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Abstract. This paper introduces a novel multi-modal function generator synthe-
sis algorithm for planar four-bar mechanisms. Multi-modal in this sense means
concurrently optimising multiple functions approximately generated between dif-
ferent joint parameters in a four-bar linkage over the desired continuous input-
output ranges. Every planar four-bar function generator explicitly generates six
functions uniquely determined by the relationships among the constant link pa-
rameters. We will instead investigate the simultaneous synthesis of two distinct
functions between different joint variables. An example is described where two
different functions in a planar RRRP linkage are generated over continuous ranges
between the ground-fixed R-pair and the R-pair connected to the P-pair, as well
as between the same ground-fixed R-pair and the P-pair. The multi-modal syn-
thesis equation is the sum of the squared input-output equations integrated over
the desired ranges. We compare the generated continuous approximate synthesis
algorithm results and the multi-modal continuous synthesis results by comparing
the areas between the synthesised planar algebraic curves in the parameter planes
of the input and output joint variables to those of the desired input-output functions
over their continuous ranges, thereby evaluating the structural error.

Keywords: Planar four-bar mechanisms · multi-modal function generation · al-
gebraic input-output (IO) equations · continuous approximate synthesis.

1 Introduction

The study of planar four-bar linkages involves a large variety of problems: these range
from guiding a point along a specific curve or path, known as coupler curve or path
generation; guiding a rigid body through a sequence of positions and orientations, known
as the Burmester problem [7]; guiding a rigid body along a time-dependent sequence of
positions and orientations, usually called trajectory generation [1]; problems concerning
the transmission of forces and torques [4]; or designing an optimally balanced linkage [5].
An additional important subset of this gamut is the function generation problem [3].
It consists of identifying a mechanism which is able to generate approximately, in
some sense, a mathematical function between an input and output (IO) pair of joint
variables for a given planar linkage kinematic architecture comprising RR-, RP-, PR-,
or PP-dyads1.

1R and P indicate revolute and prismatic joints connecting a pair of rigid links, also known as
R- and P-pairs.
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The IO function generation problem is the focus of this paper. All movable mechan-
ical systems generate functions between the joint variables. Figure 1 illustrates one such
planar four-bar 4R linkage. If links 𝑎1 and 𝑎3 are the input and output links, respectively,
the IO function is specified as \4 = 𝑓 (\1). Once the four 𝑎𝑖 link lengths are identified,
the corresponding mechanism generates five additional functions, one for each of the
six distinct angle pairings \ 𝑗 = 𝑓 (\𝑖). All six of these functions are determined by
the identified values for the link lengths that approximately generate the lone desired
function.

Fig. 1: A general planar 4R function generator.

Optimal function generation synthesis problems typically consist of minimising
one of the design or structural errors [7]. The design error is the residual error of
the identified linkage in satisfying the Freudenstein Equation [3], and can be solved
in an exact sense using 𝑛 = 3 IO pairs, or by using an overconstrained linear system
of equations representing the finite number of 𝑛 > 3 precision points, or poses, that
the mechanism is to approximately generate. Exact synthesis results in a linkage that
precisely generates the desired function, but only for the three precision IO pairs.
Approximate synthesis leads to a linkage that approximates the desired function, in
general, over the desired range so that the norm of the design error is minimised in some
least-squares sense. The structural error is defined as the difference between the desired
output angle, and the output angle that is generated by the linkage at each precision point.
This problem is typically solved by minimising the norm of the array of the structural
error evaluated at each precision point using some form of Gauss-Newton non-linear
minimisation, usually requiring an iterative solution procedure that terminates when a
desired minimum norm threshold is obtained.

