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Chapter 1

Introduction

In the recent past the exact definition of a robot was subject, in some circles, to
vigorous debate. A generally accepted definition today comes from the Robot
Institute of America in the US:

“A re-programmable manipulator designed to move material, parts,
tools, or other specialized devices through variable programmed mo-
tions for the performance of a variety of tasks.”

This definition distinguishes robots from other automated machines, like
NC (numerically controlled) milling machines, by the sophistication of the pro-
grammability, and range of applications of the device. For instance, an NC
milling machine can not be programmed for pick-and-place operations, or spot
welding, while a robot can.

A Little History:

e 1948 - Master-slave manipulators developed for handling radioactive ma-
terials for nuclear weapons production.

e 1949 - NC machine first developed at MIT.

e 1954 - George Devol: first industrial robot (programmable device) used for
pick and place for parts transfer. It possessed 4 DOF, tape memory, and
point-to-point control.

e 1970 - After purchasing Devol’s patents in 1959, Joe Engelberger formed
the company Unimation. In 1972, the first PUMA (programmable univer-
sal machine for assembly) robot was marketed. As a result, Engelberger
has been called the father of robotics.

Modern industrial robots have increased in capability and performance with
controller and language development, improved mechanisms, sensing and drive
systems. In the early 1980’s the robot industry grew rapidly thanks to large
investments by the automotive industry. However, the leap to “the factory of



tomorrow” by other industries turned into a plunge when integration of systems
and their economic viability proved disastrous. Only in 1997 did the robotic
industry recover to mid 1980’s revenue levels.

Spot welding, long the “king” of robot applications has been dethroned by
material handling (George Devol’s original application). This is an indication
that the robotics industry has weaned itself from the automotive industry, since
material handling cuts across a wide range of industries. Companies that had
given up on robotics long ago are now taking a second look and discovering the
industry can now provide the solutions they need. Manufacturing executives,
who previously assailed the reliability of robots, now give testimonies about the
outstanding performance record of robot technology.

Industrial and Service Tasks Which Benefit from Robotisation:

e Material transfer.

e Spray painting.

o Welding.

e Assembly.

e Inspection.

e Manipulation in hazardous environments.

— Nuclear sector:

* waste removal;
* decommission of power plants;

* accident cleanup.
— Oceans:

* maintenance of offshore structures;

x exploration and research of ocean floor.
— Space:

x capture and repair of satellites;

* structure assembly;

* inspection and exploration of extraterrestrial objects.
e Mining.
e Forestry.
e Agriculture (planting, harvesting).

e Services (nursing, pharmacy, gas station attendant).



Physical Components of Robotic Manipulators

e Mechanical System

Manipulator: (hand) allows for placement of end effector in space.

End-Effector: (what the hand is holding) task accomplishment: weld-
ing rod, laser, tool.

Actuators: allow manipulator to move.
* electric (DC brush motors, brushless motors, AC stepper mo-
tors).
* hydraulics.
* pneumatics.
— Drives and Transmissions:
x gears;
% cables - tendon drives;
* direct drive (no transmission, directly linked to joint).

e Sensors:

— Internal State:
x encoders (binary rotation information);
* resolvers;
* potentiometers;
x gyroscopes - good, but they can drift and require re-calibration,
which is expensive;
x accelerometers - not too dependable, but cheap.
— Interaction:

x force sensors;
* strain gauges;
x load cells.

— External:

* visual sensors (digital cameras);
% acoustic rangefinders;
* lasers (triangulation).

e Controller: uses information from sensors as feedback to control position,
velocity, acceleration (i.e. motion of the manipulator).



1.1 From Here to Dynamics

To get to the point where we have enough tools to deal with serial robot (multi-
body) dynamics, we must first consider, in the order given below, the following.

1.

- w

Description of Position and Orientation

We are constantly concerned with the position and orientation of objects
in 3-D space. The objects are the links of the robot, parts and tools with
which it deals, and other objects in the robot’s environment.

To describe the position and orientation (pose) of an object, we usually
attach a reference coordinate frame rigidly to it. We then describe the
pose of this frame with respect to some other reference frame.
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Since we may be interested in representing the pose of one reference frame
with respect to more than one other frame, we have to consider transform-
ing the coordinates of points in one frame to the coordinates of the same
point expressed in another reference frame. First we will consider conven-
tions and methodologies for dealing with this description of a pose, and
the mathematics of manipulating these quantities with respect to various
coordinate frames.

Mappings: changing descriptions from frame to frame.
Operators: translations, rotations.

Transformation arithmetic.

Transformation equations.




1.2 Manipulator Kinematics

Kinematics is the study of motion without regard to the forces which cause the
motion. We must examine the following.

1.

5.

Link description.

. Joint description.

2
3.
4

DH conventions: methods for affixing frames to links.

. Forward Kinematics

This is the problem whereby given a set of particular variable joint inputs
(1 for each DOF of the manipulator), determine the pose of the robot.
Since we can control the joint inputs and know their values, this is known
as the forward problem.

e Position Kinematics
0, . x
determine y |

e.g. given 0,

Py

e Differential Kinematics_

. 01 z
— Velocity Level: Sl =
e { 02 ] [ Y }

— Acceleration Level: [ 9~~1 } = [ v } .
) Y
Inverse Kinematics
This is the problem whereby given a desired (feasible) pose of the manipu-
lator, determine all joint input values necessary to attain the pose, if they
exist.

01
02
03
04
05
06

e Position Level: x = =0

=2 ™R e R

e Velocity Level: x = 0.
e Acceleration Level: % = 6.



1.3 Jacobians: Velocities and Static Forces

It turns out that velocities as well as static forces and moments lead to a matrix
quantity called the Jacobian of the Manipulator. In this regard, manipulator
velocities and static forces are considered to be dual quantities. Thus both
velocities and static forces can be studied by considering the same Jacobian.

1.4 Dynamics

The study of motion including the forces which cause the motion.

1.4.1 Newton’s Equation for Linear Acceleration
X:F:G:md—v:ma7 G = mv.
dt

The resultant of all forces acting on a system is equivalent to the systems
time rate of change of linear momentum (G). Also, the resultant of moments
acting on a system equals the time rate of change of angular momentum (H).

1.4.2 Euler’s Equation for angular acceleration

ZM = H:M, H=1Iw,
dt

I.w+wxIw,

= l.a+w x I w,
where w X I.w vanishes for planar systems.

e Iterative Newton-Euler Dynamic Formulation

— Qutward iterations, from the base, to compute velocities and accel-
erations.

— Inward iterations, towards the base, to compute forces and torques.

e Closed Form Dynamic Equations. Obtained by applying iterative Newton-

Euler equations symbolically to 6, 0, 0 to investigate the structure of the
equations.

e The State-Space Equation.

T =M(0)8 +V(0,0) +g(0),

where M(8) is the m X n mass matrix, V(8,80) is the n x 1 vector of
centrifugal and Coriolis terms, g(8) is the n x 1 vector of gravity terms.
The term state-space is used because V (0, 9) is both position and velocity
dependent.



e The Configuration Space Equation. The velocity dependent terms may be
written in a different way, allowing us to write the dynamics equations as:

T =M(0)6 +B(0)[0 6] + c(9)[0 %] + g(0),

_ 1 . .
where B(0) is an n X % matrix of Coriolis terms, [0 8] is an
-1
% x 1 vector of joint velocity products given by:
6 6 ]
by
0, O,
b, 6 |’
0y 0O
L énfl en |

where ¢(0) is an n x n matrix of centrifugal coefficients, and [02] is an
n X 1 vector: )

0

03
62
This formulation is called configuration space because the coefficient ma-
trices are functions of one position only.

It is often convenient to express the dynamic equations in one of the above
ways. It hides some details, but shows the structure of the equations.

1.5 Lagrangian Formulation of Manipulator Dy-
namics

The Newton-Euler formulation is a force balance approach to dynamics, whereas
the Lagrangian formulation is an energy balance approach. Of course, for the
same manipulator, both will give identical equations of motion. For some situ-
ations one formulation may be easier to use than the other.



Chapter 2

Descriptions of Position and
Orientation: Pose

Robotic manipulation, by definition, implies that parts and tools will be moved
around in space somehow, by some sort of mechanism. This naturally leads to
the need of representing positions and orientations of the parts, tools, and of
the mechanism itself. To define and manipulate mathematical quantities which
represent position and orientation of an object, also called the pose of the object,
we must define coordinate reference frames and develop conventions their for
representation.

Many of the ideas developed here in the context of the pose of an object form
the basis for our approach to analysis of linear and angular velocities as well as
for forces and torques.

2.1 Position of a Point

Suppose we want to describe the position of a point in space. A good way to
proceed is to first define a coordinate reference frame. To do that, we must
decide which type of coordinates to use. We have many choices.

2.1.1 Rectangular Cartesian Coordinates

These coordinates are expressed as distances along three mutually perpendicular
coordinate axes. For instance, the position of point P in frame {0} can be
expressed as a position vector whose components are the distances along the
corresponding axes, described by the unit vectors Xo, Yo, Zo.

10



Figure 2.1: Rectangular Cartesian coordinates.

Notation:

Unit Vector

Unit vectors have a magnitude of 1. The lower right subscript indicates
the reference frame.

Position Vector
0
Pz
p= ‘p
“p.
The upper left superscript indicates the coordinate system to which the
point is referenced. Individual elements are given subscripts x, y, 2.

0

Position vectors always originate at the origin of the reference frame in which
they are described. When defining a reference frame an origin must be specified
along with the unit vectors defining its axes directions. The elements of a
position vector can be regarded as the projections of the position vector onto
the corresponding axis.i.e.

R
Opm =p-Xy = [ Op, Opy Op. ] 0 = |p|cos (6z),
0
A [ O 1
Opy =p-Yy = [ %, °py Op. ] 1 = |p|cos(8,),
0
A [ O ]
Op. =p-Zo = [% “py p. ]| 0| = |p|cos(h.).
1

11



In summary, we will describe the position of a point in space with a posi-
tion vector, whose elements are rectangular Cartesian coordinates. There are
other possibilities: cylindrical coordinates P(r, 0, z); or spherical coordinates
P(p,¢,0). However, it is commonplace to use rectangular Cartesian coordi-
nates.

2.1.2 Important Fact of Life: Vector Addition

We will often be representing the same point in more than one coordinate sys-
tem, so we have to be careful. Consider vectors p and q. Their sum s is:

Graphical Addition: p+q =s.

Algebraic Addition: First we must define a frame of reference in which the
vectors are represented.

Y A
/// A Z, p N 0
1 < 4 T ) e BN q
\ N A el \\\
VA y4 S S
\ - Y
‘ ! 9/ S g \\\\‘\A
N AN \
X, Xo/ Y,
‘p+°%q = s,
Opm + qu Osz
= Zpy + gqy = zsy s
P:+ "qd: Sz
and 'p+'q = ls.

But in general 'p + °q = Junk!
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2.2 Orientation of a (Rigid) Body

A point is just a point: it has position, but its orientation is ambiguous because
it has no dimensions, only location. When we have an additional point in a
different location, and the distance between the points is frozen in time for the
instant considered, then we can consider the notion of orientation.

A rigid body may be considered to be a collection of points. To describe
the orientation of a rigid body in space, we may rigidly attach (paint on) a
coordinate system to the body and then give a description of this coordinate
system with respect to some other reference coordinate system.

Figure 2.2: Reference coordinate systems.

In Figure 2.2 coordinate system {1} has been attached to the gripper in a
known way. We also know everything about the stationary (non moving) system
{0}, rigidly attached to the ground. A description of {1} relative to {0} now
suffices to specify the orientation of the gripper, at least relative to {0}.

So far, we see that positions of points can be described with vectors, while
orientations of bodies can be described with body-fixed coordinate systems. One
way to describe coordinate system {1} is to write the unit vectors corresponding
to its three principal axes (we will always use orthogonal principal axes) in
terms of those of coordinate system {0}. We write the unit vectors of {1} as:
Xl, Yl, Z,. When written in terms of {0} they are 05{1, OYl, 0Z,. For
example, recall the components of °X; are the projections of X on to the axes

13



of {0} (i.e. the dot products X; - X,, etc).

i Xl T Xo i I COS (Xl, Xo) ]
OX1 = X1 T YO - COS (Xl, Yo) 5
L Xl T ZQ ] |l COS (Xl, Zo) i
[ YlT Xo i I COS(Al,Xo) i
while °Y; = | V1T Y, = COS (Yl,Yo) ,
L Y1 Zo _ L COS (Yl, ZO) i
Zl XO i [ COS (Zl, Xo)
and °Z, = | ;T Y, = cos (Z1,Yo)
ZlT ZO _ L COS (Zl,Zo)

Taken together, the set of column vectors [ °X; Y, ©9Z; | describe the ori-
entation of {1} relative to {0}, and hence the orientation of the body to which
it is attached. The result is a 3 x 3 matrix which describing the change in
orientation. Because the change in orientation requires rotations, it is called a
rotation matriz, and is indicated by °R4. It has the form

Xl'XO Yl'XO Zl'XO
Ri= (% 0V 0z ] = | XYy YooY 20 |L(2)
Xl'Z() Yl'ZO ZI'ZO

It is interesting to note that since the dot product of two unit vectors yields
the cosine of the angle between them, orientation or rotation matrix components
are sometimes referred to as direction cosines.

Closer inspection of Equation (2.1) reveals that the columns are the unit
vectors of {1} in {0}, while the rows are the unit vectors of {0} expressed in
{1}. Hence, the transpose of 'Ry is equivalent to “R;. This suggests that the
transpose of a rotation matrix is equal to its inverse:

‘R, = 'R} = 'Ry

Remember that 'X,, 1Yy, 1Zg are all unit vectors, as are °Xy, 9Yy, 9Z.

14



Now,

0R1

and ‘RT = 'R,

finally, R; “RT = °R;

2.2.1 Properties of "R,

1R0

cos (X1,Xp) cos (Yl, Xo
cos (X1,Yo) cos (Y, Y
cos (X1,Zg) cos(Yq,Zo
[ cos (X1,Xq) cos(Xy,Yo
cos (Y1,Xp) cos(Y1,Yo
cos (Z1,Xg)  cos(Z1,Y,
X0 1X, Xo-1Y, X,
1%, T
[ 1XO 1YO IZO ] 1Y:OT
IZOT
1 00
01 0f =1
0 0 1

From linear algebra we know that the inverse of a matrix with orthonormal
columns is equal to its transpose.

arguments.

1. 9R; is orthogonal and orthonormal because

We have just shown this with geometric

1°X,| = |°Y1| = |°Z;| = 1 (3 conditions for orthogonality),

and 0X1'0Y1 =0 Xl . 021

(6 conditions, 3 independent numbers).

2. Det(°R;) =1 = Proper.

3. 'Ry" = "R].

4. 'RT OR, = 1.

_ 0y, .07, —

0 (3 conditions for orthonormality).

Example: Consider a rotation of 6 degrees about the Z, axis. We have,

X,

X

Yo
- Xo

cos (0),

cos (0),

cos (6 +90°) = —sin(0),
cos (90° — 6) = sin (6),
Z,-Xo = Z1-Yo = 0,
1.



X,

6 .
%

Figure 2.3: Rotation of 6 degrees about the Zo axis.

}:(1 . }:(0 ?1 . ):(0 ?1 . ):(0 COS (9) —sin (9) 0
Rz (0 = | X1-Yy Yi-Yy Z;-Yy = sin(f) cos(f) O
X, 20 Yi-Z0 707 0 0 1

2.3 Description of a Reference Frame

The information needed to completely specify the whereabouts of a rigid body
is a position and an orientation. For position, we can choose an arbitrary point
of the rigid body. For convenience, the point whose position we will describe
shall be the origin of the body-fixed frame. The situation of a position and an
orientation set arises so often in robot kinematic/dynamic analysis that we will
define an entity called a frame, which is a set of four vectors: one specifying
position, the other three specifying orientation. Equivalently, a frame can be
thought of as a position vector and a rotation matrix.

For example, Frame 1 is described by R; and p1 ., where %p; ... is the
vector which locates the origin of Frame 1. So we have

{1} = {ORlﬂ OploRG}'

For example, in Figure 2.4 we have three frames and a known reference system.
Frames {1} and {3} are known relative to {0}, and Frame {2} is known relative
to Frame {1}.

In summary, a frame can be used as a description of one coordinate system
relative to another. It may be thought of as generalizing the notions of position
and orientation, since it encompasses both. Positions could be represented by a
frame whose rotation is the identity matrix. Likewise, an orientation could be

16
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Figure 2.4: Reference frames.

represented by a frame whose position vector part was the zero vector.

o = O
— o O

oo oo

2.4 Mappings: Changing Descriptions from One
Frame to Another

In a great many of the problems in robotics, we are concerned with expressing
the same quantity in terms of various reference coordinate systems. We have
discussed descriptions of positions, orientations, and frames, now we consider
the mathematics of mapping so we can change descriptions from frame to frame.

2.4.1 Translated Frames

We wish to change the description of point P from frame {1} to {0}. Here,
{1} differs from {0} by a translation described by °p1oy., a vector locating the
origin of {1} relative to {0}. Because °p; . and 'p are defined in frames with
the same orientation, we can use simple vector addition to obtain

Op = 1p+ Oplon(;'

(Only in this special situation can we add vectors defined in different frames).
Note: The concept of mapping, changing the description from one frame to

another, is extremely important for robotics. The quantity itself (here, a point

in space) is not changed; only its description is changed.

17



Figure 2.5: Translated frames.

The vector °p1p, defines this mapping: this, along with the knowledge that
orientation is constant, is the only information needed to perform the change in
description.

2.4.2 Rotated Frames

To change a description from one frame to another sharing the same origin,
but with a different orientation, we can use the rotation matrix R. We wish
to change the description of P from 'p to °p. To compute the components of
Op, we project p onto the unit vectors of {0}. As discussed earlier, this can be
accomplished with

op = 'R, 'p.

Figure 2.6: Rotated frames.

Note: A useful way to view the notation we have adopted is to imagine
the right subscripts “cancel” the left superscripts. For instance, in the previous
example the 1’s may be thought of as “canceling out”.

18



Example: Frame {1} is rotated by 30° relative to frame {0} about Z.

Zl ZO
7:(1'):(0 3:(1'):(0 ?1'):(0 i1 T2 T13
ORl = )A(l-YO YAl-YO ZA1'¥0 = 21 T22 T23 |,
Xl . ZQ Y1 . ZO Z1 . ZO 31 T32 T33
ri1 = cos(30),
rig = cos(30+90) = —sin(30),
ro1 = cos (90 —30) = sin (30),
roo = cos(30),
rss = cos(0),
T3y = T3z = T13 = T3 = 0
[ cos(30) —sin(30) O
this gives "Ry = sin (30)  cos(30) 0
i 0 0 1
[0
Given 'p = 2 |,
| 0
-1
we calculate 'p = ‘R, !p = 1.732
0

2.5 General Displacements: Homogeneous Trans-

formations

For the general case of mapping, the new frame (called the image-space) has
undergone both a translation and rotation, at least as far as practical robot
joints are concerned. To map 'p to {0} we can proceed by first changing 'p

19



to its description relative to an intermediate frame with the same orientation
as {0}, but whose origin is coincident with that of {1}. This is done by pre-
multiplying 'p with °R;. We can then account for the translation component
with simple vector addition. This gives

(]p — OR1 1p_|_ OploRG'

Note, the 1’s “cancel”, giving all vectors in {0}, which may then be added.
However, the above displacement representation is not a linear transformation,
for the simple reason that the translation of the sum of two vectors x and y,
by the amount d is T(x +y) = x +y + d, and not the sum of the translation
of each vector separately, which is T'(x) + T(y) = x +y + 2d. Thus, general
displacements in 3-D space cannot be represented by 3 x 3 transformations.
The inconvenience is removed by embedding 3-D Euclidean space, E2, in E4,
as the 3-dimensional hyperplane H. Identifying E® with H changes each 3-D
coordinate vector into one that is 4-D. We usually specify the hyperplane H by
giving a value to the fourth coordinate. This value is arbitrary. For convenience,

we choose 1. A displacement of °p = "Ry 'p+ “p1ope of E® becomes a linear
transformation °T; of E*, given by
Op — O:R'l ‘ OPIORG 1p
1 000 \ 1 1|’
1
_ 0 p
- Tl |: 1 :| ’
= T, 'p. (2.2)

When !p is pre-multiplied by the 4 x4 matrix °T, it is obvious from context that
1p has four coordinates, and that the fourth coordinate of (!p)y; = 1. The 4 x 4
matrix T is called the homogeneous transform representing the displacement.

