
Chapter 6

Kinematic Analysis

At first glance it may seem surprising how rich and deep the study of mech-

anism kinematics has become considering how commonplace four-bar linkages

are. A mechanical system typically comprises a power source and a linkage that

transforms the power into a desired motion in a controlled, predictable, and

repeatable way. Our focus will be on the linkage itself, and how to design and

analyse the resulting motion. The motion design employs the many techniques

of kinematic synthesis, while the study of the generated motion requires the

tools and techniques of kinematic analysis, some of which will be examined in

this chapter.

Modern day kinematic analysis and synthesis are rooted in the geometry of

antiquity: in both the axiomatic structure of synthetic geometry and the metric

structure of analytic geometry. Indeed, the modern understanding of axiomatic

and non-Euclidean geometries arose from careful reflection on Euclid’s work [1]

over the course of the last 2300 years. Consider the following quote from [2],

page 11:

The Greeks called an axiomatic approach synthetic because it syn-

thesizes (proves) new results from statements already known. The

Greeks often used a process they called analysis to find new results

that they then proved. They analyzed a problem by assuming the

desired solution and worked backward to something known. We

mimic this procedure in what we call analytic geometry and algebra

by assuming that there is an answer, the unknown x, and solving for

it. In modern times synthetic geometry has come to mean geome-

try without coordinates because coordinates are central to analytic

geometry.
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6.1 Planar Mechanisms

In this section we will examine the elementary kinematics of planar four-bar

mechanisms from an advanced standpoint. The last sentence, while true, is a

grammatical nod to Felix Klein [3]. Kinematic constraints will first be discussed,

followed by a novel development of the input-output (I-O) equation for planar

4R mechanisms, which turns out to represent the I-O equation for any planar

four-bar topology.

6.1.1 Kinematic Constraints

In the context of mechanism kinematics, a dyad is a binary link coupled to two

other rigid bodies with two kinematic pairs [4]. In a planar four-bar linkage the

two other rigid bodies are a relatively non-moving ground link, while the other

is the coupler when coupled to another dyad. For planar displacements there

are only two types of lower pair that can be used to generate a planar motion:

R- and P -pairs. This means there are only four practical planar dyads

RR, PR, RP , and PP .

These 3-link serially connected open kinematic chains of rigid bodies are the

building blocks of every planar mechanism. They are designated according to

the type of joints connecting the rigid links, and listed in series starting with

the joint connected to ground, each illustrated in Figure 6.1.

Figure 6.1: Types of dyads.

When a pair of dyads are joined, a four-bar linkage is obtained. However, the

designation of the output dyad changes. For example, consider a planar four-bar

linkage composed of an RR-dyad on the left-hand side of the mechanism, and
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a PR-dyad on the right-hand side, where the input link is the grounded link in

the RR-dyad, see Figure 6.2.

Suppose revolute joint R1 is actuated by some form of torque supplied by

an electric rotary motor transferred by a transmission, in turn driving the input

link, a1. The linkage is designated by listing the joints in sequence from the

ground fixed actuated joint, starting with the input link listing the joints in

order. Thus, the mechanism composed of a driving RR-dyad, and an output

PR-dyad is called an RRRP linkage, where the order of PR is switched to RP .

If the output were an RP -dyad, the mechanism would be an RRPR linkage.

If the input were an RP -dyad while the output was an RR-dyad, the resulting

mechanism would be an RPRR linkage, with no noticeable alteration in the

designation.

Since there are only two linearly independent translations and a single rota-

tion available for the displacement of a rigid body in the plane, the maximum

number of relative degrees of freedom (DOF) is three. Many mechanical sys-

tems are designed to provide only a single DOF meaning that only one motor

is needed. Regardless, a planar four-bar linkage can be designed to generate

coupled translations and rotations, as in the rigid body guidance problem. In

this case the motion of the coupler is considered, link a2 in Figure 6.3. Alter-

nately, only a fixed axis rotation, or displacement along a fixed line may be the

required output. In this case, the linkage is generally termed a function gener-
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Figure 6.2: An RR-dyad on the left-hand side and PR-dyad on the right-hand

side connected by the coupler, a3, combine to form an RRRP four-bar linkage.
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ator, since it typically uses the linkage geometry to move the output link, link

a3, for example, in Figure 6.3, as a function of the motion of the input, link a1

in this case. The function is generally expressed as the output angle in terms

of the input angle, θ4 = f(θ1). The function is inverted if link a3 is the input

while link a1 is the output.
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Figure 6.3: 4R four-bar mechanism parameters.

6.1.2 Grashof Condition

A Grashof planar four-bar 4R linkage is one in which the sum of the lengths of

the longest and shortest links is less than the sum of the lengths of the other

two [5]. A Grashof planar 4R mechanism contains at least one link that can

fully rotate if

l + s < p+ q, (6.1)

where l and s refer to the lengths of the longest and shortest links, while p and

q are the lengths of the two intermediate links.

There are three classes of mechanisms according to the Grashof condition,

two of which contain several cases. The first four cases are the possible Grashof

planar 4R mechanisms for which the following relations, stated without proof,

are valid.

1. The four possible Grashof planar 4R mechanisms.

(a) Link a1 is a crank if it is the shortest link, and the output link a3 is

a rocker.
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(b) Link a3 is a crank if it is the shortest link, and the input link a1 is a

rocker.

(c) If the relatively non-moving link, the base, is the shortest link, then

both the input and output links a1 and a3 are cranks.

(d) If the coupler is the shortest link, then both the input and output

links a1 and a3 are rockers.

2. If l + s > p + q then there are four different inversions of double rocker

mechanisms that result, which are all non-Grashof linkages.

3. If l + s = p + q the mechanism is known as a non-Grashof change-point

mechanism, because it can fold. In the folded configuration all four links

align on the line joining the centres of the two ground fixed revolute joints.

They are called change-point mechanisms since, in the absence of inertial

effects, the linkage can come out of the folded configuration in either of

it’s two assembly modes, see Section 6.5.3. There are two special cases.

(a) If all four links are of equal length, a1 = a2 = a3 = a4, the change-

point linkage is known as a parallelogram linkage. All four inversions

are double cranks.

(b) The deltoid linkage is the other special case where two equal length

short links are connected to two equal length long links.

6.2 Coupler Angle

The goal of this section is to obtain an expression for the angle θ2 the coupler

a2 makes with respect to the input link a1 in terms of the input and output

angles, θ1 and θ4, and the link lengths a1, a2, a3, and a4, using traditional

methods of plane trigonometry, see Figure 6.3. However, as will be shown

in Section 6.5.5, such expressions can be determined using relative Denavit-

Hartenberg joint angle parameters and methods of algebraic geometry without

any explicit trigonometry whatsoever.

This material is partly based on the approach presented in [6]. Let θ2 denote

the angle of the coupler a2 measured about point E relative to the input link

a1. Hence, the angle θ1 + θ2 measures the angle the coupler a2 makes with

respect to the X-axis of the relatively fixed coordinate system centred at O.

The coordinates of point F can be defined in terms of θ2 as[
FX

FY

]
=

[
a1 cos θ1 + a2 cos (θ1 + θ2)

a1 sin θ1 + a2 sin (θ1 + θ2)

]
. (6.2)



178 CHAPTER 6. KINEMATIC ANALYSIS

But, the coordinates of F can also be defined in terms of the output link a3 as[
FX

FY

]
=

[
a4 + a3 cos θ4

a3 sin θ4

]
. (6.3)

Equation Equations (6.2) and (6.3) yields the kinematic closure equations for

the four-bar linkage:

a1 cos θ1 + a2 cos (θ1 + θ2) = a4 + a3 cos θ4, (6.4)

a1 sin θ1 + a2 sin (θ1 + θ2) = a3 sin θ4. (6.5)

For any value of the input angle θ1 we can write

cos (θ1 + θ2) =
a4 + a3 cos θ4 − a1 cos θ1

a2 ,

sin (θ1 + θ2) =
a3 sin θ4 − a1 sin θ1

a2 .

 (6.6)

We can solve Equation (6.6) for θ2 revealing

θ2 = tan−1

(
a3 sin θ4 − a1 sin θ1

a4 + a3 cos θ4 − a1 cos θ1

)
− θ1. (6.7)

6.3 Performance Metrics

Various angles and ratios of a four-bar mechanism act as performance metrics

that can be used to evaluate how well a mechanism performs the task it is

intended for, or to compare the performance of different linkages at carrying

out the same task. While there is no single performance metric, or index of

merit [7, 8] for all mechanisms, several have emerged as particularly useful.

The transmission angle between the coupler a2 and output link a3, ζ in Fig-

ures 6.3 and 6.4, is a standard four-bar mechanism performance metric that

can be used as a measure of the mechanical advantage and velocity ratio of a

particular linkage. These three metrics will be discussed in the following two

subsections.

6.3.1 Transmission Angle

If the only external loads on linkage are generated by torques on the input and

output links, then the forces FE and FF acting on the coupler at the centres

of the revolute joints connecting it to the input and output links must act in

opposite directions acting along the line connecting the two moving joint centres.

Hence, in general only a component of force FF is transferred to the output link
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as output torque via the coupler depending on the transmission angle ζ. The

component of FF transmitted to the output link as torque is proportional to

sin ζ. The component proportional to cos ζ is transferred to the centre of the

ground fixed revolute joint at G and must be absorbed as a reaction force.
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Figure 6.4: 4R four-bar mechanism parameters.

It is useful to have the transmission angle ζ expressed in terms of the input

angle θ1. To do this we can equate the cosine laws for the triangles △OGE and

△GFE along the diagonal EG of the quadrangle formed by the revolute joint

centres OGFE. Referring to Figure 6.4, because ζ is an exterior angle this gives

(|E−G|)2 = a24 + a21 − 2a1a4 cos θ1 = a22 + a23 + 2a2a3 cos ζ. (6.8)

Solving for the transmission angle ζ yields

ζ = cos−1

(
a24 + a21 − a22 − a23 − 2a1a4 cos θ1

2a2a3

)
. (6.9)

6.3.2 Mechanical Advantage and Velocity Ratio

Consider Figures 6.3 and 6.4 once again. If friction and inertia forces are small

compared to the actuation forces then the power supplied to the input link a1

is the negative of the power applied to the output link a3 by the load. Since

power can be defined as the inner (dot) product of torque and angular velocity

vectors it must be that

Tin · θ̇1 = Tout · θ̇4. (6.10)



180 CHAPTER 6. KINEMATIC ANALYSIS

We can consider only the magnitudes of these vectors and re-express this relation

as the following equivalent ratios:

Tout

Tin
=

θ̇1

θ̇4
. (6.11)

The first ratio in Equation (6.11) is the mechanical advantage of the linkage,

which is equivalent to the negative reciprocal of the velocity ratio. The velocity

ratio in Equation (6.11) can be expressed in terms of the two angles δ and β

illustrated in Figure 6.3. Since δ is π − ζ we additionally have

Tout

Tin
=

θ̇1

θ̇4
=

a3 sin δ

a1 sinβ
. (6.12)

Equation (6.12) shows that the mechanical advantage approaches infinity when

the angle β approaches 0 or π. These configurations are called toggle configu-

rations, and are illustrated in Figure 6.5. The two toggle configurations for the

linkage in Figure 6.5 correspond to β = 0 and β = π. Moreover, Equation (6.12)

also shows that issues arise when δ → 0 and δ → π. These two extremes for

the transmission angle correspond to when ζ → π and ζ → 0. In these config-

urations the mechanical advantage of the linkage becomes very small, and then

even a very small amount of friction or misalignment will cause the mechanism

to jam or lock. Hence, a design rule-of-thumb is that the best four-bar linkage

will have a transmission angle which deviates from a right angle by the smallest

amount [7, 8].
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Figure 6.5: The angular limits of the output link, if they exist, are θ4min/max
.

6.4 Coupler Point Curves

One of the earliest recorded examples of mechanical system design for guiding

a point along a curve belongs to Archimedes (ca. 287-212 BC). He was born in
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Syracuse in the ancient Greek colony of Sicily, but he studied mathematics at

the Museum in Alexandria [9] between 250-240 BC under the direction of Conon

of Samos. Conon was a mathematician who was a pupil of Euclid and became

the custodian of the library of Alexandria after Euclid’s death. Archimedes

work is the first recorded systematic study of mechanism design and analysis,

although undoubtedly these concepts were widely studied earlier everywhere

there were humans who could formulate abstract thoughts. However, the very

first patent [10] for a mechanism designed to move a point along a desired

curve belongs to James Watt (1736-1819) awarded more than 2000 years after

Archimedes death.

The point equation for the coupler curve of a selected coupler point which is

generated by a planar 4R mechanism that is presented here is largely based on

the way it was originally derived by Samuel Roberts in [11] and reported in [12],

and subtly modified in [6]. Referring to Figure 6.6, the ground fixed stationary

reference coordinate system has it’s origin O at the centre of the left ground

fixed R-pair and uses coordinates (X,Y ). Let the coordinate system that moves

with the coupler be centred at E, with x-axis on the line between E and F .

Let the coordinates of any particular coupler reference point C be (xC , yC).

Since the coupler angle θ2 is a function of the input angle θ1 we will express

Figure 6.6: 4R four-bar point coupler curve parameters.
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the equation of the coupler curve that point C traces as θ1 changes in terms of

the input angle all expressed in the non-moving coordinate system. Since the

location of point C has constant coordinates (xC , yC) in the moving coordinate

system, we can always transform these coordinates to the non-moving frame

coordinates (XC , YC) with the coordinate transformation 1

XC(θ1)

YC(θ1)

 =

 0 0 1

cos(θ1 + θ2) − sin(θ1 + θ2) a1 cos θ1

sin(θ1 + θ2) cos(θ1 + θ2) a1 sin θ1


 1

xC

yC

 . (6.13)

The coupler geometry is fixed with the angle at the coupler reference point C

between sides f and e indicated by the constant angle ϕ2. Hence, by eliminating

θ1 from the equation, we can obtain a quasi-algebraic form of the coupler curve.

However, the equation is still essentially transcendental in terms of cosϕ2 and

sinϕ2, so we call it quasi-algebraic. We will define the coordinates of the coupler

point C in two ways. Let the coupler triangle △CEF in Figure 6.6 have lengths

a2, e and f , where e and f are determined by the choice of coupler point C.

These two sides are determined by

f = |C−E| = (x2
C + y2C)

1
2 , and e = |C−F| =

(
(xC − a2)

2 + y2C
) 1

2 . (6.14)

The angle α1 is defined in the non-moving frame centred at O as the angle that

side f makes with respect to the X-axis, counter-clockwise being positive, while

the angle α3 is the angle between the X-axis and side e. We therefore write

C−E =

 1

f cosα1

f sinα1

 , and C− F =

 1

e cosα3

e sinα3

 . (6.15)

Now de-homogenise and rearrange Equations (6.15) to isolate E and F:

E =

[
XC − f cosα1

YC − f sinα1

]
, and F =

[
XC − e cosα3

YC − e sinα3

]
. (6.16)

Substitute these results into the identities defined in the fixed frame

E ·E = a21, and (F−G) · (F−G) = a23.

The first dot product gives

E ·E = (XC − f cosα1)
2
+ (YC − f sinα1)

2
= a21.

After collecting terms and using the identity cos2 α1 + sin2 α1 = 1, and rear-

ranging the terms this simplifies to

E ·E = X2
C + Y 2

C − 2fXC cosα1 − 2fYC sinα1 + f2 − a21 = 0. (6.17)
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Since our fixed coordinate system is selected such that the X-axis is directed

from point O to point G, with the origin located at O, the difference of the two

vectors in the second dot product is

F−G =

[
XC − e cosα3 − a4

YC − e sinα3

]
.

Using the same approach, the second dot product simplifies to

(F−G) · (F−G) = X2
C + Y 2

C − 2eXC cosα3 − 2eYC sinα3+

2a4e cosα3 − 2a4XC + a24 + e2 − a23 = 0. (6.18)

It will be convenient to express α3 in terms of α1 and ϕ2. For this we can

use the triangle interior/exterior angle rule [1]. Consider the triangle illustrated

in Figure 6.7a. Consider that

ϕ1 + ϕ2 + ϕ3 = π,

and

ϕ3 + ϕ4 = π.

Then we can say that

ϕ4 = π − ϕ3,

and

ϕ1 + ϕ2 = π − ϕ3.

Therefore

ϕ1 + ϕ2 = ϕ4. (6.19)

The same rule holds for the triangle shown in Figure 6.7b, that is τ can be

added to both sides of Equation (6.19) without changing it’s validity:

(ϕ1 + τ)︸ ︷︷ ︸
α1

+ϕ2 = (ϕ4 + τ)︸ ︷︷ ︸
α3

.

Therefore

α1 + ϕ2 = α3. (6.20)
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(a) Triangle angle rule.

(b) Triangle angle rule adapted for cou-

pler.

Figure 6.7: Triangle angle rules.

Making this substitution in Equation (6.18) and using the addition identities

for sine and cosine functions

cos (ϕ2 + α1) = cosϕ2 cosα1 − sinϕ2 sinα1,

sin (ϕ2 + α1) = cosϕ2 sinα1 + sinϕ2 cosα1,

one can separate the angle functions, and after rearranging the terms as in

Equation (6.18) gives

X 2
C + Y 2

C − 2e ((XC − a4) cosϕ2 + YC sinϕ2) cosα1 −

2e (YC cosϕ2 + (a4 −XC) sinϕ2) sinα1 + a24 + e2 − 2XCa4 = a23. (6.21)

The next step towards obtaining the quasi-algebraic point coupler curve ex-

pressed in the non-moving coordinate system in terms of XC and YC is to

linearly solve Equations (6.17) and (6.21) for cosα1 and sinα1 using Cramer’s

rule [13].

To apply Cramer’s rule to this system of equations, the equations must be

in the vector-matrix form Ax = b. Recall that if Ax = b represents a system

of n equations where all the elements of matrix A and vector b are known, and

the equations are linear in the unknown elements of vector x. If det(A) ̸= 0

then the system has a unique solution for x = [x1, x2, · · · , xn]
T given by [13]

x1 =
det(A1)

det(A)
, x2 =

det(A2)

det(A)
, · · · , xn =

det(An)

det(A)
,

where det(Aj) is the matrix obtained by replacing the entries in the jth column

of A by the elements in the vector b = [b1, b2, · · · , bn]T .
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To apply Cramer’s rule, we first simplify Equations (6.17) and (6.21) by

collecting the terms that are scaled by cosα1 and sinα1, and those that are

independent of the angles as

P1 cosα1 +Q1 sinα1 = R1,

P2 cosα1 +Q2 sinα1 = R2,

}
(6.22)

where

P1 = 2XCf,

Q1 = 2YCf,

R1 = X2
C + Y 2

C + f2 − a21.

∥∥∥∥∥∥∥
P2 = 2e ((XC − a4) cosϕ2 + YC sinϕ2) ,

Q2 = 2e (YC cosϕ2 − (XC − a4) sinϕ2) ,

R2 = (XC − a4)
2 + Y 2

C + e2 − a23.

We can now arrange these equations in the desired form as[
P1 Q1

P2 Q2

][
cosα1

sinα1

]
=

[
R1

R2

]
. (6.23)

Note that the term (XC − a4)
2 in the coefficient R2 in Equations (6.22) is

obtained from the three terms X2
C − 2a4XC + a24 in Equation (6.21). Solving

Equations (6.22) using Cramer’s rule for cosα1 and sinα1 yields

cosα1 =

∣∣∣∣∣ R1 Q1

R2 Q2

∣∣∣∣∣∣∣∣∣∣ P1 Q1

P2 Q2

∣∣∣∣∣
=

R1Q2 −R2Q1

P1Q2 − P2Q1
, and (6.24)

sinα1 =

∣∣∣∣∣ P1 R1

P2 R2

∣∣∣∣∣∣∣∣∣∣ P1 Q1

P2 Q2

∣∣∣∣∣
=

P1R2 − P2R1

P1Q2 − P2R1
. (6.25)

Finally we enforce the identity cos2 α1 + sin2 α1 = 1 to obtain

(R1Q2 −R2Q1)
2 + (P1R2 − P2R1)

2 = (P1Q2 − P2Q1)
2,

or

(R1Q2 −R2Q1)
2 + (P1R2 − P2R1)

2 − (P1Q2 − P2Q1)
2 = 0. (6.26)
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The Pi and Qi coefficients in Equation (6.26) are linear in the coordinates of

the coupler point XC and YC , while the Ri are quadratic. The products PiRj

and QiRj are therefore of order three (1+2), and the squares of the differences

are of order six (3 ∗ 2). Hence, the point coupler curve of an arbitrary planar

4R mechanism represented by Equation (6.26) is of order six (a sextic) agreeing

with the well known theory of planar mechanisms [12].

6.4.1 Coupler Curve Examples

The following three examples of coupler curves from different mechanisms are

intended to illustrate that the nature of any particular coupler point in any

particular 4R linkage is tremendously varied. The first coupler curve plotted

in Figure 6.8 (a) is for the non Grashof double π-rocker with link lengths in

generic units of length of a1 = 9, a3 = 12, a4 = 6 and a2 implied by the coupler

edge lengths e = 8 and f = 8, and the angle ϕ2 = π
3 between sides f and

e, giving a2 =
√

e2 + f2 − 2ef cosϕ2 = 8, obviously, since the coupler triangle

must be equilateral. Evaluating the signs of the appropriate coefficient products

in Equation (6.83) then consulting Tables 6.7-6.10 reveals the linkage is indeed

a non Grashof double π-rocker. Note the coupler curve possesses a single real

crunode (real double point).

YC

XC

(a)

XC

YC

(b)

XC

YC

(c)

Figure 6.8: Three different coupler curves.

The second linkage is a non Grashof 0-rocker, π-rocker determined by a1 = 6,

a3 = 7, a4 = 12 and a2 implied by the coupler edge lengths e = 10 and f = 5,

and the angle ϕ2 = π
3 between sides f and e, giving c =

√
e2 + f2 − 2ef cosϕ2 ≈

8.66. The corresponding coupler curve is plotted in Figure 6.8 (b). This coupler

curve possesses two real crunodes.

The third linkage is a Grashof double crank determined by a1 = 6, a3 = 7,
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a4 = 4 and a2 implied by the coupler edge lengths e = 4 and f = 6, and the

angle ϕ2 = π
3 between sides f and e, giving c =

√
e2 + f2 − 2ef cosϕ2 ≈ 5.29.

The coupler curve, plotted in Figure 6.8 (c), has two distinct branches, one with

a real crunode the other without. This illustrates a synthesis issue known as the

branch defect because the linkage must be re-assembled in two different ways to

reach both branches of the coupler curve.

6.4.2 Algebraic Properties of the Planar Coupler Curve

Discussion of the algebraic properties of the sextic coupler curve requires some

knowledge of plane algebraic curves and rational algebraic functions. This ma-

terial is discussed in great detail in [14], while the material presented in [15]

is, in the author’s own words: “intended to give the student a reasonably brief

introduction to the subject”. Some elementary material will be presented next

to highlight the properties of these sextic curves. In particular, it is instructive

to consider the order of the point equation of a curve as well as it’s circularity,

the class of the corresponding line equation of the curve, the number and type

of singular points, and the Plücker numbers that relate them by virtue of the

principle of duality. We will consider plane algebraic curves in general and the

sextic coupler curve in particular in the following four subsections.

6.4.2.1 Curve Order; Bézout’s Theorem; Imaginary Conjugate Cir-

cular Points; Circularity

A planar curve is algebraic if a point (x1, x2) which traces the curve satisfies an

equation f(x1, x2) = 0, where f is a rational integral algebraic function of the

coordinates x1 and x2. In other words a function is algebraic if

f(x1, x2) =
∑

aijx
i
1x

j
2 = 0

and the indices i and j take either finite integer values, or are zero, and aij is

some constant rational coefficient (i.e. a ratio of two integers) for each unique

term xi
1x

j
2. The degree n of an algebraic planar curve is the highest power

of xi
1 and xj

2 combined: n = (i + j)max. Clearly, the degree of a curve is a

positive integer. In the study of algebraic curves, the degree of a particular

curve is usually called it’s order. When one, or more of the terms cannot be

expressed as a rational number (a ratio of integers) it is said to be irrational.

