z], with at least one of f1, fo not zero
OUTPUT: f = ged(f1, f2)
INITIALIZATION: [ := 1,9 := fo
WHILE g # 0 DO

f i>+ r
fi=y
g:=r

1
=’
CONTINUE
END

4.3 Term Orders

Employing Gauss-Jordan elimination or the Euclidean algorithm requires a cer-
tain ordering of terms. For example, univariate polynomials are ordered by
term degree, with the leading term having the highest degree if the division or

Euclidean algorithms are to be used. For solving linear systems, the order is
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unimportant, but it must be specified. For multivariate systems, an analogous
order is required.
Recall that the set of power products is denoted by

Tn = {xfl’... ’x’rﬂ]’"

ﬂlEN,ZZI,,n}

Let 28 = wfl, -, 2P where B = (B1,--- ,B,) € N™. Note that in this paper
“power product” always refers to a product of the x; variables, while “term”
always refers to the product of a coefficient and a power product. Every power
product is a term with coefficient 1, but not every term is a power product. It
will be assumed that the different terms in a polynomial have different power
products, so 322y would never be written as 222y +22y. The terms in a polyno-
mial are arranged in increasing or decreasing order, hence there must be a way
to compare any two power products. The order must be a total order. That is,

given any %, P € T", exactly one of the following must be true:
™ < xP; x> =2P; or x> > zB.

The following three total term orders are used effectively in determining
Grobner bases [1, 2, 3].

Definition 4.3.1 Let lex denote the lexicographical order on T" with x1 >
To > - >, and be defined as follows: If

a:(ala"' 7an)76:(517"' aﬂn) GNn,

then

the first coordinates o; and B; in o and (3
x* <xP — from the left which are different satisfy a; < B;.

“From the left” means starting with the largest variables.

In the case of two variables x; and xo with x7 > o using the lexicographical

order we have
2 3 2 2
l<mg<ai<ay < - <x <Tory <THT] < -+ <7 < vov

As mentioned earlier, when only several variables are used we will normally
use z, y, and z instead of subscripted ones, but an ordering must be specified
nonetheless. For example, in the commutative polynomial ring k[z, y] using the

lexicographical order with x < y, the following order is implied

2

l<z<az?i<ad< - <y<ay<ziy<---<yi<---.
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In the example above the order of x and y was changed from what was likely

expected to emphasise the need to impose an order among the variables.

Definition 4.3.2 Let deglex denote the degree lexicographical order on T™
with ©1 > x9 > -+ - > x, and be defined as follows: If

o = (ala"' 7an)7ﬁ: (ﬂla"' a/Bn) ENna
then

Z;L:l oy < Z?:1 ﬁz

or
Yo =30 Bi and ™ < P
with respect to lex with x1 > --- > x,.

<P —

Using the degree lexicographical ordering the power products are first ordered
by total degree and any ties are broken using the lex order. In the case of two

variables with x9 < x1 we have
1<my<a <23 <mre <2} <5 < w25 <aiwg <t <o

In the commutative polynomial ring k[z,y] the degree lexicographical ordering

with x < y is
l<z<y<?<ay<y’<d<2?y<ayl<yP<.-
The final term ordering is the degree reverse lexicographical order.

Definition 4.3.3 Let degrevlex denote the degree reverse lexicographical
order on T™ with x1 > x9 > -+ > x,, and be defined as follows: If

a:(ah"' 7an)7ﬂ:(515“' 7/6)”) EN"’

then

Do <3 Bi

or

S o =Y. B; and the first coordinates oy and B; in
a and B from the right, which are different, satisfy o; > 3.

<P —

In this case, “from the right” means that the smallest variables are compared

until a set of corresponding exponents are found that have different values.
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In the case of two variables, deglex and degrevlex are identical. But, if there
are three or more variables in the ring this is no longer the case. This can be

seen in the following example:

3

x%mgxg > zixy  for deglex with 21 > 29 > x3

but, if the degrevlex order is used the opposite is true:

{E%iEQ.’Eg < x%x% for degrevlex with  x1 > o > 3.

Using degrevlex the exponents of x3 are compared because they are the first
from the right that are different. That is, on the left hand side the exponent of
x3 is 1, on the right hand side is exponent is 0. The tie is broken because 1 > 0,
hence & < aP.

To compare the three term orderings, consider the polynomial in k[z,y, 2],
described by f = 422y?z — 10zy* + 22*.
oyt < 2?2 < 2,
f=22* + 42%y%2 — 10zy*.

lex with x >y > z =
=

deglex with x >y > 2 =
=

degrevlex with x >y > z —
—

ot < ayt < 2?y?z,
f=4x%y?z — 10zy* + 224,

zt < xzyzz < :z:y4,
f=—10zy* + 422y?2 + 2%

Again, note that for the degrevlex ordering, to break the tie the first set of

different exponents from the right are those of z. Since 1 > 0 then 2%y%z < xy*.