1
may be interpreted as homogeneous coordinates of a 3-D projective space (4-D
homogeneous coordinate space).
Now is the perfect time for a brief review of homogeneous coordinates.

1
The term homogeneous refers to the fact that the coordinate vector [ P }

2.5.1 Homogeneous Coordinates

Let O be the origin of the Cartesian coordinate system, shown in Figure 2.7.
Let S be a distinct point in the plane. The ray passing through O and S is
described by the coordinate pair (z,y). Another distinct point @ # O, on ray
OS is described by the pair (s, py), where o € R (ie. a real number). As
p — oo the seemingly meaningless pair (oo, 00) is obtained.
To remedy this representational problem, the point pairs may be represented
by two ratios, given by ordered triples (xg,x1,x2). If ¢ # 0, then the point S
can be uniquely described as:
Ty

T = , Y= .
T2 To

x2

20



Q( pr,py )
LY
S(z,y)
y ..............................................

Figure 2.7: Cartesian coordinates in E?2.

Then any triple of the form (Azg, Axy, Aze) (for A # 0) describes exactly the
same point S. In other words, two real points are equal if the triples representing
them are proportional. This is because

)\1’1 I d )\.’EQ

—=—=z, and — =

/\xo i) ’ )\JJO y
The coordinates (g : 1 : x2) are called homogeneous coordinates. When xg = 1
the Cartesian coordinate pair (x,y) is recovered.

The Cartesian coordinates (ux, py), u # 0, of the family of points on the

ray through @ in Figure 2.7 can be expressed in homogeneous coordinates as
ratios:

x
(ux, py) = (zo : pxy : pag) = (;0 DX Ta).

In E?%, as u — 400, the homogeneous coordinates (0 : x; : x3) are obtained.
There is no point on the line OS to which this triple can correspond because £?
is unbounded. However, in the projective extension of the Euclidean plane' the
triple (0 : 21 : x2) describes the point at infinity (ideal point) on the line OS.
Since the same triple is obtained regardless if © — 400 or 4 — —o0, a unique
point at infinity is associated with the line OS in E2. Hence, an ordinary line
adjoined by its point at infinity is a closed curve.

The triple (0 : 0 : 0) describes neither an ideal point nor a real point on OS.
(x:y:0)=(0:0:0) seems to imply that S = O, which is a contradiction in

IThe projective plane, P2, can be thought of as the unbounded Euclidean plane, Fs, to
which the line at infinity has been added, thereby imposing a bound on Es.
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the construction of ray OS. The trivial triple (0 : 0 : 0) is therefore not included
in the point set comprising the projective extension of E2.

All lines in E? which are extended to their points at infinity have the ho-
mogenizing coordinate x¢y = 0. The totality of all the existing points at infinity
(with the exception of (0 : 0 : 0)) are described by zp = 0. The extended
Euclidean plane which includes all the points at infinity is called the projective
plane P,. Since xg = 0 is a linear equation, it represents the line at infinity.

=z
fiz-4
S‘( Y. 7 ) sy o
o o ,uy -—

Figure 2.8: Cartesian coordinates in E3.

Entirely analogous statements can be made for 3-D Euclidean space, E3.
This space is covered by a Cartesian coordinate system with origin O and
axes x,y,z. The axes are usually defined as orthogonal. Such an orthogo-
nal Cartesian system is illustrated in Figure 2.8. The homogeneous coordinates
(20,1, T2, 23) of the point S € E? are defined as:

x:ﬂ7 yzﬂ, z:@, xo # 0.
T Zo To
As in two dimensional projective space, when xg = 1 the Cartesian coordinate
triple (z,y, z) is recovered.

It should be noted that in general the choice of homogenizing coordinate is
arbitrary. Over the course of time the following conventions have been devel-
oped:
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1. In North America and the British Commonwealth the homogenizing coor-
dinate is taken to be the last one. The coordinate indices begin with
1. In the plane (z; : g : x3) represent the coordinates of a point,
with 3 the homogenizing coordinate. In space, a point is described with
(z1: 2o : x3: x4), with x4 being the homogenizing coordinate. In general,
the homogenizing coordinate in an n-D space has the index n + 1.

2. In most other places the first coordinate, given the index 0, is taken to be
the homogenizing one. Thus, zy represents the homogenizing coordinate
regardless of the dimension of the coordinate space.

Both conventions shall be employed henceforth. This is to underscore the idea
that such a restriction is arbitrary and unnecessary in the context of projec-
tive geometry. However, where required the homogenizing coordinate shall be
explicitly identified.

2.5.2 A Note on Free and Position Vectors

Free vectors represent a magnitude and direction, but represent a vector field
(i.e. couples, moments, angular velocities and accelerations, angular and linear
momentum, etc.) and hence pass through every point in space. Thus, they may
be conveniently represented by setting the homogenizing coordinate equal to
Zero:

Uz

Uy

Uz

0

Position vectors locate a point in space, and thus must pass through a spe-
cific point. They my be conveniently represented by setting the homogenizing
coordinate equal to one:

VfZ

Example: Homogeneous Transform Mapping

Consider frame {1} rotated with respect to frame {0} about Z by 30° and
3
translated 10 units along Xy and 5 units along Yy. Find °p when 'p = | 7
0
Solution: The definition of Frame {1} in Frame {0} is:

cos(30) —sin(30) 0 10
sin(30)  cos(30) 0 5
0 0 1 0
0 0 0 1

o, =
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We add a fourth coordinate of 1 to 'p and pre-multiply with °T:

9.098
12.562

2.6 Transform Operators

The same mathematical forms we have used to map points from one frame to
another can also be interpreted as operators: matrix operators, which trans-
late points and rotate vectors. We will now examine this interpretation of the
transforms we have discussed.

2.6.1 Translation Operators

Let’s first consider a simple illustration: translation of a point. Using the oper-
ator interpretation of the homogeneous transform, to translate the actual point,
we only need one coordinate system. The distinction between the two interpre-
tations is: we may consider that either an object has moved relative to a frame
(operator) or, that the frame has moved relative to the object (transform). For
instance, we may consider that a vector has moved forward relative to a frame,
or that that frame has moved backward relative to the vector.

5, 2.
~ | A Oora
Y, ,/ e Yo
e Transform Operator e Transform Mapping
(geometric transformation) (coordinate transformation)

Here, vector p; is translated by vector °q. This moves the point P; to P»
by °q. Because all vectors are described in {0}, no subscripts or superscripts
are needed for T. The new vector, %ps is calculated as

1 0 0] g
01 0| ¢ 'p:

0 _ 0 0., Yy _ 0
0 0 O 1 1
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The mapping interpretation gives:

%p = 'p— "Poore = "T1 'p.

The sign change caused by moving {0} backwards (—'poope) is all the differ-
ence. If we use °p1,y. instead, the two interpretations are isomorphic!

2.6.2 Rotation Operators

A rotation matrix operates on a vector, to change it to a new vector by rotation
about some axis. When used as an operator, no subscripts or superscripts
appear since it is not seen as transforming reference frames. Hence, we write

’p, =R ps.
Note: for a pure rotation:
0
ro| R|0
000 |1

As for translations, the mathematics describing a mapping involving rotation
and a rotation operator is the same, only the interpretation is different. We may
consider that a vector has been rotated about an axis in one sense (positive or
negative) or that the frame in which the vector is described has been rotated
about the same axis, but in the opposite sense.

Example: We wish to compute vector ®p, obtained by rotating °p; about Zo
0

by 30°, where p; = | 2
0
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Solution: From our earlier rotation example we know the rotation matrix
about the Z-axis is:

cos(30) —sin(30) 0

Ry = sin(30)  cos(30) 0 |,
0 0 1
—1
= %p» = Ry (30°)°p; = | 1.732
0

Note that p = Ro °p and °p; = R %p; implement the same mathematics. Only

v, 1Y,

Vo lm

-6
4
T

N>
N>

1 0

the meaning of R is different. ie. Ry (0) rotates frame {0} forwards by 6°,
while Ry (0) rotates frame {1} backwards by 6°. In this case 'Ro = R, but
R, =R,

2.6.3 Transform Operator

The matrix operator T rotates and translates a vector °p; to give a new one, “ps.
Subscripts and superscripts are not required for T because only one coordinate
frame is used:

'ps = T'py.
The transform which rotates the vector by R and translates it by q is the same
as the one which describes a frame rotated by R and translated by q, relative
to the same frame.

3
Example: Given °p; = | 7 |, we wish to rotate it about ZO by 30° and translate

0
it 10 units along Xo and 5 units along Yo. Find ps.
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R’p

Solution:

—
o

i 0

sin(30)  cos(30) 0O
1

0

= %, = T%; = | 12.562

_= O Wt

Note that T is the same as in the example from Section 2.5.1. That solution
is numerically equivalent to the one above, but the interpretations are vastly
different.

2.6.4 Summary

We have introduced the 4 x 4 homogeneous transform matrix, containing orien-
tation and position data, as a general tool to describe a frame. We have further
discussed three interpretations of the homogeneous transform:

1. Description of a Frame: T describes Frame {1} relative to Frame {0}.
The columns of °R; are orthogonal unit vectors defining the directions of
the principal axes of {1} in {0}, and °py,. locates the origin of {1} in

{0}

2. Transform Mapping: °T; maps 'p — “p.

3. Transform Operator: T operates on “p; to give "ps.

The terms frame and transform are used to refer to both a position and orien-
tation. Frame is usually used for a description, while transform is usually used
when a mapping or operator is implied.
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2.7 Transformation Arithmetic

General displacements, represented by 4 x 4 homogeneous transforms, are a
mathematical group under multiplication, when considered as the set of all pos-
sible displacements in 3-D space. This means that every homogeneous transform
is invertible, and any two may be multiplied, yielding another invertible trans-
form. Additionally every set of three transforms are associative. Under addition
they are a commutative group.

2.7.1 Compound Transformations

If Frame {3} is known relative to {2}, and {2} relative to {1}, and {1} relative
to {0}, we can transform ®p into p into !p into °p.

i.e.
’p = T °p,
1p = 1T2 2P7
°p = T, 'p.

Combining these three equations, we get:
°p = T, 'T, *T; °p,

from which we get:
oy = °T 'T, ?Ts.

Again, the subscript and superscript notation makes these manipulations easy
to follow. In general:

or, = °Ty 'Ty ... "' T,.
2.7.2 Special Transforms

Pure translation by q:
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2.7.3 Computational Considerations

While homogeneous transforms are useful as a conceptual tool, typical transfor-
mation software used in industrial manipulation systems does not make direct
use of them since the time multiplying by 1’s and 0’s is wasted. Moreover, the
order in which transformations are applied can make a large difference in the
amount of computation required to compute the same quantity. For example,
if T is 4 x 4 and the p are 4 x 1 and we wish to multiply

'p = °T, 'T, ?p.

We have two possibilities. We can transform the vectors with the matrices
one-at-a-time, or first multiply the matrices together:

1. Op = 0T1(1T2 2p)
2. Op = (OT1 1T2) 2p.

The first option requires 32 multiplications and 24 additions, but the second
requires 80 multiplications and 60 additions. Less than half of the second’s
operations are required by the first. Of course, in some cases, some of the T’s
may be constant, and there may be many 2p;’s which need to be transformed.
Additionally, we may be looking for a symbolic solution. Here it is more efficient
to compute T4 once, and use it for all required transformations.

2.7.4 Inverse of a Homogeneous Transform

It is often necessary to compute the inverse of a known transform, sometimes
numerical and sometimes symbolic transforms. We want to find a computation-
ally simple method that takes advantage of the transform’s inherent structure.
Recall, the transform is a homogeneous representation of

’p = "Ry 'p+ b,
= ’p = T 'p.

Here, °b = %p;, . for short. We wish to compute 'p, so we require OTfl. Go
back to the first equation and isolate 'p:

0p— 0 — OR, lp,
ORl—l(Op o Ob) _ ORl—l ORl lp _ 1p’
= lp _ ORT Op 01:{"{1 Ob,
ORT ‘ ORT Ob
Oom—1 _ 1 1
= T = { 000 | 1 } :
_ OR? ‘ — OR? OploRG
000 | 1
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Figure 2.9: Frame transformations.

2.8 Transform Equations

Figure 2.9 shows that frame {4} can be expressed as the product of transfor-
mations in many ways. In particular as:

'r, = °T,'Ty, (2.3)

T, = T, 2T33T,. (2.4)
We can combine Equations (2.3) and (2.4) to yield a single transform equation
o, 'y, = T, %715 3Ty. (2.5)

n transform equations can be used to solve for n unknown transforms. Suppose
in (2.5) we had one unknown transform, IT,. We easily determine its solution
as:
'Ty = "T; ' Ty T3 °Ty = T "T *T5 °Ty,

where we have just pre-multiplied both sides of (2.5) by °T; ~*.

The graphical frame representation used the arrow pointing from one origin
to another. The inverse transform simply involves changing the direction of the
arrow.

2.9 Other Representations of Orientation

So far we have specified orientations with a 3 x 3 rotation matrix. Is it possible
to describe an orientation with fewer than nine numbers? To answer this, we
note that a rotation matrix is proper orthogonal, ie. it’s determinant is always
+1. Cayley’s Theorem for proper orthogonal matrices states that for any proper
orthogonal matrix R, there exists a skew-symmetric matrix, S, such that

R=(1-8)"'1+8),
where I is the 3 x 3 identity matrix. A skew-symmetric matrix has the following

properties:
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1. S=-87.

2. A 3x3 skew-symmetric matrix is specified by three parameters (s, sy, s2).

0 —5; Sy
S = S, 0 —Sg
—5y Sy 0

Hence, any 3 x 3 rotation matrix can be determined by just three independent
parameters. But we already alluded to this. There are six constraints on the
nine elements of R. Each column is a unit vector orthogonal to the other two.
Hence

R=[XY Z],
with:

NN N
|
o0 o = = =

So, the next question is how do you conversely represent an orientation in 3-D
space with three parameters?

It’s important to point out that one problem representing orientations is
that rotation matrices don’t, in general, commute.

2.9.1 Fixed Angles, Euler Angles, Unit Quaternions

A human operator at a computer terminal whose job it is to type in desired
robot hand orientations doesn’t want to input nine-element proper orthogonal
matrices. The following representations require three angles, or four number
that obey one constraint.

X-Y-Z Fixed Angles

Here, the orientations of frame {1} with respect to {0} is described in the
following way: Start with the two frames coincident, then

1. Rotate {1} about X, by an angle .
2. Rotate {1} about Y, by an angle 3.

3. Rotate {1} about Zo by an angle .

31



Figure 2.10: X-Y-Z fixed angles.

The word fized refers to the fact that the rotations are specified about the
fixed (ie. non-moving) reference frame. Some call this convention roll, pitch,
yaw angles. However, this name is frequently given to other related but different
conventions.

The equivalent rotation matrix is easily derived:

ORlxyz(rYﬂﬂ,O‘) = ORlz(a) ORly(ﬂ) ORlX(PY)’
[ ca —sa 0 cf 0 sp 1 0 0
= sa ca 0 0 1 0 0 cy —sv |,
0 0 1 —sB 0 cp 0 sy cv

[ cacB casfBsy—sacy casfcy+sasy
= sacf sasfsy+cacy sasfcy—casy
—sf cfBsy cBcry

(2.6)

Where ¢ = cos and s = sin in (2.6). The order of matrix concatenation results
from the order of rotation: "R, is operated on by R4, , and the product of
Ry, "Ry, is operated on by °R;,. Equation (2.6) is correct only for rotations
performed in the specified order.

The inverse problem, extracting X-Y-Z fixed angles from a rotation matrix
is also of interest. We have nine equations (with six dependencies) and three
unknowns:

Tl Ti2 Ti13
ORlxyz(P)/ﬂ B, a) = T21 T22 T23
31 T32 733

It can be shown that

B = arctan?2 (T31, +4/r3, +7‘§1>,
r r
o = arctan?2 21 , = )
cosf3’ cos 3
r r
vy o= arctanQ( 52 ) 3 >
cos 3’ cos 3
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Where arctan 2(y, z) is the two-argument arc-tangent function. Most program-
ming language libraries have it pre-defined. It is defined by:

arctans(y,z) = tan_l(g) = fifz > 0,
x
tan_l(%)‘FWSgn(y) = O+ 7sgn(y)ifzr <0,
tan~! (co) sgn(y) = gsgn(y) if 2 =0.
1ify >0
where sgn(y) = { ) ifyy—< 0

The troubling thing is that there are two distinct solutions. We must live
with this. Looking at a and 7, we can get into trouble if 3 = 4+90°, since
cos(+£90°) = 0. The solution degenerates. In these cases only the sum, or
difference, of o and v may be computed.

Z-Y-X Euler Angles

Another possible description of orientation of {1} with respect to {0}. Start
with frames {1} and {0} coincident.

1. Rotate {1} about Z; by an angle .
2. Rotate {1} about Y, by an angle 8.

3. Rotate {1} about X; by an angle ~.

Figure 2.11: Z-Y-X Euler angles.

Here, each rotation is performed about an axis of the moving frame {1},
rather than the fixed frame {0}. These rotations are called Fuler Angles. Each
rotation takes place about an axis whose location depends upon the previous
rotations. Rotation matrices parameterized by Z-Y-X Euler angles are indicated
by

"‘Rzyx(a,B,7).

The primes added to the subscripts distinguishes Fuler angles from fized angles.
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To determine the equivalent rotation matrix, we use the intermediate frames
{I'} and {1”}. Thinking of the rotations as descriptions of these frames with
{1""} = {1} as the final pose, we have immediately:

OR1 _ ORy 1/R1~ 1”R1
[ ca —sa 0 cB 0 sp 1 0 0
= sa ca O 0 1 0 0 cy —sv |,
0 0 1 —sp 0 cp 0 sy cv

[ cacB casfBsy—sacy casfcy+sasy
= sacf sasfsy+cacy sasfcy—casy
| —sp cBsy cphcy

(2.7)

We see, by comparing Equations (2.6) and (2.7) that the Z-Y-X Euler angle
matrix is identical to the X-Y-Z fixed angle matrix!. This non-intuitive result
holds in general: Three rotations about fixed orthogonal axes yields the same
final orientation as the same three rotations taken in the opposite order about
the axis of the moving frame when both start out coincident.