For example x = ey, or y = cosx are transcendental, since the expressions for

exponential and trigonometric functions represent infinite power series which

cannot be represented as ratios of integers.
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In 1876 Alfred Bray Kempe, a mathematician best known for his work on

linkages, proved a theorem relating the properties of plane algebraic curves

to planar linkages, which can contain only P - and R-pairs: it is theoretically

possible to design a linkage to guide a point to trace any plane algebraic curve

[16]. Regardless, since that time no general method has been discovered for

identifying the best, or simplest mechanical system for tracing any particular

plane algebraic curve [12]. Hence, there remains keen interest throughout the

world for advancing and developing new knowledge in linkage design methods,

performance metrics, and optimisation strategies. An excellent comprehensive

introduction to plane algebraic curves may be found in [15] but is beyond the

scope of this text. Nonetheless some of the concepts germane to planar four-bar

analysis and design will now be introduced.

An arbitrary line in the plane cuts an nth order algebraic curve in at most

n points. A plane algebraic curve can be described by an equation as a locus

of points, but it can also be described in a dual way by an equation as an

envelope of lines tangent to the curve. In this case, a general point in the

plane has at most n lines passing through it that are tangent to an algebraic

curve of nth class. Hence the distinction between the point equation and the

line equation of a curve. Line equations will be discussed in greater detail

later and are mentioned now only to hint at the great depth of the study of

plane algebraic curves since antiquity. We will focus on point equations for the

moment. Generalising the notion of how many times a line cuts a nth order

algebraic curve we can eliminate the phrase “at most” from the theorem if we

admit the existence of points of intersection that are imaginary and/or infinite.

Because the point equation of a line is linear, it follows that it can intersect

an nth order algebraic curve in n points. By extension, Bézout’s theorem states

that two coplanar algebraic curves of orders n and m which do not share a

common component, that is, which do not have infinitely many common points,

intersect in general in nm points: the product of their orders. The theorem is

named after Étienne Bézout who published a proof in 1779 in a treatise entitled

Théorie Générale des Équations Algébriques [17], but the theorem was originally

essentially stated without proof by Issac Newton in his proof of Lemma 28 in

Volume 1 of his Principia in 1687 [18]. Regardless, history has justly recognised

Bézout and the theorem bears his name.

It is easy to confirm by inspection that a line can cut a conic section in no

more that two real points. Considering the plots in Figure 6.9, it is equally easy

to confirm that two general coplanar conics, second order plane algebraic curves,

can have four points in common, unless they are coincident. If a right circular
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cone is cut by a plane parallel to it’s base circle, but not at it’s apex, the trace

of the cone on the plane is a circle, a conic section, a general plane algebraic

curve of order two. In fact, a circle is a special case of an ellipse whose major

and minor axes have the same length. Yet two distinct coplanar circles never

intersect in more than two real points. A circle cuts any other conic section in as

many as four points, but not another circle! How is this so? Does this suggest

that our Cartesian representation of the algebraic equation of a circle in the

Euclidean plane E2 is lacking the resolution needed to identify two additional

points of intersection? Are there two additional points that are occluded by the

representation using Cartesian coordinates? Let’s examine the possibilities.

(a) Hyperbola and parabola. (b) Ellipse and parabola.

(c) Circle and ellipse. (d) Two circles.

Figure 6.9: Conic section intersections.

Consider the equation of an arbitrary circle, k, in the Euclidean plane E2

with radius r and centre C(xc, yc):

(x− xc)
2 + (y − yc)

2 = r2. (6.27)

Expressing Equation (6.27) using homogeneous coordinates x = x1
x0

, y = x2
x0
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produces the corresponding circle in the projective extension of E2, called P2:(
x1

x0
− xc

)2

+

(
x2

x0
− yc

)2

= r2. (6.28)

The homogenising coordinate x0 can be considered a third length coordinate

that has the effect of scaling the circle. In the case of a circle the value of x0

must be a positive number, or zero. When x0 = 1 Equations (6.27) and (6.28)

are identical. When the relative magnitude of x0 increases, the circle becomes

smaller and approaches it’s centre. As x0 ⇒ ∞ the circle diminishes in area

until it becomes vanishingly small and ultimately degenerates to a single point:

the centre. As x0 diminishes, the area of the circle increases, with the limiting

case being x0 = 0. Equation (6.28) is now said to be homogeneous in x0, x1,

and x2. This is seen more readily if we multiply it by x2
0 giving

(x1 − xcx0)
2 + (x2 − ycx0)

2 = r2x2
0. (6.29)

Now, every term in Equation (6.29) is homogeneously of degree two. When

x0 = 1 then x1 = 0 and x2 = 0 are the coordinate axes, but what happens when

x0 = 0 while x1, x2, xc, yc, and r remain finite? Just as lines x1 = 0 and x2 = 0

always intersect the circle in two real, or imaginary points, it must also be that

the line x0 = 0 intersects the circle in two points. Since the effect of setting

x0 = 0 gives the circle an infinitely large area and because x0 = 0 is a line, it

must be that x0 = 0 is a line at infinity. Because we are considering a circle in

a plane, there can only be one line at infinity that bounds the finite locations

in the plane. Hence, x0 = 0 is called the line at infinity.

The intersection of a circle with the line at infinity x0 = 0 is given by the

equations

x0 = 0, x2
1 + x2

2 = 0. (6.30)

In this case Equation (6.29) becomes

x2
1 + x2

2 = 0. (6.31)

Equation (6.31) factors into a degenerate conic section consisting of a pair of

complex conjugate imaginary lines

(x1 + ix2)(x1 − ix2) = 0 (6.32)

which possess one real point of intersection, namely (x1, x2) = (0, 0). There-

fore, the line at infinity intersects the circle where the complex conjugate lines
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represented by Equation (6.32) meet the line at infinity, namely at the complex

conjugate points I1 and I2:

(x0 : x1 : x2) =

{
I1(0 : i : 1),

I2(0 : −i : 1).
(6.33)

The constants r, xc and yc which characterise the circle do not appear in the re-

sult. Thus, every circle represented in the projective extension of the Euclidean

plane intersects the line at infinity in exactly the same two imaginary points,

called the conjugate imaginary circular points I1 and I2. They are also widely

called the imaginary absolute circle points [3, 12, 19, 20, 21]. It can be shown,

in the same way, that every sphere cuts the plane at infinity in the imaginary

conic:

x0 = 0, x2
1 + x2

2 + x2
3 = 0, (6.34)

which is called the imaginary, or absolute sphere circle.

These absolute quantities account for the apparent deficiency of Bézout’s

theorem [12, 22] for the intersections of algebraic curves and surfaces. That is,

two curves of order n and m will intersect in nm points; similarly, two surfaces

of order n and m will intersect in a curve of order nm. Clearly, two circles can

intersect in at most two real points, while two spheres intersect in a circle (a

second order curve). Since every circle contains the complex conjugate points I1

and I2, two circles can intersect in at most two more real points for a maximum

number of four. The same applies for spheres; they intersect in a curve that, if

it contains a real circle, always splits into a real and an imaginary conic. Hence

Bézout’s theorem is seen to be always true.

A double point, also known as a node, of a plane algebraic curve is a location

where the curve intersects itself such that two branches of the curve have distinct

tangent lines at that point. Double points are one type of singular point which

will be elaborated on in greater detail in Subsection 6.4.2.4. Ordinary double

points of plane curves are commonly known as crunodes. Ordinary double points

of a plane curve given by f(x1, x2) = 0 must satisfy

f(x1, x2) =
∂f

∂x1
=

∂f

∂x2
= 0.

A non-degenerate planar algebraic curve of order n can have at most

1

2
(n− 1)(n− 2) (6.35)
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double points, real and/or imaginary. Hence, a sextic coupler curve can have as

many as 10 double points:

1

2
(6− 1)(6− 2) = 10. (6.36)

Because a circle contains the complex points I1 and I2 as two single complex

conjugate points, a circle is said to have a circularity of one. Curves that contain

I1 and I2 as double and triple points have circularity two and three, respectively.

The circularity of the planar 4R coupler curve is determined by expressing the

coordinates of the coupler point C as homogeneous coordinates XC

WC
and YC

WC
in

the point coupler curve equation, Equation (6.26). The only terms that remain

after setting WC = 0 represent the intersection of the general 4R coupler curve

with the line at infinity:

4
(
(e cosϕ2)

2 + (e sinϕ2)
2 − 2ef cosϕ2 + f2

)
(X6

C + Y 6
C)+

12
(
(e cosϕ2)

2 + (e sinϕ2)
2 − 2ef cosϕ2 + f2

)
(X4

CY
2
C +X2

CY
4
C)−

16(e2f2 sinϕ2)
2(X4

C + Y 4
C)− 32(ef sinϕ2)

2(X2
C + Y 2

C) = 0.

It is to be understood that we are only considering non-degenerate point coupler

curves, in which case the constant coefficients do not vanish. It is shown in [12]

that the coupler curve intersects the line at infinity at points where

WC = 0,

(X2
C + Y 2

C)
3 = 0,

}
(6.37)

namely at the complex conjugate circular points I1 and I2. We see that a

planar 4R non-degenerate coupler curve has the imaginary circular points as

triple points. Therefore the coupler curve has a circularity of three and is called

a tricircular sextic. Since these are complex conjugate points, a 4R coupler curve

can have at most four additional finite double points because Equation (6.35)

indicates that a sextic curve has at most 10 double points, and six are always

complex conjugates.

6.4.2.2 Duality

In the Euclidean plane a general line has the equation

Ax+By + C = 0 (6.38)

where A, B, and C are arbitrary constants defining the slope and intercepts

with the coordinate axes. The x and y that satisfy the equation are points on
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the line. Using homogeneous coordinates this linear equation becomes

X0x0 +X1x1 +X2x2 = 0 (6.39)

where the Xi characterise lines (i.e., X0 = C, X1 = A, X2 = B) and the

xi characterise points. Now Equation (6.39) represents Equation (6.38) as an

equation that is linear in the Xi as well as the xi. Every term in (6.39) is

bilinear, or homogeneously linear. This should explain the etymology of the

term homogeneous coordinates. The Xi are substituted for the A, B and C to

underscore the bilinearity and symmetry. Now Equation (6.39) may be viewed

as a range of variable points on a fixed line, or as a pencil of variable lines on

a fixed point. The Xi define the line and are hence termed line coordinates,

indicated by the ratios [X0 : X1 : X2]; whereas the xi define the point and

bear the name point coordinates, indicated by the ratios (x0 : x1 : x2). Note

that [· · ·] are used to delimit line coordinates, while (· · ·) are used to delimit

point coordinates. Equation (6.39) is a bilinear equation describing the mutual

incidence of point and line in the plane. Thus, point and line are considered as

dual elements in the projective plane P2. The importance of this concept is that

any valid theorem concerning points and lines yields another valid theorem by

simply exchanging these two words. For example, the proposition

any two distinct points determine one and only one line

is dualised by exchanging the words point and line giving a very different propo-

sition,

any two distinct lines determine one and only one point.

This topic is covered more thoroughly in Chapter 5: Geometry in this collection

of notes and is introduced here as well for clarity in the description of the

important duality between curve order and the next topic: class.

6.4.2.3 Class of a Line Equation

Given an arbitrary point in the plane and a plane algebraic curve that does not

contain the point, the class of the curve is the number of lines that contain the

point and are tangent to the curve. The class of a line equation of a curve is

the line dual to the order of the point equation of the same curve. If the class

is equal to m, then there are m lines tangent to the curve through the point,

again these tangent lines may be real, imaginary, or at infinity. For curves of

orders one and two the class is also one and two, respectively. For curves of

order greater than two the class is generally a different positive integer. As a
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concept class is quite important because sometimes in kinematics a curve may

be more efficiently expressed as the envelope of it’s tangent lines rather than as

the locus of it’s points. This can be especially true when P - and R-pairs are

both in the kinematic chain.

As an example consider the PRRP linkage illustrated in Figure 6.10. Recall

that this linkage is known as an elliptical trammel. When the P -pair longitudinal

axes of symmetry are orthogonal the coupler, line AB, envelops a four pointed

asteroid. The same asteroid would be traced by a circle of diameter AB
2 rolling

Figure 6.10: An asteroid is generated when the P -pairs in an PRRP linkage

are orthogonal.

without slip on the interior of the larger circle defined by the four singular

apexes. Line AB has the homogeneous equation

x1

a cosϑ
+

x2

a sinϑ
− x0 = 0, (6.40)

where a is the length of the coupler AB.

Again, an arbitrary line in the plane has the homogeneous equation

X0x0 +X1x1 +X2x2 = 0. (6.41)

Comparing and equating the coefficients of x1 and x2 in Equations (6.40) and
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(6.41) yields
X1

X0
= − 1

a cosϑ
,

X2

X0
= − 1

a sinϑ
.

 (6.42)

The angle ϑ can be eliminated from the coefficients in Equation (6.40) with

the line coefficients defined as in Equation (6.42) by squaring them and imposing

the identity cos2 ϑ+ sin2 ϑ = 1 which yields the line equation of the asteroid:

a2X2
1X

2
2 −X2

0 (X
2
1 +X2

2 ) = 0. (6.43)

The line equation for the asteroid in Equation (6.43) is of degree four, therefore

the class of the asteroid is m = 4. The locus of a point on a circle rolling without

slip on a plane is known as a cycloid. Hence, because the point equation for

the four pointed asteroid can be generated by a the locus of a point on the

circle rolling without slip inside a circle of larger diameter it is also known as a

hypocycloid.

Consulting the literature, one finds the point equation for the hypocycloid,

or four pointed asteroid is(
a2x2

0 − (x2
1 + x2

2)
)3 − 27a2x2

0x
2
1x

2
2 = 0. (6.44)

The point equation for the four pointed asteroid has order six, whereas the line

equation for the very same curve is of class four.

6.4.2.4 Singular Points

In the study of kinematic geometry, and algebraic geometry in general, a singular

point of a curve is a point P that is uniquely defined, hence singular. In the

geometric sense, at this point the tangent space of the curve may not be regularly

defined. A point that is not singular is a regular, or simple point. As we

have seen in Subsection 6.4.2.1 a curve of order, or class, greater than two can

intersect itself. The points where this happens are called multiple points. A

comprehensive account of multiple points is to be found in [14]. The type of

multiple point that occurs for planar 4R coupler curves are called double points,

or nodes. The curve intersects itself a single time at a double point, hence there

must be two tangents to the curve at that location. There are three species of

double points that arise when the tangents to the curve at the double point are

either a pair of distinct real lines, a pair of complex conjugate lines, or a pair of

real but coincident lines.
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To illustrate the different nature of the three types of double point consider

the following cubic equation

y2 = (x− a)(x− b)(x− c) (6.45)

where the constant coefficients have rational positive magnitudes such that a <

b < c. This curve, illustrated in Figure 6.11 (a), is symmetric with respect to

the x-axis since every value of x gives equal and opposite values of y. The curve

intersects the x-axis at the three points x = a, x = b, and x = c. When x < a

the value of y2 is negative, and y is imaginary. When a < x < b then y2 is

positive, and there are two real, equal and opposite values for y. For values of

b < x < c the value for y2 is again negative, and finally positive again for all

values c < x. The curve therefore consists of a closed oval between a and b and

an open branch beginning at c and extending infinitely in two directions beyond

it. The curve illustrated in Figure 6.11 has a = 2. b = 4, and c = 5. These

values are then manipulated to yield a crunode, an acnode, and finally a cusp

(spinode).

a b c

(a) Cubic with two real branches.

b=c
a

(b) A crunode.

Figure 6.11: Species of double points: crunode.

6.4.2.4.1 Crunode Now let b vary in magnitude between the range a ≤
b ≤ c. As b increases in value the oval circuit increases in size maintaining it’s

location at a but growing towards c until b = c and the curve crosses itself.

Inspecting the curve illustrated in Figure 6.11 (b) we see that at the double

point, or node, the two branches of the curve meet, and each branch has it’s

own real, distinct tangent. Such a point is called a crunode.

6.4.2.4.2 Acnode As b moves in the opposite direction towards a, the orig-

inal oval circuit in Figure 6.11 (a) now shrinks in size until b = a. The cubic now
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possesses an isolated double point at x = a = b. Isolated points, also known as

hermit points satisfy the equation of the cubic but do not appear to lie on the

curve, see Figure 6.12 (a). Such points are called acnodes. The tangents to the

curve at an acnode are complex conjugate lines. No real line through the acn-

ode intersects the curve in more than one real point, confirming the necessary

condition that a real line cuts a cubic in at most three points.

ca=b

(a) An acnode.

a=b=c

(b) A cusp, or spinode.

Figure 6.12: Species of double points: acnode and cusp (spinode).

6.4.2.4.3 Cusp (Spinode) The third species of double point occurs if the

equation of the tangent to the curve at a point becomes a perfect square. In

this case the tangents at the double point are two real, but coincident lines. In

the case of the cubic in Equation (6.45) if we allow both coefficients b and c to

approach a, the two distinct branches of the curve merge into a single branch

when a = b = c and Equation (6.45) becomes

y2 = (x− a)3. (6.46)

This situation is illustrated in Figure 6.12 (b). The double point where x = a =

b = c is called a cusp, or a spinode. They are also sometimes called stationary

points because if the curve is generated by the motion of a point then at a cusp

the motion of the point in one direction comes to a stop and changes direction.

The tangent at the cusp meets the curve in three coincident points at (a, 0) in

Figure 6.12 (b). An example we touched on earlier is the four pointed asteroid

in Figure 6.10. It contains four real cusps at the coordinates (±a, 0) and (0,±a).

6.4.2.5 Genus

The genus of an algebraic curve is defined as the deficiency between the maxi-

mum number of double points for a curve of it’s order less the actual number of
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double points the curve possesses [12]. The maximum number of double points,

DPmax, a curve of order n can have is

DPmax =
1

2
(n− 1)(n− 2). (6.47)

Hence, a curve of order n = 4 can have a maximum of three double points.

The genus of a curve plays a very important role in the theory of planar

algebraic curves [14, 15]. We can define the genus of an algebraic curve, G, as
the maximum number of possible double points, DPmax, less the actual number,

DPact as an equation to make it easier to remember:

G = DPmax −DPact. (6.48)

If G = 0 the curve possesses it’s maximum number of double points, in other

words DPact = DPmax, then the coordinates of any point on the curve can be

expressed as rational algebraic functions of a single variable parameter. This

means that an n-dimensional curve with G = 0 can be parametrised and the

coordinates may be expressed as rational algebraic functions of parameter t as

x1 = f1(t)

x2 = f2(t)

...

xn = fn(t).

If however the genus of the curve is G > 0, then there is no way to parametrise

the curve. Because the genus of the algebraic version of the IO curve has genus

G = 1, it cannot be parametrised, and it is defined to be an elliptic curve [15],

see Section 6.5.5. This definition does not mean that the curve has the form

of an ellipse, rather it means that the curve can be expressed, with a suitable

change of variables, as an elliptic curve. In the plane, every elliptic curve with

real coefficients can be put in the standard form

x2
2 = x3

1 +Ax1 +B

for some real constants A and B.

6.4.2.6 Plücker’s Equations

When curves are generated as envelopes of tangent lines using line coordinates

there are three dual characteristic numbers for the order of a curve point equa-

tion, it’s number of cusps, and number of double points that are crunodes and
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acnodes. These dual quantities are the class of the curve line equation (as we

have already discussed in Section 6.4.2.3), the number of inflection points, and

the number of bitangent lines, respectively. The symbols corresponding to these

quantities and the corresponding dual quantities pairs:

order = n

class = m

}
dual;

number of double points = δ

number of bitangent lines = τ

}
dual;

number of cusps = κ

number of inflection points = ι

}
dual.

The dual of a cusp is an inflection point. A cusp is generated when a point

tracing the curve reaches a limit on it’s path and changes direction while an

inflection point is generated when a line enveloping a curve reaches a limiting

gradient and then reverses. The dual of a crunode double point is a single line

that is tangent to the curve at two distinct points and is called a double tan-

gent, or bitangent line. The bitangent line, by analogy to an acnode, may have

imaginary conjugate tangent points. In 1839 Julius Plücker published a com-

prehensive theory of algebraic curves [23] in which he identified five equations

relating these six numbers. The versions presented here were derived in detail

in [15], while different useful versions are derived in [14]:

n(n− 1) = m+ 2δ + 3κ; (a)

m(m− 1) = n+ 2τ + 3ι; (b)

3n(n− 2) = ι+ 6δ + 8κ; (c)

3m(m− 2) = κ+ 6τ + 8ι; (d)

3(n−m) = κ− ι. (e)


(6.49)

In this set of equations, enumerated simply as Equation (6.49), (a) and (b)

are duals of each other, as are (c) and (d), while (e) is self-dual [12]. They may be

cautiously used to establish limits on some of these numbers given knowledge

of others, but they do not always unequivocally give answers. For example,

one may compute the class of a curve if the order, number of double points,

and number of cusps is known, but doubt may remain because of the need to

distinguish between real and imaginary quantities as well as those at infinity.
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6.5 Open Kinematic Chains

Recall from Chapter 1: Introduction that a kinematic chain is simple if each link

in the chain is coupled to at most two other links. The degree of connectivity

(DOC) of a link indicates the number of rigid bodies joined to it. If all links

are binary (DOC = 2) the simple chain is closed. E.g. a four-bar mechanism.

Alternately the simple chain is open with the first and last links having DOC

= 1. Our analysis of planar four-bar mechanisms considered only closed simple

kinematic chains, we now turn our attention briefly to the analysis of open

chains.

Figure 6.13: A 3R planar serial robotic arm.

Over the decades the study of the kinematics and kinetics of open kinematic

chains has become largely associated with the study of the dynamics and control

of industrial serial robots, see [24] for a comprehensive introduction. Since the

focus of these notes is largely on closed kinematic chains the introduction given

here is intended only to illustrate the difference between the analysis of closed

and open chains. Consider the 3R planar serial robotic arm illustrated in Fig-

ure 6.13. The two fundamental questions involved in the kinematic analysis of

serially jointed robot arms are known as the forward and the inverse kinematics

problems.
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6.5.1 Forward Kinematics Problem

The forward kinematics problem involves computing the position and orienta-

tion of the end-effector given the individual joint angles. For the planar serial

robot in Figure 6.13 this requires determining the location of the origin of the

end-effector reference coordinate system, point E in this case, and the angle the

x-axis makes with respect to the X-axis of the non-moving ground-fixed refer-

ence coordinate system with origin located at point O, given the joint angles,

in this case ϑ1, ϑ2, and ϑ3.

Because this is a planar problem, the absolute orientation of the end-effector

reference coordinate system with respect to the X-axis, let’s call it θ4, is simply

the sum of the three relative joint angles:

θ4 = ϑ1 + ϑ2 + ϑ3. (6.50)

To compute the location of the origin E of the end-effector coordinate system

the usual approach is to concatenate the appropriate homogeneous transforma-

tion matrices. However, in the planar case we may simply use the law of cosines.

