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This paper presents a general approach to the kinematics of an orientation motion plat-
form utilizing a sphere actuated by omnidirectional wheels. The number and type of the
omnidirectional wheels, as well as their position and orientation relative to the sphere
are arbitrary, provided they are distinct. In this paper, the general kinematics are pre-
sented and illustrated by sample configurations with a range of omnidirectional wheel
types and quantities. Moreover, no-slip conditions are identified, and the resulting
expressions and their implications on the design of such a mechanical system are demon-
strated by means of several benchmark examples. [DOI: 10.1115/1.4004888]
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1 Introduction

The kinematics of an ideal parallel motion platform may be
argued to be such that the platform allows for an unbounded range
of motion, both angular and translational, while having a
singularity-free, fully dexterous workspace and complete decou-
pling of the translational degrees of freedom (DOF) from the rota-
tional ones. Many parallel platform architectures exist, the most
well known of which are the Gough Platform [1] and the similar
Stewart Platform [2], which are widely used. This style of motion
platform, based on six extendable legs connected in parallel, can
carry much heavier payloads than similarly scaled serial counter-
parts. However, they have relatively small ranges of motion, sin-
gularities within the reachable workspace, while the translational
and rotational DOF are tightly coupled, leading to complex math-
ematical formulations for platform kinematics, dynamics, and
control. Significant research on determining the workspace of
these platforms exists, see, for example, Gosselin [3]. Some
attempts have been made to resolve some of the aforementioned
issues. Yan et al. [4] suggest a platform that decouples the transla-
tional degrees of freedom from the rotational ones. However, sin-
gularities within the workspace, limited payload capacity, as well
as a limited range of angular motion result. Unbounded rotational
motion is achieved by the Eclipse II architecture [5]; however, it
is not singularity-free and the kinematics are very complicated
and require numerical solutions. Advani [6] shows ways to opti-
mize the kinematic design of parallel platforms based on
prescribed characteristics, but the methods are exclusive to six-
legged Stewart-style platforms. Kinematic design optimization is
the concern of many research publications, such as Stock et al.
[7], Fattah et al. [8] for cable suspended platforms, and Merlet [9],
to name a few. Merlet [10], in his book on the subject, gives thor-
ough analysis and synthesis approaches for various parallel plat-
forms, including spherical platforms. Still, the issues mentioned
above remain. The Atlas platform [11] achieves singularity-free
unbounded rotational motion utilizing three omnidirectional
wheels driving a sphere (Fig. 1). Utilizing friction wheels to drive
a sphere is presented also by Lauwers et al. [12] with simple fric-
tion wheels, and by Ferrier and Raucent [13], where a sphere is
actuated for a single DOF by means of a single omnidirectional

wheel. The work of West et al. [14] shows how to use a ball wheel
for a single degree of freedom actuation with the remaining
degrees of freedom passive such that there is no slip. Three such
ball wheels may be utilized similarly to omnidirectional wheels
with rollers on their periphery to drive a wheeled mobile robot on
a plane. Similarly, Williams et al. [15], and Saha et al. [16] utilize
three omnidirectional wheels to drive a mobile robot or vehicle on
a plane. Most of the research involving omnidirectional wheels
concentrates on wheeled mobile robots, where an extensive
amount of literature already exists for the kinematics of mobile
robots with standard wheels (see Alexander et al. [17], Low et al.
[18] to name a few), and offset castor wheels (see Yu et al. [19]).

In the Atlas architecture, orienting is decoupled from position-
ing, and unbounded rotation is possible about any axis. The
decoupling is accomplished by fixing a three degree of freedom
spherical orienting platform on a linear platform with three or-
thogonal translational directions. The key to the design is the use
of three omnidirectional wheels which impart angular displace-
ments to the sphere, thereby providing rotational actuation. The
kinematics for the Atlas platform have been developed in Refs. [20
and 21] and yield a simple expression for an ideal case. These
promising results are applied here to more detailed and thorough
investigation of the concept of driving a sphere with active three
degrees of freedom utilizing omnidirectional wheels, minimizing or
completely eliminating slip, while taking the inherent imperfections
of the various designs of omnidirectional wheels. While different
types of omnidirectional wheels have been investigated previously
(see Refs. [22 and 23]); this paper presents the unified kinematics
of a sphere actuated by omnidirectional wheels, where the wheel
type, the number of wheels, the contact point positions, and orienta-
tions are kept general. In addition, slip and no-slip conditions are
identified and preferred configurations are discussed.