There are 11 more distinct fixed angle and 11 more Euler angle representa-
tions obtained by performing three rotations about coordinate axes in a specific
order. Of the 24 sets, only 12 are distinct because of the duality between the
fixed and Euler angle sets. Thus there are 12 unique parameterizations for
orientation using three successive principal axis rotations. Usually, there is no
great reason to use one over the other, indeed various robot manufacturers and
investigators adopt different ones, so it is useful to list them all:
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Euler angle sets:

Rxyiz/(a,B,v) =

Rx/ziy/(a,B8,7) =

Ry x/z/(a,B8,7) =

Ry z:x/(a,B8,7) =

Rz xy (a,B,7) =

Rzyx/(a,B8,7) =

Rxyx/(a,B8,7) =

RX’Z’X'(Olva-Y) =

RY/X/Y/(O(7B7")/) =

RY/Z/Y/(O(7B7")/) =

RZ/X/Z/(O(7B7")/) =

RZ’Y’Z’(O‘7577) =

| —casfBcy+sasy

chey
sasfcy+casy

—sB
cacpf
sacf

cBcry
casfcy+sasy
sasfcy—casy
sasfsy+cacy
cfsy

casfsy—sacry
cacf

sp cBcry
—sacf
—sasfsy+cacy
casfsy+sacqy
—cfPsy sp
casfsy—sacy
sacf sasfsy+cacy
—sp cBsy

cp sfBs~y
sasff —sacfBsy+cacy
sasf sacfcy+casy
cf —sfBcy
casf cacfcy—sasy
sasf sacfBcy+casy

cacf

—sacfsy+cacy saspf
sfsy cp
—cacfsy—sacy casf
cacfcy—sasy
sBcy cp
—sacfcy—casy
—sacfBsy+cacy
cacfsy+sacy
sfBsy
cacfcy—sasy
sacfcy+casy —sacpf
—sfcry s
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—sasfBsy+cacy
casfsy+sacy

sasfcy—casy
cfBca
casfecy+sasy

—casfsy+sasy

sasfcy+casy

—sacf
cacp

—casf

saspf

—sacfcy—casy
cacfcy—sasy

—cacfsy—sacy

—cfBsy sp
—sacy
cacpf
cfsy
casfsy—sacy |,
sasfsy
sacfB ]|
_Sﬁ ’

cacfl |

casfcy+sacy
—cfBsy

sasfcy+casy
—casfcy+sasy
cBcry
casfcy+sasy
sasfcy—casy |,
cBey
sfBcry
—cacfsy—sacy
—sacfBsy+cacy
sfBsy )
—cacfsy—sacy |,
—sacfsy+cacy |
sacfcy+casy |

—sfcy ;
cacfBecy—sasy |

cacfisy+sacy
sfBs~y

sasy
—casp
sfey cf
casy
sy+cacy sasf
Bsy cf

—sasfisy+cacy |

—cacfsy+cacy

b
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Fixed angle sets:

Rxvz(a,B,7)

Rxzy(a,B,7)

Ryxz(a,B,7)

Ryzx(a,B,7)

RZXY(aaBafY)

RZYX(aa Ba 7)

RXYX(aa /67 7)

Rxzx(a,8,7)

Ryxvy (o, 8,7)

Ryzy (o, B8,7)

Rzxz(a,8,7)

Rzyz(a,B,7)

cacf casfsy—

sacf

sacy

casfcy+sasy

sasfBsy+cacy

sasfcy—casy

)

—sB
cacp

sp

—sacf

cfsy
—casfBsy+sasy
cBcry
sasfcy+casy

—sasfBsy+cacy
casfsy+sacy
—cfBsy
cBcry
casfcy+sasy
sasfcy—casy
sasfBsy+cacy
cfBsy
casfsy—sacy

cBcry

—sacf
cacpf
sp
—sB
cacp
sacf

casfsy—sacy |,

cBcry
casfecy+sacy
—cfsy
—sasfsy+cacy

sasfcy+casy
—casfcy+sasy
cBey

cfBsy

sasfsy

sasfcy—cas~y
cfca

sacfB ]

—sp

casfcy+sasy cacf |

—cfBsxy

sp

sasfcy+casy

—caspf

cfB
saspf
saspf

cfB
casfs
saspf

cCYy+sasy

sfBsy
—sacfBsy+cacy
sacfcy+casy
—sfcry
cacfcy—sasy
sacfcy+casy

—sasfsy+cacy
casfsy+sacy

—sacy
cacp
sBcy
—cacfsy—sacy |,
—sacfsy+cacy
sBsy ]
—cacfsy—sacy
—sacfBsy+cacy |

—sacfsy+cacy
sfBs~y
—cacfsy—sacy
cacfcy—sasy
sBey
—sacfcy—casy
—sacfsy+cacy
cacfisy+sacy
sfBsy
cacfcy—sasy
sacfcy+casy
—sfBcy
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sasf
cp

casf

—casf

cp

sasf

—sacf

cacfcy—sasy

S

—cacfsy—sacy
—sacfsy+cacy
sBsy

sacfcy+casy |
—spcy )
cacfBecy—sasy |

cacfsy+sacy
sfBs~y

—cacfsy+cacy
cy—casy sasy

—casf

cp

casy
sasf

cp

Bey




Equivalent Angle-Axis

A well known result from classical kinematics (Euler’s theorem on rotation) is
that any change in orientation of a rigid body can be represented by a rotation
through a certain angle about a certain axis. It can (and will) be shown that
the associated rotation matrix has only one real eigenvalue. The associated
eigenvector gives the direction of the rotation axis. (Note: the axis always
passes through the origin).

Any orientation may be expressed with appropriate axis and angle selection.
Consider the following description of {1}: Start with {1} and {0} coincident.
Then, rotate {1} about the vector °k by an angle § according to the right-hand
rule. It can be shown that the equivalent rotation matrix is:

kykav0 +c0  kykyvd —k.s0 kpk.,v0+k,s0
Ry(0) = | kykyv0+k.s60  kykypb+cl kyk,v0—k;s6
kok,v0 —kysO kyk,v0+kys0 ki k.v0+cl

ks
Where v0 = 1 — cos(f) and °k = | k, | being a unit vector. The sign of ¢
k.
is determined by the right-hand rule with the thumb pointing in the positive
direction of %k.
So, given any rotation axis and angle, we can construct an equivalent rotation
matrix. When the axis is one of the principal axes of {0} we get the familiar

1 0 0
Rx(0) = 0 cl —sb |,

| 0 s cb ]

[ c6 0 s6]
Ry() = o 1 o0 |,

i —s60 0 cé6 ]

[cO —sO 0]
Rz(0) = s cd 0

| 0 0 L]

The inverse problem of determining k and # from a given rotation matrix is
obtained with

11 Ti2 Ti13
0
Ry = Tor T2 T23 |,
31 T32 T33

_ r11 —+ T22 +r -1
= 0 = cos 1 ( B) 33 s
1 32 — 723
and °k = T13 — 731
2sin 6
ro1 — T12
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This gives # as 0 < § < 180°. For every k and 6 there is —°k and —6 which
yields the same orientation with respect to {0} described with identical rotation
matrices. We are always faced with having to choose one. More seriously, for
small angles k becomes ill-defined. When 6 = 0, k represents a line at infinity.
We are also in computational peril when 6 = 180°.

Euler-Rodriguez Parameters

Another way to represent an orientation is with four numbers. In terms of the
equivalent axis k and angle 6, the Euler-Rodriguez parameters can be defined

as:
A

. = krmn(z),
A

cy = /cys1n<2>7

c3 = k:zsin(g>7

cos Q

5 )

Recall that k is a unit vector, hence the four Euler-Rodriguez parameters are
not independent, but are related by:

Cq

2 2 2 2
c14+c“+es“+ey =1

Because of the parametrization, we also observe that a non-zero condition must
be satisfied
c1:cp:c3:¢4 # 0:0:0:0.

So, we can visualize an orientation as a point on a unit hypersphere in a 3-D
projective (4-D homogeneous coordinate) space. Viewing the Euler-Rodriguez
parameters as a 4 x 1 vector, they are known as a unit quaternion. The rotation
matrix corresponding to a set of Euler-Rodriguez parameters is:
E—ci—ci-c2 2(6102 — C3C4) 2(0163 + 0264)
RER = 2(0162 + 6304) 7cf+c§7c§+ci 2(0263 — 0164) . (28)

2(c1e3 — cacq)  2(cacs +c1eq) —E—citcR+cl

The diagonal elements can be simplified to

RER11 = 1—2022—2032,
RER22 = 1- 261 2 263 2, (29)
RER33 = 1—2012 —2622.
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The inverse problem is, given a rotation matrix the equivalent Euler-Rodriguez
parameters are

P 7“32—7“23,
464
g = 7’13*7'31,
404
cs = 21 —T12,
4C4
¢y = %\/1-#7‘11 + 722 + T33.

If ¢4, = 0, then § = & 180°, and we can only determine the ratios of ks, ky, k..
Note that the Euler-Rodriguez parameters are the invariants of a rotation. That
is, when expressed as a rotation matrix, we can determine what remains invari-
ant under the rotation by determining the eigenvectors of R. It turns out that
there is only one real eigenvalue for any rotation matrix. The corresponding
single real eigenvector is the direction of the axes of rotation, k.

The real eigenvalue is always + 1.
ks

The real eigenvector is always | k,
k.

A Note on Line Bound and Free Vectors:
When represented by homogeneous coordinates, a line bound vector, like a force,
has a non-zero homogenizing coordinate. Free vectors, like the linear velocity
of a rigid body, are represented by setting the homogenizing coordinate to zero.
This states that only the direction (and magnitude) of the vector are important.
The Euler-Rodriguez parameters can be obtained directly from Cayley’s
Theorem for proper orthonormal matrices:

R=(I-S)" (2.10)

Expanding, we get matrix R in terms of S, S, S3. These are called the
Rodriguez parameters.

S1 9 ks
SQ = tan <2> ky s
Ss k.,

with k as the rotation axis. We can homogenize R by setting

C1 Co C3
51:77 52:77 53277

Cq Cy Cq

and we obtain the rotation matrix in terms of the Euler-Rodriguez parameters.
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Chapter 3

Kinematics

Kinematics is the study of motion without regard to the forces causing the
motion. This involves working with position, velocity, acceleration, and even
higher order derivatives of the position variables with respect to time, or any
other variable(s). These are the geometric, and time-based, properties of mo-
tion. The relations between these motions and the forces and torques causing
them is dynamics. More on dynamics later. For now, we will only consider
static situations.

Figure 3.1: Spherical joint constructed from 3 R-pairs.

3.1 Link Description

A robot may be thought of as a kinematic chain, i.e., a set of rigid links con-
nected by joints which allow relative motion between the links. Joints are also
called kinematic pairs. The term lower pair is used when the relative motion
involves sliding surface contact. Higher pairs involve point, or line contact (like
a cam and follower, or mating spur gears).

We will only consider 1 DOF joints, namely prismatic (P) pairs and revolute
(R) pairs. All of the remaining lower-pairs can be constructed as combinations

40



The Lower Kinematic Pairs

Common schematic diagram

Pair In space In the plane  DOF
Spherical Pair -
Spai) %l O v
Planar Pair - -
(E-pair) 3
[t

Cylindrical Pair =
(C-pair) % % - 3
Turning Pair //< /O\ 1
(R-pair)

N 1
Prismatic Pair /\
e % % /i /K
Screw Pair P - 1
(H-pair)

of P- and R-pairs. For example, a spherical joint is constructed with 3 R-pairs

Figure 3.2: Lower kinematic pairs.

with intersecting axes, as shown in Figure 3.1.

Any lower pair joint with n DOF can be modeled as n joints with 1 DOF

connecting n — 1 links of zero length!

3.1.1 Convention

The links are numbered starting from the fixed base, called link 0. The first
moving body is link 1, and so on, out to the free end of the “arm”, which is
link n. Attributes of a single link include material, its strength and stiffness,
the location of any type of bearings in the joint, the shape, mass and inertia,
etc. But for kinematics, a link is a simple rigid body defining the relationship

between neighboring axes. Joint axes are defined by lines.
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Joint i-1

Joint i

Jomt 1

Figure 3.3: Convention for numbering links (joint axes are normal to the page).

3.2 Modified Denavit-Hartenberg (MDH) Link
Parameters

One of the most fundamental problems in describing a working environment
in which one or more robots operate, together with supporting equipment and
devices, is how to explain the relative positions of the various components. This
is crucial since many robot operations are pose driven. For example, a robot
has to pick up a part from a certain location at a certain time, put it down in
a clamping device, then, after collecting a tool, perform a machining operation
on the part. From a kinematics point of view, the description of this problem
reduces to determining the relationships between the reference frames attached
to each part.

The Denavit-Hartenberg (DH) parametrisation involves the allocation of co-
ordinate frames to each robot link using a set of rules to locate the origin of the
frame and the orientation of the axes. The position of consecutive links is then
defined by a homogeneous transformation matrix, which transforms coordinates
in the frame attached to link n into those of the frame attached to link n — 1.
Concatenating all n transformations maps the tool point from the tool frame
to the base frame, i.e., the forward kinematics. This transformation is obtained
from simpler ones representing translations along and rotations about the prin-
cipal axes. There are many variations on the DH method, we will examine
two.

IMPORTANT NOTE: In the textbook, Introduction to Robotics by John
J. Craig used in this course, the DH parametrisation used is modified from the
original one introduced by Denavit and Hartenberg in 1955. Hence, in these

42



notes we will call the ones used by Craig the Modified Denavit-Hartenberg
(MDH) parameters to differentiate them from the original DH parameters. We
will stop making the distinction once we get to Subsection 3.3.1, and simply refer
to the MDH parameters as DH parameters, because the goal here is simply to
show that different conventions exist. Reference to the book by Craig will be
much simpler if we also call them DH parameters. But, for now we will keep
the distinction between MDH and DH parameters.

3.2.1 Link Length a;

The length of link ¢ —1, indicated by a;_1, is the perpendicular distance between
axis i — 1 and axis ¢. If the two axes intersect, a;_1 = 0.

| s )
\Ax1311 Axisi

Figure 3.4: Link length a;_1.

3.2.2 Link Twist a;_;

This is the angle between axis ¢+ — 1 and axis 7. Imagine that axis ¢ — 1 and 4, if
they don’t intersect, are in parallel planes. a;_; is the normal distance between
the two planes. The angle between the two axes can be measured by projecting
the axes into one of those parallel planes. This angle is measured from axis i — 1
to axis ¢ in the right hand sense about a;_; (when a;_1 is taken as the directed
line segment from axis ¢ — 1 to axis 7). If the axes intersect, twist is measured
in the plane containing the axes, but the sense is arbitrary.

Length a;_1 and twist «;_1 define the relationship between any two lines in
space, and hence, between any two joint axes.
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3.2.3 Link Offset and Joint Angle: d; and 6;

An additional two quantities are sufficient to completely specify how two links
are connected: the link offset d; and the joint angle ;. Neighboring links have
an axis in common, and these two parameters concern this axis.

joint axis
L link2 link 1 link 2

joint axis

Figure 3.5: Joint axes.

Link Offset d;

This is the distance, measured along the common axis from link ¢ — 1 to link .
Each link has a link-fixed reference frame associated with it. The pose of this
frame is the pose of the link. Depending on how the frames are attached,
there may be an offset between the origins of two neighboring link frames in a
specific coordinate direction (discussed in greater detail later). The link offset

Figure 3.6: Link offset d; and joint angle 6;.

distance d; is the signed distance measured along axis ¢ from the point where
a;—1 intersects axis ¢ to the point where a; intersects axis ¢, see Figure 3.6.

Joint Angle 0;

This parameter describes the amount of rotation about the common axis be-
tween link ¢ — 1 and link 4, which is the angle between a;_; and a;.
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Summary

The following summarises the parameters:

d; is fixed, i.e. constant, for an R-pair but variable for a P-pair;
0; is constant for a P-pair but variable for an R-pair;

a;_1 is always constant;

a;_1 is always constant.

First and Last Links in the Chain:
ap = an =0,

ag = a, = 0.

If joint 1 is an R-pair: d; = 0 and the zero for 6; is arbitrary.

If joint 1 is a P-pair: #; = 0 and the zero position for d; is arbitrary.

Analogous statements apply for joint n. The idea is to assign zero to arbitrary
quantities to simplify computations later.

3.2.4 Denavit-Hartenberg (DH) Parameters

The kinematics of any (serial) robot can be described by specifying the values of
the four numbers (a;, «;, d;, 6;) for each link. These are called DH parameters.
The MDH parameters are (a;—1, «;—1, d;, 0;). For a robot with six joints, 18
numbers completely describe the constant portions of its kinematics.

To visualize the four DH parameters, consider two arbitrary neighboring
links ¢ — 1 and ¢ shown in Figure 3.7.

0; = joint angle: the angle from Xi_1 to Xi measured about Zi_l.
a; = link twist: the angle from Zi_l to Z, measured about Xl

a; = link length: the distance from Zi,l to ZZ measured along XZ
d; = link offset: the distance from Xi_l to Xz measured along Zi_l.

Convention for Affixing DH Frames to Links
The procedure for assigning the origin and axes for link ¢ are:
1. Identify all joint axes. Consider neighbours ¢ — 1, ¢ and 7 + 1.

2. Identify the common perpendicular between the two axes i and ¢ + 1,
or their point of intersection. At the point of intersection, or where the
common perpendicular meets the (i + 1) joint axis, assign the link frame
origin, O;.
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Figure 3.7: DH Parameters.

3. For {0} and {1}, ensure the axes are aligned when #; = 0. An n-joint
manipulator has n — 1 frames. Assign the tool frame {T} to align with

{n—1}.
4. Assign the z; axis to point along joint axis 7 + 1.

5. Assign the x; axis to point along the common normal between joint axes i
and ¢ + 1. If the axes are parallel, any convenient normal can be selected.
If the axes intersect assign z; to be perpendicular to the plane containing
zi—1 and z;.

6. Assign the y; axis to complete a right-handed coordinate system.

NOTE: the frame assignments are not unique. For instance, when the z; axis
is aligned with the (i + 1) joint axis there is a choice of direction for z;.

3.2.5 Modified Denavit-Hartenberg (MDH) Parameters
The four MDH parameters are the following.

f; = joint angle: the angle from Xi_l to Xl measured about Zi.
«; = link twist: the angle from Zz to ZiJrl measured about XZ

a; = link length: the distance from ZZ to Zi+1 measured along ZZ
d; = link offset: the distance from X;_; to X; measured along Z;.

The procedure for assigning the origin and axes for link ¢ are:

1. Identify all joint axes. Consider neighbors ¢ and i + 1.
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Figure 3.8: MDH Parameters.

2. Identify the common perpendicular between the two axes, or their point of
intersection. At the point of intersection, or where the common perpendic-
ular meets the i joint axis, assign the link frame origin, O;. Important:
assign {0} to match {1} when 6; = 0. Assign the axes of {T'} to align
with those of {n}.

3. Assign the Z; axis to point along joint axis <.

4. Assign the X axis to point along the common normal between joint axes
i and i+ 1. If axes are parallel, any convenient normal can be selected. If
they intersect, assign X; to be perpendicular to the plane containing Z;
and Zi+1.

5. Assign the Y, axis to complete a right-handed coordinate system.

MDH Example 1

Assign the link frames and MDH parameters to the planar arm (RRR) in
Figure 3.9:

Frames:

{0} Fixed to the base and aligns with {1} when 6; = 0. Zg is aligned with
joint axes 1, pointing out of the page.

{1} Fixed to link {1}, X in direction of common perpendicular from joint axis
1 to joint axis 2. X; points out of the page.
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Figure 3.9: MDH Example 1.

{2} Since the arm is planar, all 7, are parallel. Thus X, points towards Zs

{3} All joints are R-pairs, when at 0 degrees all X axes must align. Assign X
along length of last link.