Because ϑ2 is the external angle of edge l2 with respect to edge l1 of triangle

△l1l2s we can use the alternate form of the cosine law to compute the distance

s between origins O and E as

s =
√
l21 + l22 + 2l1l2 cosϑ2. (6.51)

The angle that line s makes with respect to the X-axis is ϑs, given by

ϑs = ϑ1 − α = ϑ1 − cos−1

(
l21s

2 − l22
2l1s

)
. (6.52)

Finally, the position vector of E in the ground fixed coordinate system with

origin at O is

E =

[
s cosϑs

s sinϑs

]
. (6.53)

6.5.2 Inverse Kinematics Problem

The inverse kinematics problem involves computing the joint angles ϑ1, ϑ2, and

ϑ3 required to to give the moving coordinate system with origin E a particular

position and orientation within the reachable workspace of the arm. Since the

position and orientation of the coordinate system that moves with E is given
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we know the angle θ4 and the position vector E, and hence length s, using

trigonometry and the cosine law we can compute

ϑs = tan−1

(
EY

EX

)
, and α = cos−1

(
l21 + s2 − l22

2l1s

)
. (6.54)

Next we compute

ϑ1 = ϑs + α. (6.55)

We again use the cosine law to obtain

ϑ2 = cos−1

(
l21 + l22 − s2

2l1l2

)
. (6.56)

Finally, since we are given the angle θ4 we can determine the last joint angle

with Equation (6.50)

ϑ3 = θ4 − ϑ1 − ϑ2. (6.57)

Of course, there are usually more than one solution, and in order for a solution

to exist it must be that the goal point given by length s is located within the

reachable workspace of the arm such that s ≤ l1 + l2.

6.5.3 Assembly Modes

Planar, spherical, and spatial four-bar mechanisms all possess two assembly

modes if the link lengths permit the mechanism to have some mobility. This

means that for a given input angle there are two possible output angles, one

for each assembly mode. For a Grashof linkage, where the sum of the shortest

and longest link lengths is less than the sum of the lengths of the other two, to

transition between assembly modes requires removing the joint connecting the

coupler to the output link, and reassembling the linkage in the other assembly

mode. Transition linkages, where the sum of the shortest and longest link

lengths is identically equal to the sum of the lengths of the other two, have at

least one folding configuration where the input link, coupler, and output link are

collinear with the non-moving link. The linkage can switch between assembly

modes coming out of the folded configuration.

Consider a planar 4R mechanism with link lengths a1 = 4, a2 = 12, a3 =

8, a4 = 10 generic units of length. Let the input link be a1, and let the input an-

gle be θ1 = 21.16135764◦, as illustrated in Figure 6.14. Using the Plücker num-

bers of the v1-v4 IO curve, it can be shown that the genus of a non-degenerate

IO curve is always 1, and therefore there is a maximum number of two assembly
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modes, see Section 6.5.5.3. This is so because of a theorem on algebraic curves

proved by Axel Harnack in 1876 [25] which relates the circuits of an algebraic

curve to its genus. Each of the vi-vj algebraic IO equations are quartic curves of

genus 1, therefore, following Harnack, each can have at most two circuits. Each

circuit of a particular vi-vj IO curve corresponds to one of the mechanisms as-

sembly modes. In essence, Harnack’s theorem states that an algebraic curve

of genus n can have at most n + 1 circuits. One may therefore immediately

conclude that a planar 4R mechanism can never have more than two assembly

modes.

a1

x0/4

y
0/4

21.16135764°

Assembly Mode 1

Assembly Mode 2
a2

a2

a3

a3

Figure 6.14: 4R assembly modes.

6.5.4 Planar 4R Mechanism Input-output Equations

The first type of linkage that will be analysed contains four rigid links coupled

by four R-pairs forming a simple closed kinematic chain. These linkages are

generally denoted as 4R mechanisms. In later sections we will examine RRRP

and PRRP mechanisms, typically called slider-cranks and elliptical trammels,

as well as spherical 4R and some spatial mechanisms.

The new material presented in what follows is from [26, 27], but even newer

and more refined results are included as well. Of particular interest is the gener-

alised algorithm for deriving algebraic input-output (IO) equations for planar,

spherical, and spatial four-bar mechanisms [28]. However, the algorithm pre-

sented in [28], which will be summarised later in this chapter, allows for the

analysis of the functional relationship between any of the six joint variable

pairs because it uses relative joint angle parameters defined using the Denavit-
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Hartenberg rules for assigning coordinate systems to each joint in a kinematic

chain, see Section 6.5.5. A planar 4R function generator correlates driver and

follower angles in a functional relationship. The mechanism can be designed to

generate the function θ4 = f(θ1), or θ1 = f(θ4), see Figure 6.15. Analysis of the

4R mechanism when the four link lengths are specified is greatly facilitated with

the algebraic IO equations since every angle pairing in the deformable quadri-

lateral can be analyses. These equations are equally easy to use for function

generation sysntesis.

6.5.4.1 The Freudenstein Trigonometric Input-output Equation

Early analysis and design methods for synthesising function generating linkages

typically employ the Freudenstein IO equation, Equation (6.58), to identify link

lengths required to generate the function [29, 30]. Exact synthesis uses three

IO pairs that satisfy the function which are used to generate three synthesis

equations which can be solved linearly for the three ki, which are ratios of the

link lengths, identifying a linkage that generates the function exactly at the

three specified input angles. Approximate synthesis uses over-determined sets

of prescribed IO angle pairs which generate an over-determined set of synthesis

equations which can be solved for using any least squares method to minimise a

specified performance error. The identified linkage will, in general, not exactly

generate the function at any input angle but will have a smaller overall error

than the exact synthesis linkage. While kinematic synthesis is the central topic

of Chapter 4, is will be summarised briefly below.

X

Y

E
a

F

x

y

1

2

3

4

a

a

a

1
4

Figure 6.15: 4R four-bar mechanism.

The Freudenstein equation relating the input to the output angles of a planar
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4R four-bar mechanism, with link lengths as in Figure 6.15, was first put forward

in [31]. In the equation the angle θ1 is traditionally selected to be the input

while θ4 is the output angle:

k1 + k2 cos(θ4i)− k3 cos(θ1i) = cos(θ1i − θ4i). (6.58)

Equation (6.58) is linear in the ki Freudenstein parameters, which are defined

in terms of the link length ratios as

k1 ≡ (a21 + a23 + a24 − a22)

2a1a3
,

k2 ≡ a4
a1

,

k3 ≡ a4
a3

.


⇔



a4 = 1,

a1 =
1

k2
,

a3 =
1

k3
,

a2 = (a21 + a23 + a24 − 2a1a3k1)
1/2.

For function generation, the scale of the linkage is arbitrary, requiring iden-

tification of only three link length ratios. For exact synthesis, this means that

three Freudenstein synthesis IO equations must be specified. The system of

three equations, linear in the three Freudenstein parameters, is solved for the

three unknown Freudenstein parameters, thereby establishing the three link

length ratios that will exactly generate the function at the three specified input

angles. When a four-bar 4R linkage is needed to generate a specified function

of the forum θ4 = f(θ1) the first decision to be made is how to synthesise the

linkage: should an exact or approximate synthesis method be employed. If exact

synthesis is to be used, then the input angle range must be specified as the set

(θ11 , θ12 , θ13), where θ11 is the minimum value and θ13 is the maximum value,

with θ12 lying somewhere in between. Next the three Freudenstein synthesis

equations are solved, which will identify the values of the link lengths a1, a2,

and a3 in terms of a4.

Once the link lengths have been specified, the design and structural errors are

important performance indicators in the assessment and optimisation of function

generating linkages arising by means of approximate synthesis. The design error

indicates the error residual incurred by a specific linkage in satisfying its IO

synthesis equations. The structural error, in turn, is the difference between

the prescribed linkage output value and the actual generated output value for

a given input value [32]. From a design point of view it may be successfully
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argued that the structural error is the one that really matters, for it is directly

related to the performance of the linkage.

It has been observed [33, 34] that as the cardinality of the prescribed dis-

crete IO data set increases, the corresponding four-bar linkages that minimise

the Euclidean norm of the design and structural errors tend to converge to

the same linkage. The important implication is that minimising the Euclidean

norm, or any p-norm, of the structural error can be accomplished indirectly

by minimising the same norm of the design error, provided that a suitably

large number of IO pairs is prescribed. The importance arises from the fact

that the minimisation of the Euclidean norm of the design error leads to a lin-

ear least-squares problem whose solution can be obtained directly as opposed

to iteratively [35, 36], while the minimisation of the same norm of the struc-

tural error leads to a nonlinear least-squares problem, and hence, calls for an

iterative solution [32]. In [34] the trigonometric Freudenstein synthesis equa-

tions are integrated in the range between minimum and maximum input values,

thereby reposing the discrete approximate synthesis problem as a continuous one

whereby the objective function is optimised over the entire IO range. Hence,

the long-term goal of research in this area is to determine a general method

to derive motion constraint based algebraic IO equations that may be used to-

gether with the method of continuous approximate synthesis [34] to obtain the

very best linkage that can generate an arbitrary function. The goal of what

is now presented is to develop one in the hope of providing new insight into

the continuous approximate synthesis of function generators, while mitigating

numerical integration error. Of course, the same equation will be obtained by

making the tangent half-angle substitutions directly into the Freudenstein equa-

tion then collecting terms after factoring, normalising, and eliminating non-zero

factors. But that must be the case since the geometric relations require that

outcome, however this is irrelevant because the goal is to generalise a method

to develop constraint based algebraic IO equations for continuous approximate

synthesis of planar, spherical, and spatial linkages. Such a generalised method

using relative joint angles is presented in Section 6.5.5.

6.5.4.2 Algebraic Input-output Equation Using Absolute Angles

To the best of the authors knowledge, there are no alternative algebraic models

of the function generator displacement equations in the accessible literature with

the exception of a trigonometric-based derivation by Bottema and Roth [19]

relating the angles θ1 and θ4. However, in that work absolute measures of

angle are used in the derivation, and as we will show in Section 6.5.5, this
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eliminates the possibility of representing the IO equations of the remaining five

θi and θj angle pairings, where i, j ∈ {1, 2, 3, 4}, of the interior angles of the

deformable quadrangle using the same coefficients but in different permutations,

see Figure 6.15.

The new idea starts the same as with the Freudenstein and Bottema-Roth

methods, writing the displacement constraints in terms of the IO angles. Con-

tinuing with tradition of using the absolute angles referenced to the positive

X-axis with counter-clockwise considered positive, we select θ1 to be the input

angle and θ4 to be the output angle, see Figure 6.15. Let Σ be a non moving

Cartesian coordinate system with coordinates X and Y whose origin is located

at the centre of the ground fixed R-pair connected to the link with length a1.

Let E be a coordinate system that moves with the coupler of length a2 whose

origin is at the centre of the distal R-pair of link a1, having basis directions x

and y.

The displacement constraints for the origin of E can be expressed in terms

of Σ as
X − a1 cos θ1 = 0,

Y − a1 sin θ1 = 0,
(6.59)

while those for point F , located at the centre of the distal R-pair on the output

link with length a3 are

X − a4 − a3 cos θ4 = 0,

Y − a3 sin θ4 = 0.
(6.60)

Next, we use a planar projection of Study’s soma coordinates [37] to estab-

lish the IO equation. While Study’s soma will be explained in detail in Chapter

5: Geometry, a few words of introduction are given here. There are several

possibilities to parameterise the rigid body displacement group, one of them

being the kinematic mapping that was originally formulated by Eduard Study

and reported in an appendix of his book “Geometrie der Dynamen” [37] in

1903. It defines every distinct Euclidean displacement as a distinct point on a

six-dimensional quadric hyper-surface in a seven-dimensional projective space

P7 now known as the Study quadric, S2
6 . A point on S2

6 consists of eight ho-

mogeneous coordinates, not all zero, [x0 : x1 : x2 : x3 : y0 : y1 : y2 : y3] which

Study called a “soma”, a Greek word meaning “body”. The six-dimensional

hyper-surface is represented as a bilinear hyper-quadratic equation given by

x0y0 + x1y1 + x2y2 + x3y3 = 0, (6.61)

excluding the exceptional generator, which we call A∞, where x0 = x1 = x2 =
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x3 = 0, having the parametric representation

[0 : 0 : 0 : 0 : y0 : y1 : y2 : y3].

A∞ does not represent any real displacement, but it nonetheless plays an im-

portant role as a generator space. For a soma to represent a real displacement

in the special Euclidean group of displacements in three dimensions, SE(3), it

must satisfy two conditions: the first being Equation (6.61); the second being

the inequality

x2
0 + x2

1 + x2
2 + x2

3 ̸= 0. (6.62)

Equation (6.61) contains only bilinear cross terms. This implies that the quadric

has been rotated out of its standard position, or normal form. It is straightfor-

ward to diagonalise the quadratic form of Equation (6.61) which reveals that

this six-dimensional quadric in P7 has the normal form

x2
0 + x2

1 + x2
2 + x2

3 − y20 − y21 − y22 − y23 = 0, (6.63)

which is analogous to the Plücker quadric, P 2
4 , of line geometry. The normal

form of S2
6 shows that it is a six-dimensional hyperboloid of one sheet doubly-

ruled by special 3-space generators in two opposite reguli, which we call A-

planes and B-planes, after [38]. While the generator lines of an hyperboloid

of one sheet in Euclidean three dimensional space, E3 , are skew lines in two

reguli, the generator spaces of S2
6 are three dimensional spaces in two opposite

reguli. A symbolic sketch of S2
6 that shows the A-planes as generator spaces is

displayed in Figure 6.16.

It can be shown that lines on S2
6 represent either a one parameter set of

translations or rotations. The lines which contain the 1 × 8 identity array

[1 : 0 : 0 : . . . : 0], which Study called the “protosoma”, are either the one

parameter rotation or translation subgroups. The exceptional generator A∞

is an A-plane. In general, two different A-planes do not intersect, nor do two

different B-planes, but there are exceptions [39]. An A-plane corresponds to the

special orthogonal group of rotations in three dimensions, SO(3), if it contains

the identity and its intersection with A∞ is the empty set, and to the special

Euclidean group of displacements in two dimensions, SE(2), if it contains the

identity and intersects A∞ in a line. These two types of A-planes intersect

each other in lines on S2
6 . Each of these lines represent rotations about the line

orthogonal to the plane of the planar displacement and through the centre point

of the spherical displacement [39, 40]. The only B-planes that intersect A∞
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Figure 6.16: Symbolic sketch of the Study quadric S2
6 .

correspond to the subgroup of all translations, while in general the intersection

of an A-plane and a B-plane is either a point, or a two dimensional plane [41].

Given a homogeneous transformation matrix T whose 3×3 rotation subma-

trix elements are denoted asA = (aij) with i, j ∈ {1, 2, 3} and whose translation

vector t has elements tk where k ∈ {1, 2, 3}, then the corresponding Study soma

coordinates, also known as Study parameters, are obtained in the following way.

The homogeneous quadruple x0 : x1 : x2 : x3 can be obtained from at least one

of the following ratios:

x0 : x1 : x2 : x3 = 1 + a11 + a22 + a33 : a32 − a23 : a13 − a31 : a21 − a12;

= a32 − a23 : 1 + a11 − a22 − a33 : a12 + a21 : a31 + a13;

= a13 − a31 : a12 + a21 : 1− a11 + a22 − a33 : a23 + a32;

= a21 − a12 : a31 + a13 : a23 + a32 : 1− a11 − a22 + a33. (6.64)

The remaining four coordinates y0 : y1 : y2 : y3 are linear combinations of the

xi and t = [t1, t2, t3]
T and are computed as

y0 = 1
2 (t1x1 + t2x2 + t3x3),

y1 = 1
2 (−t1x0 + t3x2 − t2x3),

y2 = 1
2 (−t2x0 − t3x1 + t1x3),

y3 = 1
2 (−t3x0 + t2x1 − t1x2).


(6.65)

Study developed the method to compute the four xi parameters directly from

the 3 × 3 rotation submatrix A via one of the four sets of ratios expressed in
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Equation (6.64). In general each of the four yield the same ratios. But in certain

instances, for example whenA describes a rotation through angle π, one or more

of the four ratios in Equation (6.64) result in x0 : x1 : x2 : x3 = 0 : 0 : 0 : 0,

the exceptional generator. But for every rotation matrix A at least one of the

four ratios does not result in four zeros. Study also showed that the mapping is

bijective, meaning that for each point on S2
6 there is one and only one Euclidean

displacement represented by the homogeneous 4× 4 transformation matrix T:

T =
1

δ


x2
0 + x2

1 + x2
2 + x2

3 0 0 0

2(−x0y1 + x1y0 − x2y3 + x3y2) x2
0 + x2

1 − x2
2 − x2

3 2(−x0x3 + x1x2) 2(x0x2 + x1x3)

2(−x0y2 + x1y3 + x2y0 − x3y1) 2(x0x3 + x1x2) x2
0 − x2

1 + x2
2 − x2

3 2(−x0x1 + x2x3)

2(−x0y3 − x1y2 + x2y1 + x3y0) 2(−x0x2 + x1x3) 2(x0x1 + x2x3) x2
0 − x2

1 − x2
2 + x2

3


where δ = x2

0 + x2
1 + x2

2 + x2
3. The first column is the associated translation of

the Euclidean displacement and the elements of the lower right 3× 3 submatrix

are the nine aij of the associated rotation matrix A. The order of the rows in T

require the homogeneous coordinate vector to have the homogenising coordinate

w be the first element: [w, x, y, z]T .

The transformation matrix T simplifies considerably when we consider dis-

placements that are restricted to a plane. Three degrees of freedom are lost and

hence four Study parameters vanish. The displacements may be restricted to

any plane. Without loss in generality, we may select one of the principal planes

in Σ. Thus, we arbitrarily select the plane Z = 0. Since E and Σ are assumed

to be initially coincident, this means
W

X

Y

0

 = T


w

x

y

0

 . (6.66)

This planar case requires that t3 = 0 since Z = z = 0 because reference frame

E can translate in neither the Z nor z directions. It also requires that a13 =

a31 = a32 = a23 = 0 because any rotation must occur about an axis parallel to

the Z-axis, meaning that the associated rotation matrix for an angle θ is

RZ(θ) =


cos θ − sin θ 0

sin θ cos θ 0

0 0 1

 =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 (6.67)

Using the first set of ratios in Equation (6.64)

x0 : x1 : x2 : x3 = 1 + a11 + a22 + a33 : a32 − a23 : a13 − a31 : a21 − a12,
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and the elements of the rotation matrix in Equation (6.67) it is to be seen that

x1 = a32 − a23 = 0− 0 = 0

and

x2 = a13 − a31 = 0− 0 = 0.

Using the definitions of the yi soma in Equation (6.65) it is to be seen that

y0 =
1

2
(t1x1 + t2x2 + t3x3) =

1

2
(0 + 0 + 0) = 0

and

y3 =
1

2
(−t3x0 + t2x1 − t1x2) =

1

2
(0 + 0 + 0) = 0.

Therefore displacements restricted to the plane Z = z = 0 leaves us with

only the four soma coordinates

[x0 : x3 : y1 : y2]. (6.68)

The non-zero condition is now x2
0+x2

3 ̸= 0, and the fourth row and column of the

reduced T contains only this condition as the last element, with zeros elsewhere,

leading to the trivial equation Z = z = 0. We can therefore eliminate the fourth

row and column and normalise the coordinates with the nonzero condition giving

the planar mapping equation

T =
1

x2
0 + x2

3


x2
0 + x2

3 0 0

2(−x0y1 + x3y2) x2
0 − x2

3 −2x0x3

−2(x0y2 + x3y1) 2x0x3 x2
0 − x2

3

 . (6.69)

We can now express a point in Σ in terms of the soma coordinates and the

corresponding point coordinates in E as
1

X

Y

 = T


1

x

y

 =
1

x2
0+x2

3


x2
0+x2

3

2(−x0y1+x3y2)+(x2
0−x2

3)x−(2x0x3)y

−2(x0y2+x3y1)+(2x0x3)x+(x2
0−x2

3)y

 . (6.70)

The novelty of the approach to deriving the algebraic 4R IO equation begins

with the creation of two Cartesian vector constraint equations containing the

nonhomogeneous coordinates in Equations (6.59) and (6.60), but substituting
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the values in Equation (6.70) for (X,Y ). These two vector equations are F1 = 0

and F2 = 0:

F1 =
1

x2
0+x2

3

 2(−x0y1+x3y2)+(x2
0−x2

3)x−2x0x3y−(a1 cos θ1)(x
2
0+x2

3)

−2(x0y2+x3y1)+2x0x3x+(x2
0−x2

3)y−(a1 sin θ1)(x
2
0+x2

3)

 = 0;

F2 =
1

x2
0+x2

3

 2(−x0y1+x3y2)+(x2
0−x2

3)x−2x0x3y−(a3 cos θ4+a1)(x
2
0+x2

3)

−2(x0y2+x3y1)+2x0x3x+(x2
0−x2

3)y−(a3 sin θ4)(x
2
0+x2

3)

 = 0.

Now we determine equations for the coupler, a2. The coordinate system that

moves with the coupler has its origin, point E, on the centre of the R-pair, as

in Figure 6.15, having coordinates (x, y) = (0, 0), while point F is on the R-pair

centre on the other end having coordinates (x, y) = (a2, 0). One more vector

equation, H1 is obtained by substituting (x, y) = (0, 0) in F1, and another,

H2 is obtained by substituting (x, y) = (a2, 0) in F2. Next H1 and H2, two

rational expressions, are converted to factored normal form. This is the form

where the numerator and denominator are relatively prime polynomials with

integer coefficients. The denominators for both H1 and H2 are the nonzero

condition x2
0+x2

3, which can safely be factored out of each equation leaving the

following two vector equations with polynomial elements:

H1 =

 −a1 cos θ1(x
2
0+x2

3)+2(−x0y1+x3y2)

−a1 sin θ1(x
2
0+x2

3)−2(x0y1+x3y2)

 = 0; (6.71)

H2 =

 −(a3 cos θ4+a4)(x
2
0+x2

3)+a2(x
2
0−x2

3)+2(−x0y1+x3y2)

−a3 sin θ4(x
2
0+x2

3)+2a2(x0x3)−2(x0y2+x3y1)

 = 0. (6.72)

The system of four displacement constraints on the IO equations are H1 = 0

and H2 = 0. However, these are trigonometric equations. We convert them to

algebraic ones using the tangent of the half-angle substitutions

v1 = tan
θ1
2
, v2 = tan

θ4
2
,

and

cos θ1 =
1− v21
1 + v21

, sin θ1 =
2v1

1 + v21
,

cos θ4 =
1− v22
1 + v22

, sin θ4 =
2v2

1 + v22
.
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The usual constraint equations in the kinematic mapping image space are

obtained by considering H1 and H2 with the tangent of the half-angles, giving

four new algebraic polynomials when considering the individual elements con-

verted to factored normal form. The denominators are v21 + 1 and v22 + 1 which

can safely be factored out because they are always non-vanishing. The resulting

four algebraic equations are expressed in terms of the elements of K1 = 0 and

K2 = 0:

K1 =

 (a1v
2
1−a1)(x

2
0+x2

3)+2v2
1(−x0y1+x3y2)+2(−x0y2+x3y1)

−2a1v1(x
2
0+x2

3)−2(1+v2
1)(−x0y2+x3y1)

 = 0; (6.73)

K2 =

 (v2
2(a3−a4)+a3−a4)(x

2
0+x2

3)+(a2v
2
2+a2)(x

2
0−x2

3)+2(1+v2
2)(−x0y1+x3y2)

2a2v
2
2x0x3−2(v2

2+a3v+1)(x2
0+x2

3)+2a2x0x3

 = 0.

(6.74)

Factoring the resultant of the first and second elements of K1 = 0 with respect

to v1, as well as the first and second elements of K2 = 0 with respect to v2

yields the two displacement constraint equations in the image space:

a21(x
2
0 + x2

3)− 4(y21 + y22) = 0,

( a23 − a22 − a24)(x
2
0 + x2

3) + 2a2a4(x
2
0 − x2

3) + 4a2(x0y1 + x3y2)+

4a4(−x0y1 + x3y2)− 4(y21 + y22) = 0.