It was observed in [9] that as the cardinality of the data set used to compute the
design error minimising linkage becomes large, on the order of 𝑛 ≥ 40, the design error
minimising linkage converges to the structural error minimising linkage as 𝑛 increases
further. Hence, one could avoid the need for the non-linear structural error computation
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provided a sufficient number of precision points was specified. The natural question is
then “how large must 𝑛 be?” The obvious response is to extend the cardinality of the data
set used to compute the design error minimising linkage to infinity by way of integration.
Unfortunately, while it was demonstrated in [6] that this extension is possible through the
integration of the trigonometric Freudenstein equation, the generalisation of the process
is computationally prohibitive and any advantage obtained through the elimination of
the need for an explicit solution to the non-linear structural error problem is lost to the
numerical complexity of the integration. A less cumbersome continuous approximation
method was desired, and was realised with the algebraic IO equations [8, 11, 12].
These IO equations have been used for function generator synthesis problems in [11],
and subsequently used to extend the observations made in [9] to create the continuous
approximate algebraic input-output synthesis technique described in [2], which will be
relied upon and further expanded in this paper.

2 Multi-Modal Continuous Approximate Synthesis

The concept of continuous approximate function generation synthesis from [2] will
be extended in order to enable the simultaneous approximate generation of functions
between multiple different pairs of IO parameters, which we call multi-modal continuous
approximate function generator synthesis. The standard function generation problem
concerns the \1-\4 IO equation; however, considering Figure 1, it is a simple extension
to consider the \1-\3 pair of angles, or any other pair. The motivation for this extension
results from subsequent analyses of the kinetic and dynamic properties of a planar
four-bar linkage designed to generate a specific function after the kinematic synthesis
has occurred. Most notably, this involves the determination of the transmission angle
extreme values of the four-bar linkage, which is used as a metric to separate linkages
which have practical use from those which do not.

2.1 Planar 4R Multi-modal Function Generation
While an example of the 4R linkage will not be considered, see [11, 12] for detailed
examples, the established algebraic IO equations are presented here for completeness.
First, the IO equation obtained by the tangent half-angle representation of corresponding
joint angles, the 𝑣1-𝑣4 IO equation is [12],

𝐴𝑣2
1𝑣

2
4 + 𝐵𝑣2

1 + 𝐶𝑣2
4 − 8𝑎1𝑎3𝑣1𝑣4 + 𝐷 = 0, (1)

where,

𝐴 = 𝐴1𝐴2 = (𝑎1 − 𝑎2 − 𝑎3 + 𝑎4) (𝑎1 + 𝑎2 − 𝑎3 + 𝑎4), (2)
𝐵 = 𝐵1𝐵2 = (𝑎1 − 𝑎2 + 𝑎3 + 𝑎4) (𝑎1 + 𝑎2 + 𝑎3 + 𝑎4), (3)
𝐶 = 𝐶1𝐶2 = (𝑎1 − 𝑎2 + 𝑎3 − 𝑎4) (𝑎1 + 𝑎2 + 𝑎3 − 𝑎4), (4)
𝐷 = 𝐷1𝐷2 = (𝑎1 + 𝑎2 − 𝑎3 − 𝑎4) (𝑎1 − 𝑎2 − 𝑎3 − 𝑎4), (5)

𝑣1 = tan
\1
2
, (6)

𝑣4 = tan
\4
2
. (7)
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The coefficients A, B, C, and D are products of bilinear factors of the 𝑎𝑖 directed link
lengths representing the constants to be identified in the synthesis. Following modified
derivation steps listed in [12], the remaining five 𝑣𝑖-𝑣 𝑗 IO equations are, respectively [10],

𝐴1𝐵2𝑣
2
1𝑣

2
2 + 𝐴2𝐵1𝑣

2
1 + 𝐶1𝐷2𝑣

2
2 + 8𝑎2𝑎4𝑣1𝑣2 + 𝐶2𝐷1 = 0, (8)

𝐴1𝐵1𝑣
2
1𝑣

2
3 + 𝐴2𝐵2𝑣

2
1 + 𝐶2𝐷2𝑣

2
3 + 𝐶1𝐷1 = 0, (9)