4.4 Multivariate Polynomial Division Algorithm

Table 4.2: Polynomial term reference terminology for multiple variables.

Symbol Meaning

deg(f) Degree of polynomial f
It(f) The leading term of polynomial f
le(f) The leading coefficient of polynomial f
Ip(f) The leading power product of polynomial f

Now, consider the case of ideals generated by more than two multivariate

polynomials, I = (f1,- -, fs). In order to divide f by fi,---, fs requires a
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reworking of the division and Euclidean algorithms given earlier. The general
idea is the same as for linear and univariate polynomials: cancel terms of f
using the leading terms of the f;’s, so that new terms are of smaller order than
the cancelled terms, and continue the process of subtracting multiples of the f;’s
until the remainder has a degree smaller than any of the f;’s. One complicating
factor is that the dividend may have more than one divisor.

Before commencing we will denote the leading power product of polynomial
f as Ip(f). The lp is listed in Table 4.2, while deg, 1t, and lc are the same as in
Table 4.1. Given f,g,h € klz1,--- ,x,] with g # 0, the reduction symbol given
earlier

fLn

may be thought of as f reducing to h modulo g (in other words the difference of
f and h is divisible by g¢) in a single step, if and only if Ip(g) divides a non-zero
term a;x;" that appears in f, and

a; x3"

1t(g) &

In this regard, h is the remainder of a one step division of f by g. This process

ho= f-

of subtracting off terms in f that are divisible by 1t(g) continues until h = 0, or
deg(h) <deg(g). This final remainder is denoted by 7.

Let f,h, and fi1,--- , fs be polynomials in k[z1,--- ,x,], with f; Z0(1 <i <
s), and let FF'={f1,---, fs}. Then

JRE )

is the notation for f reduces to h modulo F, if and only if there exists a sequence
of indices iy, 42, - ,ir € {1,---, s} and a sequence of polynomials hy, -+, hs—1 €
klx1,- -+ ,x,] such that

JEEN R
If h = 0 or there is no power product in h that is divisible by any of the
Ip(fi), then h is reduced with respect to the set of non-zero polynomials F'.
Such a reduced polynomial is a remainder and is called r. In other words, r
can not be reduced modulo F. This reduction process allows for the definition
of a multivariate division algorithm, analogous to the univariate case. Given
fofi,o oo fs € k[xy, -, zn] with f; # 0, the algorithm below returns quotients

Uy oy Us € k21, -+, xy,], and a remainder r € k[xy,- - , x,], such that

o= whi+-tusfs+r
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Algorithm 4.4.1 Multivariate Polynomial Division Algorithm.
INPUT: f, f1--,fs € klx1, - ,x,] with f; Z0(1 <i<s)
OUTPUT: uy,- - ,ugs, 7 such that f =wuif1 + - -+ usfs +7 and
r is reduced with respect to {f1, -+, fs} and
max(Ip(u1)lp(f1), -+ Ip(us)Ip(fs).Ip(r))=Ip(f).
INITIALIZATION:u; :=0,--- ,us :=0,r:=0,h:= f
WHILE h # 0 DO
IF 3¢ such that Ip(f;) divides lp(h) THEN
choose the least i such that Ip(f;) divides Ip(h)
(

R ()
()
k),
()"
ELSE
= r+1t(h)
ho = h—1t(h)
CONTINUE

END

Note that in this algorithm an ordering is assumed among the polynomials
in the set {f1, -, fs} when i is chosen to be least such that Ip(f;) divides
Ip(h). The univariate polynomial division algorithm starts with » = f, then
multiples of f; are subtracted off until 1t(r) is not divisible by 1t(f;). Because
more than one divisors may be involved in the multivariate case, the polynomial
h is introduced into the algorithm. It begins with A = f and » = 0, and the
leading term of h is subtracted off when conditions permit or else the leading
term of of h is added to into 7, building up the expression for the remainder.

Example 4.4.1
It is required to reduce f by F', where

Fo= {fi,fo},
L = yz—y,
fo = y2—x7
fo= v

The order is deglex with y > x.
INITIALIZATION U ‘= O,UQ = O,’I“ = O, h = y2x
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First pass through the WHILE loop:
yx = Ip(f1) divides Ip(h) = y2z

1(h)
16(f1)
lb(h)
lt(fl)fl
= yr- %(ym )

= y2

Uy = U+

h = h

Second pass through the WHILE loop:
yx = Ip(f1) does not divide Ip(h) = 3>
y* = Ip(f2) divides Ip(h) = y?