Inspection of the quadratic forms of these two equations reveals that they are

two hyperboloids of one sheet in coordinate space of the soma coordinates x3,

y1, y2 projected into the hyperplane x0 = 1, which is exactly what is expected

for two RR dyads [42]. For a particular linkage, where values for a1, a2, a3,

and a4 have been specified, the two constraint surfaces will intersect in the

displacement curve of the coupler, see for example Figure (6.17).

But these are not the constraints we are looking for. We want to eliminate

the image space coordinates using K1 = 0 and K2 = 0 to obtain an algebraic

polynomial with the tangent half angles v1 and v4 as variables and link lengths

as coefficients. To obtain this algebraic polynomial we start by setting the

homogenising coordinate x0 = 1, which can safely be done since we are only

concerned with real finite displacements. Next, observe that the two equations

represented by the components of K1 = 0 (Equation (6.73)) have a simpler form

than those of K2 = 0 (Equation (6.74)), and are linear in y1 and y2. Solving
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x3

y1

y2

Figure 6.17: Two intersecting constraint hyperboloids of one sheet in the hy-

perplane x0 = 1.

these two equations for y1 and y2 reveals that

y1 =
1

2

a1(v
2
1 − 2v1x3 − 1)

v21 + 1
, (6.75)

y2 =
1

2

a1(v
2
1x3 + 2v1 − x3)

v21 + 1
. (6.76)

Equations (6.75) and (6.76) reveal the common denominator of v21+1, which

can never be less than 1, and hence may be factored out. Now we back-substitute

these expressions for y1 and y2 into the array components of Equation (6.74),

thereby eliminating these image space coordinates, and factor the resultant with

respect to x3 which yields four factors. The first three are

4a22, (v21 + 1)3, (v24 + 1)3.

None of these three factors can ever be zero and at the same time represent a

real displacement constraint, hence they are eliminated. The remaining factor

is a polynomial with only v1 and v4 as variables and link lengths a1, a2, a3,

and a4, as coefficients. This is exactly the constraint equation we desire. It is

factored, and the terms collected then distributed over v1 and v4 revealing

Av21v
2
4 +Bv21 + Cv24 − 8a1a3v1v4 +D = 0, (6.77)
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where:

A = (a1 − a2 − a3 + a4)(a1 + a2 − a3 + a4) = A1A2;

B = (a1 − a2 + a3 + a4)(a1 + a2 + a3 + a4) = B1B2;

C = (a1 − a2 + a3 − a4)(a1 + a2 + a3 − a4) = C1C2;

D = (a1 + a2 − a3 − a4)(a1 − a2 − a3 − a4) = D1D2.

Equation (6.77) is an algebraic polynomial of degree four which represents

the v1-v4 IO equation for any planar 4R mechanism. A plot of the v1-v4 IO

curve for a mechanism with generic link lengths a1 = 2, a2 = 6, a3 = 8, a4 = 5

is illustrated in Figure 6.18. The Grashof crank-rocker nature of these link

lengths is confirmed when the v1-v4 IO curve is examined. It is to be seen that

the curve asymptotically approaches ∞ in both directions along the v1-axis.

Since 2 tan−1 ∞ = π radians (180◦) along the v1-axis, one may conclude that

the link a1 is a crank, in that its joint angle passes through 180◦ along both the

−v1 and the +v1 directions on the axis.

6.5.5 Algebraic Input-output Equation Using Relative An-

gles

All moveable four-bar linkages generate six distinct functions between the four

distinct joint variable parameters taken two at a time, which we abstractly call

v4

v1

a1 = 2, a2 = 6, a3 = 8, a4 = 5

Figure 6.18: v1-v4 IO curve of a crank-rocker with a1 = 2, a2 = 6, a3 = 8, a4 = 5.
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vi and vj . While this is common knowledge in the kinematics community, there

do not exist convenient and consistent ways to determine and express these

six functions using algebraic means. Moreover, only the v1-v4 and v1-v3 IO

equations can be found in vast body of archival literature, but they are derived

using absolute measures of joint angle and expressed as trigonometric implicit

equations, see [31, 43] for standard examples. Using absolute angle measures,

all referenced to a single reference axis, these are the only two IO equations,

and their coefficients are fundamentally different.

Here we will present a novel algorithm, built on tools from algebraic-geometry,

that derives the algebraic polynomials which model the relative displacements

of all six IO joint displacement pairs in each class of arbitrary planar and

spherical single degree of freedom simple closed kinematic chains. First, the

class of open kinematic chains is parameterised using the well known notation

for lower-pair kinematic chains of arbitrary architecture: Denavit-Hartenberg

(DH) notation [44]. The resulting coordinate transformation matrix describing

the forward kinematics of the open chain is equated to the identity matrix to

conceptually close the chain [44]. Measures of angle elements in the resulting

matrix are converted to their respective tangent half-angle parameters. This

modified transformation matrix is then mapped to the coordinates of the seven

dimensional projective kinematic image space using the well known definitions

of the Study soma coordinates [3, 19, 37, 45]. Next, using an appropriate sub-

set of the soma, elimination theory [46] is used to eliminate undesired variable

joint displacement parameters leaving only the implicit algebraic IO equation

for the desired IO parameter pair. Here we will derive the six different vi-vj IO

equations for each of the planar 4R, RRRP, PRRP and spherical 4R linkages,

and thereby provide a long needed catalogue of these 24 algebraic IO equations.

6.5.5.1 Denavit-Hartenberg (DH) Parametrisation

The literature contains many variations of the original Denavit-Hartenberg (DH)

coordinate system and parameter assignment convention. For example, subtly

different coordinate frame attachment rules and parameter definitions have been

devised for mechanical system calibration, dynamic analysis, accounting for mis-

alignment of joint axis directions, etc., see [24, 47, 48, 49] for several different

examples. Therefore, it is important to precisely define the convention used in

this work to avoid confusion and misinterpretation since the corresponding co-

ordinate transformations are all different from those of Denavit and Hartenberg.

To visualise the four DH parameters, consider two arbitrary sequential neigh-

bouring links, i−1 and i. Two such links are illustrated, together with their DH
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link i-1
link i

axis i-1

axis i

axis i+1
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x
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i -1
i -1
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i -1

Figure 6.19: DH parameters in a general serial 3R kinematic chain.

coordinate systems and parameters, in Figure 6.19. The procedure for assigning

the location of the origin and the basis vectors for the coordinate system for the

ith link, in which the DH parameters are defined, is as follows.

1. Identify all joint axes. Consider neighbours i− 1, i, and i+ 1, illustrated

in Figure 6.19.

2. Identify the common perpendicular between the two axes i and i + 1, or

their point of intersection. At the point of intersection, or where the com-

mon perpendicular meets the i+ 1st joint axis, assign the link coordinate

system origin, 0i.

3. For coordinate systems 0 and 1, ensure the coordinate axes are aligned

when θ1 = 0.

4. Assign the zi axis to point along the joint axis i+ 1.

5. Assign the xi axis to point along the common perpendicular between the

joint axes i and i+ 1. If the axes are parallel, any convenient normal can

be selected. If the axes intersect, assign xi to be perpendicular to the

plane containing zi−1 and zi.

6. Assign the yi axis to complete a right-handed coordinate system.

Now, the four DH parameters [44] are defined for each link in the following way.

θi, joint angle: the angle from xi−1 to xi measured about zi−1.
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di, link offset: the distance from xi−1 to xi measured along zi−1.

τi, link twist: the angle from zi−1 to zi measured about xi.

ai, link length: the directed distance from zi−1 to zi measured along xi.

According to this convention the coordinate transformation from the coor-

dinate system for joint i relative to the coordinate system of the previous joint

i− 1 can be divided into two screw displacements, i.e., two pure rotations and

two pure translations in terms of the DH parameters

T(di) =


1 0 0 0

0 1 0 0

0 0 1 di

0 0 0 1

 ; T(θi) =


cos(θi) − sin(θi) 0 0

sin(θi) cos(θi) 0 0

0 0 1 0

0 0 0 1

 ;

T(ai) =


1 0 0 ai

0 1 0 0

0 0 1 0

0 0 0 1

 ; T(τi) =


1 0 0 0

0 cos(τi) − sin(τi) 0

0 sin(τi) cos(τi) 0

0 0 0 1

 .

Multiplying the rotations and translations following

T(θi) ·T(di) ·T(ai) ·T(τi) (6.78)

yields the transformation between two coordinate frames which is given by

i−1
i T=


cos θi − sin θi cos τi sin θi sin τi ai cos θi

sin θi cos θi cos τi − cos θi sin τi ai sin θi

0 sin τi cos τi di

0 0 0 1

=
 A t

0 0 0 1

 .

Hence, to describe the end-effector coordinate frame of a kinematic chain with

respect to the base frame, the overall transformation matrix becomes

0
iT =0

1 T 1
2T

2
3T ... i−1

i T. (6.79)

Applying this algebraic representation to linkages requires that the end-effector

coordinate frame coincides with the coordinate frame of the base. Therefore,

the overall transformation equates to the identity matrix [50].

6.5.5.2 Planar Four-bar Linkages Revisited

We start with a generic 4R open kinematic chain and assign the standard DH

coordinate systems and parameters according to [44], see Table 6.1 and Fig-

ure 6.20a. The four link lengths are the ai, and the four joint angles are the θi,
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i ∈ {1, 2, 3, 4}. While we do not require them for the planar 4R, there are non-

zero link twist angles, τi, for the RRRP, PRRP, and spherical 4R linkages, as

well as link offsets, di, for the RRRP and PRRP linkages. All measures of angle

are converted to algebraic parameters using the tangent half-angle substitutions:

vi = tan
θi
2

⇒ cos θi =
1− v2i
1 + v2i

, sin θi =
2vi

1 + v2i
,

αi = tan
τi
2

⇒ cos τi =
1− α2

i

1 + α2
i

, sin τi =
2αi

1 + α2
i

.

The transformation matrix implied by the algebrised parameters is equated

to the identity matrix thereby conceptually closing the kinematic chain. Closing

the serial 4R chain by grounding link a4 means that we may have clockwise (CW)

or counter clockwise (CCW) joint index circulation. The CW circulation means

that the origins of x4-y4 and x0-y0 are coincident, but the basis vector directions

in each coordinate system are out of phase by π radians, see Figure 6.20c.

Whereas the CCW circulation means the two coordinate systems are congruent,

see Figure 6.20b, and we call them the x0/4 - y0/4 coordinate system. The

equations that follow are expressed in that coordinate system.

Table 6.1: DH parameters for an arbitrary open 4R chain.

axis i link length ai angle θi link offset di twist τi

1 a1 θ1 0 0

2 a2 θ2 0 0

3 a3 θ3 0 0

4 a4 θ4 0 0

Using the definitions found in [51], the DH transformation matrix of the

open 4R chain is mapped to the soma array of eight homogeneous coordinates

[x0 : x1 : x2 : x3 : y0 : y1 : y2 : y3].

Since we are only considering the special Euclidean subgroup of direct planar

isometries SE(2) generated by planar 4R, RRRP, and PRRP linkages at the

moment, four of the soma coordinates always vanish and what remains are

planar 4R and RRRP: [x0 : 0 : 0 : x3 : 0 : y1 : y2 : 0]; (6.80)

PRRP: [x0 : x1 : 0 : 0 : 0 : 0 : y2 : y3]. (6.81)
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(b) Counter-clockwise closed 4R chain.
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(c) Clockwise closed 4R chain.

Figure 6.20: Counter-clockwise and clockwise joint angle circulation.

Regardless, for a generic representation we use the full Study array here since

the 0 elements are also different for spherical linkages [51, 52]. To close the

planar serial 4R kinematic chain, the Study array is equated to the identity

array thus

[x0 : 0 : 0 : x3 : 0 : y1 : y2 : 0] = [1 : 0 : 0 : 0 : 0 : 0 : 0 : 0]. (6.82)

The Gröbner bases of the ideal generated by the three polynomials x3 = 0,

y1 = 0, and y2 = 0 are used to eliminate the two unwanted vi joint angle pa-

rameters leading to the desired vi-vj algebraic IO equation. For example, v2

and v4 must be eliminated to obtain the v1-v3 algebraic IO equation. Because

the soma are homogeneous coordinates, and because we are only interested in

the kinematic images of real rigid body displacements, we will not use the ho-

mogenising coordinate x0 = 1 as a polynomial in our elimination computations.

It is important to note that the IO equations may also be obtained directly

on S2
6 . In [53] the DH transformations are expressed as 8 × 8 matrices and

manipulated directly on S2
6 . When equated to the identity array, the IO equation
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can be obtained with elimination methods. Similarly, in [54] dual quaternions

are used to obtain the closure equation of spatial 6R linkages. These methods

could be applied to determine the soma coordinates, but that is not the focus of

this paper. What is important is the general unified way to model the kinematic

geometry of each of the four classes of four-bar linkage and obtain the six vi-vj

algebraic IO equations from the associated soma coordinates for each of the

planar 4R, RRRP, PRRP, and spherical 4R linkages.

6.5.5.3 Derivation of the Six Planar 4R Linkage vi-vj IO Equations

Let the input angle parameter be v1 and the output angle parameter be v4.

In [51] two elimination steps were applied to the Gröbner bases of the ideal gen-

erated by the soma coordinates x3, y1 and y2 to eliminate the angle parameters

v2 and v3 from the equations yielding the algebraic IO equation relating the v1

and v4 angle parameters, which we call the v1-v4 IO equation. It has the form

Av21v
2
4 +Bv21 + Cv24 − 8a1a3v1v4 +D = 0, (6.83)

where

A = A1A2 = (a1 − a2 + a3 − a4)(a1 + a2 + a3 − a4),

B = B1B2 = (a1 + a2 − a3 − a4)(a1 − a2 − a3 − a4),

C = C1C2 = (a1 − a2 − a3 + a4)(a1 + a2 − a3 + a4),

D = D1D2 = (a1 + a2 + a3 + a4)(a1 − a2 + a3 + a4),

v1 = tan
θ1
2
,

v4 = tan
θ4
2
.

This algebraic equation is of degree 4 in the v1 and v4 variable parameters, while

the coefficients labelled A, B, C, and D are each products of two bilinear factors

which can be viewed as eight distinct planes treating the four ai link lengths as

homogeneous coordinates. See Section 6.10.2 for a detailed description of this

design parameter space.

In the approach used in [51] to obtain this IO equation from the ideal

⟨x3, y1, y2⟩ both v2 and v3 are eliminated by first computing the Gröbner bases

of the ideal using the Maple 2021 “tdeg” monomial ordering with the list se-

quence (v3, v2, v4, v1). This is graded reverse lexicographic order, also known as

degrevlex in the literature [55], with indeterminate ordering v3 > v2 > v4 > v1.

This monomial ordering sorts the terms by total degree before breaking ties be-

tween terms with identical degree by comparing the smallest indeterminate first
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and considering a higher degree as smaller in the term ordering. The execution

of this step is immediate on a standard computer with an Intel Core i7-7700

CPU @ 3.60 GHz. In this case, 12 bases are computed, all functions of all four

vi. We eliminate v2 and v3 by computing the bases of these 12 with the reverse

monomial ordering by using “plex”, which is the pure lexicographic order, also

known as lex [55]. This results in 8 new bases, with one that is a function of

only v1 and v4 and the four ai, which represents the IO equation we are looking

for.

However, we have since discovered that a single application of the elimina-

tion monomial ordering called “lexdeg” in Maple 2021 leads directly to the

desired planar 4R v1-v4 IO equation. When the ideal generated by the system

of polynomials contains coefficients that are not too large or complicated, as for

the planar 4R linkages, this elimination monomial ordering is very efficient, in

the sense that it does not compute an entire “plex” basis. For the two disjoint

lists of variables, those to be eliminated and those to be retained, the “lexdeg”

ordering is equivalent to a product order which uses “tdeg” on each of the two

disjoint lists of variables. All six of the distinct IO equations for each of the

planar 4R, RRRP, and PRRP kinematic architectures are easily computed us-

ing the “lexdeg” elimination monomial ordering. This is how the IO equations

for these planar four-bar linkages have been derived. For the planar 4R, the

five remaining vi-vj IO equations each contain all eight of the bilinear factors of

the coefficients labelled A1, A2, B1, B2, C1, C2, D1, and D2 in Equation (6.83),

but in different permutations. This means that the design parameter space, as

defined in [56], is the same for all six of these IO equations. The execution of

the code is immediate for all six IO equations for each of the three kinematic

architectures.

By applying the “lexdeg” monomial term orderings to the planar 4R vari-

ables in the appropriate disjoint lists, the v1-v2, v1-v3, v2-v3, v2-v4, and v3-v4

IO equations are obtained and listed as follows.

A1B2v
2
1v

2
2 +A2B1v

2
1 + C1D2v

2
2 − 8a2a4v1v2 + C2D1 = 0, (6.84)

A1B1v
2
1v

2
3 +A2B2v

2
1 + C2D2v

2
3 + C1D1 = 0, (6.85)

A1D2v
2
2v

2
3 +B2C1v

2
2 +B1C2v

2
3 − 8a1a3v2v3 +A2D1 = 0, (6.86)

A1C1v
2
2v

2
4 +B2D2v

2
2 +A2C2v

2
4 +B1D1 = 0, (6.87)

A1C2v
2
3v

2
4 +B1D2v

2
3 +A2C1v

2
4 + 8a2a4v3v4 +B2D1 = 0. (6.88)

Equations (6.83), (6.84), (6.86), and (6.88) all contain a bilinear quadratic term
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because they relate adjacent angle pairs, while Equations (6.85) and (6.87) relate

opposite angle pairs, and hence do not possess a bilinear quadratic term.

Each of these six IO equations is of degree 4 in the two variable angle pa-

rameters, defining quartic curves in the planes spanned by the different vi-vj

angle parameter pairs. They also all have genus 1 meaning that there is a

maximum number of two assembly modes. This is so because of a theorem on

algebraic curves proved by Axel Harnack in 1876 [25] which relates the circuits

of an algebraic curve to its genus. Each of the vi-vj algebraic IO equations are

quartic curves of genus 1, therefore, following Harnack, each can have at most

two circuits. Each circuit of a particular vi-vj IO curve corresponds to one of

the mechanisms assembly modes. In essence, Harnack’s theorem states that an

algebraic curve of genus n can have at most n+ 1 circuits. One may therefore

immediately conclude that a planar 4R mechanism can never have more than

two assembly modes.

6.6 Differential Kinematics of the Planar 4R

There are six algebraic IO equations for every four-bar kinematic architecture,

planar, spherical, and spatial, that relate the six distinct pairings of variable

joint parameters taken two at a time. Because these are algebraic polynomials,

it is straightforward to differentiate Equations (6.83)-(6.88) with respect to time,

thereby revealing the velocity- and acceleration-level kinematics [57]. In this

section, we will discuss a novel approach to determining output angular velocity

and acceleration extrema.

The first work investigating extreme output angular velocities is likely that

of Kraus from 1939 [58, 59]. In that work, it was proposed that the angular

velocity output/input ratio, θ̇4/θ̇1, of a double crank planar linkage reaches an

extreme value when the coupler and follower, links a2 and a3 in Figure 6.21,

become mutually perpendicular. However, in 1944 Rosenauer [60] demonstrated

that this is generally not true. Following Kraus, the extreme angular velocities

and accelerations of four-bar mechanisms were later investigated in a method-

ical and more complete way by Ferdinand Freudenstein in 1956 [61]. In that

work, Freudenstein used graphical methods to derive the θ̇4/θ̇1 angular velocity

ratio based on a directed distance ratio along the Aronhold-Kennedy line of

three collinear instantaneous centres of velocity (ICV), P13, P14, and P34, see

Figure 6.21. This angular velocity ratio is the reciprocal of the mechanical ad-

vantage of the linkage [6], and hence an important index of merit. But, there are

in fact six distinct angular velocity ratios that are revealed with the six planar
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4R v̇i-v̇j IO equations [62]. Recall that the collineation axis is the line joining

the two secondary ICV, P13 and P24. In [61], Freudenstein proposed that an

extreme value of the angular velocity ratio θ̇4/θ̇1 occurs when the collineation

axis is perpendicular to the coupler, now known as Freudenstein’s Theorem 1.

In an appendix to that same paper, A.S. Hall rigourously proved the theorem.

Collineation Axis

a1

a2

x

y

0/4

0/4

a4

a3

4

1

2
3

P24

P12

P14
P34

P23

P13

Figure 6.21: The collineation axis and six instantaneous centres of velocity, Pij ,

in a planar 4R linkage.

Consider the planar 4R linkage illustrated in Figure 6.21. It is well known

that as the 4R linkage moves it has four primary ICV, one at the centre of

each R-pair, and two secondary ICV. The six ICV are known as velocity poles

and the curves they move along are described as polodes, or centrodes as they

are often called, see [6, 50, 63, 64] for example. Two of the primary ICV, P12

and P23, move on polodes defined by the link lengths, while P14 and P34 are

stationary. The two secondary ICV, P13 and P24, also move on polodes. By

virtue of the Aronhold-Kennedy theorem, P13, P14, and P34 remain collinear

as the motion evolves over time meaning that the polode for P13 is a segment

of the line joining the two ground-fixed R-pairs, the x0-axis, and is located at

the point of intersection of the x0-axis and the extension of the centreline of

the coupler, a2. Freudenstein’s Theorem 1 implies that the value of the ratio of

the output angular velocity and the input angular velocity, θ̇4 and θ̇1, can be

expressed by the ratio of the values of the relative directed distances between
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the three ICV located on the x0-axis in the following way [61, 65]:

θ̇4

θ̇1
=

dP13P14

dP13P14 + dP14P34

, (6.89)

where the directed distances dP14P34
and dP13P14

can be positive or negative

depending on their relative directions. For example, dP13P14
is the distance

from P13 to P14. The angular velocities are oppositely directed when the ratio

is negative.

However, Freudenstein’s Theorem 1 also applies to the ICV on each of the

three other Aronhold-Kennedy lines of three collinear ICV with respect to a

number line coincident with the line of three ICV having its origin on the central

ICV. It seems that, to the best of the authors collective knowledge, with the

exception of [7, 8], this fact has not been discussed in the literature. Following

Freudenstein’s derivation logic, the three remaining velocity ratios expressed as

ratios of the relative locations of the three ICV on the three other Aronhold-

Kennedy lines, see Figure 6.21, have never been stated explicitly as:

θ̇1

θ̇2
=

dP24P12

dP24P12
+ dP12P14

(6.90)

θ̇3

θ̇2
=

dP13P12

dP13P12
+ dP12P23

(6.91)

θ̇4

θ̇3
=

dP24P23

dP24P23 + dP23P34

. (6.92)

Regardless, the angular velocity ratios of θ̇1/θ̇3 and θ̇2/θ̇4 cannot be derived as

ratios of collinear ICV relative directed distances.