𝐴1𝐷2𝑣
2
2𝑣

2
3 + 𝐵2𝐶1𝑣

2
2 + 𝐵1𝐶2𝑣

2
3 − 8𝑎1𝑎3𝑣2𝑣3 + 𝐴2𝐷1 = 0, (10)

𝐴1𝐶1𝑣
2
2𝑣

2
4 + 𝐵2𝐷2𝑣

2
2 + 𝐴2𝐶2𝑣

2
4 + 𝐵1𝐷1 = 0, (11)

𝐴1𝐶2𝑣
2
3𝑣

2
4 + 𝐵1𝐷2𝑣

2
3 + 𝐴2𝐶1𝑣

2
4 + 8𝑎2𝑎4𝑣3𝑣4 + 𝐵2𝐷2 = 0. (12)

2.2 Multi-Modal RRRP Function Generator Synthesis
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Fig. 2: The RRRP function generator architecture.

Here we shall consider a multi-modal RRRP function generation problem. Such a
linkage is illustrated in Figure 2. The RRRP 𝑣1-𝑎3 IO equation is [11],

𝐴𝑎3
2𝑣1

2 + 𝐶𝑎3𝑣1
2 − 8𝑎1𝑎3𝑣1𝑣4 + 𝐵𝑎3

2 + 𝐸𝑣1
2 + 𝐷𝑎3 + 𝐹 = 0, (13)
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where 𝑣1 = tan(\1/2) and, expressed as an array, the coefficients are



𝐴

𝐵

𝐶

−8𝑎1𝑣4

𝐷

𝐸

𝐹


=



𝑣2
4 + 1
𝑣2

4 + 1
−2(𝑣4 − 1) (𝑣4 + 1) (𝑎1 + 𝑎4)

−8𝑎1𝑣4

2(𝑣4 − 1) (𝑣4 + 1) (𝑎1 − 𝑎4)
(𝑣2

4 + 1) (𝑎1 + 𝑎2 + 𝑎4) (𝑎1 − 𝑎2 + 𝑎4)
(𝑣2

4 + 1) (𝑎1 + 𝑎2 − 𝑎4) (𝑎1 − 𝑎2 − 𝑎4)


. (14)

The constant angle of inclination parameter of the slider, 𝑣4 = tan(\4/2), and variable
link length 𝑎3, have changed roles as constant and variable here compared to the planar
4R. The desired 𝑣1-𝑎3 IO function is,

𝑎3 = 𝑓 (𝑣1) =
1 − 𝑣1

2

𝑣12 + 1
. (15)

The error minimising linkage parameters, identified in detail in [2], after the application
of the continuous approximate IO synthesis algorithm over the range −3 ≤ 𝑣1 ≤ 3 are


𝑎1
𝑎2
𝑎4
𝑣4

 =


0.9554
1.1894

1
1.17 × 10−10

 , (16)

where the 𝑎𝑖 are in generic units of length and 𝑣4 is the dimensionless tangent half-angle
parameter.

While six different options for the IO relationship exist, it is not uncommon for
a designer to be concerned about the force transmission from input to the output link.
Therefore, to demonstrate the multi-modal algorithm the 𝑣1-𝑣3 pair will also be selected.
With reference to Figure 2, the input angle parameter 𝑣1 generates a function between
itself and the output tangent half-angle parameter, 𝑣3 = tan(\3/2): the angle the coupler
makes with respect to the output slider. The corresponding IO equation is [11],

𝐴2 𝑣1
2𝑣3

2 + 𝐴1 𝑣1
2 − 𝐵1 𝑣3

2 − 𝐵2 = 0, (17)

where,


𝐴1
𝐴2
𝐵1
𝐵2

 =

𝑎1 + 𝑎2 + 𝑎4

𝑎1 − 𝑎2 + 𝑎4

𝑎1 + 𝑎2 − 𝑎4

𝑎1 − 𝑎2 − 𝑎4


. (18)