16(h)
1t(f2)
1t(h)
()
= - %(y2 — )

- T

Uy = U +

Third pass through the WHILE loop:
yx = Ip(f1) does not divide Ip(h) = x
y? = Ip(f2) does not divide Ip(h) = x

ri=r+lt(h) = =z
h:=h+1lt(h) = 0

The WHILE loop stops and gives the OUTPUT
f —>+ X
and

f=yfi+ fotm

123
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4.5 Grobner Basis Definition

The stage is finally set for the definition of a Grobner Basis.

Definition 4.5.1 A Grébner Basis for an ideal I is a set of non-zero polyno-
mials G = {gq1, - ,g:} contained in I if and only if for all f € I such that
f#£0,3ie{l,--- t} such that lp(g;) divides lp(f).

That is, if G is a Grébner basis for I, then all polynomials in I can be reduced
with respect to G.

For a subset S of k[x1,- - x,], the leading term ideal of S is defined to be
the ideal

Lt(S) = (lt(s)|s € 9).
With this definition in mind, the following statements are equivalent [1]:
1. G is a Grobner basis for I.
2. felifandonlyif f -5, 0.
3. Lt(G) =Lt(1).

The proof for the existence of G is given in [1].

4.5.1 Buchberger’s Algorithm

In this section, Buchberger’s algorithm for computing Grobner bases will be

presented. But first, one more definition is required.

Definition 4.5.2 Let 0 # f,g € k[z1, - ,2,]. Let the least common multiple
(lem) of two power products be denoted L =lem(lp(f),lp(g)). The polynomial

L L
S(f,g9) = mf*@g

1s defined to be the S-polynomial of f and g.

S-polynomials are used for the following reason. In the division of f by
fi,-+-, fs, it may happen that some term a;x;" in f is divisible by both Ip(f;)
and Ip(f;) with ¢ # j, hence, ;27" is divisible by L =lem(Ip(f;),Ip(f;)). If f is
reduced by f; then

a;x3

hy = f- 7,

fi
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is obtained. On the other hand, if f is reduced by f;

a;x
he = f- "0
fi

will be obtained. The ambiguity introduced is

a;xs’ a;xs a;xs’
hg —hi = = fi — ——f; = —=S(fi, [;)-
fi fi L ’

A key theorem concerning S-polynomials is due to Buchberger.

Theorem 4.5.1 (Buchberger) Let G = {¢1, - ,9:} be a set of non-zero poly-
nomials in k[z1, - ,x,]. G is a Grébner basis for the ideal I = {g1,--- ,qg:) if
and only if for all i # j,

G
S(9i,95) —4+ 0.

Buchberger’s proof is given in [1].

The Buchberger theorem outlines a strategy for computing Grébner bases:
Reduce the S-polynomials and if a remainder is non-zero, add it to the list of
polynomials in the generating set. Continue doing this until there are ‘enough’
polynomials in the generating set to make all S-polynomials reduce to zero.
Buchberger’s algorithm will produce a Grébner basis for the ideal I = (f1,- -, fs),
given F = {f1, -+, fs} with f; Z0(1 <i < s).

Algorithm 4.5.1 Buchberger’s Algorithm for Computing Grébner bases.

INPUT: F ={f1,- -, fs} Cklry, - ,xn] with f; #0(1 <1i <)
OUTPUT: G ={¢1, - ,9s}, a Grobner basis for T
INITIALIZATION: G := F,G == {{f:, f;}|f: # f; € G}
WHILE G # 0 DO

Choose any {f,g} € G
G:=6-{{fg}}
S(f,9) inr h, where h is reduced with respect to G
IF h # 0 THEN
GU{{u,h}| VY ue G}
G:=GU{h}
CONTINUE
END
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Figure 4.1: Non-linear equations fi & fo: intersecting circle and ellipse.

Example 4.5.1

Consider a set of non-linear equations in two variables. The variety of this set
contains the real intersections, if any, of these equations. Let the first equation
represents a circle with radius 2, centred at the origin of an orthogonal planar
Cartesian coordinate system, 22 + y2 = 4. It is required to determine the set of
real intersections (if any) of this circle with the ellipse described by 222%+y? = 5.
These two equations may be rearranged as polynomials in two variables, z and
Y

fi: 22 +y? -4 (4.5.1)

fo: 2224y —5. (4.5.2)

As polynomials they are members of the ideal I = (f1, f2). A plot of these
geometric entities reveals that they do, indeed, have four intersections. This
is shown in Figure 4.1. Hence, the variety is not the empty set. However, the
goal of this example is to illustrate how the Buchberger algorithm computes a
Grobner basis for the ideal I. First, a term ordering is required. We will choose
lex with y < x, specify the input to the algorithm, and proceed:
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INITIALIZATION: G := {f1, £2},G := {{f1, fo}}.