6.6.1 Time Derivatives of the Six vi - vj Algebraic IO Equa-

tions

The first time derivative of the variable angle parameter vi needs a few words

of discussion. Because the angle parameter is v = tan (θ/2), the time derivative

is configuration dependent in the following way

v̇ =
d

dt
tan (θ/2) =

θ̇

2
sec2 (θ/2) =

θ̇

2

(
cos2 (θ/2) + sin2 (θ/2)

cos2 (θ/2)

)
=

θ̇

2

(
1 + v2

)
. (6.93)
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Therefore the six angular velocity parameter IO equations are((
A1B2v

2
2 +A2B1

)
v1 − 4a2a4v2

)
v̇1 +

((
A1B2v

2
1 + C1D2

)
v2 − 4a2a4v1

)
v̇2

= 0 ,(6.94)(
A1B1v

2
3 +A2B2

)
v1v̇1 +

(
A1B1v

2
1 + C2D2

)
v3v̇3 = 0, (6.95)((

A1A2v
2
4 +B1B2

)
v1 − 4a1a3v4

)
v̇1 +

((
A1A2v

2
1 + C1C2

)
v4 − 4a1a3v1

)
v̇4

= 0, (6.96)((
A1D2v

2
3 +B2C1

)
v2 − 4a1a3v3

)
v̇2 +

((
A1D2v

2
2 +B1C2

)
v3 − 4a1a3v2

)
v̇3

= 0, (6.97)(
A1C1v

2
4 +B2D2

)
v2v̇2 +

(
A1C1v

2
2 +A2C2

)
v4v̇4 = 0, (6.98)((

A1C2v
2
4 +B1D2

)
v3 + 4a2a4v4

)
v̇3 +

((
A1C2v

2
3 +A2C1

)
v4 + 4a2a4v3

)
v̇4

= 0. (6.99)

Using Equation (6.93), the six angular velocity ratios and measures mechanical

advantage are trivially obtained as

θ̇2

θ̇1
= −

(
(A1B2v

2
2 +A2B1)v1 − 4a2a4v2

) (
1 + v21

)
((A1B2v21 + C1D2)v2 − 4a2a4v1) (1 + v22)

=
T1

T2
, (6.100)

θ̇3

θ̇1
= −

(
A1B1v

2
3 +A2B2

) (
1 + v21

)
v1

(A1B1v21 + C2D2) (1 + v23) v3
=

T1

T3
, (6.101)

θ̇4

θ̇1
= −

(
(A1A2v

2
4 +B1B2)v1 − 4a1a3v4

) (
1 + v21

)
((A1A2v21 + C1C2)v4 − 4a1a3v1) (1 + v24)

=
T1

T4
, (6.102)

θ̇3

θ̇2
= −

(
(A1D2v

2
3 +B2C1)v2 − 4a1a3v3

) (
1 + v22

)
((A1D2v22 +B1C2)v3 − 4a1a3v2) (1 + v23)

T2

T3
, (6.103)

θ̇2

θ̇4
= −

(
A1C1v

2
4 +A2C2

) (
1 + v24

)
v4

(A1C1v22 +B2D2) (1 + v22) v2
=

T4

T2
, (6.104)

θ̇4

θ̇3
= −

(
(A1C2v

2
4 +B1D2)v3 + 4a2a4v4

) (
1 + v23

)
((A1C2v23 +A2C1)v4 + 4a2a4v3) (1 + v24)

=
T3

T4
. (6.105)

It is a straightforward exercise to show that Equations (6.89) and (6.102) yield

identical results.
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The six angular acceleration parameter IO equations are easily obtained as

the time derivatives of the angular velocity parameter IO equations. The time

derivative of v̇ is a somewhat more complicated compound function requiring

a combination of the chain and power rules from elementary differential calcu-

lus [66] to determine that

v̈ =
1

2

(
θ̈ + θ̇2

) (
1 + v2

)
, (6.106)

which reveals that the angular acceleration parameter v̈ depends not only on

angular acceleration, but on angular velocity and configuration as well. The six

angular acceleration parameter equations are(
(A1B2v

2
2 +A2B1)v1 − 4a2a4v2

)
v̈1 +

(
(A1B2v

2
1 + C1D2)v2 − 4a2a4v1

)
v̈2

+(A1B2v
2
2 +A2B1)v̇

2
1 + (A1B2v

2
1 + C1D2)v̇

2
2

+4(A1B2v1v2 − 2a2a4)v̇1v̇2 = 0, (6.107)

(A1B1v
2
3 +A2B2)v1v̈1 + (A1B1v

2
1 + C2D2)v3v̈3

+(A1B1v
2
3 +A2B2)v̇

2
1 + (A1B1v

2
1 + C2D2)v̇

2
3 + 4A1B1v1v3v̇1v̇3 = 0, (6.108)

(
(A1A2v

2
4 +B1B2)v1 − 4a1a3v4

)
v̈1 +

(
(A1A2v

2
1 + C1C2)v4 − 4a1a3v1

)
v̈4

+(A1A2v
2
4 +B1B2)v̇

2
1 + (A1A2v

2
1 + C1C2)v̇

2
4

+4(A1A2v1v4 − 2a1a3)v̇1v̇4 = 0, (6.109)

(
(A1D2v

2
3 +B2C1)v2 − 4a1a3v3

)
v̈2 +

(
(A1D2v

2
2 +B1C2)v3 − 4a1a3v2

)
v̈3

+(A1D2v
2
3 +B2C1)v̇

2
2 + (A1D2v

2
2 +B1C2)v̇

2
3

+4(A1D2v2v3 − 2a1a3)v̇2v̇3 = 0, (6.110)

(A1C1v
2
4 +B2D2)v2v̈2 + (A1C1v

2
2 +A2C2)v4v̈4

+(A1C1v
2
4 +B2D2)v̇

2
2 + (A1C1v

2
2 +A2C2)v̇

2
4 + 4A1C1v2v4v̇2v̇4 = 0, (6.111)

(
(A1C2v

2
4 +B1D2)v3 + 4a2a4v4

)
v̈3 +

(
(A1C2v

2
3 +A2C1)v4 + 4a2a4v3

)
v̈4

+(A1C2v
2
4 +B1D2)v̇

2
3 + (A1C2v

2
3 +A2C1)v̇

2
4

+4(A1C2v3v4 + 2a2a4)v̇3v̇4 = 0. (6.112)

6.6.2 Angular Velocity Extrema

We will determine the extreme output angular velocity given a specified set of

link lengths and constant input angular velocity. We can use any of the six vi-vj

algebraic IO equations. To identify extreme angular velocity and acceleration
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outputs for a constant input angular velocity requires that the angle parameters

be transformed back into angles. While θ̇i may be constant, the corresponding

parameter v̇i is not, since it is configuration dependent. For this example, we

will consider the v2-v4 and v̇2-v̇4 IO equations, Equations (6.87) and (6.104)

respectively, since this angle pairing has never been found in the literature. The

extreme angular velocities, along with the configurations in which they occur in

both assembly modes, can be easily obtained computationally with the following

algorithm.

Extreme planar 4R angular velocity algorithm.

If values for a1, a2, a3, and a4 are given and the input angular velocity is

a constant specified value, we wish to determine the critical values θicrit that

result in θ̇jmin/max
, so θj must be eliminated from both the position and angular

velocity IO equations.

1. Convert vi and vj in the IO equation to angles as v = tan (θ/2) and solve

for θj . There will be two solutions, one for each assembly mode.

2. Substitute the expression for θj from Step 1 into the θ̇i-θ̇j equation and

solve for θ̇j , which gives θ̇j = f(θi) since θ̇i is a specified constant.

3. Solve
dθ̇j
dθi

= 0 for θicrit and determine the values of θ̇jmin/max
corresponding

to each distinct value of θicrit .

For this example we will consider v4 and v2 as the input and output angle

parameters respectively, and let the constant input angular velocity and the link

lengths of a planar 4R four-bar mechanism be θ̇4 = 10 rad/s, a1 = 5, a2 = 6,

a3 = 8, a4 = 2. Following the algorithm, we obtain an implicit equation of

θ̇2 = f(θ4) and plot it, see Figure 6.22. Solving
dθ̇2
dθ4

= 0 for θ4crit we determine

the values of θ̇2min/max
corresponding to each distinct value of θ4crit , which are

listed in Table 6.2. It should be noted that determining the points of inflection

of a particular θ̇j = f(θi) curve requires the second derivative,
d2θ̇j
dθ2i

= 0.

6.6.3 Angular Acceleration Extrema

According to Freudenstein in [61], one of the extreme output angular acceler-

ations for a crank-rocker, assuming constant input angular velocity, is given
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Table 6.2: θ̇2min/max
and θ4crit for θ̇4 = 10 rad/s.

Assembly mode θ̇2min/max
rad/s θ4crit rad

1
5.385202141 -1.481326671

-5.385202141 1.4813266715

2
-5.385202141 -1.481326671

5.385202141 1.481326671

.

Figure 6.22: The θ̇2 = f(θ4) angular velocity profile.

by

θ̈4max =
θ̇21a1
a2a3

(a1 + a2), (6.113)

where the link lengths are subject to the condition

(a1 + a2)
2 + a23 = a24. (6.114)

This extreme output angular acceleration occurs when the angle ̸ BCD = 90◦,

see Figure 6.23a. Freudenstein continues in the same paper to state an equation

for one extreme output angular acceleration for drag-link mechanisms, which is

given by

θ̈4max
=

θ̇21a4
a2a3

(a2 + a3), (6.115)
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x0
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a1

a2a3

a4

126.86989765°
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B
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D

4

(a) Folding crank-rocker: a1 = 1, a2 = 2, a3 = 4,

a4 = 5.

x0

1
a1

a2

a3

a4
D

B C

A

4

-126.86989765°

(b) Folding drag-link: a1 = 5,

a2 = 2, a3 = 4, a4 = 1.

Figure 6.23: Configurations where θ̈4max
occur.

where the link lengths are subject to the condition

(a2 + a4)
2 + a23 = a21. (6.116)

At an extreme output angular acceleration the coupler a2 and fixed base

link a4 are parallel and the angle ̸ ADC = 90◦, see Figure 6.23b. Together,

these two conditions further mean that ̸ DCB = 90◦. We will verify both

theorems with examples, but also demonstrate that they are incomplete because

of the link length conditions, and only partially correct. In fact, the length

conditions can impose a folding singularity on each linkage type for certain

integer values of link lengths, thereby meaning that the linkage will pass through

a singularity as it folds along the base link a4. Moreover, it is important to note

that Equations (6.113) and (6.115) apply only to these two classes of linkage.

Let a crank-rocker, where a1 is the crank and a4 is the rocker, be defined by

the link lengths that satisfy Equation (6.114), which are listed in Table 6.3. It

turns out that the linkage is a folding drag-link for these lengths. The angular

velocity and acceleration profiles for a constant input angular velocity of θ̇1 = 10

rad/s are illustrated in Figure 6.24, where the folding singularity appears as

discontinuities in the profile curves. Substituting the link lengths and constant

input angular velocity θ̇1 = 10 into Equation (6.113) predicts that a maximum

output angular acceleration is θ̈4 = 37.5 rad/s2. Freudenstein predicts that

this extreme angular acceleration will occur when links a1 and a2 are parallel

and a2 is perpendicular to a3.
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Table 6.3: Folding crank-rocker and drag-link mechanism link lengths.

Link Crank-rocker lengths Drag-link lengths

a1 1 5

a2 2 2

a3 4 4

a4 5 1

K K K K

K

K

K

K

.

(a) The θ̇4 = f(θ1) angular veloc-

ity profile.

K K

K

K

K

..

(b) The θ̈4 = f(θ1) angular accel-

eration profile.

Figure 6.24: The angular velocity and acceleration profiles for the Freudenstein

crank-rocker.

Furthermore, let a folding drag-link mechanism, where a1 is the input crank

and a4 is the output crank, be defined by the link lengths that satisfy Equa-

tion (6.116), which are also listed in Table 6.3. Substituting the link lengths

and constant input angular velocity θ̇1 = 10 rad/s into Equation (6.115) predicts

that a maximum output angular acceleration is θ̈4 = 75 rad/s2. Freudenstein

predicts that the extreme angular acceleration for the drag-link will occur when

links a2 and a4 are parallel and a3 is perpendicular to a4. The two linkages

were sketched in AutoCAD, and the input angle where an extreme angular

acceleration occurs was measured to be precisely ±126.86989765◦ for the crank-

rocker/drag-link mechanisms, see Figure 6.23.

In order to confirm the results for both the crank-rocker and drag-link mech-

anisms, a method to compute the extreme output angular accelerations and
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associated configurations is needed. Hence, the following algorithm is proposed.

Extreme planar 4R angular acceleration algorithm.

If values for a1, a2, a3, and a4 are given and the input angular velocity is

a constant specified value, we wish to determine the critical values θicrit that

result in θ̈jmin/max
, so both θj and θ̇j must be eliminated from the position,

angular velocity, and acceleration IO equations.

1. Convert vi and vj in the IO equation to angles as v = tan (θ/2) and solve

for θj .

2. Substitute the expression for θj from Step 1 into the θ̇i-θ̇j equation and

solve for θ̇j , which gives θ̇j = f(θi), since θ̇i is a specified constant.

3. Substitute the expressions for θj and θ̇j into the θ̈i-θ̈j equation.

4. Solve the resulting equation for θ̈j , which gives θ̈j = f(θi), since θ̈i = 0.

5. Solve
dθ̈j
dθi

= 0 for θicrit and determine the values of θ̈jmin/max
corresponding

to each distinct value of θicrit .

If the associated points of inflection are required, then the second derivative,
d2θ̈j
dθ2i

= 0, must be solved for the critical input angles.

K K K K

K

K

K

K

K

K

K

.

(a) The θ̇4 = f(θ1) angular veloc-

ity profile.

K K

K

K

K

..

(b) The θ̈4 = f(θ1) angular accel-

eration profile.

Figure 6.25: The angular velocity and acceleration profiles for the Freudenstein

drag-link.
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Table 6.4: Folding crank-rocker and drag-link mechanism angular velocity and

acceleration extrema.

Mechanism Assembly θ̇4min/max
θ1crit rad θ̈4min/max

θ1crit rad

mode rad/s (deg) rad/s2 (deg)

Crank-rocker

1

2.5736
2.9520

-37.5
-2.2143

(169.1349◦) (-126.8699◦)

-4.3019
0

10.6139
2.3047

(0◦) (132.0490◦)

2

2.5736
-2.9520

37.5
2.2141

(-169.1349◦) (126.86990◦)

1.1375
0

-10.6139
-2.3047

(0◦) (-132.0490◦)

Drag-link

1

-12.5736
-2.9520

-37.5
2.2143

(-169.1349◦) (126.8698977◦)

-5.6981
0

10.6139
-2.3047

(0◦) (-132.0490◦)

2

-12.5736
2.9520

37.5
-2.2143

(169.1349◦) (-126.8699◦)

-5.6981
0

-10.6139
2.3047

(0◦) (132.0490◦)

Following the extreme angular velocity and acceleration algorithms for a

constant input angular velocity of θ̇1 = 10 rad/s, and crank-rocker as well

as drag-link link lengths listed in Table 6.3, we obtain the angular velocity

and acceleration profiles for θ̇4 = f(θ1) and θ̈4 = g(θ1) that are illustrated in

Figures 6.24 and 6.25. Moreover, the computed values for θ̇4min/max
, θ̈4min/max

,

and the associated θ1crit for the crank-rocker and drag-link mechanisms are

listed in Table 6.4. It is to be seen that for the crank-rocker, the value for θ̈4max

computed with Freudenstein’s Equation (6.113) is indeed correct, as well as the

configuration in which it occurs. See the value for θ1crit in Assembly Mode 2 in

Table 6.4, which is identical to the empirically measured value in Figure 6.23.
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However, the remaining extreme value for the output angular acceleration is

not accounted for. Additionally, it is to be seen for the drag-link that the

configuration in which an extreme value for θ̈4max
is correct, see the value for

θ1crit in Assembly Mode 2 in Table 6.4, which is the same as the empirically

measured value in Figure 6.23. However, the value for the maximum angular

acceleration is not correct, it is twice the computed value, see the results listed

in Table 6.4. The values computed with the angular velocity and acceleration

extrema algorithms yield results that agree with the plotted angular velocity

and acceleration profiles illustrated in Figures. 6.24 and 6.25.

6.7 Six Planar RRRP Linkage vi-vj IO Equa-

tions

a

a

a

d O

G

1

2

4

4

1
x

y
0/4

0/4

2

x1

x2

x3

3
z3

Figure 6.26: Planar RRRP linkage with Denavit-Hartenberg coordinate system

and parameter assignments.

Next we shall list the six algebraic IO equations for planar RRRP mecha-

nisms obtained using our technique employing the “lexdeg” elimination mono-

mial ordering. An arbitrary RRRP linkage is illustrated in Figure 6.26. The

P-pair z3-axis induces the two link twist angles and a link offset listed in Ta-

ble 6.5.

Applying the methods in [51] to the DH parameters by algebraising the

angle parameters with tangent half-angle equivalents, projecting the DH closure

equation into Study’s kinematic mapping image space as soma coordinates, then
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Table 6.5: DH parameters for the RRRP.

i θi di ai τi αi

1 θ1 0 a1 0 0

2 θ2 0 a2 0 0

3 θ3 0 0 π/2 1

4 0 d4 a4 -π/2 -1

eliminating the intermediate joint variable parameters v2 and v3 using “lexdeg”

leads to the RRRP v1-d4 algebraic IO equation:

v21d
2
4 +Rv21 + d24 − 4a1v1d4 + S = 0, (6.117)

where

R = R1R2 = (a1 + a2 − a4)(a1 − a2 − a4),

S = S1S2 = (a1 + a2 + a4)(a1 − a2 + a4),

v1 = tan
θ1
2
.

The four bilinear factors R1, R2, S1, and S2 can be regarded as four planes

intersecting in the faces of a four-sided pyramid in the design parameter space

orthogonally spanned by the three lengths a1, a2, and a4, see [67] for a detailed

description.

Using the same approach, the five remaining joint variable parameter pair-

ings lead to the following five additional RRRP algebraic IO equations:

R2v
2
1v

2
2 +R1v

2
1 − S2v

2
2 + 4a2v1v2 − S1 = 0; (6.118)

R1v
2
1v

2
3 +R2v

2
1 − S2v

2
3 − S1 = 0; (6.119)

S2v
2
2v

2
3 −R2v

2
2 −R1v

2
3 − 4a1v2v3 + S1 = 0; (6.120)

v22d
2
4 −R2S2v

2
2 + d24 −R1S1 = 0; (6.121)

v23d
2
4 −R1S2v

2
3 + d24 + 4a2v3d4 −R2S1 = 0. (6.122)

All six of the RRRP algebraic IO equations are of degree 4, representing quartic

curves in the respective joint variable parameter planes. These six IO equations
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also all possess genus 1 meaning again that there is a maximum number of two

assembly modes.

For the RRRP linkages that are rocker-sliders, each distinct circuit of the

IO curve also contains two branches, one for each working mode. When the in-

put angle reaches minimum or maximum values the mechanism instantaneously

stops moving as the coupler becomes perpendicular to the direction of travel

of the P-pair. In this singular configuration, unless mechanical constraints are

imposed, the slider may move in one of two directions as the rocker input link

begins to move again in the opposite sense. These are defined as the working

modes of the particular assembly mode. Each working mode traces a distinct

branch in the particular circuit of the IO curve. Together, both branches cover

the entire circuit.

6.8 Six Planar PRRP Linkage vi-vj IO Equations

x z0/40/4

x1

z2

z1

x2

z3

x3

d1

2

3

a2d4

4

Figure 6.27: Planar PRRP linkage with Denavit-Hartenberg coordinate systems

and parameter assignments.

An identical approach is used for the planar PRRP linkages. Referring to

Figure 6.27, it is to be seen that general PRRP elliptical trammel linkages have

but two design parameters, namely a2 and τ4, the coupler length, and the twist

angle between the two P-pairs. The twist angle is typically τ4 = π/2, though

it can be any other value. The DH parameters for an arbitrary PRRP are

listed in Table 6.6. Again we apply the methods in [51] and the “lexdeg”

monomial ordering to the DH parameters of the PRRP by algebraising the
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Table 6.6: DH parameters for the PRRP.

i θi vi di ai τi αi

1 −π/2 -1 d1 0 −π/2 -1

2 θ2 v2 0 a2 0 0

3 θ3 v2 0 0 π/2 1

4 π/2 1 d4 0 τ4 α4

angle parameters with tangent half-angle equivalents, projecting the DH closure

equation into Study’s kinematic mapping image space as soma coordinates, then

eliminating the intermediate joint variable parameters leading to the PRRP

algebraic IO equations. The symmetry of the six algebraic IO equations is

better revealed when we define the following three coefficients:

T = a22(α
2
4 + 1);

U = a2(α
2
4 − 1);

V = a2(α
2
4 + 1).

Using these coefficients the six algebraic IO equations are:

(α2
4 + 1)(d21 + d24)− 2(α2

4 − 1)d1d4 − T = 0; (6.123)

2α4d1v
2
2 + Uv22 + 2α4d1 − 4a2α4v2 − U = 0; (6.124)

2α4d1v
2
3 − V v23 + 2α4d1 + V = 0; (6.125)

α4v2v3 − v2 − v3 − α4 = 0; (6.126)

2α4v
2
2d4 + V v22 + 2α4d4 − V = 0; (6.127)

2α4v
2
3d4 − Uv23 + 4a2α4v3 + 2α4d4 + U = 0. (6.128)

It is to be seen that Equations (6.124), (6.125), (6.127), and (6.128) are of degree

3, representing cubic curves in their respective joint variable parameter planes,

while Equations (6.123) and (6.126) are of degree 2, and are different conics.

When the respective quadratic forms are diagonalised it is easy to show that

Equation (6.123) is an ellipse, while Equation (6.126) is an hyperbola which

depends only on the link twist α4. Figure 6.28 illustrates one ellipse generating

and one hyperbola generating PRRP mechanism.
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d4

d1

(a) d1-d4 IO with a2 = 1, α4 = tanπ/4.

v3

v2

(b) v2-v3 IO withα4 = tanπ/4.

Figure 6.28: Ellipse and hyperbola generating PRRP mechanisms..

Moreover, each of the six PRRP algebraic IO equations, Equations (6.123-

6.128) possess genus 0, unlike the planar 4R and RRRP IO equations. Accord-

ing to Harnak’s theorem we conclude that the PRRP linkage has at most one

assembly mode since each IO equation has a single circuit.

6.9 Spherical 4R Linkages
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Figure 6.29: Spherical 4R DH reference frames and parameters.

Consider the arbitrary spherical 4R linkage illustrated in Figure 6.29. The

general IO equation expresses the implicit functional relationship between the
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input and output angles, θi and θj , in terms of the constant twist angles between

the four R-pair centres, τi. For a unit sphere, the twist angles are equivalent

to the corresponding arc lengths. The derivation of the algebraic form of the

spherical IO equation [51] also makes use of the original Denavit-Hartenberg

(DH) parametrisation of the kinematic geometry [50].

The forward kinematics of an arbitrary serial 4R spherical kinematic chain

is obtained as a linear transformation matrix in terms of the DH parameters.

This linear transformation can then be mapped to the corresponding eight Study

soma coordinates [51]. For spherical kinematic chains there are also only four

homogeneous soma coordinates since the displacement group contains only ro-

tations about a fixed point. The corresponding Study array is:

[x0 : x1 : x2 : x3 : 0 : 0 : 0 : 0]. (6.129)

The ideal generated by the three non-trivial soma that equate to zero, namely

x1, x2, and x3 are used to derive the algebraic IO equations relating the six

distinct edges of an arbitrary spherical quadrangle.

Algebrising the joint angles and link twists with the tangent half-angle pa-

rameters vi = tan (θi/2) and αi = tan (τi/2) leads to the algebraic form of each

vi-vj IO equation. The v1-v4 algebraic IO equation is

Av21v
2
4 +Bv21 + Cv24 + 8α1α3

(
α2
4 + 1

) (
α2
2 + 1

)
v1v4 +D = 0, (6.130)

where

A = A1A2 = (α1α2α3 − α1α2α4 + α1α3α4 − α2α3α4 + α1 − α2 + α3 − α4)

(α1α2α3 − α1α2α4 − α1α3α4 − α2α3α4 − α1 − α2 − α3 + α4) ,

B = B1B2 = (α1α2α3 + α1α2α4 − α1α3α4 − α2α3α4 + α1 + α2 − α3 − α4)

(α1α2α3 + α1α2α4 + α1α3α4 − α2α3α4 − α1 + α2 + α3 + α4) ,

C = C1C2 = (α1α2α3 − α1α2α4 − α1α3α4 + α2α3α4 − α1 + α2 + α3 − α4)

(α1α2α3 − α1α2α4 + α1α3α4 + α2α3α4 + α1 + α2 − α3 + α4) ,

D = D1D2 = (α1α2α3 + α1α2α4 + α1α3α4 + α2α3α4 − α1 − α2 − α3 − α4)

(α1α2α3 + α1α2α4 − α1α3α4 + α2α3α4 + α1 − α2 + α3 + α4) .