After squaring this equation according to [2], the corresponding array of joint angle pa-
rameters is defined as the array of variables that are scaled by the link length coefficients,
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giving

s𝑣1𝑣3 =



𝑣1
4𝑣3

4

𝑣1
4𝑣3

2

𝑣1
4

𝑣1
2𝑣3

4

𝑣1
2𝑣3

2

𝑣1
2

𝑣3
4

𝑣3
2

1



, (19)

while the corresponding array of link length coefficients in the same equation is,

p𝑣1𝑣3 =



(𝑎1 − 𝑎2 + 𝑎4)2

2 (𝑎1 + 𝑎2 + 𝑎4) (𝑎1 − 𝑎2 + 𝑎4)
(𝑎1 + 𝑎2 + 𝑎4)2

−2 (𝑎1 − 𝑎2 + 𝑎4) (𝑎1 + 𝑎2 − 𝑎4)
−2(𝑎1 + 𝑎2 + 𝑎4) (𝑎1 + 𝑎2 − 𝑎4)−2(𝑎1 − 𝑎2 + 𝑎4) (𝑎1 − 𝑎2 − 𝑎4)

−2 (𝑎1 + 𝑎2 + 𝑎4) (𝑎1 − 𝑎2 − 𝑎4)
(𝑎1 + 𝑎2 − 𝑎4)2

2 (𝑎1 + 𝑎2 − 𝑎4) (𝑎1 − 𝑎2 − 𝑎4)
(𝑎1 − 𝑎2 − 𝑎4)2



. (20)

While it would be a simple task to proceed with the concurrent multi-modal con-
tinuous approximate synthesis problem from here using a general 𝑣1-𝑣3 IO function,
it remains to be seen what functional IO relationship is actually generated as a neces-
sary result of the previously identified error minimising linkage parameters from the
𝑎3 = 𝑓 (𝑣1) function used in this example. It is a simple matter to solve for the algebraic
IO relationship which is generated by these linkage parameters, which will be done first
to guide the remainder of this process. Once the linkage parameters from Equation (16)
have been substituted into Equation (17), it is solved for 𝑣3, yielding:

𝑣3=±

√︃
−
(
2251198413 𝑣12−3364669033

) (
9242383263 𝑣12+3626515817

)
2251198413 𝑣12 − 3364669033

. (21)

Equation (21) is the 𝑣3 = 𝑔(𝑣1) function generated by this RRRP linkage with link
constants listed in Equation (16). Deviation from this function will cause error in both
the desired 𝑎3 = 𝑓 (𝑣1) and 𝑣3 = 𝑔(𝑣1) functions, however, for a proof of concept we
will choose some function which approximates Equation (21). A set of 𝑛 points will be
taken in order to develop a polynomial interpolant of the function. Such methods have
been well known for several centuries, see [13] for example. We have chosen 𝑛 = 4
points to be used to generate a different, though related function. The resulting Lagrange
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polynomial is,

𝑣3 = 𝑔(𝑣1) = −0.223383 𝑣1
3 − 1.64840 𝑣1

2 + 0.0300868 𝑣1 − 1.03736 = 0. (22)

Both polynomials are plotted in Figure 3, the Lagrange interpolant in Equation (22),
and the function represented by Equation (21).

v1

v3

Fig. 3: Lagrange interpolant with 𝑛 = 4 and the function represented by Equation (21).