Table 3.1: MDH Parameters for Example 1

i | a1 | di | 6
1 0 0 0| 6;
2 0 l1 0 | 6o
3 0 Iy 0 | 6

All Z axes are parallel and the arm is planar, therefore o; = d; = 0, no link
twist, no offset. Note l3 is not a parameter. Final offsets of the end effector
reference points are discussed later.

MDH Example 2

Assign link frames and MDH parameters to the spatial RRP arm in Figure
3.10.

Frames:
{0} As assigned in MDH Example 1.
{1} As assigned in MDH Example 1.
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Figure 3.10: MDH Example 2.

{2} Joint axis 2 is not parallel to 1, but perpendicular. Zo may point up or
down. Let’s choose up. Xy points in direction of common perpendicular
with Zg.

{3} Joint 3 is a P-pair whose translation direction is parallel to Z;. For sim-
plicity, choose X3 in the same direction as Xs.

Table 3.2: MDH Parameters for Example 2

i ajr | a1 | di | 0
1 0 0 0 | 6,
2 | —90° l1 0 | 62
3 0 Iy ds | 0

Here there are link offsets (d) and twists («). This is due to the nature of

the joints and their orientations. Because we selected X parallel to X, then
03 = 0.
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Comparison of DH and MDH Forms

1. DH Form: The origin of frame ¢, O;, is located on the axis of joint ¢+ 1.
MDH Form: The origin of frame ¢, O;, is located on the axis of joint i.

2. a; is always the length of link ¢, but jt is the distance from Z,;_l to 27 in

the DH form, and the distance from Z; to Zi+1 in the MDH form. Similar
for «y.

Example 3 - Planar RPR

DH Parameters MDH Parameters

Figure 3.11: DH and MDH Example 3.

Table 3.3: DH Parameters for Example 3

i (67 a; dz 01
I[—=/2[ 0] 06
2 7/2 [0 [da| O
3 0 0] 0|86

Table 3.4: MDH Parameters for Example 3

i a1 | ai—1 | di | 04
1 0 0 0|6
51 72| 0 |do| 0
372 | 0 |06

50



Example 4 - Planar RRR:

DH Parameters MDH Parameters

Figure 3.12: DH and MDH Example 4.

Table 3.5: DH Parameters for Example 4

i (67 a; dl 92
1 0 aiq 0 91
2 0 as 0 92
3101|0016

Table 3.6: MDH Parameters for Example 4

i o | a1 | di | 0
1 0 0 0|6,
2 0 a1 0 | 69
3 0 as 0 | 6
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3.3 MDH Parameters in Transformations

The goal is to determine the individual transforms which describe {i} with
respect to {i — 1}. In general, "' T is a function of the four MDH parameters
(a;i_1, a1, d;, 0;). However, if each joint permits only one DOF, then ‘~'T;
depends on the single joint variable (either 6; or d;), the others being fixed
design parameters.

The forward kinematics problem involves determining the pose of the end-
effector given a set of values for the joint variables. Having defined n frames
for each of the robot’s n links, we have broken the forward kinematics problem
into n sub-problems. To solve the sub-problems, i.e. find each *~!T;, we will
further sub-divide each problem into four sub-problems - one for each MDH
parameter (only one being variable). Each sub-transform is a function of one
MDH parameter and is simple enough that it can be determined by inspection!
We begin by introducing three intermediate frames {P}, {Q}, and {R}.

axis i+1

Figure 3.13: Derivation of MDH form transformations.

Frame {R} differs from {i — 1} by only rotation a;_;. Frame {Q} differs
from {R} by a transformation a;,_;. Frame {P} differs from {Q} by a rotation
0;. Frame {i} differs from {P} by a translation d;. To write the transformation
which transforms vectors in {i} to {i — 1}, we can write

i—lp — i—lTR RTQ QTP PTi ip,

or
i—1 _1—1 i
p = T; 'p,
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where:

iflTi — iflTR RTQ QTP PT,h
- infl(ai_l) Txi—l(ai_l) RZ,i (91) T2, (dz)7
= SXq‘,—l(ai*hai*l) Szl(dmoz)

Where SQ (r,0) is screw notation, meaning a translation along axis Q by distance
r, and a rotation about the same axis by angle . Transforming coordinates from
1 to 9 — 1 may be thought of as

1T p: Rotate about XR(xi,l) by a;_1.
RTg: Translate along XQ(xi,l) by 6;.
PT;: Translate along Zi a distance d;.

We can write out the transformations by inspection, easily.

i—lTZ_ —

1 0 0 0 1 0 0 aj—1 ch; —sb; 0 0 100 O

0 caj—1 —sa;—1 O 010 0 sf; «c6; 0 O 010 O

0 sa;—1 caj_1 0 001 0 0 0o 10 001 d |’

0 0 0 1 0 0O 1 0 0 01 000 1
Cei —Sei 0 ;1

o s@icai_l c@icai_l — SO —sai_ldi

- S@iSOéi_l c@isai_l CO;—1 cai_ldi
0 0 0 1

Because of the recursive relationship among the parameter indices, this for-
mulation is particularly well suited to the derivation of the manipulator dynam-
ics equations.

3.3.1 The Forward Kinematics Problem

IMPORTANT NOTE: For the remainder of this course we will use the MDH
parameters as they are found in Craig’s book. Henceforth we shall refer to
them only as DH parameters, bearing in mind we really mean the modified DH
parameters.

The forward kinematics problem for a serial manipulator reduces to, at worst,
n matrix multiplications, one for each DOF. Using DH notation, we can sum-
marize the procedure in 7 steps:

1. Identify and draw joint axes.

e R-pair: axis of rotation.
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e P-pair: direction of translation

2. Determine link lengths
(common normals between adjacent axes), a;—1, ag = a,, = 0.

3. Affix the DH frames to the links.

e If a;_1 = 0 (intersecting ¢ — 1 and 4 axes) then Xi,li(zi,hzi).
Place O;_; at the intersection of Z;_1 and Z;.

e Measure angles according to right-hand rule.

4. Determine link tw1sts Qi—1, Qg = Qp = 0
(angle between Z;_1 and Z; measured about X,;_ 1)

5. Determine link offsets d;.
(Distance from XZ 1 to Z measured along Z; i)-

6. Determine joint angles ;.
(Angle between Xl 1 and X measured about Z; i)

e if joint 1 = R-pair, then d; = 0 and 6; has arbitrary zero position.

e if joint 1 = P-pair, then #; = 0 and d; has arbitrary zero.

7. Determine transforms *~'T; and multiply to obtain °T,,.

Joint Limits

Real joints have limits: angular for R-pairs; length for P-pairs. The are also not
perfect, but we will assume the errors to be negligibly small.

dZ
52
O Co T @
eGJ.m I~
elmax
dhm— £2+ ¢
Iso b ini
(can also be a minimum) d, =6+ ¢

Figure 3.14: Joint limits.
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3.3.2 Actuator, Joint, Cartesian Space
Joint Space

A serial manipulator with n DOF has a position and orientation that can be
specified by n joint variables. Joint space is the coordinate space whose com-
ponents are the joint variables, e.g. [0, 602, d3, 04].

»6,

Figure 3.15: 4D joint space.

Cartesian Space

The space where position of the end-effector is measured along orthogonal axes
and orientation is measured according to the connections discussed earlier.

Actuator Space

Sometimes two differential actuators are used to move one joint, or a linear
actuator is used to move an R-pair through a 4-bar. This is the space where
pose has been specified with actuator values. The components are actuator
positions/angles recorded by sensors.

N
S

Figure 3.16: Actuator space.
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3.3.3 Standard Frames
The base frame {B}

{B} is located at the base of the manipulator. It is merely another name for
frame {O}. It is affixed to a non-moving part of the robot, sometimes called
link 0.

The station frame {S}

{S} is located in a task-relevant location. In Figure 3.17 it is at the corner of a
table upon which the robot is to work. As far as the user of this robot system
is concerned, {S} is the universe frame and all actions of the robot are made
relative to it. It is sometimes called the task frame, the world frame, or the
universe frame. The station frame is always specified with respect to the base
frame, that is, ZTg.

The wrist frame {IW}

{W} is affixed to the last link of the manipulator. It is another name for frame
{N}, the link frame attached to the last link of the robot. Very often {W} has
its origin fixed at a point called the wrist of the manipulator, and {W} moves
with the last link of the manipulator. It is defined relative to the base frame,
that is, {W} = BTW = OTN.

The tool frame {T}

{T'} is affixed to the end of any tool the robot happens to be holding. When
the hand is empty, {T'} is usually located with its origin between the fingertips
of the robot. The tool frame is always specified with respect to the wrist frame.
In Figure 3.17 the tool frame is defined with its origin at the tip of a pin that
the robot it holding.

The goal frame {G}

{G} is a description of the location to which the robot is to move the tool.
Specifically this means that at the end of the motion, the tool frame should be
brought to coincidence with the goal frame. {G} is always specified relative to
the station frame. In Figure 3.17 the goal is located at a hole into which we
want the pin to be inserted. All robot motions may be described in terms of
these frames without loss of generality. Their use helps to give us a standard
language for talking about robot tasks.

3.3.4 The Inverse Kinematics Problem

As we have seen, the forward kinematics problem for serial manipulators reduces
to matrix multiplication. That is, given a set of feasible joint variables, we
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Wrist frame
Base frame

Tool frame

N 4

Goal frame

Station frame

Il 1

Figure 3.17: The standard frames.

can find the position and orientation of the end-effector by concatenating the
appropriate matrices.

Now we have to consider a somewhat nastier problem: Given the position
and orientation of the tool relative to the work station, determine the joint
variables which achieve the desired result. Depending on the kinematic archi-
tecture of the manipulator, this can be an extremely difficult problem from a
computational point of view.

Existence of Solutions

Solutions to the inverse kinematics problem don’t always exist. This raises the
issue of the workspace. There are two main definitions, one more inclusive than
the other:

1. Reachable Workspace: The volume of space the end-effector can reach in
at least one orientation.

2. Dextrous Workspace: The volume of space the end-effector can reach with
any orientation.

The dextrous workspace, if it exists, is clearly a subset of the reachable workspace.

1. If I; # l2, dextrous workspace = {0}.
2. If [ = la, dextrous workspace = 1 point, (0,0).

3. If a zero-length 3" link is connected to the free end of I, with an R-
pair, then dextrous workspace = reachable workspace. (i.e. can move
end-effector to any point in workspace and give it any orientation).

4. As l3 increases in length, the dextrous workspace decreases in size.
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Figure 3.18: Planar 2R linkage.

Joint Limits

Due to design limitations, it may be that some joints in a manipulator will have
a restricted range of motion. Sometimes, joint limits are imposed, designed-in,
to avoid singularities (more on that later). Joint limits reduce both dextrous
and reachable workspace. When a manipulator has less than 6 DOF it cannot

0<6,<180°

Figure 3.19: Joint limits.

attain general goal poses in 3-D space. In many real industrial applications,
manipulators with 4 or 5 DOF are used. They cannot attain general poses.
The workspaces of such manipulators must be carefully studied so that the con-
troller can be programmed to avoid inaccessible poses. This raises an interesting
question: What is the nearest attainable pose?

Another point of interest is that the workspace depends on the tool frame,
since the end-effector reference point used to specify the workspace is usually
on the tool. Usually, the tool transformation is computed independently of the

98



forward kinematics and the inverse kinematics, so, often we must consider the
workspace of the wrist frame. Hence, the workspace computed by the designer
is different from the one imagined by the user.

Multiple Solutions

A problem encountered in solving the inverse kinematics problem is the existence
of multiple solutions. This fact may cause problems when the controller has to
choose one. How should the decision be made? A very reasonable choice is the
closest solution.

If the manipulator is to move from A to B, a good choice might be the
solution that minimizes the amount each joint must move. This suggests we
should use the present position as an input parameter to our inverse kinematics
algorithm.

But how do you define close? Most serial arms have three bit rough position-
ing links, then three small orienting links near the end-effector. Here, weights
would be used so that the selection favors moving smaller joints rather than
larger ones, when a choice exists. Of course, the closer solution may cause a
collision (see Figure 3.20). Sadly, this means we need to calculate all possible
real solutions.

Figure 3.20: Here, the closer solution causes a collision with the rock.

Method of Solution

Solvability: A manipulator is solveable if all inverse kinematics solutions can be
determined for a given pose.

An important condition in this definition is that we require all solutions.
Some iterative numerical procedures may not be able to find all solutions. Those
that can, like Morgan’s Polynomial Continuation Method, are mathematically
well beyond the scope of this course. So let’s split all solution strategies into
two classes:

1. Closed form solutions.

2. Numerical solutions.
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For some applications, like path planning, the inverse kinematics must be com-
puted at rates on the order of 30Hz, often faster. So, iterative numerical solu-
tions, are in general, too slow compared to a corresponding closed form solution.
Hence, we will only consider closed form solutions.

Here, that means solutions based on analytic equations of degree 4 or less.
Otherwise we're back to numerical methods anyway. A major recent result in
kinematics is that all 6 DOF serial manipulators (most general) are solvable (R
and P pairs only).

There are two main philosophies for developing closed form solutions:

1. Algebraic.
2. Geometric.

Of course, the algebra is based on geometry and the geometry requires some
algebra, but they present two distinct approaches to the problem.

Comparing Algebra and Geometry: Forward Kinematics Example

Figure 3.21: Planar 3R linkage.

1. By inspection and straight matrix multiplication:
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Useful Identities:

Combine:
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0
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2. DH Parameters:

Table 3.7: DH Parameters

i Q1 aj—1 dz 91
1 0 0 016,
2 0 11 0 02
3 0 lo 0| 053
i (392- —s@i 0 07
il _ stica;_1 clica;_y —sa;_1 —sa;_1d;
T s@;sa;_1 clisa;—1 cai—1 co;_1d; ’
i 0 0 0 1
-091 —S91 0 0
0 . 891 091 0 0
Tr = 0 0 1 0}
| O 0 0 1
_092 —892 0 ll_
1 _ S0 cOs 0 O
T2 = 0 0 1 0|’
| O 0 0 1 |
_093 —893 0 l2_
2 _ 503 C93 0 0
Ty = 0 0 1 0
| O 0 0 1 |

Let’s consider the end-effector reference point to be the origin of the wrist
frame, in this case, {3} (O3). The tool point is known with respect to {3} and
is a constant job-specific transformation. If the tool can reach its point, the
wrist will be in a necessary corresponding pose. Without loss of generality, the
inverse kinematics problem then involves determining all sets of joint angles
given a pose of {3}. That is, given the (z,y) coordinates of Oz in {0}, and the
orientation of {3} in {0}, indicated by ¢. So, all attainable poses must have the
form implied by the transformation

cop —s¢o 0 =z
Bm | 8¢ co 0 y
Tw=1 0 1 0
0 0 0 1
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Equating °T5 and 2Ty we get four non-linear equations:

C(ZS fr— 01237 (3.1)
S(,b = S123, (32)
r = lic1 4 cacqa, (33)
y = lisi+las1o. (3.4)
x, Yy, ¢ are given, determine 61, 05, 3.
Algebraic Solution:
1. Clearly, from (3.1) and (3.2),
¢ = O01+06:+0s (3.5)

2. Square and add (3.3) and (3.4):
Right Hand Side:

hicr?+ 1% +2hlsciciz+ 12 12 +12% 5127 + 2111251512

= L2+ +2hb(cics + s1812),
1124152 4 2l115(cy (crco — 5189) + s1(c182 + ca51)),
= 5L 241?24+ 2hls(cl? ey — 15180 + c18182 + 251 2),
= L2+ +2hbes(e® +517),
= 2410242 —1yey = x>

Solve for cs:

. B x2+y2—112—122
2T 21 1s ’

2 2 l 2 —1 2
R il Sl (3.6)
21115

Equation(3.6) must have a value —1 < ¢ < 1. In the solution algorithm
this physical constraint would be checked to determine if any real solutions
exist. If (3.6) is not viable, this means that the desired pose is too far away
for the manipulator to reach.

3. Assuming (3.6) is viable we can always write

S9 = :|:\/ 1-— Co.
Then
02 = arctans(se, c2),

by using the sine and cosine of the joint angle and then using arctans
we ensure we have all solutions, and the solved angle is in the correct
quadrant.

Note: the (4) means elbow-up and (-) means elbow-down.
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4. Now that we have 65, we can solve Equations (3.3) and (3.4) for 5. Rewrit-
ing, we have:

x = lici +1la(cica —s182) = (i + cac2)er — (laxg)sq,
= Il1s1 + l2(61$2 + 0281) = (ll + lgCQ)Sl + (lQSQ)Cl.

These equations are linear in ¢; and s1:

xr = k’lcl — /{3281,
y = koci +kisy,
where kl = ll + lQCQ,
kg = 7[252.
Using Cramer’s Rule:
xr —k‘Q k‘l X
y ki ky 'y

= =", §§=—" "=
kl —kg kl _k2
kig kl k'2 kl
01 = arctany(sy, ¢1).

5. Finally,
03 =¢ — 01 — 0.

Note that in this equation and the one above it, there are two values, one
for each 05, and hence, two solutions.

An algebraic approach to solving the inverse kinematics problem involves ma-
nipulating the system of equations into a form for which a solution is known.

Geometric Solution:

In the general 3-D case we try to decompose the inverse kinematics problem
into several planar problems. But for our example, we are already in the plane.
We are given the pose of link 3. We must determine all solutions for 64, 05, 63.

1. Use law of cosines to solve for 5:

A? = B?24+(C?-2BCcosaq,
cos(fy +180°) = cos(f2 —180°) = —cosby,
= Iy 1+ 1o —lils COS(G + 1800),
24y = 124 1? + slilyes,
1‘2+y2—l12—lg2
— = = 9 .
@ 20,1, 2

(3.7)
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e 0s .

LeiLB Lel +X0

Figure 3.22: IK example.

o TS

S —A

Figure 3.23: Law of cosines.

For this triangle to be real, the distance /22 + y? must be less than or
equal to l; + l3. This condition fails when the goal point is out of the
workspace.

The second solution is found by symmetry:

Oy = —06,".

. Now we must determine #;. This can be done by first finding 3, then .

Then we have:
. +1if 6y <0
bi=pty { —iffy > 0

Since we are given the (z,y) coordinates of Os,
B = arctans(y, x).

Again we use the law of cosines to find :

7/’:cos71 z2+y27l127122 .
20172 + 92
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3. Angles in the plane add linearly. So the sum of the three joint angles must
be the orientation of link 3. This gives:

O = ¢ — 01 — 0.

Polynomial Method:

Transcendental equations can, sometimes, be more trouble than they are worth.
We can use the half-angle substitutions to transform the system into polynomi-
als, which may, or may not be “easier” to solve. But, this is beyond the scope
of this course.

01— p? 20

= tan —, = cos b,
K ¥ 2

3 112 =sind.

Pieper’s 3-Intersecting-Axes Solution

Generally, a 6 DOF serial robot does not have closed form inverse kinematics
solutions, but some important special cases do. We will look at a method,
developed by D.Pieper in his Ph.D. thesis from 1968 (his Ph.D. supervisor was
Bernie Roth), that can be used in the case where all six joints are R-pairs with
the last three having mutually intersecting axes.

Pieper’s solution works in the following way: When axes of {4}, {5}, {6}
intersect, Oy4, Oy, Og are all located at the point of intersection.

Axis 5 ‘

Figure 3.24: Pieper’s 3 intersecting axes solution.