The coefficients A, B, C, and D all have two bicubic factors. It can be shown

that when the radius of the sphere is infinite then Equations (6.130) and (6.83)

are functionally identical [51], hence the same coefficient names A, B, C, and

D are used. While the derivation of this algebraised v1-v4 IO equation is novel

and far from intuitive, the algebraic form of this fourth degree polynomial in
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the v1-v4 IO angle parameters is not. The earliest derivations of similar equa-

tions representing manipulatable octahedra, identical in form, are due to Raoul

Bricard in 1897 [68]. This fascinating similarity between movable octahedral

and spherical linkage algebraic IO equations is not at all a coincidence, as will

be illustrated in Section 6.10.2.

6.9.1 Derivation of the Six Spherical vi-vj IO Equations

Using the eight bicubic coefficient definitions from Equation (6.130), the re-

maining five vi-vj equations contain all eight of the bicubic coefficients, but in

different permutations:

A1B2v
2
1v

2
2+A2B1v

2
1+C1D2v

2
2+8α2α4

(
α2
1+1

)(
α2
3+1

)
v1v2+C2D1 = 0; (6.131)

A1B1v
2
1v

2
3 +A2B2v

2
1 + C2D2v

2
3 + C1D1 = 0; (6.132)

A1D2v
2
2v

2
3+B2C1v

2
2+B1C2v

2
3−8α1α3

(
α2
2+1

)(
α2
4+1

)
v2v3+A2D1 = 0; (6.133)

A1C1v
2
2v

2
4 +B2D2v

2
2 +A2C2v

2
4 +B1D1 = 0; (6.134)

A1C2v
2
3v

2
4+B1D2v

2
3+A2C1v

2
4+8α2α4

(
α2
1+1

)(
α2
3+1

)
v3v4+B2D1 = 0. (6.135)

As for the planar 4R and RRRP linkage algebraic IO equations, we see that

Equations (6.132) and (6.134) do not contain a bilinear quadratic term because

they relate angle parings between the spherical quadrangle edges that intersect

in opposite vertices. Each of Equations (6.130)-(6.135) has genus 1.

The v1-v4 IO Equation. The soma coordinates representing the forward

kinematics of the spherical 4R are polynomials containing coefficients are al-

ready to complicated to efficiently use the “lexdeg” elimination monomial or-

dering. To obtain this IO equation from the ideal generated by the three soma

coordinates that equate to zero, both v2 and v3 are eliminated by first com-

puting the Gröbner bases using the Maple 2021 “tdeg” monomial ordering

with the list sequence (v3, v2, v4, v1), meaning that the indeterminate order-

ing is v3 > v2 > v4 > v1. In this case, 12 bases are computed, all functions of

all four vi. We eliminate v2 and v3 by computing the bases of these 12 with

the reverse monomial ordering by using “plex”. This results in 10 new bases,

with one that is a function of only v1 and v4 and the four αi, which represents

the IO equation we are looking for. This polynomial splits into three factors.

The first two are (1 + v21)(1 + v24), a product that is always greater than zero,

and can be safely factored out, leaving us with Equation (6.130). This, and

some of the other spherical 4R IO equations are computable in one application

of the “lexdeg” elimination monomial ordering, but the computation time is
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more than an order of magnitude greater, about 3500 s, than the 120 s for the

sequential application of “tdeg” and “plex” on an Intel Core i7-7700 CPU @

3.60 GHz.

It is important to note that we are using the standard Denavit-Hartenberg [50]

relative joint angle parameters, which are each a measure of the relative angle

a link makes with the previous link in the kinematic chain. This fact enables

us to derive the remaining five IO equations such that the same eight bicubic

coefficient factors characterise all six IO equations. This is generally not the

case when vector loop methods are used together with trigonometry, see [62] for

a detailed example.

The v1-v2 IO Equation. The derivation steps are precisely the same as for the

v1-v4 IO equation. Eliminating v3 and v4 from the same three soma coordinates,

the resulting v1-v2 IO equation splits into three similar factors. The first two,

(1 + v21)(1 + v22), can be safely factored out, leaving us with Equation (6.131).

The v1-v3 IO Equation. The derivation steps are precisely the same as for

the previous two IO equations. But, after the elimination of v2 and v4 from

the same three soma coordinates, the resulting v1-v3 IO equation splits into five

factors. The first two are (1 + v21)(1 + v23), and can be safely factored out. The

next two are

(α2
2α

2
3 + 2α2α3 + 1)v23 + α2

2α
2
3 − 2α2α3 + 1, (6.136)

(α2
2 − 2α2α3 + α2

3)v
2
3 + α2

2 + 2α2α3 + α2
3. (6.137)

In order for either, or both, of Equations (6.136) or (6.137) to be identically zero

the arc length parameters α2 and α3 must be complex. This means these two

factors may also eliminated since we are only interested in real linkages, leaving

us with Equation (6.132).

The v2-v3 IO Equation. To derive this IO equation using elimination methods

on the three soma coordinates we have been using requires a very different ap-

proach. We were successful by first applying the graded reverse lexicographical

order “tdeg” to the three soma coordinates using the list sequence (v1, v4, v2, v3),

then applying graded lexicographic order using “grlex” to the bases identified

with “tdeg”. After each computation we obtain 12 bases, all in terms of the

four αi and the four vi, with the exception of one in the graded lexicographic

order set of bases, which is in terms of the four αi, but only v1, v2, and v3, and

is used in the elimination steps. Next, resultants are used to eliminate v4 first,

then v1. We obtain a v2-v3 IO equation that splits into nine factors.
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The first five of these factors are simple to divide out since they are trivially

non-zero: the first is -1; the other four are the squares of a single αi added to a

positive integer. The next three factors are functions of v2 and v3, but only α1,

α2, and α3:

(α1α2 − α1α3 + α2α3 + 1)2v22v
2
3 + (α1α2 + α1α3 − α2α3 + 1)2v22+

8α1α3(α2
2+1)v2v3+(α1α2−α1α3−α2α3−1)2v23+(α1α2+α1α3+α2α3−1)2; (6.138)

(α1α2α3 + α1 − α2 + α3)2v22v
2
3 + (α1α2α3 − α1 + α2 + α3)2v22−

8α1α3(α2
2+1)v2v3+(α1α2α3+α1+α2−α3)2v23+(α1α2α3−α1−α2−α3)2; (6.139)

α3(α1α2+1)(α1−α2)v22+2α1α3(α2
2+1)v2v3−α1(α2α3+1)(α2 − α3)v23+

α2(α1 + α3)(α1α3 − 1). (6.140)

In order for Equations (6.138), (6.139), and/or (6.140) to be identically zero

the arc length parameters α1, α2, and/or α3 must be complex numbers, so we

may safely divide these three factors out, leaving only Equation (6.133) as the

desired IO equation.

The v2-v4 IO Equation. The derivation steps for the v2-v4 IO equation are the

same as those for the v1-v4, v1-v2, and v1-v3 IO equations. The the second set of

Gröbner bases computed using the pure lexicographic order with list sequence

(v3, v1, v2, v4) lead to an IO equation that splits into five factors, the first two

are trivial. The next two are

(α2
1α

2
2 + 2α1α2 + 1)v22 + α2

1α
2
2 − 2α1α2 + 1, (6.141)

(α2
1 − 2α1α2 + α2

2)v
2
2 + α2

1 + 2α1α2 + α2
2. (6.142)

For either, or both of Equations (6.141) and (6.142) to equate to zero, it requires

both α1 and α2 to be complex. We can therefore factor both of these out, leaving

only the desired v2-v4 IO, Equation (6.134).

The v3-v4 IO Equation. Finally, the derivation steps for the v3-v4 IO equation

are precisely the same as for the v2-v4 IO equation. After the elimination of v1

and v2 from the same three soma coordinates, the resulting v3-v4 IO equation

splits into three factors. The first two are safely divided out, leaving us with

Equation (6.135).
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6.10 Applications

6.10.1 Mobility Classification

Treating each pair of vi-vj to be coordinate axes in the plane spanned by the

two, then each IO equation for a pair of joint angle parameters contains two

double points at infinity, one on each of the vi and vj axes. The double points

at infinity belonging to each of the four distinct vi coordinate axes together

with the type of points at vi = 0 completely define the mobility limits, if they

exist, between each vi-vj angle parameter pair. For a planar algebraic curve to

possess a double point, it’s degree must be n > 3. Hence, this analysis does not

apply to PRRP linkages, but it does apply to the R-pairs in an RRRP linkage.

The double point at infinity on the d4 axis is always an acnode independent

of the lengths of the links and offsets, which is reassuring as this means the

travel of the prismatic slider is always finite. But, for R-pairs, the nature of the

double points determine if extreme orientations exist that are implied by the vi

where the two corresponding links can align. Hence, the examination of these

two points is sufficient to determine whether a particular joint enables a crank,

a rocker, a π-rocker, or a 0-rocker relative link motion [56, 69].

For example, let us determine the double points for the v1-v4 IO curve for a

planar 4R. First homogenise Equation (6.83) using the homogenising coordinate

v0, then redefine the IO equation as

IOh := Av21v
2
4 +Bv20v

2
1 + Cv20v

2
4 − 8abv20v1v4 +Dv40 = 0. (6.143)

Then compute the partial derivatives of IOh with respect to the three homoge-

neous coordinates, giving

∂IOh

∂v0
:= 2Bv0v

2
1 + 2Cv0v

2
4 − 16a1a3v0v1v4 + 4Dv30 = 0, (6.144)

∂IOh

∂v1
:= 2Av1v

2
4 + 2Bv20v1 − 8a1a3v

2
0v4 = 0, (6.145)

∂IOh

∂v4
:= 2Av21v4 + 2Cv20v4 − 8a1a3v

2
0v1 = 0. (6.146)

Finally solve the system of four equations (6.143)-(6.146) for v0, v1, and v4.

In this case, similar for all the IO equations, there are two solutions which are

independent of the design parameters a1, a2, a3, and a4. These two solutions

are double points at infinity on the v1 and v4 axes, named DP1 and DP2:

DP1 = {v0 = 0, v1 = v1, v4 = 0}; (6.147)

DP2 = {v0 = 0, v1 = 0, v4 = v4}. (6.148)
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One possibility to determine the type of double point, i.e., whether it is a

crunode (regular double point), acnode (isolated double point), or cusp, is to

evaluate whether the double point has a pair of real, or complex conjugate tan-

gents. If the double point has two real distinct tangents, it is a crunode; if it has

two real coincident tangents, it is a cusp; and if the tangents are both complex

conjugates, the double point is an acnode [45, 70]. Thus, after homogenising

each vi-vj angle pair IO equation using the homogenising coordinate v0, leading

to IOh, recall that the discriminant yields information on the double point at

infinity on the vj axis:

It is the nature of the tangents at the double points that determine the

mobility of the input and output links. Both double points can have real, or

complex tangents, depending on the values of the four link lengths. The pos-

sible combinations of these cases have different meanings for the corresponding

linkages. The following three cases are demonstrated and proved in [27].

1. When the tangents of both points are real then both input and output

links can fully rotate, and the mechanism is a double-crank.

2. One pair of double point tangents is real and the other complex conjugate

means that one on the input or output links is a crank while the other

is a rocker. The double point corresponding to the complex conjugate

tangents is always an acnode, or hermit point, and the link that is the

rocker depends on which double point is the acnode.

3. When both pairs of tangents are complex conjugates then both double

points are acnodes and the mechanism is a double rocker.

The discriminant of an algebraic equation, evaluated at a double point,

reveals whether that double point has a pair of real or complex conjugate tan-

gents [45, 71] in turn yielding information about the topology of the mecha-

nism [27, 71]. If the tangents are complex conjugates the double point is an

acnode: a hermit point that satisfies the equation of the curve but is isolated

from all other points on the curve. For an arbitrary vi-vj homogeneous IOh

equation, the discriminant for the double point at infinity on the vj-axis, and

the meaning of its value are [45, 71]

∆vj
=

(
∂2IOh

∂v0∂vi

)2

−
∂2IOh

∂v2
0

∂2IOh

∂v2
i



> 0 ⇒ two real distinct tangents :

the double point is a crunode;

= 0 ⇒ two real coincident tangents :

the double point is a cusp;

< 0 ⇒ two complex conjugate tangents :

the double point is an acnode.

(6.149)
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Proceeding with the double point analysis of all six vi-vj equations, the

points at infinity on each axis result in 12 discriminants. However, as the vi-vj

equations are all dependent on each other, only four are distinct. Each one

describes the nature of the double point at infinity of each vi for i ∈ {1...4}:

∆v1 = −4(a1 + a2 − a3 − a4)(a1 + a2 + a3 − a4)

(a1 − a2 + a3 − a4)(a1 − a2 − a3 − a4);

∆v2 = −4(a1 − a2 − a3 + a4)(a1 − a2 + a3 + a4)

(a1 − a2 + a3 − a4)(a1 − a2 − a3 − a4);

∆v3 = −4(a1 − a2 + a3 + a4)(a1 + a2 − a3 + a4)

(a1 + a2 − a3 − a4)(a1 − a2 + a3 − a4);

∆v4 = −4(a1 + a2 − a3 + a4)(a1 − a2 − a3 + a4)

(a1 − a2 + a3 − a4)(a1 + a2 + a3 − a4).

Using the bilinear factors defined by Equation (6.83) these discriminants can be

rewritten compactly as

∆v1 = −4 A1A2B1B2, (6.150)

∆v2 = −4 A1B2C1D2, (6.151)

∆v3 = −4 A1B1C2D2, (6.152)

∆v4 = −4 A1A2C1C2. (6.153)

From these conditions we can extract the following information. If ∆v1 ≥ 0,

then the double point at infinity on the v1 axis is either a crunode or a cusp.

Knowing that v1 = ∞ corresponds to θ1 = 180◦, which implies that the link

a1 can physically reach the extreme position where a1 aligns with and overlays

the previous link a4. Similarly, if ∆v1 < 0, then the double point at v1 = ∞ is

an acnode which in turn indicates that a1 can not physically reach the extreme

position where a1 aligns with and overlays a4. Analogous conclusions can be

drawn from Equations (6.151), (6.152), and (6.153).

As previously mentioned, to fully understand the mobility of every link, it

equally requires the analysis of whether the other extremes where the link under

investigation aligns with, but does not overlay, the previous link. We need to

investigate whether the linkage is assemblable at vi = 0. Clearly, one possibility
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to obtain a condition with this information can be derived using the six vi-vj

equations by substituting vi = 0 and solving for vj . Again, due to the equations’

dependencies, we obtain four distinct conditions, one for each vi:

Ωv1 = [−(a1 − a2 − a3 + a4)(a1 − a2 + a3 + a4)

(a1 + a2 − a3 + a4)(a1 + a2 + a3 + a4)]
1
2 ;

Ωv2 = [−(a1 + a2 − a3 − a4)(a1 + a2 + a3 − a4)

(a1 + a2 − a3 + a4)(a1 + a2 + a3 + a4)]
1
2 ;

Ωv3 = [−(a1 + a2 + a3 − a4)(a1 − a2 − a3 − a4)

(a1 − a2 − a3 + a4)(a1 + a2 + a3 + a4)]
1
2 ;

Ωv4 = [−(a1 − a2 − a3 − a4)(a1 + a2 − a3 − a4)

(a1 − a2 + a3 + a4)(a1 + a2 + a3 + a4)]
1
2 .

Using the bilinear factors from Equation 6.83 these expressions can be rewritten

compactly as:

Ωv1 =
√
−C1C2D1D2; (6.154)

Ωv2 =
√

−A2B1C2D1; (6.155)

Ωv3 =
√

−A2B2C1D1; (6.156)

Ωv4 =
√

−B1B2D1D2. (6.157)

With this information we can establish a completely generic classification

scheme to determine the relative mobilities of every link in the simple closed

kinematic chain. Using the bilinear factors the classification can be constructed

according to Tables 6.7-6.10. The beauty of this classification scheme lies in its

completely generic nature, covering both positive and negative values for the

ai. This result requires the ai to be considered as directed line segments. For

example a1 > 0 means that it is directed from the join with a4 to a2, a1 < 0

means a1 points in the opposite direction. Moreover, the classification scheme

is directly linked to the algebraic IO equations. We are now able to explain the

different spatial sections that are spanned by the linear factors in the design

parameter space reported in [56].

It is straightforward to use this same analysis applied to the spherical 4R as

well as the planar RRRP linkages to determine the relative mobility conditions

for each link in the chain. However, in the interest if brevity, we will not include

these results in this paper.
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Table 6.7: Mobility of a1 relative to a4.

A1A2B1B2 C1C2D1D2 mobility of a1

≤ 0 ≤ 0 crank

≤ 0 > 0 π-rocker

> 0 ≤ 0 0-rocker

> 0 > 0 rocker

Table 6.8: Mobility of a2 relative to a1.

A1B2C1D2 A2B1C2D1 mobility of a2

≤ 0 ≤ 0 crank

≤ 0 > 0 π-rocker

> 0 ≤ 0 0-rocker

> 0 > 0 rocker

Table 6.9: Mobility of a3 relative to a2.

A1B1C2D2 A2B2C1D1 mobility of a3

≤ 0 ≤ 0 crank

≤ 0 > 0 π-rocker

> 0 ≤ 0 0-rocker

> 0 > 0 rocker

Table 6.10: Mobility of a4 relative to a3.

A1A2C1C2 B1B2D1D2 mobility of a4

≤ 0 ≤ 0 crank

≤ 0 > 0 π-rocker

> 0 ≤ 0 0-rocker

> 0 > 0 rocker

6.10.2 Design Parameter Spaces

The first graphical representation of the design parameter space of planar and

spherical 4R linkages can be found in [72, 73, 74]. In the case of the planar 4R

it reveals plane bound regions in a three-space having the Freudenstein param-

eters as mutually orthogonal basis vectors. However, the full symmetry of the

group of planar 4R linkages is obscured by the trigonometric description of the

IO equation. The symmetries of the algebraic IO equations for the spherical and
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(a)

a1a2

a3

(b)

a1a2

a3

(a) Planar 4R stellated octahedron.

(a)

a1a2

a3

(b)

a1a2

a3

(b) Spherical 4R degenerate bicubic sur-

faces.

Figure 6.30: Planar and spherical 4R design parameter spaces.

planar 4R and the planar RRRP and PRRP linkages are fully revealed graphi-

cally when one considers the link lengths ai, link offsets di, and link twist angle

parameters αi as design parameters, see [52, 56, 67]. For planar and spherical

4R function generators the scale of the linkage is irrelevant. We can consider

these four ai and four αi design parameters as homogeneous coordinates, and

assign a4 and α4 to normalise the four coordinates, thereby setting a4 = 1 for

the planar and α4 = 1 as the spherical design space parameter coordinates and

treat the remaining three lengths or twist angles as mutually orthogonal basis

vectors.

In the planar 4R design parameter three-space, each of the distinct eight

bilinear factors in Equations (6.83)-(6.88) represent eight distinct planes. These

eight planes intersect in 12 lines which are the edges of a setllated octahe-

dron having order 48 octahedral symmetry [75], which Johannes Kepler named

“stella octangula”, which is Latin for “eight-pointed star”, referring to the eight

vertices, see Figure 6.30a. In the entire universe of polytopes, it is the only

regular compound of two tetrahedra [75]: two tetrahedra which intersect in

an octahedron! Each distinct point in the design parameter space represents

a distinct planar 4R linkage. The eight planes segment the design parameter

space into regions that represent the mobility of the linkages contained in that

region [56, 76].

For the spherical 4R, the eight bicubic factors in the four coefficients A, B,
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α1
α2

α3

(a) In the range −25 ≤ αi ≤ 25.

α1
α2

α3

(b) In the range −1 ≤ αi ≤ 1.

Figure 6.31: Eight cubic surfaces in the spherical 4R design parameter space.

C, and D in Equation (6.130) are symmetric singular cubic surfaces, see Fig-

ure 6.30b, which each possess three distinct finite lines and three common lines

at infinity [52]. Note that a cubic surface can contain as many as 27 lines [77];

those that contain less than 27 are called singular, while those that contain

exactly 27 are non-singular. Each of these cubic surfaces possess three ordinary

double points [52]. It is also shown in [77] that a cubic surface possessing three

ordinary double points can have, at most, 12 lines, which is the case for these

eight cubic surfaces. Of these 12 lines on each surface, six are complex and six

are real. Of the six real lines three are at infinity. The remaining three lines on

each surface intersect each other in an equilateral triangle.

Different pairs of the eight cubic surfaces have one finite line in common,

meaning there are 12 distinct finite lines among the eight surfaces. The finite

lines contain the twelve edges of another stellated octahedron. The faces of

the same stellated octahedron are also found in the design parameter space

of planar 4R linkages. The edges of this regular double tetrahedron can be

regarded as the intersection of the bilinear factors of the coefficients of the

planar 4R and the singular cubic surfaces formed by the coefficients of the

spherical 4R IO equations in the design parameter spaces. This is as remarkable

as it is fascinating! Figure 6.31 illustrates the eight cubic surfaces and the

three finite lines on each. This illustrates the connection between Bricard’s

movable octahedra mentioned at the end of Section 6.9 and the intersection of

the spherical 4R and planar 4R design parameter spaces.
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Figure 6.32: Intersection of the planar 4R stellated octahedron in the design

parameter space with the plane a1 = 0.5.

With the six algebraic vi-vj equations, and the previously identified mobility

classification using double points and discriminants, it becomes evident that

the planes containing the faces of the stellated octahedron contain even more

mobility information than stated in [56], namely, information on the relative

mobility of every link in the chain! In fact, the stellated octahedron face planes

segment the design parameter space into distinct regions which each describes

the relative mobility of a1, a2, a3 and a4. Since a complete analysis of the design

parameter space would go well beyond the scope of this paper, we will limit the

discussion herein to one short example as follows.

Consider the intersection traces of the bilinear factors in the parameter plane

a1 = 0.5 spanned by a2 and a3 in the design parameter space where a2 and

a3 are the horizontal and vertical axes, respectively. Here the bilinear factors

are parallel and orthogonal plane trace lines. Together with Tabs. 6.7-6.10,

the mobility of all a2 and a3 of any length can now be identified, resulting
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in Figure 6.32 where r indicates that the corresponding link is a rocker, c a

crank, π a π-rocker, and 0 a 0-rocker, while NA indicates the linkage is not

assemblable. This analysis can be conducted for every area separated by the

bilinear factors in the design parameter space, resulting in a complete geometric

mobility classification of planar four bar linkages which is directly linked to the

six algebraic vi-vj IO equations.

6.11 Some Spatial Four-bar Mechanisms

In this section the analysis of two spatial four-bar mechanisms will be considered:

the Bennett spatial 4R mechanism; and the RSSR spatial mechanism.

6.11.1 Bennett Mechanism

Figure 6.33: Spatial 4R function generator: the Bennett linkage.

The Bennett linkage is, as the planar 4R, composed of four rigid links that

are connected by four R joints. According to the Chebychev–Grübler–Kutzbach

criterion the Bennett linkage has a mobility of -2, which in theory prevents it

from moving. However, its actual mobility is 1, and thereby, it is the only known

mobile spatial 4R linkage. The linkage is able to move if, and only if, it satisfies

the following conditions which were discovered by Bennett and for that reason



252 CHAPTER 6. KINEMATIC ANALYSIS

known as the Bennett conditions [78]

a1 = a3 a2 = a4

τ1 = τ3 τ2 = τ4
sin(τ1)

a1
=

sin(τ2)

a2
.