Pass one through the WHILE loop:
G:={f L1 —{{fi.f}} =0

L L
SR R
a? 2 z? 2 2
1, 3
- ¥y

S(f1,f2) = 2y? — 2 can be reduced by neither f; or fo.

Then S(f1, fo) —<4=h # 0.
This being the case, let f3 := %yQ —

[S][eY

Continuing with the first pass:

G :={{f1, sHf2, f3}},
G :={f1, f2, f3}

Pass two through the WHILE loop:
Choose {{f1, fs}} € G,

G:={{f2 f3}}.
2?2y, 2 a?y? 1., 3
= ) g (T2 2
SUhfo) = T Et et 4) - (et = )
— 3224yt 4y
= 3f1+4fF —2f3+0.
This implies that
S(f1, f3) <54 0= h.
Pass three through the While loop:
Choose {{f2, f3}} € G,
G :=0.
I2y2 x2y2 1 3
_ 9222 42 —5) — 1,2 2
1 5
— 324 S22
x° + 5Y 5Y

= 3f1+2f; —5f3+0.
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This implies that
S(f2, f3)G—40 = h.

The WHILE loop stops, since G = 0,
G :={f1, f2, f3}.

The output of Buchberger’s algorithm may depend on the S-polynomials,
that is, in each pass of the WHILE loop {f,g} € G is chosen arbitrarily. In
some cases, if the order is changed the output may be a different Grébner basis.
However, the job the Grébner basis were required to do was to render the system
‘easier’ to solve. But, the algorithm gave us the original second degree poly-
nomials plus a third univariate second degree polynomial. We are, seemingly,
worse off than before! However, our goose is not yet cooked. The computed

Grobner basis can be minimized. This leads to the following definition.

Definition 4.5.3 A Grébner basis G = {g1,- -+ , gt} is called minimal if for
all i, le(g;)=1 and for all i # j, Ip(g;) does not divide 1p(g; ).

In the previous example, it is readily shown that Ip(fs2) and Ip(f;) divide

each other. However, f4 can be obtained as a linear combination of f; and fs:

f4 = f2_f17
— 2?5 (24P - 4),
= 22-1.

Hence, the Grobner basis is also represented by G = {f4, f3} But, G is not yet
minimal because 1t(f3) # 1. This is easily remedied by multiplying through by
2, giving f5 = 2f3 = y? — 3. This gives a minimal Grobner basis for I = (f1, fo)
of

G = {2*-1,4*-3}, (4.5.3)

with all conditions satisfied.

The minimal Grébner basis are the minimal generating set of the ideal to
which equations 4.5.1 and 4.5.2 belong. That is, every polynomial in the ideal
to which f; and fo belong can be expressed by a linear combination of the
Groébner basis, fy and f5. The circle is a combination of f4 + f5 and the ellipse
is a combination of 2f; + fs.

Geometrically, fy and f5 represent a set of two pairs of orthogonal lines,
shown in Figure 4.2a. Clearly then, the points shared by the lines z = +v/1
and y = ++/3 are the same as those shared by 2 + 32 = 4 and 222 + ¢ = 5.
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24

(a) The four orthogonal lines. (b) V(f1, f2) = V(fa, f5)-

Figure 4.2: The Grobner bases fy and f5 generate I = (f1, fa)

The variety V(f1, f2) is identical to the variety V(fs4, f5). This is illustrated in
Figure 4.2b. The difference is that it requires less computational effort to solve

the system of {f4, fs} than {f1, f2}.
4.5.2 Grobner Basis Computation Using Maple

The Grobner basis for the same ideal I and term ordering from the previous
example were determined using the computer algebra software package Maple.
They were found to be

{x? —1,y* - 3}. (4.5.4)
They are a set of univariate polynomials

gi: @t -1,

g2 y?—3.

It is immediately seen that g1 = f4 and g2 = f5.

4.6 Conclusions

A brief introduction to the theory of Grébner bases has been presented. Be-
cause the algorithm for computing these bases reduces systems of non-linear
equations algebraically, it offers strong competition to the well established nu-
merical methods for solving such systems. The computational complexity is
probably on par with most numerical methods, however divergence is never a

problem.
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