For the 𝑣3 = 𝑔(𝑣1) function the input range is −0.75 ≤ 𝑣1 ≤ 1.1, and for the
𝑎3 = 𝑓 (𝑣1) function the input range is −3 ≤ 𝑣1 ≤ 3. Using these design requirements,
the resulting multi-modal continuous synthesis equation is the sum of the definite
integrals

min
(𝑎1 ,𝑎2 ,𝑎4 ,𝑣4) ∈R

(
p𝑣1𝑎3

∫ 3

−3
s𝑣1𝑎3 (𝑣1, 𝑓 (𝑣1)) + p𝑣1𝑣3

∫ 1.1

−0.75
s𝑣1𝑣3 (𝑣1, 𝑔(𝑣1))

)
. (23)

Equation (23) converges to the following four linkage parameters, which concurrently
minimise the residuals of both functions and, presumably, the structural error:

𝑎1
𝑎2
𝑎4
𝑣4

 =


1.0057
1.2391

1
2.1604 × 10−12

 . (24)

Figure 4 compares the desired and multi-modal generated synthesis IO curves,
corresponding to Equation (23), but also plots one mechanism assembly mode of the
single function generation synthesis IO curves in each of Figures 4a and 4b. As expected,
the multi-modal generated IO curves have different structural errors compared to the
linkages synthesised to generate a single function. Moreover, the non-linear structural
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Fig. 4: Planar RRRP desired and generated multi- and single-modal IO curves.

error evaluation has been simplified to the difference between the areas under the desired
and generated IO curves in the relevant parameter planes.

While the multi-modal continuous approximate algebraic input-output synthesis
procedure increased the error present for the 𝑎3 = 𝑓 (𝑣1) function generation by ap-
proximately 31%, it also decreased the error associated with the 𝑣3 = 𝑔(𝑣1) function
generator by approximately 81% comparing the areas between the associated curve in-
tervals, thereby reducing the structural error. Furthermore, despite the increase in error
for the 𝑣1-𝑎3 function generator, it is clear from Figure 4b that the only characteristic of
the generated function that changed appreciably is the overshoot of the desired maximum
value corresponding to the peak.

3 Conclusion

The main goal of this paper was to describe a novel four-bar planar mechanism al-
gorithm that implicitly makes the cardinality of the IO data set used to generate the
over constrained set of synthesis equations infinite, and use it to identify link param-
eters to simultaneously satisfy two desired functions between different IO pairs. This
is accomplished by integrating the square of the algebraic IO equation for the desired
kinematic architecture over the specified range of input parameter, 𝑣𝑖 or 𝑎𝑖 , where the
output parameter, 𝑣 𝑗 or 𝑎 𝑗 , depending on the kinematic architecture, is expressed in
terms of the desired function, 𝑣 𝑗 = 𝑓 (𝑣𝑖), et c., for each desired function. The synthesis
equation, which we have termed multi-modal, is the sum of the squared IO equations
integrated over the desired ranges. Because of this, we denote the entire procedure as
multi-modal continuous approximate algebraic function generator synthesis. The algo-
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rithm was demonstrated with a synthesis example, in a proof-of-concept fashion, to
simultaneously generate two functions in an RRRP planar linkage. Comparing the de-
sired and generated continuous functions over their specified ranges we have observed
that the structural error is simply the difference in the areas under the desired and
generated IO curves in the parameter planes.

Certainly, any planar four-bar mechanism generates an output parameter that is a
distinct function of the input, the actuated variable joint parameter. The linkage that
generates this distinct function also determines five additional functions between the
remaining pairs of variable joint parameters. The example in this paper has demonstrated
that it is possible to approximately generate two distinct IO functions between different
variable joint pairs that have not been already determined by the linkage geometry. This
simple result illustrates the tremendous value represented by the algebraised IO equations
as a design tool. Indeed, the algebraic IO equations described herein, together with the
multi-modal continuous approximate synthesis algorithm, stands to enable designers of
industrial automated production and assembly systems to approach optimisation in a new
way: different linkages in the mechanical system capable of generating different desired
functions so that each link in the chain can simultaneously perform different tasks.
While the practicality of this is, of course, conjecture, it does suggest the continued
generalisation and development of multi-modal continuous approximate synthesis is
justified and worth the investigative effort.
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