 (6.158)

The IO equation is well known, for example [12, 78, 79, 80, 81] show different

derivations. While the former authors favoured a geometric approach, Denavit

used Cayley-Klein parameters, and Pfurner et al. used an algebraic method to

first derive the Bennett conditions and second, obtain an IO equation in terms

of the tangent half input and output angles.

The IO equation for the Bennett mechanism is derived following the same

procedure as that of the planar 4R using relative angles, recall Section 6.5.5.

First, as illustrated in Figure (6.33) the coordinate frames are attached to the

linkage according to the DH convention. The DH coordinate frame assignment

allows to define the DH parameters for the linkage. It turns out that the Ben-

nett linkage does not contain any link offsets di. However, it contains the four

variable joint angles θi of the R joints and the design parameters ai and τi. The

DH parameters for the Bennett linkage are given in Table 6.2. To evaluate

Table 6.2: DH parameters for the Bennett linkage.

joint axis i link angle θi link offset di link length ai link twist τi

1 θ1 0 a1 τ1

2 θ2 0 a2 τ2

3 θ3 0 a3 τ3

4 θ4 0 a4 τ4

the overall transformation of the position and orientation of the last joint with

respect to the base coordinate system, the DH parameters from Table 6.2 are

substituted into Equation (6.5.5.1), and multiplied according to Equation (6.79).

Recall that the Bennett linkage is subjected to special conditions. The Ben-

nett conditions from Equation (6.158) can be reformulated with the tangent
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half-angle substitution and expressed algebraically as

a2 =
a1α2(α

2
1 + 1)

α1(α2
2 + 1)

;

a4 =
a1α2(α

2
1 + 1)

α1(α2
2 + 1)

; (6.159)

a3 = a1;

α3 = α1;

α4 = α2;

where αi = tan (τi/2).

Equation (6.159) is substituted into the overall transformation matrix which

reduces the number of unknown parameters. After mapping the transformation

matrix into Study’s parameters, the vector yields

x0 = α3
1α

4
2v1v2v3v4 + α3

1α
4
2v1v2 − α3

1α
4
2v1v3 + α3

1α
4
2v1v4 + α3

1α
4
2v2v3

−α3
1α

4
2v2v4 + α3

1α
4
2v3v4 + 4α2

1α
3
2v1v2v3v4 − α1α

4
2v1v2v3v4 + α3

1α
4
2

−2α3
1α

2
2v1v3 + 2α3

1α
2
2v1v4 + 2α3

1α
2
2v2v3 − 2α3

1α
2
2v2v4 − α3

1v1v2v3v4

+4α2
1α2v1v2v3v4 + α1α

4
2v1v2 − α1α

4
2v1v3 − α1α

4
2v1v4 − α1α

4
2v2v3 − α1α

4
2v2v4

+α1α
4
2v3v4 − α3

1v1v2 − α3
1v1v3 + α3

1v1v4 + α3
1v2v3 − α3

1v2v4 − α3
1v3v4

−4α2
1α

3
2 − α1α

4
2 − 2α1α

2
2v1v3 − 2α1α

2
2v1v4 − 2α1α

2
2v2v3 − 2α1α

2
2v2v4 + α1v1v2v3v4

−α3
1 − 4α2

1α2 − α1v1v2 − α1v1v3 − α1v1v4 − α1v2v3 − α1v2v4 − α1v3v4 + α1,

x1 = −2α3
1α

3
2v1v2v3v4 + 2α2

1α
4
2v1v2v3v4 − 2α3

1α
3
2v1v2 − 2α3

1α
3
2v3v4 − 2α3

1α2v1v2v3v4

+2α2
1α

4
2v1v4 − 2α2

1α
4
2v2v3 + 2α1α

3
2v1v2v3v4 − 2α3

1α
3
2 − 2α3

1α2v1v2 − 2α3
1α2v3v4

−2α2
1α

4
2 + 4α2

1α
2
2v1v4 − 4α2

1α
2
2v2v3 − 2α2

1v1v2v3v4 − 2α1α
3
2v1v2 − 2α1α

3
2v3v4

+2α1α2v1v2v3v4 − 2α3
1α2 + 2α2

1v1v4 − 2α2
1v2v3 + 2α1α

3
2 − 2α1α2v1v2 − 2α1α2v3v4

+2α2
1 + 2α1α2,

x2 = −2α3
1α

3
2v1v3v4 + 2α3

1α
3
2v2v3v4 − 2α2

1α
4
2v1v2v3 − 2α2

1α
4
2v2v3v4 − 2α3

1α
3
2v1 + 2α3

1α
3
2v2

−2α3
1α2v1v3v4 + 2α3

1α2v2v3v4 − 2α2
1α

4
2v1 − 2α2

1α
4
2v4 − 4α2

1α
2
2v1v2v3 − 2α1α

3
2v1v3v4

−2α1α
3
2v2v3v4 − 2α3

1α2v1 + 2α3
1α2v2 − 4α2

1α
2
2v4 − 2α2

1v1v2v3 + 2α2
1v2v3v4 + 2α1α

3
2v1

+2α1α
3
2v2 − 2α1α2v1v3v4 − 2α1α2v2v3v4 + 2α2

1v1 − 2α2
1v4 + 2α1α2v1 + 2α1α2v2,

x3 = α3
1α

4
2v1v2v3 − α3

1α
4
2v1v2v4 + α3

1α
4
2v1v3v4 − α3

1α
4
2v2v3v4 + α3

1α
4
2v1 − α3

1α
4
2v2 + α3

1α
4
2v3

−α3
1α

4
2v4 + 2α3

1α
2
2v1v2v3 − 2α3

1α
2
2v1v2v4 − 4α2

1α
3
2v2v3v4 − α1α

4
2v1v2v3 − α1α

4
2v1v2v4

+α1α
4
2v1v3v4 + α1α

4
2v2v3v4 + 2α3

1α
2
2v3 − 2α3

1α
2
2v4 + α3

1v1v2v3 − α3
1v1v2v4 − α3

1v1v3v4

+α3
1v2v3v4 − 4α2

1α
3
2v1 − 4α2

1α2v2v3v4 − α1α
4
2v1 − α1α

4
2v2 + α1α

4
2v3 + α1α

4
2v4

−2α1α
2
2v1v2v3 − 2α1α

2
2v1v2v4 − α3

1v1 + α3
1v2 + α3

1v3 − α3
1v4 − 4α2

1α2v1 + 2α1α
2
2v3
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+2α1α
2
2v4 − α1v1v2v3 − α1v1v2v4 − α1v1v3v4 − α1v2v3v4 + α1v1 + α1v2 + α1v3 + α1v4,

y0 = −2a1α
4
1α

2
2v1v2v3v4 + 4a1α

3
1α

3
2v1v2v3v4 − 2a1α

2
1α

4
2v1v2v3v4 − 2a1α

4
1α

2
2v1v2

−2a1α
4
1α

2
2v3v4 − 2a1α

2
1α

4
2v1v4 − 2a1α

2
1α

4
2v2v3 − 2a1α

4
1α

2
2 − 4a1α

3
1α

3
2 − 2a1α

2
1α

4
2

−4a1α
2
1α

2
2v1v2 − 4a1α

2
1α

2
2v1v4 − 4a1α

2
1α

2
2v2v3 − 4a1α

2
1α

2
2v3v4 + 2a1α

2
1v1v2v3v4

−4a1α1α2v1v2v3v4 + 2a1α
2
2v1v2v3v4 − 2a1α

2
1v1v4 − 2a1α

2
1v2v3 − 2a1α

2
2v1v2 − 2a1α

2
2v3v4

+2a1α
2
1 + 4a1α1α2 + 2a1α

2
2,

y1 = −a1α
4
1α

3
2v1v2v3v4 + a1α

3
1α

4
2v1v2v3v4 − a1α

4
1α

3
2v1v2 − a1α

4
1α

3
2v3v4 + a1α

4
1α2v1v2v3v4

+a1α
3
1α

4
2v1v4 − a1α

3
1α

4
2v2v3 − 4a1α

3
1α

2
2v1v2v3v4 + 4a1α

2
1α

3
2v1v2v3v4 − a1α1α

4
2v1v2v3v4

−a1α
4
1α

3
2 + a1α

4
1α2v1v2 + a1α

4
1α2v3v4 − a1α

3
1α

4
2 + 2a1α

3
1α

2
2v1v4 − 2a1α

3
1α

2
2v2v3

−a1α
3
1v1v2v3v4 − 2a1α

2
1α

3
2v1v2 − 2a1α

2
1α

3
2v3v4 + 4a1α

2
1α2v1v2v3v4 − a1α1α

4
2v1v4

+a1α1α
4
2v2v3 − 4a1α1α

2
2v1v2v3v4 + a1α

3
2v1v2v3v4 + a1α

4
1α2 + 4a1α

3
1α

2
2 + a1α

3
1v1v4

−a1α
3
1v2v3 + 4a1α

2
1α

3
2 + 2a1α

2
1α2v1v2 + 2a1α

2
1α2v3v4 + a1α1α

4
2 − 2a1α1α

2
2v1v4

+2a1α1α
2
2v2v3 + a1α1v1v2v3v4 − a1α

3
2v1v2 − a1α

3
2v3v4 − a1α2v1v2v3v4 + a1α

3
1 + 4a1α

2
1α2

+4a1α1α
2
2 − a1α1v1v4 + a1α1v2v3 + a1α

3
2 + a1α2v1v2 + a1α2v3v4 − a1α1 − a1α2,

y2 = −a1α
4
1α

3
2v1v3v4 + a1α

4
1α

3
2v2v3v4 − a1α

3
1α

4
2v1v2v3 − a1α

3
1α

4
2v2v3v4

−a1α
4
1α

3
2v1 + a1α

4
1α

3
2v2 + a1α

4
1α2v1v3v4 − a1α

4
1α2v2v3v4 − a1α

3
1α

4
2v1

−a1α
3
1α

4
2v4 − 2a1α

3
1α

2
2v1v2v3 + 4a1α

3
1α

2
2v2v3v4 − 2a1α

2
1α

3
2v1v3v4

−4a1α
2
1α

3
2v2v3v4 + a1α1α

4
2v1v2v3 + a1α1α

4
2v2v3v4 + a1α

4
1α2v1 − a1α

4
1α2v2

+4a1α
3
1α

2
2v1 − 2a1α

3
1α

2
2v4 − a1α

3
1v1v2v3 + a1α

3
1v2v3v4 + 4a1α

2
1α

3
2v1

+2a1α
2
1α

3
2v2 + 2a1α

2
1α2v1v3v4 − 4a1α

2
1α2v2v3v4 + a1α1α

4
2v1 + a1α1α

4
2v4

+2a1α1α
2
2v1v2v3 + 4a1α1α

2
2v2v3v4 − a1α

3
2v1v3v4 − a1α

3
2v2v3v4 + a1α

3
1v1

−a1α
3
1v4 + 4a1α

2
1α2v1 − 2a1α

2
1α2v2 + 4a1α1α

2
2v1 + 2a1α1α

2
2v4

+a1α1v1v2v3 − a1α1v2v3v4 + a1α
3
2v1 + a1α

3
2v2 + a1α2v1v3v4

+a1α2v2v3v4 − a1α1v1 + a1α1v4 − a1α2v1 − a1α2v2,

y3 = −2a1α
4
1α

2
2v1v3v4 + 2a1α

4
1α

2
2v2v3v4 − 4a1α

3
1α

3
2v2v3v4 − 2a1α

2
1α

4
2v1v2v3

+2a1α
2
1α

4
2v2v3v4 − 2a1α

4
1α

2
2v1 + 2a1α

4
1α

2
2v2 − 4a1α

3
1α

3
2v1 − 2a1α

2
1α

4
2v1

+2a1α
2
1α

4
2v4 − 4a1α

2
1α

2
2v1v2v3 − 4a1α

2
1α

2
2v1v3v4 + 4a1α

2
1α

2
2v2 + 4a1α

2
1α

2
2v4

−2a1α
2
1v1v2v3 − 2a1α

2
1v2v3v4 + 4a1α1α2v2v3v4 − 2a1α

2
2v1v3v4

−2a1α
2
2v2v3v4 + 2a1α

2
1v1 + 2a1α

2
1v4 + 4a1α1α2v1 + 2a1α

2
2v1 + 2a1α

2
2v2.

Again, to form a closed-loop chain it requires that the base and the fourth

coordinate frames align. Hence, the Study array is equated to the identity array.

As the Study coordinates are homogeneous, i.e., a point represented by these
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coordinates remains unchanged if every entry is multiplied by the same factor,

the system of equations which has to be solved consists of seven equations.

One method to eliminate the intermediate link angles is using Gröbner basis.

A pure lexicographic ordering of (x1 > ... > xn) → (v2 > v3 > v4 > v1) reveals

one polynomial that no longer contains v2 and v3

(v24 + 1)(v21 + 1)((α1 − α2)v1v4 − α1 − α2) = 0. (6.160)

Since the expressions (v24 + 1) and (v21 + 1) can never be zero, we can safely

divide Equation (6.160) by these two terms. This yields the IO equation for the

Bennett linkage

(α1 − α2)v1v4 − α1 − α2 = 0, (6.161)

where αi = tan (τi/2) and vi = tan (θi/2). Equation (6.161) is identical to

the IO relation of the Bennett linkage obtained in [79] after algebraisation with

tangent half-angle substitutions.

6.11.2 The RSSR Spatial Mechanism

The RSSR mechanism has been investigated since 1955 [82], if not earlier. It

has been broadly used in modern applications ranging from hinging to landing

gear deployment systems so there has long been a need for design tools for

synthesis and analysis. The earliest works considering mobility limits date from

as early as 1969, see [83, 84, 85, 86]. Displacement and dynamic analysis of

the RSSR dates from 1972, if not earlier [87, 88]. Optimal synthesis of RSSR

linkages for various objectives can be traced to the early 1980s [89], but there is

also modern interest, see [90] for example. Rigid body motion synthesis using

Study’s kinematic mapping [37] was elegantly developed for planar four-bar

linkages in [91]. Motivated by this, a derivation algorithm that describes the

linkage using Denavit Hartenberg (DH) parameters, projects the displacement

transformation matrix into Study’s kinematic image space, and manipulates

the resulting equations via Gröbner bases to obtain the algebraic input-output

(IO) equation for planar, spherical, and Bennett linkages has been investigated

with results reported in the literature by the authors of this paper. A natural

extension of this algorithm to general motion in three dimensional space is to

apply it to another well-investigated spatial linkage, the RSSR, which will be the

main focus of this paper. In addition, the results obtained using the polynomial

elimination method [92] are supported by a numerical method [93] leading to

an identical algebraic IO equation, as well as a verification of the equation using

an animated example linkage that was created in the GeoGebra software.
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It is important to note that we make no claims regarding the relative ease

or difficulty of the method presented in this paper for deriving the RSSR alge-

braic IO equation compared to any existing method, we simply claim that it is

different. However, to underscore the utility of this form of the algebraic RSSR

IO equation as the cornerstone for development of powerful novel mechanical

design tools for synthesis and analysis, three detailed example applications are

presented: continuous approximate synthesis for function generation minimising

the design and structural errors; mobility limits; and extreme values of angular

velocity and acceleration.

The RSSR linkage consists of two revolute (R) and two spherical (S) joints

and following the Kutzbach criterion, possesses 2 degrees of freedom (dof). How-

ever, one dof that does not influence the IO equation corresponds to the rotation

of the coupler link between the two spherical joints about its own longitudinal

axis. This so-called idle dof can have a positive effect on the durability of the

linkage in engineering applications, as it helps to evenly wear the S joints. Gen-

erally, the IO equation of the RSSR is much more involved compared to the

planar, and spherical ones, as in addition to the link lengths between the four

joints, the linkage further possesses three additional design parameters between

the revolute joints, i.e., two link offsets and a link twist. Previous trigonometric

derivations of the RSSR IO equation are available, for example, in [50, 82, 94].

Hartenberg and Denavit’s derivation of the IO equation [50] uses their well-

known parameters and trigonometric relations, while the derivation in [94] leads

to an equation that resembles a more complex version of the Freudenstein equa-

tion [31]. This is not entirely surprising given that the planar four-bar is a

special case of the RSSR linkage.

6.11.2.1 Denavit-Hartenberg (DH) Parametrisation

Each of the two S joints of the RSSR can be modelled as three R joints whose

rotation axes are mutually orthogonal and intersect at the sphere centre. Hence,

eight coordinate frames are attached to the linkage. The chosen coordinate

systems are illustrated in Figure 6.34 and the corresponding DH parameters

are to be found in Table 6.1. Note that the only link twist that is a design

parameter is τ8. The twists between the three mutually orthogonal R joint axes

comprising the S joints are ±π. We arbitrarily use the positive value, as the

sign has no impact on the resulting algebraic IO equation.

In the remainder of this paper, the tangent half angle substitutions for the

angle parameters vi = tan(θi/2) and αi = tan(τi/2) will be used in order to
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Figure 6.34: An arbitrary RSSR mechanism.

algebraise the transformations. This implies that

cos θi =
1− v2i
1 + v2i

, sin θi =
2vi

1 + v2i
, (6.162)

cos τi =
1− α2

i

1 + α2
i

, sin τi =
2αi

1 + α2
i

. (6.163)

We begin with a serial RSSR kinematic chain and determine the forward kine-

matics following [44]. The required multiplication of the individual DH trans-

formation matrices from one coordinate frame to another yields the overall ho-

mogeneous transformation matrix that describes the relationship between the

first and last coordinate frames. To close the kinematic chain, we want the

first and last coordinate systems to align in both their orientation and origin.

Algebraically, this is specified using the kinematic closure equation, where the

overall transformation equates to the identity [44]

8∏
i=1

i−1
i T = I. (6.164)

The elements of this algebraic DH transformation matrix are then directly

mapped into Study’s kinematic image space where the constraint manifold could

be analysed as it has already been successfully demonstrated for the planar 4R,

spherical 4R, and Bennett linkage by the authors. However, applying Gröbner

bases or other elimination methods to the eight Study soma coordinates to sym-

bolically obtain the IO equation for the RSSR linkage is computationally too

demanding for an algebraic geometry approach. While very computationally
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Table 6.1: DH parameters for the RSSR mechanism.

joint axis i joint angle θi link offset di link length ai link twist τi

1 θ1 d1 a1 0

2 θ2 0 0 π/2

3 θ3 0 0 π/2

4 θ4 0 a4 0

5 θ5 0 0 π/2

6 θ6 0 0 π/2

7 θ7 0 a7 0

8 θ8 d8 a8 τ8

demanding, a numerical approach that uses the forward kinematics of the serial

RSSR chain mapped to the eight soma coordinates, described in Section 6.11.2.3,

using pseudowitness sets leads directly to the desired IO equation. Still, there

are algebraic approaches.

A well known algebraic geometry approach to obtain an expression for the

forward and inverse kinematics of a serial kinematic chain is to split it into

two subchains, thereby conceptually splitting the closure equation in two by

multiplying both sides by the inverses of half of the DH transformations. In the

case of the RSSR, the closure equation becomes

0
1T

1
2T

2
3T

3
4T = I 7

8T
−1 6

7T
−1 5

6T
−1 4

5T
−1. (6.165)

This step essentially divides the linkage into two serial chains joined at the 4th

coordinate frame located in the second S joint, i.e., one serial chain between

the coordinate frames 0 and 4, and one serial chain between the coordinate

frames 4 and 8, which correspond to the expressions on the left and right sides

of Equation (6.165), respectively, which we call the left RS and right RS dyads.

Equation (6.165) will be used in Section 6.11.2.2 to obtain the algebraic IO

equation by projecting it to the image space.

The image of the overall DH transformation matrix T of the RSSR linkage,

Equation (6.164), in terms of Study parameters yields

x0 = 2v1v2v3v4v5v6v7v8 − 2v1v2v3v4v5v6 + ...+ 2α8v6v8 + 2v7v8 − 2,

x1 = 2α8v1v2v3v4v5v6v7v8 − 2α8v1v2v3v4v5v6 + ...+ 2α8v7v8 − 2α8,

x2 = − 2α8v1v2v3v4v5v6v7 − 2α8v1v2v3v4v5v6v8 + ...− 2α8v7 − 2α8v8,
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x3 = − 2v1v2v3v4v5v6v7 − 2v1v2v3v4v5v6v8 + ...+ 2α8v6 − 2v7 − 2v8, (6.166)

y0 = − a1α8v1v2v3v4v5v6v7v8 + a4α8v1v2v3v4v5v6v7v8 + ...− α8a8,

y1 = a1v1v2v3v4v5v6v7v8 − a4v1v2v3v4v5v6v7v8 + ...+ a1 + a4 + a7 + a8,

y2 = − α8d1v1v2v3v4v5v6v7v8 − α8d8v1v2v3v4v5v6v7v8 + ...+ α8d8,

y3 = − d1α8v1v2v3v4v5v6v7v8 − d8v1v2v3v4v5v6v7v8 + ...+ d1 + d8.

As these polynomials are extremely large, each containing 128 very large terms,

only the beginning and end of the expressions sorted using graded lexicographic

ordering with v1 > v2 > . . . > v8 are displayed here. These polynomials will

be solved numerically in Section 6.11.2.3, but are otherwise too cumbersome

to deal with using algebraic geometry and computer algebra software, such as

Maple 2021. For this we require a different approach.

As mentioned earlier, one well known different approach involves conceptu-

ally splitting the RSSR into two serial RS chains. In this way, mapping the left

hand side of Equation (6.165), the left RS chain, into Study’s kinematic image

space yields eight significantly smaller polynomials

x0 = 4v1v2v3v4 − 4v1v3 − 4v2v3 − 4v3v4,

x1 = − 4v1v2 + 4v1v4 + 4v2v4 + 4,

x2 = 4v1v2v4 + 4v1 + 4v2 − 4v4,

x3 = − 4v1v2v3 − 4v1v3v4 − 4v2v3v4 + 4v3, (6.167)

y0 = − 2d1v1v2v3 − 2d1v1v3v4 − 2d1v2v3v4 + 2a1v1v2 − 2a4v1v2 − 2a1v1v4

+ 2a4v1v4 + 2a1v2v4 + 2a4v2v4 + 2d1v3 + 2a1 + 2a4,

y1 = 2a1v1v2v3v4 − 2a4v1v2v3v4 + 2d1v1v2v4 − 2a1v1v3 + 2a4v1v3 + 2a1v2v3

+ 2a4v2v3 + 2a1v3v4 + 2a4v3v4 + 2d1v1 + 2d1v2 − 2d1v4,

y2 = 2a1v1v2v3 + 2a4v1v2v3 + 2a1v1v3v4 + 2a4v1v3v4 − 2a1v2v3v4 + 2a4v2v3v4

+ 2d1v1v2 − 2d1v1v4 − 2d1v2v4 + 2a1v3 − 2a4v3 − 2d1,

y3 = − 2d1v1v2v3v4 + 2a1v1v2v4 + 2a4v1v2v4 + 2d1v1v3 + 2d1v2v3 + 2d1v3v4

+ 2a1v1 + 2a4v1 − 2a1v2 + 2a4v2 + 2a1v4 − 2a4v4.