The orientation of {4} depends on the previous joints only, 6y, 02, 65. °Tg
is given:

OR ‘ 0
0 _ 6 Ps
To= 1500 \ T
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but,

0 _ 0 _ 0
Péore = Psore = Pdora:
0

= "Piorec = f(ela 0, 93);
0 0 3

= "Piore = T3 Piope-

Which gives three equations and 3 unknowns, so we can find 61, 62, 03. So
"Rs = g(01,02,03)

is now known, and thus “Rg = °Rg3 3Rg and *Rg = 3Ry “Rg. Thus we can
find 64, 05, 6 since (
*Rg = h(04,05,06).

3.4 Differential Kinematics

So far, we have examined the issues surrounding static positioning problems:
position level kinematics. If we want to consider motions, ie. how the manipu-
lator gets from A to B and examine some details of how it gets there we have to
consider linear and angular velocities of the links. We will assume our transfor-
mations to be smooth functions of time. Hence, the position vector of a point
P will be mapped smoothly into a new position. For the position level, we had
the:

61

1. Forward Kinematics Problem: Given the joint variables vector q =

O

determine the end-effector pose vector x =

=2 ™R Nw &

At the velocity level, this translates to: Given the joint rate vector q
determine the end-effector velocity vector v = x.

2. Inverse Kinematics Problem: Given the end-effector velocity vector v, de-
termine the joint rate vector q.

We will also look at the effects of static forces applied to the end-effector on
the joint torques required to maintain static equilibrium. A nice result is that
v and q are related by the same matrix operator, a Jacobian, as are f and 7.

v=Jdq 7 =Jf.
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Figure 3.25: Linear velocity v caused by angular velocity w: v =w X r.

Y
Pi+at)
% X
/

A/
Z

Figure 3.26: Displacement of point p after time interval At.

3.4.1 Differentiation of Vectors, Matrices, Representation
of Angular Velocity, Notation

Linear Velocity of One Point

As with any vector, a velocity may be described in any frame. The velocity of a
position vector of a point is the (here, linear) velocity of the point represented
by the position vector. Suppose point p is moving relative to frame {1}. The
velocity of !p with respect to {1} is obtained by differentiation:

S dy L p(An- )
Pdt P = % At '

If p is not changing relative to {1}, but {1} is changing relative to {0}, then:

d 4 d g
@ P0G
in general.

Thus it is important to indicate the frame in which the vector is differenti-
ated. But we may want to express this velocity in some other frame. So, we also

have to indicate the frame of reference. Let’s adopt the following convention:

ag,b
Vp.
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It is the velocity of point p relative to frame {b}, but expressed in frame {a}.
Where a is the frame in which the velocity vector is expressed, b is the frame of
differentiation, and p indicates it is the velocity of point p. If {a} and {b} are
the same, the upper-right superscript is not always needed. This is also true if
{b} = {0}, this should be clear from context. Also:

a b
P,

where a denotes “expressed in frame {a}”, and b indicates the position vector
is relative to {b}.

In order to add vectors, they MUST be expressed in the same frame.

Angular Velocity of One Body

Figure 3.27: Angular velocity.
Linear Velocity describes a property of a point.

Angular Velocity describes a property of a body.

Note that all lines in a rigid body have the same w.

. N
0,2 :
“i At S0 At
In words, we can say ‘wf = angular velocity of {1} relative to {2}, expressed

in {0}.

The physical meaning of the angular velocity vector w is that the change
in orientation about a particular axis k. Vector k is the instantaneous azis of
rotation. Taking k as a unit vector scaled by the speed of rotation, 0, yields w.

Derivative of a Rotation Matrix

When two frames, with coincident origins, rotate with respect to each other,
the rotation matrices change with respect to time. The question is: What is the
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time derivative of an orthogonal matrix?

d’ 0
— Ri(t) = "Ry.
a ) !
For an n x n proper orthogonal matrix R, we know that:
RR? = 1, (3.8)
Differentiating (3.8) with respect to time gives:
RRT +RR = 0,. (3.9)
We can rearrange (3.9) as:
RRT + (RRT)T = o. (3.10)
Since:
[ cos§ —sind
R = | sinf  cos@ }’
: [ —sin@ —cos@
then R = | cosf —sin9}’
o 0 cos(0)? +sin(9)? | 0 1
RR* = | —sin(6)* — cos(6)? 0 Tl -1 0|
sor 0 cos(6)? +sin(9)? | 0 1
RR* = | —sin(6)* — cos(6)? 0 Tl -1 0|
5T S T\T [0 1 0o -1 |
(RR")+ (RR")" = 1 O}jL[l 0}0.
Let’s call 2 = RR”, and then from (3.10):
Q+0" = o (3.11)

Equation (3.11) is the definition of a skew-symmetric matrix. Also we see that,
by the definition of w:

R = wR. (3.12)

This is very nice, but now, what are the elements of w? Let’s directly differen-
tiate R:

R(t+ At) — R(t)

L V. (343)
but,
R(t+At) = Ri(AOR(), (3.14)

where a rotation of 66 has occurred about axis k over the interval At. We can
use (3.14) to rewrite (3.13) as:

R, (A0) — I

R = (hm A, )R(t). (3.15)

At—0
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Then, what does a differential rotation matrix about an arbitrary axis k look
like? Consider the following rotation matrices:

1. Small rotation about X by dx:

1 0 0
Rg(6x) =] 0 cér —sdz
0 séx céz
2. Small rotation about Y by dy:
cdy 0 sdy
Ry (0y) = 0 1 0
—sdy 0 cdy
3. Small rotation about Z by dz:
cdz —sdz 0
R, (0z) = | séz cdoz O
0 0 1

For differential rotations, dx ~ dy ~ dz ~ 0.

= cosdr =~ cosdy =~ cosdz ~ 1,

sindx =~ Jdx; sindy ~ Jdy sindz ~ Iz,
1 0 0 1 0 &y

Rg(dz)=1] 0 1 —dx |, Ry(dy) = 0 1 0 |, Ry(dz)=
0 dx 1 —dy 0 1
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When higher order products of differentials are ignored, differential rotation
matrices are commutative. i.e.:

1 0 0
Ry (0x) = 0 1 —dz |,
| 0 dz 1
[ 1 0 dy |
Ry (dy) = 0o 1 0 |,
| —dy 0 1 |
[ 1 —dz 0]
Rz(éz) = dz 1 0 s
| O 0 1]
i 1 —dz dy
Let P1 = Ry (02)Ry(0y)R4(02) = dedy +dz —drdydz+1 —dx
| —dy+dxdz  dydz+dz 1

After setting higher order differentials to zero
(i.e. products of differential angles):

1 —dz dy
P1 = dz 1 —dx
—dy dx 1

Ignoring products, any rearrangement of the three differential rotation matrices
yields the same result:

1  —dz+4+dxdy dzxdz+dy 1 —dz dy
P2 = dz 1 —dx = dz 1 —dx
—dy dydz+dr —dxdydz+1 —dy dx 1

Thus, we can represent the differential rotation matrix about an arbitrary axis
k as the product of the components of the differential rotation matrices about
the X, Y, Z axes:

When higher order products are ignored, multiplication in any order in (3.16)
yields:

1 =6z dy
R;(A0) = 0z 1 —ox |. (3.17)
—0y Ox 1

Now substitute (3.17) into (3.15) and set dx = k¢ Af, dy = kA, 6z = kA0
and take the limit. We get:
. 0 —kyd kgb
R = k40 0 —kg0 | R(t) = OR(t). (3.18)
—ky0 kg0 0
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Since w = 129, we see that Q is the angular velocity cross-product matriz opera-
tor.

. 0 7&)2 wY
Q = RR" = wy 0 —wg |, (3.19)
—wy wWx 0

and hence R = QR = w x R, where w x R is the angular velocity operator.

[ cos¢p —sing 0

‘R, = sing —cos¢p 0 |,
| 0 0 1
i —w, sin ¢ —Ww, COS @ Wy T
wx 'Ry = Wy COS ¢ —w, sin ¢ —wg |,
| Wy Sing —w, cosg wy cosP+wy, sing 0|
i —w, sin ¢ —Ww, COS @ Wy T
Q°R, = W, COS P —w, sin ¢ —Wy

| wg Sing —w, cos¢p  wy cosP+w, sing 0

Relative Linear Velocity (time derivative) Transformations

The velocity of 'p with respect to {1}, expressed in {1}, 'vp ! is known. We
know how {1} is translating and rotating with respect to {0}. What does the
total velocity of 1p look like to a stationary observer in {0}? i.e., what is vp?

At any time ¢, the position of %p is:

0p = %y .. + "R, 'pt,

where the first superscript 1 in 'p' indicates that this is expressed in {1}, and
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the second superscript indicates that it is relative to frame {1}. Then:

d g d g d on 1.1
Lo, = & 2R
@ P gi Plone T (R P,
= p = Ve +'Rilvpl+ 'R, 'p!, (3.20)

0 0 1 1 0 0 1.1
= VloRG+ R1 vp  + Ql R1 P,

0 0 1 1 0 0 1.1
= Vigpe + Rivp +(W1>< Rl) | S

= Oy + "Ry tvp !+ % x (PR, 1ph),
0 —w, Wy
where = Wy 0 —Wy
—Wy Wy 0
Where:

Ovp is the velocity of P expressed in {0},
9V1ione 18 the velocity of origin of {1} expressed in {0},
Lvp s the velocity of P relative to {1} expressed in {1},
0

w1 is the angular velocity of {1} with respect to {0} expressed in {0},
p is the position of P expressed in {1}, and
‘R, lvp!is the relative velocity of p with respect to {1} expressed in {0}.

74



Velocity Propagation

Now we examine the problem of determining the relative velocities (linear and
angular) of the links of a serial robot. We consider the propagation of velocity
between adjacent links ¢ and ¢ + 1 starting from the base, link 0. The velocity
of link ¢ is specified by vectors v; and w;, which may be expressed in any frame,
even {i}. The velocity of link ¢ + 1 will be that of link ¢ plus new components
added by joint ¢ + 1(i.e. the relative velocity of {i + 1} in {i}).

We can use Equation (3.20) with point P = O, 1. Then set {0} = {i + 1},
{1} = {i}:

iy = v 4 IR, vy 4 P IR, Tprag (3.21)
But “F1Q; = “lw; %, (i.e. CPM of “lw;). A theorem from linear algebra
says if:
Oa — ORI 1a7
= Oaw _ (O]:-{1 1a);c7
_ OR1 laa: ORl T’
’R; 'a” 'Ry. (3.22)
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As shown below:

g
Let'a = 1ay ,
L 1az
[ cos¢ —sing 0
‘R, = sing cos¢p O |,
| 0 0 1
[ cos¢ la, —sing 1ay
a = ‘R, 'a = sin¢ 'ay + cos ¢ 1ay ,
L 1aZ
[0 —la, 1ay
a7 = la, 0 —la, |,
i ~ta, ‘la, 0
[ 0 —la,
Oa:c — laz 0
| —sing la, — cos¢ 1ay cos¢ la, —sing 1ay
[ 0 —la,
01:{1 1am ORlT — laz 0
| —sing la, —cos¢ 1ay cos¢ la, —sing 1ay

sin¢ 'ag + cos ¢ 1ay
—cos¢ tay +sing 1ay
0
sin¢ ag + cos ¢ 1ay

—cos¢ taz +sing lay
0

= MO = IR, ' 'Ripa.
Also,
itly, — R, iy,
iy o= IR iy
and sub this into (3.21):
R, (fw; % Tpit ) = IR, €Y piss
then

H—lviJrl _ z+1Ri ZVZ_ 4 Z+1Vi+1 i + H_lRi lﬂi ZpiJrl i (323)

Relative Angular Velocities

These, like any vector, can only be added when expressed in the same frame.
The angular velocity of link ¢ + 1 is the same as that of link ¢ plus a new
component caused by the angular velocity at joint ¢ + 1, of link ¢ + 1 relative to
link 1.

We can write this as:

Z+1wi+1 = z+1wi+lz + ”1wi. (324)

Remember, we can represent a vector in any frame. The absolute angular
velocity of link ¢ + 1 in {i + 1} equals the absolute angular velocity of link 4 in
{i 4+ 1} plus the relative angular velocity of link ¢ + 1 with respect to link 4 in
{i +1}.
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If Joint {i + 1} is an R-Pair

i+1vi+1 i = 0, 1i.e. no relative linear velocity between O; and Oifl. The relative
angular velocity of link i+1 relative to i: “Tlw,; 1 * = H1Z; 10,,1,= link i is
fixed.

= iy, = i+1Ri(ivi T iw; X ipi+1)7

= "R, ("vi + "Q; 'Piy1),

i+1 i+1Zi+19i+1 4 i+1RZ‘ iwi’

Wit1 =
0 . .
= 0 + hLlRZ' 'w;.
01
(3.25)
If Joint {i+ 1} is a P-Pair
. 0 .
i+1R¢V¢+1i = di+1 ”1214_1 = 0 and i+1w,;+1i = 0 because 0i+1 =0
dit1
= Ty = IR, (Cvi+ ‘wp X 'pi1) +digs T,
il = IR, ;.
(3.26)

Applying Equations (3.25) and (3.26) iteratively from link to link, we can
compute "v,, and "w,,. The fact that they are in terms of the end-effector frame
turns out to be useful. In terms of the base frame, one multiplication - that of
OR,, is required.
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Example: Compute the velocity of the tip of the 2R manipulator as functions
of joint rates. Supply 3vs, 3ws, %vs, and ‘ws.

Solution: We first assign frames.
Since all joints are revolute, we need Equations (3.25).

C1 —S1 0 0
0 _ S1 C1 O 0
T = 0o o0 1 0|
0 0 01
_02 —S9 O ll
1 o S2 C2 0 O
Tr = 0O 0 1 0|
|0 0 0 1
(1 0 0 Iy
9 B 010 0
Ts = 00 1 0|
|00 0 1
0 l1 lo
Andpyr =] 0 |,'pa=1| 0 |,?ps=| O
0 0 0

8



Angular Velocities:

0
1=0: i+1wi+1 = 1(.4)1 = 0 + 0,
01
0
= 1UJ1 = 0
01
~ 0 -
i=1: 2&)2 = 0 +2R1 1(4)1
L 02 ]
i 0 i C2 —S82 0 0
= 0 + | —s2 ¢ O 0 R
| 0y | 0 0 1 0o
I 0
# 2w2 = . 0 .
N
3(.03 = ng.

Note on homogeneous transforms:

Oi+l
i
. ? pi+10RG
;.
X
. ) ) R, )
lp0i+1 =" Ti+1 H_1p = xS :Z z+1p’
0 0 0|1

where z,y, z are the coordinates of the origin of {i + 1} expressed in {¢}.
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Linear Velocities:

1=0:

i+1

1
Viy1r = V1

Next: ‘Rj

where c¢io

and sio

= "Ro(°vo + "wo x p1),

0
- 01,
| O
= Ry (1V1+ lwy x 1p2)7
[ ey sy 0] 0 0 -6, 0
= —s3 ¢ O Ol +]16, 0 0
0o 0 1] \|o 0 0 0
[ C2 S9 0 T O.
= —S89  Co 0 1191 5
L0 0 1] o
llélsg
= l101c2 | »
0
= 3R2(2V2+ 2wy X P3),
-1 0 0 119182 0 —9'1—9.2
- 01 0 119162 + 9192 0
[0 0 1 0 0 0
) l19.182_ )
- l19182 -+ l2(91 -+ 92)
0
‘R; 'R, ’Rs,
I C1 —S1 0 —S9 0
s1 ¢ 0 62 0 | Isxs,
L0 0 1 1
I C1Co — 8189 (6152 +Cz$1 0
S§1C2 + €182 C1C2 — 8152 01,
0 0 1
[c12 —s12 0
512 C12 01,
0 0 1

c1c2 — 8189 = cos(f1 + 62),

C182 + 81 = sin(01 + 92)
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Finally,

0
‘wy; = "R3iw; = 0
01 + 02
—1151'0.1 - 11812(91 +.9.2)
OV3 = OR3 303 = lic1601 + l2612(91 + 92)

0

after some manipulation.
The main thing to notice is that we obtain the linear and angular end-effector
velocities in terms of the joint rates!

l182 0
3vs lica+1a 1o .
B 0 0 |[6h
B 0 0 [ 02 ] '
3(.03 0 0
1 1

Of course, this planar manipulator has only 2 DOF. The linear velocity has only
X and Y components, and is related to the joint rates by:

3V3X o ll S92 0 91
Svyy | [ heatla Do Oy |
The angular velocity is clearly the sum of the joint rates.
We can also write:

[ OV3X :| _ |: —l181 —12812 —12812 ] |: 9:1 :|
Ovs, lici —lacia  lacio Oy |-
3.4.2 Jacobians

A Jacobian is a time-varying transformation that relates Cartesian end-effector
velocities to the joint rates. It is a multi-dimensional derivative. Suppose we
had six functions, each a function of six independent variables:

y1= fi(w1,..., )
: sy = F(x).
v = fo(z1,...,26)

To compute the differentials of the y; as a function of the differentials of the x;,
we use the chain rule and get:

Syr = $L(0ma) + ...+ 38 (6ag) o
< dy = — (%)
: 0x
(Sy6 = %(53}1) + ... %(61‘6)
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SF

= J(x).
i (x)

Dividing both sides by the differential time element, we get:
y = J(x)i.

Because they depend on x, and x changes with time when the robot moves,
Jacobians vary with time.

The Jacobian of a manipulator transforms the vector of joint rates, q, to the
Cartesian velocities of the end-effector, v.

OVE = OJ(Q)%
o]

Ovg G d

Ovy q2 d'3

oo _ | v .| g3 o
Vg = 0 ,q=1 = = for example: | d4
Wy qa 9

Owy qs 0'4

sz qﬁ 0-5

6

The Jacobian is determined by applying Equations (3.25) and (3.26). In general,
they are m X n matrices.

n = the number of columns = the number of joints.
m =

the number of rows = DOF in Cartesian space

(in the largest square sub-matrix, if not square).

Partition
Jr
J _ 3xn
o |: JABXn :| ’

where Jp,, , is the effect of q on linear end-effector velocity *vg,and J 4, is
the effect of ¢ on the angular velocity of the end-effector, *wg.
Using the Velocity Propagation Equations (3.25) and (3.26), we can obtain:

E Ef. ¢
VE = Jraq E Eq.-
. s Yvg = “Jq.
- EJAq } E q

The first issue is how to transform a Jacobian (because we get ©J, but need
9J). We have seen that we change reference frames for v and w by rotations:

OVE = ORE EVE o 0VE' ORE ‘ 0 EVE
0 ‘ORE EUJE )

‘wp= "Rp Fwg Owg
‘R 0
0 _ E E
VE = { 0 RE] VE:

But, PJq = Fvg, and °Jq = Ovg, so

‘R 0
0 E E
J_[ 0 RE] J
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Computing the Jacobian

Each column of the Jacobian is associated with one joint velocity. Consider the
2R planar platform we looked at: each column of the Jacobian maps a particular
joint rate onto the velocity of the end-effector.

Upr? = Position vector of O with respect to frame {i} but expressed in
terms of frame {0}.

vector scalar vector
0 .
vEl = @111,
0 .
VE2 = G¢2Jr2,
0 0 0
VE = Vg1t Vgpo.

General Derivation of J:

0
In the figure on the next page, { OZE } = 9J¢. Find J.
E

We construct the Jacobian by considering each joint rate starting from i = 1.

v = Joaqi+...+JI0ndn,
[ Jri1 Jriz Jras G
= Jr21 Jr22 Jres g2 |,
| Js1 Jrs2 Jiss q3
[ T Jr12 Jris
= Jr21 | @1+ | Jre2 | G2+ | Jres | do,
| i3 JL32 J L33
‘wp = Jai1d+...+Jandn-
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If the i*? joint is an R-pair:

vei: = ("Zi x "pr")d = Jridi,
‘wgi = "Zigo = Jaid

Note that in the above equations, ¢; is scalar, since it is the angular velocity
imparted by the R-pair, 6;.

If the 3" joint is a P-pair:

OVvei: = “Zigi = Jp.idi,

‘wp, = Jaid.
Note that in the above equations, ¢; is scalar, since it is the linear velocity
imparted by the P-pair, d;.

Assemble 9J:

5 [JLl Jr, ... I,
Ja, Ja, ... Ja |
[ % x °pg'| °Zy x "pp?| “Zs| ...| °Z, x °pg"
h [ A | 0z, o | ] %, ’
(R-pair R-pair P-pair ... R-pair) .

07, and Opg? can be obtained directly from the homogeneous transformations,

or,.
o _ I‘i‘rz‘l‘g‘opi
T@‘[ 0] 0] o 1
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0Z;: 34 column of rotation matrix embedded in °T; (rs)
Op;: 41 column of OT; (ignore 4" row).

OpEi = OPE - Opm
0 ‘ 0.
= PE _ P:
0T o,
Leti=2: °pp®+ "p; = ‘pg,
‘pe?® = pe-— "po,
OVE,z = w2 X OPE27

= (022 X OPE 2)92-
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Jacobian Example:

0

Velocity of interest: "vg = { OzEx ] . Determine °J such that:
Ey

Figure 3.28: 2R planar manipulator.

o .
VEg oy | 01
_oy| b1 |
{ OUEy } { 02 }

Solution:

1. To assemble °J = [021 x Oppl | °Zy x Opg 2] we need °Ty, °Ty, °Tg.

cc —s1 0 O ca —8y 0 U4
om _ | 851 e 00 1m _ | s2 ¢ 0 0 2 _
=19 o 10> =0 0o 1 0] 7T&
0 0 0 1 0 0 0 1
[ c12 —s12 0 i
—S c 0 Iis
Compute °Tp = °T, 'T, = 012 (1)2 1 101
| 0 0 0 1
[ C12 —S12 0 1161 +l262
S c 0 Ilys1 +12s
Compute °Tj = 0T, 2Ty — 62 (1)2 . 181 . 2512
0 0 0 1
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2. Obtain °Z;, °Zs, °pp ! = %pp — %py, 'pp 2 = %pr — Opo,
R R 0
2, = %Z,=|0 |,
1
. [0 -1 0 0 —z y
07127 = 1 0 0|,|lcPM=| =z 0 -z ,
| 0 0 0 -y 0
[ ey + lacio
OPE1 = lis1 4+ 12512 |,
i 0
[ lsc12
OpE2 = 2512 )
i 0
3. Assemble °J:
0y _ —l1s1 —l2812  —l2812
lici +1laciz lacio
EJ _ l1$2 0
lico+1s 1o |’
from: FJ = EROOJ.

Compare this with the previous example.

3.4.3 Singularities

Using °J we can compute v given any prescribed joint rate vector ¢. If we
want to determine the joint rates for a given ®v g, we must determine the inverse
of 0J.

9J becomes non-invertible if it loses full rank (if it is square). The determi-
nant of a rank-deficient matrix is always 0. Since J is a function of the joint
variables, this means there may be some poses which cause Det(J) = 0. Such
poses are called singular poses or singularities.

Without being too rigorous, we can classify singularities with two categories:

1. Workspace Boundary Singularities: These occur when the manipulator is
fully stretched out, or folded back on itself to that the end-effector is at
the boundary of the workspace.

2. Workspace Interior Singularities: These occur within the workspace. They
can be due to many things, but are typically caused when two or more
joint axes become coincident.
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To obtain an expression for °J, we must transform 3v3 to the fixed frame {0}.
This is accomplished by left-multiplying 3v3 by the rotation matrix embedded
in 0T3.

Vg —(1181 =+ 128162).9'1 — lgclsg.ég
0v3 = OR3 3V3 = ’Uy = (1101 —+ 126102)01_ — 12515292
Uz —locofs

This system contains three equations and two unknowns, 6, and 92, given
the linear velocity vector ®vs, as expected.
We can re-express the right hand side of the above equation as:

Vg —(l151 +128182) —licise 0 )
Vy | = lici +lacicn —l25159 [ 9-1 ] = 9J0.
Uz 0 —ZQCQ 2

The 3 x 2 matrix is not immediately invertible, but to obtain the joint rates
in terms of ®v3, we must invert it. This can be accomplished with the Moore-
Penrose generalized inverse. We have an over-determined system of equations:
three equations and two unknowns. In general, no exact solutions exist to such
a system, and we find approximate solutions that minimize the error. This can
be done with a least squares approach. This is exactly what the Moore-Penrose
generalized inverse does!
It is defined to be:
JT =37 3%,

In our case, this gives:

51 c1 0
JT — l1+l2c2 l1+1l2c2
__c182 _ 8182 __C2
l2 l2 l2

When a serial robot is in a singular configuration, it loses one or more DOF.
There is some direction(s), or subspace in Cartesian space in which the end-
effector can not move, regardless of what the joint rates are. Clearly, this
happens at the boundary of the workspace.
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Example: Determine an expression describing the singularities of the 2R
robot from the previous example (Figure 3.28).

Solution: We have two Jacobians. °J and PJ. If a matrix is rank-deficient,
the deficiency won’t change if it is multiplied by any other matrix. This is a
property of determinants:

Det(AB) = Det(A)Det(B),

If Det(B) = 0, = Det({ O%E Ong } EJ> =0,
In general Det(FJ) = 1Det(°J),
= Det(fJ) = Det(°J),
= if Det(¥J) = 0, then Det(°J) = 0.

(Note, in general, Det(¥J) = Det("J), since Det(R) = 1.) It’s easier to compute

Det(£J):
1182 0 _
Det < l1€2 + 12 12 ) = l1l232.

The robot is in a singular configuration when l1los; = 0. This happens if [; or
lo =0, or so = 0. sinfly =0 when 6, =0, 7.

()

e 05 =0 = boundary F can only move perpendicular to the line of i1 + 5.

e 0, =71 = boundary same condition on motion of E.

Singularities should be avoided. Also, using the inverse Jacobian in the control
system may be a bad idea. If J becomes singular, the joint rates become infinite!
For 2 x 2 matrices:

|a b 1 a b
A_[C d]’ _ad—&—bc[c d]
q = J'v,
Adj(3)
= V’
Det(J)
Adj(3)
= v = oo.




Example: Determine the joint rates of the 2R manipulator in the figure

below, so the end-effector has a constant velocity of 1 m/s along Xo. What
happens when the end-effector is close to the workspace boundary?

92,92

X
; E
61 _ 1 lacio 2512 1
0  lilesy | —lici —laciz —list —lasio 0]’
1
= lacsl —1 .
oo [ lacalicr — lxers |

As 05 — 360°(0°), so — 0, 04,60, — .

Obtaining the Jacobian by Differentiating the Closure Equations

Assume the kinematic closure equations exist, i.e.
0 0 E
pe =" Tg "PE,

with
|z
Ry (0 0
OTE’ — k( ) OyE
ZE

0 0 0| 1

Here it is normal to select Euler angles to describe the orientation, although
the fixed angles could also be used. However, it seems that unit quaternion or
element-angle-axis representations could be difficult to use.

Let’s choose Euler angles, it doesn’t matter which. So

"Rp = F(ag,Be,ve) = F(081, 082, 083).

So 9Ty gives the position vector, and we can extract the Euler Angles from R.

90



So we have:

b= g +...

O«TE = f:z:(Q) 0- 5?1/
OyE = fy(Q) OZ{E = 6(]%1
02 = f:(q) = fE = ?
ag = far(q) ap = gr+...
Be = fse(q) Bp = ?ﬁ Gt
ve = [ye(q) A = (;Zl it

+ 52 dn

4
ofs .

..+6 Gn
..+5q Gn

+ 5fQQn ’
5 .
+ 5"iQn

5 .
+ (;inQn

Note that ag, Bg, 7g depend on the Euler angle representation.

We define:
a |
0y .
<n = —
E dt . )
YE
= 0. |
0fe Ofa
0gr "7 ogn
fy fy
0q1 o 0qn
= Jpq
Where %vg and %05 are the Euler rates, and the subscriptD in Jp stands for
differentiation.
2R Example:

E (%)

91



0
zr = lici + 1z,

ye = l151 + 12812,
Oi?E = —l1$191 — l2812(01 + 92),
Y9 = licify + lacia(61 + 62).
Here,
OJD _ 03— —l1s1 —las12 —las12

lich +lac1a laco

This is always true in the plane. This may be a better way to obtain the
Jacobian, depending on the complexity of the closure equations.
Relationship Between Angular Velocities

We want the relationship ‘wp = °J p05 for any Euler (or fixed angle) set.
Recall that:

_ 0 —w. wy
RRY = Q=] w. 0 —w |. (3.27)
—Wy Wy 0

From the matrix in Equation (3.27), we easily obtain, with R in terms of the
appropriate angle set:

Wy = 731721 + 732722 + 33723,
Wy = T11731 + 712732 + 713733,
W, = To1T11 + T2aT12 + T23713.

But this is a lot of computation. Consider the following geometric derivation.
Suppose we are using Z-Y-Z Euler angles («, 8,7). The first Euler rate, &, is
an angular velocity of the end-effector about the Zo axis. The next, B , is about
the Yo’ axis that has been transformed by the rotation matrix R; (). The
third, 4 is about the Zo” axis that has been transformed by the rotation matrix
Ry . (B), which in turn had been transformed by Ry (). So we can write ‘wp

in terms of &, 3, ¥ as:

0 0 0
“wp = | 0 | +Ry(a)| B | +Ry (@R, (B) | 0 |, (328
« 0 ¥
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with:

ca —sa 0]
Ry (@)= | sa ca 0|,
0 0 1|
cB 0 —spB]
Ry (B)=| 0 1 0 |,
—sB 0 c¢p

cacf —sp casﬁ_
Ry (0)Ry, /(B) = | sacB ca sasp

—sp 0 cp
Expanding (3.28), then rewriting it in matrix form operating on the vector of
&
Euler rates in order | 3 |, we obtain:
v
0 —sa casp e
‘wgp = 0 ca sasp 8 1,
1 0 cf o
&
= JEZ/Y/Z/(aaﬁaOé) ﬁ
¥

This gives exactly the same results as explicitly performing the differentiations
of RR”, but is significantly easier to compute. In general we have:

OVE o [ OVE
OwE o L OJEHE ’
_ [ Iaxs 0 v
o L 0 OJE 00]3 ’
[ VT35 0|, .
- _O—'W} Jp q,

B OI ‘ 0
0 _ 3x3 0
JD - 0 ‘OJE T :l J.

Note that °Jz ~! may lead to representational singularities, therefore Jp may
not be always obtainable, but J is.
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Chapter 4

Static Forces in Serial
Robots

Statics is the study of force systems acting on stationary structures. There is no
motion. When all the joints in a robot are locked, it should become a structure.
If the task is to apply a force, or support a load while maintaining static equi-
librium, the problem at hand is to compute the joint forces and torques which
must be supplied in order to keep the system in static equilibrium.

When locked in a desired pose, we write a force-moment balance for each link
in terms of the link frames. However, here we start where the force is applied:
the end-effector. We compute the static torque acting about the joint axis to
maintain equilibrium. We need the following definitions:

f; = force exerted on link i by link 7 — 1.

n; = torque exerted on link 4 by link ¢ — 1.
Pca; ¢ = position vector of center of gravity of link 7 with respect to i.
pit1’ = position vector of O;1 with respect to i.

The above figure shows the free body diagram of the i'" link. f; is the force
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exerted on ¢ by i — 1. f;;1 is the reaction experienced by i due to the force it
exerts on ¢ + 1. The same applies for n; and n;41.

Force Balance:

'f; — i1+ mig = 0.

Condition for Force Equilibrium:

ifi = iRH_l i+1fi+1 —m;g. (41)

The recursion is arranged to go from the end-effector to lower numbered links
to the base.

Moment Balance With Respect to the Center of Gravity (CG):
(no mg contribution)

i

. 0 o . o ,
n, = ‘ni1+ “pea, ' X i+ Cpit1’ — ‘Pog, *) x £y

Conditions for Moment Equilibrium:
With respect to CG:

i

n, = iRi+1 i+1ni+1 + ipCG,;i x if; + (ipi+1i — ipCGi i) X iRi—&-l i+1fi+l-
(4.2)

With respect to O;:
ini = iR¢+1 i+1ni+1 - ni(iPCGii X ig) + ipz‘+1i X iR¢+1 i+1fi+1~
(4.3)

If we start with a (known) description of the resultant force and moment, due
to the actions contributed by each link from n to 0, i.e. from the end-effector
to the base. To do this, we iteratively apply Equation (4.1) and either (4.2) or
(4.3) from higher to lower numbered links.

Note: f; and ‘n; are the total forces and moment that the i*" link experiences
due to the other bodies connected to it, including the effects of gravity. It does
not explicitly include the motor torques required to balance the f; and ‘n; to
maintain static equilibrium.

4.1 Actuator Torques (Forces)

All components of force and moment vectors are resisted by the structure of the
robot itself, except for those components in the direction of the Z;, the joint
axes. To determine the joint torque, or force, 7;, (we’ll use the same symbol for

both) required to maintain static equilibrium, we only need the projection of
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the resultant moment, or force vector acting on that joint onto the joint axes.
We generally only care about the magnitude of the torque, so all we need are
the following dot products:

For R-Pairs: = ‘n;T 'Z;. (4.4)
For P-Pairs: 7, = °‘f; ZZ

4.2 Ignoring the Effect of Gravity on Link Mass

If the applied end-effector forces and link reactions are far in excess of the link
weights, we may ignore the gravity terms. Furthermore, a moment balance
about the CG does nothing for us.

Equations (4.1) and (4.3) simplify to:
i, = "Ry T (4.6)
n; = ipi+1i X iRi+1 i+1fi+1 —+ iRH_l i+1ni+1. (47)

%

Note: Equation (4.6) simply states that f; = f; ;. Equations (4.6) and (4.7)
can be rewritten as:

if, Rips 0
) — ) azy , ) 4.8
{ ‘n; ] { (‘Pi+1°) X 'Riz1 ‘Rij1 (48)

4.3 Jacobians in the Force Domain

When a force acts on a mechanism, work is done on the mechanism by the force
in proportion to the amount of displacement the mechanism has undergone.
Work is defined as the scalar product of the force and displacement magnitudes.
Work has units of energy: J = N-m.

dW = F -ds,

/F-ds.

= W

96



2R Planar Example:

The manipulator applies f3 to its environment.
required to maintain static equilibrium. Ignore gravity effects.

Solution 1: Direct application of

Determine the joint torque

f; _  "Rin -0 e A8
'n; B ‘Piv1" X 'Riy1 "Ripa gy |
[1 0 0
’R3 01 0|,
10 0 1
[ fe
= wf2 fy )
| O
[ l2 fm 0 1
21’12 0 X fy = 0 s
| 0 0 lafy
o —s2 0] [ fa cafz — s2fy
1f1 1R2 2f2 = S92 Co 0 fy = 52fm + Cny 5
0 0O 1] 0 0
'n; = 'p2x 'Ry ?fH+' Ry %ny,
I ll Cy —S89 0 17T fm Cy —S89 0 0
= 0 X So Co 0 fy + So Co 0 X 0
| 0 0 0o 1] 0 0 0 1 lafy
- 0 Z
= 0
| bsife theafy +lfy |
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Because we have a 2R linkage, 7, = 'n; - "Z;:

sl lisofr + (llcg + lz)fy o~ = 1189 lica + 1y [z
Ty = lafy 0 la Ty |7

Solution 2: We could also use the Jacobian 7 =9 JT OF

[ T ] _ { =151 — 2812 lici +1acia } o, [ 3 faw }

T2 —l2512 lacio 3f3y
_ /41182 l2 +l1€2 3f31'
0 12 3f3y .

4.4 Virtual Work

A mechanical system is in a state of static equilibrium if the virtual work van-
ishes for arbitrary virtual displacements which conform to geometric constraints.

) @

Any assumed small displacement ds away from the steady-state pose deter-
mined by constraints and forces acting on a body in static equilibrium is called
a virtual displacement. The term wvirtual is used to indicate the displacement
does not really exist. It is used to compare various possible equilibrium posi-
tions in the process of determining the true one, to within a desired error. The
difference is (for (1) in the above figure):

oW = F.6s = Fédscosa.

Where « is the angle between F and ds. Whereas ds represents a real infinites-
imal change in actual position and can be integrated, ds is a virtual quantity
and cannot be integrated.

We may also have virtual rotations and moments (i.e. in (2)):

oW = N&6.
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For an arbitrary manipulator, we have:

0 = oW :m0¢i+ ...+ Tdgn — £ 6xpr — nT 00k, (4.9)
T1
Let 7 = ,
Tn
q1
oq = 6| |,
dn

e- (1]

_ XE
ox = 6[0]3}

We can write (4.9) as:

16q—Fox = 0,
= Flox = 714q (4.10)
By definition, the Jacobian is:
ox = Jo6. (4.11)
Note (00 = 6q).
Substitute (4.11) into (4.10)
F'J50 = 1746. (4.12)

Equation (4.12) is valid for all 60 due to the fact that J is a continuous function,
or can be regarded that way. We can factor out 0, giving:

F'y = 7. (4.13)
Transposing both sides of (4.13) (when g is ignored) gives:

r = JUF, (4.14)

where T is the restoring actuator torques and forces, and F is the forces and
moments applied to the environment.

The transpose of the Jacobian maps the Cartesian forces and moments ap-
plied by the end-effector into the joint torques and/or forces required to maintain
the system in static equilibrium. To transform °F, we also require °J, to give

T = JTOF.

When the Jacobian is singular, along with the inability of the manipulator to
move in a certain way, there are also directions in which the end-effector cannot
exert static force. That is, F could be increased or decreased in directions
defining the null-space of JT with no effect on the calculated 7.

Thus, singularities can manifest themselves in force and velocity domains.
This is why kinematics and statics are dual in nature.
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Chapter 5

Manipulator Dynamics

So far, we have examined position, velocity, and static forces and torques in
manipulators. Next we consider motions and the forces causing the motions:
dynamics. The study of the dynamics of mechanisms is a huge field. We can’t
even approach the surface to scratch it in the course of these lectures. But,
several formulations for obtaining the equations of motion are well suited to our
study of serial manipulators.

As for the position and velocity level dynamics, we have two main problems
of interest:

1. Inverse Dynamics: Given the vectors of joint angles (positions), joint rates,
and joint accelerations, determine the joint torques required (useful for

control).
q
q = T
q
2. Forward Dynamics: Given 7, determine the motion q, q, q (useful for sim-
ulation).
q
T = q
q

5.1 Rigid Body Acceleration

Before we look at dynamics, we must first look at the acceleration level of
kinematics. As with velocities, the frame of differentiation, in general, is frame
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{0} unless otherwise indicated:

0 0 0

Vi = Vi,
0d o 0y 0 0, 0
and "—"vy; = "vy = ‘a; = "a;,
dt
0d o 0, 0 0.0
andawlz w; = ‘o = "oq

5.1.1 Linear Acceleration

The velocity of a point P, described by position vector 'p in {1} as seen from
frame {0}. Recall,

Ovp = Oy + Ry tvp !+ %wp x OR; lp!,
where
Ovp = relative velocity of P with respect to {0}.
Viere = velocity of Op in frame {0}.
‘R, 'vp! = linear velocity of P with respect to {1} in frame {0}.
%wi x 'Ry 'p! = due to the angular velocity of frame {1} in {0}.