And finally, mapping the right hand side of Equation (6.165), the right RS chain,

into Study’s kinematic image space yields eight additional smaller polynomials

x0 = 4v5v6v7v8 − 4v5v6 − 4α8v5v7 − 4α8v5v8 − 4v6v7 − 4v6v8 + 4α8v7v8 − 4α8,

x1 =− 4α8v5v6v7v8 + 4α8v5v6− 4v5v7− 4v5v8 + 4α8v6v7 + 4α8v6v8 + 4v7v8− 4,

x2 = 4α8v5v6v7 + 4α8v5v6v8 + 4v5v7v8 + 4α8v6v7v8 − 4v5 − 4α8v6 + 4v7 + 4v8,
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x3 = 4v5v6v7 + 4v5v6v8 − 4α8v5v7v8 + 4v6v7v8 + 4α8v5 − 4v6 − 4α8v7 − 4α8v8,

y0 =− 2a7α8v5v6v7v8 + 2a8α8v5v6v7v8 − 2d8v5v6v7 − 2d8v5v6v8 − 2α8d8v5v7v8

− 2d8v6v7v8 − 2a7α8v5v6 − 2a8α8v5v6 + 2a7v5v7 + 2a8v5v7 − 2a7v5v8

+ 2a8v5v8 − 2a7α8v6v7 − 2a8α8v6v7 + 2a7α8v6v8 − 2a8α8v6v8 + 2a7v7v8

− 2a8v7v8 + 2α8d8v5 + 2d8v6 − 2α8d8v7 − 2α8d8v8 + 2a7 + 2a8, (6.168)

y1 =− 2a7v5v6v7v8 + 2a8v5v6v7v8 + 2α8d8v5v6v7 + 2α8d8v5v6v8 − 2d8v5v7v8

+ 2α8d8v6v7v8 − 2a7v5v6 − 2a8v5v6 − 2a7α8v5v7 − 2a8α8v5v7 + 2a7α8v5v8

− 2a8α8v5v8 − 2a7v6v7 − 2a8v6v7 + 2a7v6v8 − 2a8v6v8 − 2a7α8v7v8

+ 2a8α8v7v8 + 2d8v5 − 2α8d8v6 − 2d8v7 − 2d8v8 − 2a7α8 − 2a8α8,

y2 = 2α8d8v5v6v7v8 − 2a7v5v6v7 − 2a8v5v6v7 + 2a7v5v6v8 − 2a8v5v6v8

− 2a7α8v5v7v8 + 2a8α8v5v7v8 + 2a7v6v7v8 − 2a8v6v7v8 − 2α8d8v5v6

− 2d8v5v7 − 2d8v5v8 − 2α8d8v6v7 − 2α8d8v6v8 + 2d8v7v8 − 2a7α8v5

− 2a8α8v5 +2a7v6 +2a8v6 +2a7α8v7 +2a8α8v7 −2a7α8v8 +2a8α8v8−2d8,

y3 = 2d8v5v6v7v8 + 2a7α8v5v6v7 + 2a8α8v5v6v7 − 2a7α8v5v6v8 + 2a8α8v5v6v8

− 2a7v5v7v8 + 2a8v5v7v8 − 2a7α8v6v7v8 + 2a8α8v6v7v8 − 2d8v5v6

+2α8d8v5v7 +2α8d8v5v8 −2d8v6v7 −2d8v6v8 −2α8d8v7v8 −2a7v5 −2a8v5

− 2a7α8v6 − 2a8α8v6 + 2a7v7 + 2a8v7 − 2a7v8 + 2a8v8 + 2α8d8.

The polynomials of Equations (6.167) and (6.168) will be manipulated in Sec-

tion 6.11.2.2 using the linear implicitisation algorithm [92] to reveal the algebraic

RSSR IO equation.

6.11.2.2 Algebraic Geometry Approach

To obtain the RSSR algebraic IO equation, the parametric equations of the

Study coordinates of Equations (6.167) and (6.168) need to be expressed im-

plicitly as a single polynomial equation in the desired motion parameters v1

and v8 in the seven-dimensional kinematic mapping image space. This re-

quires an algorithm that eliminates the unwanted motion parameters vi where

i ∈ {2, . . . , 7}. One implicitisation algorithm that allows for the transformation

from the explicit parametric Study representation into a set of implicit polyno-

mial equations is known as the linear implicitisation algorithm. The resulting

constraint equations are implicit polynomials that form an algebraic variety in

P7 and can be manipulated with different tools to obtain the IO equation. A

detailed description of the linear implicitisation algorithm, together with illus-

trative examples is to be found in [92, 95].
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The two serial RS chains of the RSSR linkage consist of one revolute and

one spherical joint each. Clearly, the S joint spherical displacements, SO(3),

are completely contained on sub-spaces of the Study quadric as there is no

translation involved and thus, all four yi Study coordinates are identically zero.

In other words, the displacements constrained by the S joints form special A-

planes on the Study quadric. Further, the R joint in the serial RS chain rotates

the S joint in a planar displacement thereby moving this special A-plane on S2
6 .

It is well known that a 3-space can be represented by the intersection of four

hyperplanes in the kinematic image space. To determine the RSSR algebraic IO

equation we must identify these hyperplanes, one set for each serial RS chain.

To obtain their implicit equations the linear implicitisation algorithm will be

employed. The main goal of the linear implicitisation algorithm is to find the

minimal number of implicit equations that describe the mechanical constraints

in the image space. It allows for the elimination of motion parameters which, in

the case of the RSSR, correspond to the variables v2, v3, . . . , v7. On the other

hand, the design parameters ai, di and αi are fixed values that depend on the

chosen linkage. However, to obtain the implicit polynomials for the spherical

special 3-spaces v1 and v8 are temporarily also considered as design parameter

constants.

To begin, we assume that the resulting variety is defined by linear constraint

equations, and hence a general linear ansatz polynomial can be written, using

the graded reverse lexicographic monomial ordering [96], as

C1y3 + C2y2 + C3y1 + C4y0 + C5x3 + C6x2 + C7x1 + C8x0 = 0. (6.169)

This linear ansatz polynomial has eight unknown coefficients Ci, i ∈ {1, · · · , 8}.
In the case of the left hand side of the RSSR chain, Equation (6.167) is substi-

tuted into Equation (6.169) and after reorganising such that the variable angle

parameters of the spherical displacement are collected, yields
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(−2C1d1v1 + 2C3a1v1 − 2C3a4v1 + 4C8v1 − 2C4d1 − 2C2a1 + 2C2a4 − 4C5)v2v3v4

+ (2C2a1v1 + 2C2a4v1 − 2C4d1v1 − 4C5v1 + 2C1d1 + 2C3a1 + 2C3a4 − 4C8)v2v3

+ (2C1a1v1 + 2C1a4v1 + 2C3d1v1 + 4C6v1 − 2C2d1 + 2C4a1 + 2C4a4 + 4C7)v2v4

+ (2C2d1v1 + 2C4a1v1 − 2C4a4v1 − 4C7v1 − 2C1a1 + 2C1a4 + 2C3d1 + 4C6)v2

+ (2C2a1v1 + 2C2a4v1 − 2C4d1v1 − 4C5v1 + 2C1d1 + 2C3a1 + 2C3a4 − 4C8)v3v4

+ (2C1d1v1 − 2C3a1v1 + 2C3a4v1 − 4C8v1 + 2C2a1 − 2C2a4 + 2C4d1 + 4C5)v3

+ (−2C2d1v1 − 2C4a1v1 + 2C4a4v1 + 4C7v1 + 2C1a1 − 2C1a4 − 2C3d1 − 4C6)v4

+ (2C1a1v1 + 2C1a4v1 + 2C3d1v1 + 4C6v1 − 2C2d1 + 2C4a1 + 2C4a4 + 4C7) = 0.

(6.170)

To fulfil this equation, the coefficients of the variables in Equation (6.170) must

vanish since the v2, v3, and v4 orientation angle parameters are, in general

non-zero. In matrix form, this can be expressed as



2a1v1 + 2a4v1 −2d1 2d1v1 2a1 + 2a4 0 4v1 4 0

−2d1v1 −2a1 + 2a4 2a1v1 − 2a4v1 −2d1 −4 0 0 4v1

−2a1 + 2a4 2d1v1 2d1 2a1v1 − 2a4v1 0 4 −4v1 0

2a1v1 + 2a4v1 −2d1 2d1v1 2a1 + 2a4 0 4v1 4 0

2d1 2a1v1 + 2a4v1 2a1 + 2a4 −2d1v1 −4v1 0 0 −4

2d1 2a1v1 + 2a4v1 2a1 + 2a4 −2d1v1 −4v1 0 0 −4

2d1v1 2a1 − 2a4 −2a1v1 + 2a4v1 2d1 4 0 0 −4v1

2a1 − 2a4 −2d1v1 −2d1 −2a1v1 + 2a4v1 0 −4 4v1 0





C1

C2

C3

C4

C5

C6

C7

C8


=



0

0

0

0

0

0

0

0


.

Solving for the unknown Ci and back-substituting their solutions into the gen-

eral linear ansatz polynomial Equation (6.169) reveals all four hyperplanes that

satisfy the variety in P7. The solution shows that C1, C3, C4, and C8 are all

free parameters with arbitrary values while C2, C5, C6, and C7 are expressions

containing only v1 and the design parameters and, after simplifying, are each

linear in four of the Study parameters, and therefore hyperplanes. These four

hyperplanes collected in terms of the Study parameters are

0 = (a21v
2
1 − a24v

2
1 + d21v

2
1 + a21 − a24 + d21)x3 + (−2d1v

2
1 − 2d1)y0

+ 4a1v1y1 + (2a1v
2
1 − 2a4v

2
1 − 2a1 − 2a4)y2, (6.171)

0 = (a21v
2
1 − a24v

2
1 + d21v

2
1 + a21 − a24 + d21)x2 − 4a1v1y0 + (−2d1v

2
1 − 2d1)y1

+ (−2a1v
2
1 + 2a4v

2
1 + 2a1 + 2a4)y3, (6.172)

0 = (a21v
2
1 − a24v

2
1 + d21v

2
1 + a21 − a24 + d21)x1 + (2a1v

2
1 + 2a4v

2
1 − 2a1 + 2a4)y0

+ (2d1v
2
1 + 2d1)y2 − 4a1v1y3, (6.173)

0 = (a21v
2
1 − a24v

2
1 + d21v

2
1 + a21 − a24 + d21)x0 + (−2a1v

2
1 − 2a4v

2
1 + 2a1 − 2a4)y1
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+ 4a1v1y2 + (2d1v
2
1 + 2d1)y3. (6.174)

The same procedure can be done with the right hand side of the RSSR

by substituting Equation (6.168) in the general linear ansatz polynomial, Equa-

tion (6.169). In this case, the motion parameters to be eliminated are v5, v6 and

v7. Solving the resulting homogeneous matrix equation for the new unknown

Ci yields the following four hyperplanes in a similar way. They are

0 = (a27α
2
8v

2
8 − 2a7a8α

2
8v

2
8 + a28α

2
8v

2
8 + α2

8d
2
8v

2
8 + a27v

2
8 − 2a8a7v

2
8

+ a28v
2
8 + d28v

2
8 + α2

8a
2
7 + 2a7a8α

2
8 + a28α

2
8 + α2

8d
2
8 + a27 + 2a7a8 + a28 + d28)x3

+ (−2α2
8d8v

2
8 + 2d8v

2
8 + 8a7α8v8 − 2α2

8d8 + 2d8)y0

+ (−4d8α8v
2
8 − 4α2

8a7v8 + 4a7v8 − 4d8α8)y1

+ (−2a7α
2
8v

2
8 + 2α2

8a8v
2
8 − 2a7v

2
8 + 2a8v

2
8 + 2a7α

2
8 + 2α2

8a8 + 2a7 + 2a8)y2,

(6.175)

0 = (a27α
2
8v

2
8 − 2a7a8α

2
8v

2
8 + a28α

2
8v

2
8 + α2

8d
2
8v

2
8 + a27v

2
8 − 2a8a7v

2
8

+ a28v
2
8 + d28v

2
8 + α2

8a
2
7 + 2a7a8α

2
8 + a28α

2
8 + α2

8d
2
8 + a27 + 2a7a8 + a28 + d28)x2

+ (4d8α8v
2
8 + 4α2

8a7v8 − 4a7v8 + 4d8α8)y0

+ (−2α2
8d8v

2
8 + 2d8v

2
8 + 8a7α8v8 − 2α2

8d8 + 2d8)y1

+ (2a7α
2
8v

2
8 − 2α2

8a8v
2
8 + 2a7v

2
8 − 2a8v

2
8 − 2a7α

2
8 − 2α2

8a8 − 2a7 − 2a8)y3,

(6.176)

0 = (a27α
2
8v

2
8 − 2a7a8α

2
8v

2
8 + a28α

2
8v

2
8 + α2

8d
2
8v

2
8 + a27v

2
8 − 2a8a7v

2
8

+ a28v
2
8 + d28v

2
8 + α2

8a
2
7 + 2a7a8α

2
8 + a28α

2
8 + α2

8d
2
8 + a27 + 2a7a8 + a28 + d28)x1

+ (−2a7α
2
8v

2
8 + 2α2

8a8v
2
8 − 2a7v

2
8 + 2a8v

2
8 + 2a7α

2
8 + 2α2

8a8 + 2a7 + 2a8)y0

+ (2α2
8d8v

2
8 − 2d8v

2
8 − 8a7α8v8 + 2α2

8d8 − 2d8)y2

+ (4d8α8v
2
8 + 4α2

8a7v8 − 4a7v8 + 4d8α8)y3, (6.177)

0 = (a27α
2
8v

2
8 − 2a7a8α

2
8v

2
8 + a28α

2
8v

2
8 + α2

8d
2
8v

2
8 + a27v

2
8 − 2a8a7v

2
8

+ a28v
2
8 + d28v

2
8 + α2

8a
2
7 + 2a7a8α

2
8 + a28α

2
8 + α2

8d
2
8 + a27 + 2a7a8 + a28 + d28)x0

+ (2a7α
2
8v

2
8 − 2α2

8a8v
2
8 + 2a7v

2
8 − 2a8v

2
8 − 2a7α

2
8 − 2α2

8a8 − 2a7 − 2a8)y1

+ (−4d8α8v
2
8 − 4α2

8a7v8 + 4a7v8 − 4d8α8)y2

+ (2α2
8d8v

2
8 − 2d8v

2
8 − 8a7α8v8 + 2α2

8d8 − 2d8)y3. (6.178)

Solving Equations (6.171), . . ., (6.174) for the four yi and substituting these ex-

pressions into Equations (6.175), . . . , (6.178) leaves four equations in the four

unknown Study parameters xi. This suggests solving the system of four equa-

tions for the four unknown xi. However, doing so leads only to the trivial
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solution xi = yi = 0, i ∈ {0, 1, 2, 3}, which we call the null point. This result

can be explained geometrically in P7 as follows: the two special 3-spaces repre-

senting the displacements of the S joints are two SO(3) A-planes that are moved

around on S2
6 under the action of the two R joints, and only ever intersect in

the null point.

But, there is a solution. Further inspection of the four equations shows

that the equations form a homogeneous system of linear equations. Expressing

this linear homogeneous system in matrix-vector form Cx = 0, we know that

this system only has a nontrivial solution when the determinant of the 4 × 4

coefficient matrix C with respect to the xi vanishes [97]. Thus, after computing

the determinant and omitting the factors that can never vanish, the general

algebraic IO equation of the RSSR linkage arises directly from the determinant

as

Av21v
2
8 + 8d1α8a7v

2
1v8 + 8d8α8a1v1v

2
8 +Bv21

+8a1a7(α8 − 1)(α8 + 1)v1v8 + Cv28 + 8d8α8a1v1 + 8d1α8a7v8 +D = 0,

(6.179)

where

A = (α2
8 + 1)A1A2 +R,

B = (α2
8 + 1)B1B2 +R,

C = (α2
8 + 1)C1C2 +R,

D = (α2
8 + 1)D1D2 +R,

and

A1 = (a1 − a4 + a7 − a8), A2 = (a1 + a4 + a7 − a8),

B1 = (a1 + a4 − a7 − a8), B2 = (a1 − a4 − a7 − a8),

C1 = (a1 − a4 − a7 + a8), C2 = (a1 + a4 − a7 + a8),

D1 = (a1 + a4 + a7 + a8), D2 = (a1 − a4 + a7 + a8),

with

R = (d1 − d8)
2α2

8 + (d1 + d8)
2.

Equation (6.179) is an implicit biquadratic algebraic curve of degree 4 in the

joint angle parameters v1 and v8, as one would expect.

6.11.2.3 Numerical Approach

The degree four algebraic IO equation for the RSSR expressed as Equation (6.179)

will be compared to the result from a concomitant numerical method. The aim
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for the numerical method is to compute an eliminant with the general approach

of numerical elimination theory [98, Ch. 16]. This involves performing com-

putations using the given polynomial system from Equation (6.166) and geo-

metrically projecting points via pseudowitness sets [99]. For this problem, the

pseudowitness set provided that the degree of the eliminant is 8 in 9 variables

(v1, v8, α8, a1, a4, a7, a8, d1, d8). Since there are a total of
(
9+8
8

)
= 24310 mono-

mials of degree at most 8 in 9 variables, the approach is to use the pseudowitness

set to generate at least 24310 sample points and then to use interpolation to

recover the eliminant [100, Ch. 6]. To gather these sample points, one randomly

fixes values of the parameters α8, a1, a4, a7, a8, d1, d8, and solves for the angle

parameter values, v1 and v8 using any of a variety of sampling methods within

numerical algebraic geometry [101, Sec. 2.3]. This yields precisely the same IO

equation as the linear implicitisation approach, Equation (6.179).

6.11.2.4 Geometric Verification

To verify both the algebraic and numerical results, the IO equation of an ar-

bitrary linkage was animated in GeoGebra. The model enabled measurement

of the output angle for any given input angle. Tracing the locus of each input-

output pair results in a curve which is compared with the herein derived IO

equation, Equation (6.179). The chosen design parameters for the example link-

age are a1 = 3, a4 = 5, a7 = 9, a8 = 11, d1 = 1, d8 = 3, and τ8 = 60◦. While the

v8

v1

(a) IO equation generated in GeoGebra. (b) Derived according to Equation (6.179).

Figure 6.35: Example RSSR function generator with a1 = 3, a4 = 5, a7 = 9,

a8 = 11, d1 = 1, d8 = 3, and τ8 = 60◦.

result of the GeoGebra file is displayed in Figure 6.35a, substituting the same

design parameters into Equation (6.179) yields the curve in Figure 6.35b. As can
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be seen, the curves are congruent which further suggests that Equation (6.179)

is indeed correct.

6.11.3 Applications

To demonstrate how the form of the algebraic IO equation for the RSSR linkage

that has been obtained by the methods outlined in this paper is particularly

useful for mechanical design by way of synthesis and analysis of RSSR mecha-

nisms, several applications will be summarised and illustrated with examples.

While it must be acknowledged that the IO equation itself is not new, see the

1955 book by J.S. Beggs for example [82], the algebraic form leads to computa-

tionally efficient and mathematically elegant tools for synthesis and analysis of

RSSR linkages that are entirely new, and will be reported for the first time in

what follows.

6.11.3.1 Mobility Limits

With the algebraic IO equation, it is a very simple matter to determine general

conditions for the relative mobility of the two ground fixed links. Treating the

v1-v8 IO pair to be coordinate axes in the plane spanned by the two, then the

IO equation contains two double points at infinity on the v1 and v8 axes. The

double points at infinity belonging to each of the coordinate axes together with

the ability of links a1 and a7 to reach v1 = 0 and v8 = 0 completely define

the mobility limits, if they exist, between the v1-v8 angle parameter pair. The

examination of this is sufficient to determine whether a particular joint enables

a crank, a rocker, a π-rocker, or a 0-rocker link motion. See [85] from 1971 for

the first double point analysis of the RSSR, but only for a simplified special

case, where mobility criteria, though incomplete, are reported.

We proceed by evaluating whether each double point has a pair of real, or

complex conjugate tangents. If the double point has two real distinct tangents,

it is a crunode; if it has two real coincident tangents, it is a cusp; and if the

tangents are both complex conjugates, the double point is an acnode. Thus,

after homogenising the v1-v8 IO equation using the homogenising coordinate

v0, leading to IOh, the discriminant in Equation (6.149) yields information on

the double point at infinity on each of the v1 and v8 axes.

The values for ∆v1 and ∆v8 are obtained by substituting values for the seven

variable link DH design parameters into the following two discriminants:

∆v1 = 32a27α
2
8d

2
1 −AB; (6.180)
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Table 6.2: Mobility of a1 and a7.

∆v1 Ωv1 mobility of a1 ∆v8 Ωv8 mobility of a7

≥ 0 ≥ 0 crank ≥ 0 ≥ 0 crank

≥ 0 < 0 π-rocker ≥ 0 < 0 π-rocker

< 0 ≥ 0 0-rocker < 0 ≥ 0 0-rocker

< 0 < 0 rocker < 0 < 0 rocker

and

∆v8 = 32a21α
2
8d

2
8 −AC, (6.181)

where A, B, and C are all defined in Equation (6.179).

From these conditions we can extract information on the ability of the input

and output links to rotate through π. For example, if ∆v1 ≥ 0, then the double

point at v1 = ∞ is either a crunode or a cusp. Knowing that v1 = ∞ corresponds

to θ1 = 180◦, this implies that the link a1 can rotate through π. Similarly, if

∆v1
< 0, then the double point at v1 = ∞ is an acnode which in turn indicates

that a1 has a rotation limit less than π.

It is equally required to investigate whether the linkage is assemblable at

vi = 0. Clearly, one possibility to obtain a condition with this information can

be derived using the v1-v8 equation by substituting vi = 0 and solving for vj .

For each of v1 and v8 we obtain a radicand Ωv whose value must be Ωv ≥ 0 if

the link can rotate through 0:

Ωv1 = −α2
8 (d1 − d8)

2
(
α2
8 (d1 − d8)

2
+ 2 (d1 + d8)

2
)
− (d1 + d8)

4
+

2
(
a21+2a1a8−a24+a27+a28

)[
4d8

(
α4
8d1−α2

8d8−d1
)
−
(
d21+d28

) (
α4
8+1

)]
+

4
(
a21 + 2a1a8 − a24 − 3a27 + a28

)
α2
8d

2
1 − C1C2D1D2

(
α2
8 + 1

)2
; (6.182)

Ωv8 = −α2
8 (d1 − d8)

2
(
α2
8 (d1 − d8)

2
+ 2 (d1 + d8)

2
)
− (d1 + d8)

4
+

2
(
a21−a24+a27+2a7a8+a28

)[
4d1

(
d8α

4
8−α2

8d1−d8
)
−
(
d21+d28

) (
α4
8+1

)]
+

4
(
3a21 + a24 − a27 − 2a7a8 − a28

)
α2
8d

2
8 −B1B2D1D2

(
α2
8 + 1

)2
; (6.183)
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where B1, B2, C1, C2, D1, and D2 are all defined in Equation (6.179). With this

information we have a completely general classification scheme to determine the

relative mobilities of the RSSR, see Table 6.2.

We will verify the mobility classification with an example. Let the DH pa-

rameters be a1 = 1/8, a4 = 4, a7 = 1, a8 = 1/8, α8 = tan((60π/180)/2), d1 = 2,

d8 = 2. Evaluating the discriminants with these DH link design parameters re-

veals that ∆v1 = 10.6667 and Ωv1 = 6.437500000, indicating that a1 has no

mobility limits while ∆v8 = −36 and Ωv8 = −12.6667, indicating that a7 is a

rocker in each assembly mode. It is a simple matter to determine the config-

uration and the extreme values of v8 by evaluating the appropriate derivatives

of Equation (6.179) for each assembly mode. The corresponding IO curves in

both the v1-v8 and θ1-θ8 planes are illustrated in Figure 6.36 which validates

the classification.

(a) IO curve in v1-v8 plane. (b) IO curve in θ1-θ8 plane.

Figure 6.36: RSSR mobility for a1 = 1/8, a4 = 4, a7 = 1, a8 = 1/8, α8 =

tan((60π/180)/2), d1 = 2, d8 = 2.
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