The relative acceleration of P in {1} with respect to {0} due to its own
acceleration and the acceleration of the moving axes {1} is thus obtained by
differentiating the relative velocity equation:

d d d d
pn Ovp = 7 OV1ORG + %(ORI vpl)+ %(Owl x °Ry 'p'),
= lap = Yaj+ "Riltap'+ "Ry tvp !+ oy x Ry IV (51)

0 0 1 0 op. 141
+"wp X R1 vp + wi X R1 p.

Recall that 0R1 = Ow; x OR4. This gives:

Oap = Oai. + "Ry lap!+ %ar x 'Ry 'pt+ %wi x Ry 'vpl 4 %w; x OR; 'pl,
4% x (w; x "Ry 'pb),
— Oa,..+ 'R lapl + %a; x "R, 'p! + 2(%w; x °R; lvpl),
+%; x (“wy x "Ry 'pt).
Where:
Aione = linear acceleration of 01 in {0}.
'R, 'ap! = relative acceleration of p with respect to {1} expressed in {0}.
%a; x "Ry 'p' = due to angular acceleration of {1} in {0} perpendicular to both a
and P. (i.e. tangent to circle centered at O; with radius 'p').
2(0w1 x 'Ry 'vp 1) = Coriolis acceleration.
w1 x (Ywi x "Ryt ipl) = centripetal acceleration: towards axis of w.
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Whenever there is angular velocity there is centripetal acceleration (not to be
confused with centrifugal acceleration). This comes from D’Alembert’s Princi-
ple: When a particle is observed from fixed frame {0} its absolute acceleration

Y ?0 2% a
Y,
:  /
I'I% m -max
zF zF

X, 75(0

is obtained from Y. °F = m%a. When the particle moves with Oy, and is
observed in {1}, the particle appears to be at rest, or in a state of static equilib-
rium in {1}. The observer, who is accelerating with {1}, concludes that a force
—mla acts on the particle to balance > 'F. This perspective allows a dynam-
ics problem to be treated by the method of statics. An important philosophical
contribution contained in D’Alembert’s Traité de Dynamique, published in 1743,

simply amounts to rewriting:

ma,

as: ZFfma = 0,

which is a force balance if —ma is considered as a “force”. This “imaginary”
force, or “pseudo” force, or “virtual” force, is known as the inertia force and
the acceleration as the centrifugal acceleration. The centrifugal acceleration has
the same magnitude, but opposite sense as the centripetal acceleration. The
artificial state of equilibrium is called dynamic equilibrium and is central to the
Kane’s Equations of Motion approach to multi-body dynamics (more on that
later).

g
5
|

5.1.2 Coriolis Acceleration

This term represents the difference between the acceleration of P measured with
respect to {1} expressed in {0}, and the acceleration of P measured with respect
to {1} but expressed in {1}. Its direction is perpendicular to *vp ! and %w.

It is difficult to imagine Coriolis acceleration because it is a combination of
two physical properties of the motion (that accounts for the 2 in
2(0(.01 X ORl 1Vp 1))

Consider a particle P constrained to move in the radial slot of a rotating
disk. Let w; = constant and 'vp! = constant. The velocity of P has
components due to #; and to wzq, i.e. due to the velocity along the slot and
to the angular velocity of the disk. Now, let’s consider the changes in these
velocity components after time dt.
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'v, = constant
=x,

/

The changes in @1 due to rotation after an infinitesimal rotation wdt = df
which cause the axes to rotate through angle df to a new set X; ' — Y L.

de Y.

dox)=pdxt+xda’

®x,d0
=[G oxr| e
=|0)xo)><1'| de
=x,0?

The velocity increment due to the change in direction of 'vp ! is i1df. The
change due to the magnitude of x;w is wdz, both being in the Y; direction. We
get after dividing by dt:

. do dxq . . .
T — tw— = Tw+Tiw = 20jw.

dt dt

This gives the magnitude of the Coriolis acceleration

‘2(0(.;)1 X ORl 1Vpl)| = 255’1(.0.

5.1.3 Link-to-link Propagation of Linear Acceleration
Relative acceleration between links:
Oap = 0aloRG +OR, 'ap ' 4+ %, x °R, 'p! +2(0“11 % 'Ry IVPI),

+OU)1 X (0(4)1 X 0R1 1p1). (52)
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Find *'a;,;. To do this, use the above equation with subscripts 0 = 4 + 1,

P =0;41 =i+ 1, and 1 =¢. This gives:

g = a4 IR a4 oy x IR, Tpy 4 20wy x IR, v 1),
Fitly, x (lw, x IR, ph).

‘a;;1 = 0 for R-pairs.
= iZi+1Ji+1 for P-pairs.
relative acceleration of O; 1 with respect to
{i} expressed in {i}.
‘vi;i® = 0 for R-pairs.
= iZinHl for P-pairs.
relative velocity of O;41 with respect to
{i} expressed in {i}.
For R-Pairs:

i+l _ it i i i i i i i\ i1
A1 = Ri'a;+ "o; x "piy1 "+ 'wi X (‘wi X "pit1’)] ="t A;4+1,R-PAIR-

For P-pairs:
- - e 1a . PR
a = aggrpamr + 207 Ry ‘wi x T2 dia) + T 21 diga.

5.1.4 Angular Acceleration
Suppose we know “w; and ‘w;, 1 ¢,but want %w; ;. We can write:
Owinit = %+ "R, wi (5.3)
The relative angular velocity is simply
it = iZH_l 9i+1 for R-pairs.
= 0 for P-pairs.

Now, differentiate (5.3) with respect to time, together with the relative angular
velocity, and express in {i 4+ 1}, we get, after setting superscript to 0 =i + 1:
R-pairs:

H—lw — H_lRi zwi + H—lRi lZiJrl 9i+1 + H—lRi(zwi % Zzi+16‘i+1)7
. . i1 i1 . N .. i1 . 15 .
Which is: [ a1 = (s Rl Za,; + Z‘+1Zi+191+1 + ((Z+ Rl Zwi) X * Zi+191+1).
P-pairs:
i+1ai+1 — FIR, ia;.
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5.2 Distribution of Mass: The Inertia Tensor

The linear equation of motion (Newton’s equation) states that the resultant of
all forces acting on a body equals the time rate of change of linear momentum.
Since the linear velocity is the same for all points of a rigid body, we can express
linear momentum as:

VCG

Figure 5.1: Space potato.

G = mvgca |:kgnl:| = [NS],
S

= ZG“
= Zmzvz

Without loss of generality, we can consider all the elements of mass m; to be
collected at the center of gravity.
We can write: Newton’s Equation (for a single body)

d dv
ZF = %G =m de = macg.

Just as the mass m of a rigid body is a measure of its resistance to linear
acceleration, the moment of inertia is a measure of the resistance of the rigid
body to angular acceleration.

The rotational equations of motion (Euler’s Equation) states that the mo-
ment about a fixed point of all forces acting on a rigid body equals the time rate
of change of angular momentum of the body about the point. If the reference
point is the center of gravity (CG), we have:

k 2
Angular momentum = HC® = /(rl X v;)dm { &1 } = [Nms].
m s

Euler’s Equation, for the rotational equation of motion with respect to the CG
is:

p = % m(ri X V,’)dm.
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If the body is rigid, then at STP (standard temperature and pressure) its mass
properties will be constant. Since v; = w X r;, we can write for each element
of mass:

r; Xx v; = 1; X (wXr;). (5.4)
There is a useful identity for the triple cross product:
ax(bxc) = b(a-c)—c(a-b),
so we may rewrite the right hand side of (5.4) as:

r; X (wxr;)) = w(r; r;)—r(r; w),
= wrz‘T r; — I‘z‘I‘iT w),

= (I‘i T r, —r;r; T)w.

T

Note: r; T r; is a scalar, while r;r; T is a 3 x 3 matrix.

Hence,

HCG = |:/ (I'iTI‘i ngg—ririT)dm w.

We can take the angular velocity vector out of the integrand because it is the
same for every line in the rigid body. The sum of all mass elements multiplied
by a matrix (or tensor) function of each from the reference point, (here, CG) is
called the inertia tensor. It is obtained by expanding the integrand:

re 2+ Ty 24,2 0 0
CcG
I = / 0 rw2+ry2—|—7’Z2 0 ,
m 0 0 Tl 4ry?+r,?
Ty 2 TaTy TzTz
_ 2 d
TyTy Ty TyT > m,
T Ty ToTy T 2
2 2
ryS+ T, —TzTy —TyT,
= / —TyT ry2 41,2 —7ryT dm
= yTz y z ylz ’
2 2
m —Ty T —TTy Ty “+ Ty

I:vw _Ia:y _Ia:z
_Iyl‘ Iyy _Iyz
71290 Izy Izz

Note: in the above equation, clearly r.ry, = ryr,, 147, = r.ry, and ryr, = r,7ry.

If the density is constant throughout, then dm = pdV, and I€C defines a
geometric property of the rigid body since the integral depends on radii and
volume. With each element defined as:

106



Mass Moments of Inertia:

Lo = [[] o2+ 200v,
I, = /// 2y, pdV
I, = /// 24 ry )pdV.

Ly = Ie = / / /V (rary)pdV,
/ / /V (ryrz)pdV,
I, = I, = ///V(mrz)pdv.

Now we can write Euler’s Equation (for a single body) as

D> NG = %HCG = I%“a+wxI1%

&~
I8}

|
-
<

Il

= I%a+wx HC.
Notes:
1. For planar systems, the second term vanishes.

2. If we assume mass is concentrated in one point, then I = 0 because
pdV = 0 for a point.

5.2.1 Principal Axes and Principal Moments of Inertia

The inertia tensor elements are reference frame dependent. If we are free to
choose, there is in general, one orientation of the reference frame such that the
products of inertia, the off-diagonal elements in the inertia tensor vanish. When
so aligned, the axes of the reference frame are called the principal axes of inertia.
The corresponding mass moments are called the principal moments of inertia.

Important Facts of 1

1. The eigenvalues of an arbitrary inertia tensor are the principal moments for
the rigid body. The associated eigenvectors are the principal axes. Owing
to the symmetry of the inertia tensor, it may always be diagonalized.

2. Moments of inertia are always positive. Products of inertia may be positive
or negative.

3. The sum of the three moments of inertia of an arbitrary inertia tensor are
invariant under rotations of the reference frame.
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5.2.2 Parallel Axis Theorem

The inertia tensor depends on the location and orientation of the reference
frame. The parallel axis theorem allows us to compute the change in I under a
translation of the reference frame. It relates I in a frame with origin at CG to
the corresponding I with respect to a translated reference frame.

Let “pcg be the position vector of CG in the translated frame {A}. Then

I* = m(*pcc” *pec Isxs — “pec “pecT) +I9C.

;

5.2.3 Rotating Axes

We may also see how I is affected by pure rotations of the reference frame, say
from {1} to {0}. That is, we change axes of I®“ from being parallel with those
of {1} to those of {0}.

OI1 CcG _ ORl 111 CcG ORl T‘

The above equation is important for Lagrange dynamics.

Most robots have links with relatively complicated shapes, so analytically
determining I is difficult at best. Usually I is measured for each link with
measurement instruments such as an inertia torsion pendulum. There are many
examples of how to calculate I in every engineering mechanics textbook, in
particular, Engineering Mechanics, Vol 2: Dynamics By Meriam and Kraige
Wiley. So we’ll stop here with I.
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5.3 Iterative Newton-Euler Dynamics
(Inverse Dynamics)

This technique allows us to compute the joint torques and forces necessary
to generate a desired trajectory. We assume the joint position, velocity, and
acceleration variables q, q,q are known. This, together with kinematics and
mass data, is enough information to compute the joint torques.

e Equations are written in successive frames.
e Constraint forces are propagated.

e Efficient: the number of computations increases linearly with the number
of DOF.

Well suited to programming.

Two forms:

— Numerical: plug in values.

— Closed form: leave symbolic.

Step 1: Outward Iterations to Compute Velocities and Accelerations

We start at the base, i = 0, and move outward to the end-effector, link by
link. The goal is to compute the inertial force and torque (i.e. related to mass
properties) acting at the center of gravity of each link. Recall the Newton-Euler
Equations for link 7 + 1.

- B -
TFiy1 = mip T aca s

i+1 i+1 CGiyp i+l i+1 i+1 CGiyp i+l
TN = T O gy + T x TGS T

For n links we go from ¢ = 0 to ¢ = n — 1. Additionally, we need the linear
acceleration of the CG:

Flac,,, = Hain x pec,, T wi (Flwi x Flpoa,,, 4 Hag.
We also need in general:

oy = TR w + éi+1 i+1zi+1;

oy = R+ g T i+ TR w0 T 24,

Mag = MRifa x i’ + fwi x (wi X pi ]+ 20 Ry Twy,

+di+1 iHZiH) + CL‘+1 i+1zi+1~

We need these to compute the internal forces and torques from the Newton-Euler
Equations.
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Initial Conditions

The internal effects of gravity can be included in the initial conditions. That

is, set Yag = —g. That is, assume the base accelerates upward at 1g. This

“virtual” acceleration causes exactly the same effect on each link as including a

gravity vector in the propagation equations, but with minimal computation!
So we have:

0(.00 = an = OVO = 0,

and Yay = -—g.

Now use the Newton-Euler Equations to compute ‘*'F;,; and !N, 1, the
inertial force and torque acting at the center of mass of each link.

Step 2: Inward Iterations to Compute Joint Forces and Torques

Now that we have computed the internal forces and torques acting on each link,
we must determine the joint forces and torques which cause the inertial link
forces and torques. This is done by writing a force and moment balance on the
free-body diagram of each link.

Each link has forces exerted on it by neighbors and experiences its own
inertial forces and torques caused by its motion.
Inertial Forces and Torques:

F;, N;.
Forces and Torques Exerted by Neighbors:

Figure 5.2: For a FBD, f;,; is replaced with the reaction link ¢ experiences in
causing f; 1, i.e., —fi11.

f; = force exerted on link ¢ by link ¢ — 1.

n; = torque exerted on link ¢ by link ¢ — 1.
Summing the forces acting on link i:

’LFZ = my iaCGi = Zfl - Ri+1 i+1f1’+1. (55)
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Summing the moments about CG:

iNl_ _ iICGi iai + iwi % iICGi iwi’
= 'm;— 'miy1 — 'pea, ' X Fi ' pig1 x Ripn T (5.6)
Now we can rearrange (5.5) and (5.6), after including some additional rota-
tions to adjust the superscripts, so that they are recursive from higher to lover
numbered links. We get:

ifi = iFi + iRZ‘+1 i+1fi+1, (57)
n; = 'N;+ iRi+1 i+1ni+1 + (iPCGii X in‘) + (ipi+1i X iRz‘+1 i+1fi+1).
(5.8)

In order to move the links they must be accelerated and decelerated. These are
equations of motion because they equate forces required to cause the motion in
terms of acceleration.

For the end-effector, link n, we know "+, ., = "*ln, . ; = 0if the robot
is moving free in space. If the end-effector has contact with the environment,
they are non-zero in value, but are known (measured with load cell, for example).

Step 3

The structure of the robot resists all components of the above forces and mo-
ments with the exception of those in the direction of the joint axes. These forces
and torques must be supplied by the actuators. So, as in the static force case,
the required joint torques are the Z components of the torque or force applied
by the neighboring link.

For R-pairs:

T = anTiZi = (lnz)Z
For P-pairs:

T; = Zsz’LZz = (lfz)Z
Observations

The Newton-Euler formulation for serial robot dynamics is numerically very
efficient. The computational complexity is the same for each link. The number
of equations grows linearly with each increase in DOF. The equations apply to
any serial manipulator.

They are also useful for writing the equations of motion in closed form. This
is done by applying the Newton-Euler formulation symbolically, instead of using
numerical values for m, I, ‘pcg, %, “T1R;;, etc.

i 9
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5.3.1 The State-space Representation

When the Newton-Euler Equations are evaluated symbolically we can collect
the terms as follows:

T = M(q)a+V(q,q) +G(q) +N(g),or 7—N(q) = M(q)G+V(q,q)+G(q).
Where

e M(q) is a square, symmetric, positive definite matrix (i.e. all its eigenval-
ues are positive). It is called the mass matriz, and is composed of terms
which multiply ¢;. The mass matrix depends on position g;.

e V(q,q) is an n x 1 vector of centrifugal and coriolis force terms, i.e. its
elements are those terms multiplying ¢; 2 and ¢:G;. It depends on position
and velocity.

e G(q) is an n x 1 vector of gravity terms. It contains all those terms
in which the gravitational constant, g appears. It is also dependent on
position.

e N(q) are terms due to the applied forces. They are, in this case, what’s
left over. They are equal to J© Fopplicd; where Fopiicq are forces and
moments applied to the environment, or by changing, forces and moments
applied to the end-effector by the environment.

5.3.2 Forward Dynamics

Given 7, compute q,q,q. This problem is important for simulation of robot
arms. We write the dynamics in closed form and solve the equations for q with
symbolic computer algebra software.

g = MY (1-V-G-..). (5.9)

Then if we want a computer simulation of the dynamics, we can numerically
integrate g to obtain q and q, given a set of initial conditions.

qt=0) = q(0) = q,
q(t=0) = ¢(0) = 0.

Then, numerically integrate (5.9) in time steps At We can use Fuler integration
starting at ¢ = 0 and iteratively compute

q(t+At) = q(t) +4q(t)At,

1
q(t+At) = q(t)+qAt+ 5q(t)AtQ.

At each iteration, q is computed from (5.9). Thus, position, velocity, and ac-
celeration of the end-effector caused by certain input torque can be computed
numerically.
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5.4 Lagrangian Formulation of Dynamics

The Newton-Euler formulation is based on force balance to determine the equa-
tions of motion. It is said to be force based. The Lagrangian formulation depends
on the energy balance of the manipulator and is said to be energy based. Both
formulations must yield identical equations of motion for a given manipulator.

To use the Lagrange equations, positions must be described by a set of inde-
pendent generalized coordinates. They must uniquely specify a pose. They can
be translational or rotational displacement variables. Additionally, in general, a
set of generalized coordinates for a mechanical system need not be unique, but
the set must uniquely describe the pose. The set of joint angles and offsets for
a serial manipulator uniquely specify a pose and are thus a set of generalized
coordinates.

Let T be the kinetic energy of a mechanical system and let U be its potential
energy. Lagrange’s Equation of motion for each link can be written as:

i oT; - oT; + oU;
dt (56]1 (5q1‘ 5Qi

= Qia izlv"'vna

where
e ¢; = generalized coordinates.

e (; = generalized forces. These account for all forces acting on the system
except for inertial [(F = mg) and (N = Ia 4+ w x Iw)] forces and gravity
forces. Thus,

0T
Q = T+ Text — Tfriction — T + J Foxt — T friction

oqT
= T — Tapp — Tfriction = T — J Fapp — T friction)

where 7 are the torques required to cause the motion, 7,,, are torques
required to apply forces and moments to the environment, Tiction are
joint torques required to overcome coulomb and viscous friction.

There are other effects in Q that are being neglected. For instance, link defor-
mations, bearing and gear eccentricity all have to be accounted for to obtain a
tremendously accurate model, but are extremely difficult to model. So we settle
for a reasonably accurate model.

Kinetic Energy (7T') of a Manipulator

The kinetic energy of the i" link can be expressed as

1 o
Ti = *[mi OVCGi r OVCGi + Zwi in CGi 1(.01'].

2

Also the total kinetic energy of the manipulator is the sum of the kinetic energy
of each link:

T =

?

T;.
1

n

113



But recall we can express velocities of the links in terms of joint rates using
Jacobians:

OVvea, = 3. Wq,
Swea, = 2J4W4q.
Recall that
0y — 0p | [ Jpe ... i
0J 4 OJA’l 0.],472 OJA’n ’

The Jacobian for the i*! link is not affected by the i +1 ... n links. So:

0y, () — 0Fpal) OJp.@ . 0Jp 0 0t 0t L. on
L OJAJ(l) OJA,Q(l) OJAyi(l) o+l itz . om |

Further recall: (for the i*" link and 5" column)

03, @ — 0Z; x “poa,?, j=1i,...,i For R-pairs.
L OZj, j=1,...,7 For P-pairs.
0y, () — OZj, j =14,...,1 For R-pairs.
Ard 0, j=1,...,i For P-pairs.

So we can rewrite the kinetic energy of the i*? link as:

T, = 54 m (CF, T O0g, 0 4 (0, 0)T 0, CC: 03, ] g,

Since T is a function of ¢, the time derivative of ‘;—T will depend on §. Since a
mass or inertia is always associated with each ¢, we can write:

d (0T . i .
% <5q}> =Y Myj; = M(g)a.
7 j=1

Mass Matrix:

M(q) =Y {m; ("3, @) 03, O 4 (03, @) 0, €6 03, O,

i=1
We can also write:
1, D e .
T =5aM(gq = 5P ZMijQi dj-
i=1 j=1
Additionally:

n n
% =) migk dk 4,

j=1 k=1
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where:
(SMZ‘J‘ _ léMjk
dqr 2 dq;

Because of their dependency on ¢% or ¢g, the % terms equate to the velocity

terms:

mijr =

n n

V(g q)i = Z Zmijqu gj, 1=1,...,n.
k=1

j=1 k=

The gravity terms are:

n
G, = —g" ) m; %3,
=1

0q; 0g;’
Assembling everything, we get:

These come from % (‘m) and 2% and also note that AU; = mgAh;.

d (0T oT;  6U;
Q = — — | — ,i=1,....n,
dt \ 0g; 0g; Oy
= ZMU‘%‘ + szmk qr 45 — gTij 03,9,
=1 =1 k=1 =1

Since Q = > Q;, we finally get:

M(q)q + V(q, (1) + G(Q) = Tjoint — Tapplied — T friction-
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Newton-Euler Example:

Table 5.1: DH Parameters

i a1 |ai—1 | di | 6
1] 0 0 [o0]%;
21 =90 l1 0 | 99,
3 0 lo 0 0
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C1 —S1 0
ORl = S1 C1 0 ’
| 0 0 1
_1 0 0 092 —892 0
OR2 = 0 Cxy —8SQgq 592 C92 0 s
| 0 saqn cay 0 0 1
_1 0 0 C92 —Seg 0 C92 —502 0
= 0 0 1 892 Ct92 0 = 0 0 1
|0 -1 0 0 0 1 0—sfy —chy O
[ C1 —S1 0 0
0 o S1 C1 O O
T = 0 0 1 0}
| 0 0 0 1
[ C2 —S9 0 ll
1 _ 0 0 1 0
T2 B —89 —C2 0 0 ’
| 0 0 0 1
(1 0 0 Iy
9 _ 01 0 O
Ty = 0010
|00 0 1
0
Up1 % = Position vector of O; measured from Oy expressed in {0} = | 0 |,
0
Iy la [ lea, lea,
'pt =101, %P> =10 |,'"pcc,! = 0 . *pca,? = 0
0 0 |0 0
0
Yag = g = | —g
0 -
[ Lo, 0 0
% = 0 Iy, 0 |,
| 0 0 I,
[ s, 0 0
G = 0 Iy, O
| 0 0 I,
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Initial Conditions:

0 0
%ag = | =g |, “wo = %y = "vg = | 0
0 0
[ 4f4z
i, = “fi, | = Force exerted on environment by link 3,
L 4f4z
i 4n4m
4n, = 4n4y = Moment exerted on environment by link 3.
4
Uzvs

Outward Iterations to Compute Velocity and Acceleration:
All joints are R-pairs, so:

- e ) ) ) . )
a = "R ['a; 4+ oy x i1 + wi x (‘wi x "pis1 )],

- e e s e 1 .

s a1 = TR, fa; + T Zi 1041+ (Z+ R; 'w;) x i+ Zi110i41,
i1 i+15 ; i+l i

Twipyr = "Zi600 + TR, 'w;.

Joint 1: (i =0)

0 0
1(.01 = 0 + 1 0
6, 0
[ C1 S1 0
1R0 = ORlT = —S81 C1 0 5
0 0 1
[0
0aO = ) ;
| O
0
an = 0 s
_O_
0
00-’0 = 01,
_O_
[ c1 s1 O 0 —S19
'aj = | —=s1 & O -9 | = | —ag |,
0 0 1 0 0
[0 0 0 0
lay = Ol+| 0 ]+]0| =10
_0 91 0 91



The mass matrix is:

ma[li(l1 —lca,) — loa,c2(lilca,)] 0 )
M = | oo s 1 L Al
2
0 lCG2 2m2 + IZZ2
The velocity vector of centrifugal and Coriolis forces terms depends only on
velocities: their squares and products:

V(6,0) = [s2(Lyys — L2z, — lilca,me2) — c2s2(lyy, +lca, 2my) )61 Oy — Lupy 506 2
’ lilcg,mas0; 2 ’

The gravity vector, G(6), contains all terms in which the gravitational constant
appears:
G = [ —g[(lcg,m1 + lima)ea + log,macica] } .
gleg,mas1s2

The remaining terms are moments caused by the applied force and moment at
the end-effector. They are collected in:

N — (b +1l2c2)3 3. — Pngese — 3ngyco
lo 3 fay + 3ns.
For Lagrange
The Jacobian that relates end-effector forces to joint torques is:

0y — °Z, x "pp'| °Z; x "pg’ [ [T .
OZ1 ‘ OZ2

Since the force vector is given with respect to frame {3}, which is also frame
{E}, we need £J. Recall:

E
EJ — RO 0 ;
0 Ro

then
3Ny = FJ3F,.

Recall

’pr’ = pr— "pi
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Newton-Euler and Lagrange Example

The iterative Newton-Euler Equations are employed to compute the closed-form
equations of motion of the planar 2R manipulator.

>

Initial Conditions:
The angular velocity and angular acceleration of the fixed base is:

0 0
‘w = 01, °a = 0
0 0

The forces and moments that link 2 (at the end-effector reference point, the
origin of {3}) applies to the environment are:

3 3
sz N3z
3 _ 3 3 _ 3
f3 = fsy |, "m3 = N3y
3 3
f3z n3z

All of the Z-axes in their respective frames are described by the unit vector

. 0
Z =10
1

. The magnitude of the angular velocity is w. So, in the direction of the Z-axis
it is: -
0
Wy = 0
w

The magnitude of the angular acceleration is c. So in the direction of the Z-axis
it is: -
0
wZ = 0
@
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Position vectors locating relative positions of reference frame origins:

0 11 12
%py = | 0|, 'p2 = 0 |, *ps = 0
0 0 0

Position vectors locating relative locations of centers of gravity:

llcc Z2CG
lplc(; - 0 3 2p20(; == 0
0 0

The effects of gravity on each link is accounted for by assuming an imaginary
acceleration of the base upwards by an amount equal to the magnitude —g:

0
an = g
0

The inertia tensors assume that the coordinate reference frames are also the
principal axes:

[0 0 0 ]
1CG 00 0 |,
L 0 0 .
[0 0 0 ]
G2 — 00 0
L 0 0 .2
Rotation matrices:
[ cos(fy) —sin(fy) 0 ]
‘R, = sin(fy) cos(f1) 0 |,
i 0 0 1|
[ cos(fa) —sin(fy) 0 ]
'R, = sin(f2) cos(f2) O |,
i 0 0 1|
[1 0 0
Ry = 010
| 0 0 1
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Application of Iterative Newton-Euler Equations:
Outward iterations to compute velocities and accelerations use the following
recursive equations:

Frame 1 (i = 0):

'a; = "Ri7(%ag+ (“ap x "p1) + (Pwo x (“wo x p1))),
[ sin(6y)g
= cos(b1)g |,
i 0
[0 0
1w1 = 0 +0 R1 Owo = 0 y
| w1 w1
0 0
1a1 = ORl OOé() + 0 + (OR1 1(.01) X 0 s
(%1 w1
[0
= 0 ,
- al
'ace, = (‘a1 x 'peg,) + (fwi x ('wr x 'peg,)) + tai,

[ —wi 2lca, +sin(fy)g
= —ay %log, + cos(br)g

i 0
Frame 2 (i = 1):
2ay = '"Ro"("ar + ("aq x 'pa) + (*wi x (‘wi x 'pa))),
cos(6s)(sin(01)g — wy 211) + sin(f2)(cos(61)g + aq 11)
= —sin(63)(sin(f1)g — w1 2 11) + cos(f2)(cos(b1)g + a1 lh) |,
0
[0 0
2wy = 0 | +'Rylwy = 0 ,
| w2 e
0 0
2(12 = 1R2 lag + 0 + (1R2 2(.02) X 0 R
(%) w2
i 0
| a1 + o
*acg, = (a2 x *pcag,) + (w2 x (Pws x *peg,)) + 2as,

[ —(we +wi)?lca, + cos(Be)(sin(fy)g — wy 211) + sin(f2)(cos(01)g + aq 11)
= (Oq + Ozg)lCGQ — sin(ﬁg)(sin(él)g — W1 2 ll) =+ 008(92)(008(01)9 + oy l1)
0
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Frame 3 (i = 2):

Ja; = "Ry’ (Paz+ (Pan x ?p3) + (Cwa x (Pws x *p3))),
3w3 = ng,
bag = Zao,
0
330(;,3 = 0
0

Inward iterations to compute joint forces and torques use the following re-
cursive equations:

Frame 3 (i = 2): 3f3 and ®n3 are given as initial conditions.

Frame 2 (i = 1):

2F2

2 f2

2N2

ng

2aCGg s ma,
[ mg[—(a@ + wl)Q lCG2 -+ COS(&Q)(SiH(Gl)g — W1 2 ll) + sin(02)(cos(01)g —+ aq ll)]
ma[(a1 + ao)lca, — sin(Bs)(sin(f1)g — wi 211) + cos(62)(cos(61)g + a1 11)] ,
0
’Fy + *R3°f3,
[ ma[— (w2 + w1)?log, + cos(f2)(sin(f1)g — w1 211) + sin(fa)(cos(01)g + a1 l1)] + 2 f3a
ma[(a1 + az)lca, — sin(fs)(sin(y)g —;ul 211) + cos(fa)(cos(01)g + a1 11)] + 3f3y
L f3z
2ICG2 2012 + (2(.02 % (2ICG22w2)),
[ 0
0 ;
| Lao(on +a2)
N2 +% Re®ns + (Ppca, x ?Fa) + (°ps x *Rs °f3),

B 3
N3z

Sngy —1o® f3.
(Lz2(a1 + o) + 3ng. + log,ma((on + az)lcg,
| —sOa(sbrg—wi?lh)+cha(chgt+arl)) +12%fsy)
21’12[3],

I.o(on 4+ o) + ®ns. + log,ma((an + ao)log, —s02(5019 —wi 2 1)
+ CQQ(C 01 g+ o1 ll)) + 15 3f3y-
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Frame 1, (i = 0):

1F1

1f1

1N1

1aCG1m11
[ mi[—w 2lca, + sin(61)g]
ma[—aq 2lca, +cos(01)g] |,
0

'F; + 'Ry %y,

[ (m1(—w1? log, +501 g) + cOa(ma[—(w2 +wi)? lca,

+cla(s01 g—wi?ly) +502(c g+ arlh)]+ 2fsz) — 802 (ma](an + a2)lce,
—802(8919 — W1 2[1) + C92(091 g + aq ll)] + 3f3y))

(ml(—al lc(;l +cb g) + sﬁg(mg[—(wg + w1)2 lc(;2 ,
+cla(s01 g—wi2l1) +s02(cO g+ a1 lh)] + 3fzz) — ¢ (ma](a1 + a2)lca,
7802(801 97W1211) +C92(C01 g+0[1 ll>] + 3f3y))

L 3f3z
(1ICG1 101) 4 (1w1 x (1ICG1 1&)1)),
0
0 ;
L Izzl aq
1N1 + (1R2 2112) + (1pc(;1 X 1F1) + (1p2 X 1R2 zfg),

cls 3ng, —s02(3n3y — 2 3 f35)
862 3ng, +cOa(Pngy — I 3fs.) — 11 3 f.

(Izzlal + IZZQ(al + 052) + 3n3z + ZCszQ((al + OZQ)ZCGQ
7892(891 g — wq 2 ll) + c92(cc91 g + Oélll)) + lg Bfgy + lcglml(al lc(;l + C91 g)
+1 Seg(mg(f(a& +w1)2 lCGg + 092(501 g — wq 2 ll) + 802(061 g+ oy 11)) + nggg)
+cOa(ma((a1 + az)lca, —sb2(sby g — w1 2l) +cbz(ch g+ arly)) + fsy))
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'n,(3],
= D01+ Lao(oq + a2) + ®na. + log,ma((a1 + a2)loa,
—805(s0; g — w1 2 l1) +cha(ch g+ arly)) + 122 fay + log,mi (e leg, + by g)
+11802(ma(— (w2 + w1)® log, +¢b2(sbh g —wi > 1) +s02(c g+ arlh)) + *fsz)
+cla(ma((ar + az)log, —s02(sb1 g —wi 2l) +cha(chy g+arly)) + fsy),
71 = (Lo + Lao+lcg, 2 mi+lca,ma(lca, +c0s 1) +
Iy (Mg sinfy? 1y — ¢y ma(lca, + ¢ 11)))ar — Iy 80 log,ma we ? —

T1

201 503 mowilog,ws + (1180 log,mo + 11 (502 my (—log, — cba 1y) + ¢y mo 5605 11))w: 2
+leg, ma(azlca, —sb2 sty g+ cbly cby g)
+11(s02(ma(chy 501 g+50s cOy g) + 2 fzz) +
cla(ma(as log, —sb2 s61 g+ chs Oy g) + *fsy))
1000 + 12° f3y +3 13, + log, m1 cby g,
Ty = (loa, > mo+ Lao)as + (Lza + loa, ma(lea, — bz l1))an
+l1 809 log, ma w1 + 1o 3 fay + *na, +log, ma(—sby s6; g+cby cby g).

State-space representation:

[ (Lot + Lo + log, 2mu 4+ log, 2me (leg, 2 ma + 1 el log, mo
M — +2l1 ¢y leg, me +maly ?) +1..2)

| lca, 2my + by log, me + Lo loa, > ma + Lzo

I ((ll s Oy lc(;2 mo + ll(S 02 mg(—lc(;2 —cby 11)

+C92 mo 802 ll))(.L)12 — ll 892 lCG2 mo WQ2
vV = +(l1 802 ZCG2 mo + ll(S 92 mQ(—lcgz — 002 ll)
+clymo sby ll))wl OJQ)

L l1 805 log, ma w2

I (log, ma(—s6y sby +cby cby) +11(sbs ma(chy sby
G - 45863 cOy)+clyma(—sbs s61 4+ cby))) +lcg, m1 cbr g

I ZCG2 mg(—SHQ s+ chy C@l)
N = 171272—1\/[{ o ] -V-G

s
[ (lh 023 f35 +11 cO3fs,
1o 3 fay + 3ng. — 201 s> ma wy log, wa)
L l2 3f3y +3 n3z

Now if welet I =2, lo =2, lceg, =1, lcg, =1, m1 =2, mg =1, Iz =1,
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Iyy1:27 Iz21:37 I$x2:37 Iyy2:27 Iz22:17 91:%792:§,then
13 3
M = { : 2]

And the eigenvectors are (using Matlab’s eigenvectors(M) command):

I |

—0.9689931823
—0.2470874613

0.2470874613
—0.9689931823

Or, using Lagrange:

[ cos 6,
sin 64
0

| 0
[ cos b,
sin 0o

0

| 0
OTI 1T27

OT1 —

L P

op, —

0
0

cos 0

sin 91

0

ORl —

OR2 _

0

The inertia tensors assume that the coordinate reference frames are aligned with

principal axes:

lICG1

lICG2

—sin 01

cos 0

—sin 05

cos 09
0
0

[ cos(61 + 6-)
sin(91 + 92)

O OO O oo
el — el e}

_ o O

— sin(91 + 92)

cos(fy + 02)

0
0
—sinf; 0
cost; 0O |,
0 1

cos(fy + 02)
sin(91 -+ 92)

— sin(91 + 92)

cos(fy + 02)
0

1
OO O O OO
OO O O OO
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_= O O

cosfy [y
sin 01 ll
0
1



Now these inertia tensors must be rotated to align with the base frame:

OICGl _ O]_{1 1ICG1 0R1 T’
[0 0 0 ]
- loo o |,
L 0 0 Izzl i
OICGz _ 0R2 QICGQ 01:{2 T7
[0 0 0
= 00 O
| 0 0 L. |
A [ 0 ]
72, = 0|,
- 1 -
A [ 0 ]
()Z2 — 0 ,
- 1 -
[ lea,
B 0
PcG, — 0 ’
i 1
°pce, = °Tipca,
[ cost lcg,
. siné; lca,
— 0 ,
i 1
[ lcc,
Pca, = 0 ;
| 0
"pea, ? 'R, pca,.
[ cos(61 + 62)lca, ]
= sin(91 + 92)10(;2 s
. O -
[ 1 +lca, cos(f2) ]
l sin (6
PCG, ! = €G- b(;n( 2) )
. 1 -
[ cosBy 1y + cos(01 + 602)lca,
0 1 sin 61 + sin(01 + 92)10(;2
PcaG, = 0
i 1
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Jacobians:

1JL1 —

J, =

Jr, =

Ja, =

Mass matrix M:
For i = 1:

sin 91 lCG1
cosby lca, |,
0

sin 91 lCG1 0

cosfy lcg, 0 |,
0 0

= o O
o O O

—sinfy Iy —sin(6y + 0 + 2)lca,
cosbq I + COS(91 + 02)10(}2 s
0

sinfq 7 — sin(@l + 92)10(;2 - sin(91 + 92)l0G2
cosby 1y —cos(01 + 02)lca, —cos(01 + 02)lca,

0 0
0 0
0 0
1 1
M, = Jg, T Jp, my,
_ miq lCG12 0
- 0 0|’
Mia = Ja, "I 3y,
_ Izzl 0
- 0o 0"
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For i = 2:

Moy,

M4

T
Jr, " Jr, ma,

(m2 ll 2 + 2m2 lCG2 Sil’l(@l + 92) sin 1 ll (mg ZCG2 sin(&l + 02) sin 91 ll
+ma loa, 2 + 2ma loa, cos(01 + 02) cos 0y 1) +ma log, cos(fy + 02) cos by 11)

mo ZCGQ Sin(91 + 92) sin @1 1 + mo lc(;,2 2 mo ZCGQ
+malca, cos(01 + 02) cos 0y 1y

T 07CG
Ja, " T2 4,

Izz? Izz2
Izz2 Izz2
[ (mIICGl 24 Laa+mely? ma log, 11 cosbz +ma lcg, > + Lo

+2mo ZCGQ l1 cosO +mso ZCGQ 2 + Izzg)

mg log, L1 cosfa +mo ZQCGz + 1., ma lca, 241,

And if we sub in the same values as before, we get:

-5

3 2

And the same eigenvectors:

—0.9689931823 0.2470874613
—0.2470874613 |’ —0.9689931823 |-
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