2 The Generalized Problem

A generalization of the Atlas platform problem is to define the
orienting platform as a sphere actuated by omnidirectional wheels
positioned at n arbitrary contact points and arranged in arbitrary
orientations. Thus, the Atlas platform is a specific case of the gen-
eralized problem, where n¼ 3. The theoretical kinematics prob-
lem then becomes finding a geometrical configuration for the
omnidirectional wheels such that the slip due to kinematic issues
is zero. To develop the kinematics of the platform, a general con-
figuration is assumed, and an inertial coordinate frame is
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positioned at the geometric centre of the sphere as illustrated in
Fig. 2. The kinematic slip is defined as the difference between the
linear velocity ~Vi induced by the actuating wheel i at its contact
point with the sphere and the velocity of the same contact point ~V0i
on the sphere. It must be stated here that the no-kinematic slip con-
dition is a necessary condition for achieving zero slip in the system.

The translational motion, generated with an XYZ gantry, is
completely decoupled from the rotational motion of the sphere;
thus, the velocity of the geometric centre of the sphere is simply
the velocity dictated by the gantry. The resulting rectilinear
motion is straightforward and well understood and will not be fur-
ther discussed. Since an omnidirectional wheel allows free rolling
in the direction perpendicular to the actuation direction [24,25],
the no-slip requirement for this direction does not apply. While a
generalized approach to finding the instantaneous screw based on
velocities of three points on a rigid body exists [25,26], it requires
perfect knowledge of these velocities, i.e., three components of
the velocity for each given point. In the problem presented here,
only two components of the velocity per contact point are known,
namely, the actuation direction and the zero-velocity in the radial
direction of the sphere. Hence, the approach in Refs. [25 and 26]
may not be utilized as presented. The omnidirectional wheels are
treated as ideal, meaning that the contact point is assumed to be
constant. The change in contact point due to omnidirectional

wheel design, such as dual-row omnidirectional wheels is not
within the scope of this paper. However, the effect of the changing
contact point simply leads to a set of constant correction matrices
that modify the basic Jacobian presented in this paper [22].

All mathematical developments presented here are referenced
to the inertial coordinate frame illustrated in Fig. 1. ~Ri are the
position vectors of the contact points and ~X is the angular velocity
of the sphere. The contact point velocity on the sphere side of the
sphere=omnidirectional wheel interface is therefore

~V0i ¼ ~X� ~Ri (1)

where subscript i refers to a specific omnidirectional wheel. The
velocity of the contact point on the omnidirectional wheel side
can be broken into two components: one in the actuation direction,
and the other in the direction of the free-roll of the castors

~Vi ¼ Viv̂i þ Vriv̂ri (2)

where v̂i is a unit vector in the actuation direction, and v̂ri is a unit
vector in the free-roll direction. These two directions are orthogo-
nal by design, such that

v̂i � v̂ri ¼ 0 (3)

The no-slip requirement may now be restated as

ð~X� ~RiÞ � v̂i ¼ Vi (4)

or, alternatively stated in words, the magnitude of the velocity of
a sphere contact point with the omnidirectional wheel in the actua-
tion direction is required to be the same as the one on the omnidir-
ectional wheel in the same direction, thereby eliminating slip. Eq.
(4) can be rearranged using vector product relations as

ð~X� ~RiÞ � v̂i ¼ ð~Ri � v̂iÞ � ~X ¼ Vi (5)

Since the magnitude of all position vectors is the radius of the
sphere, R, the position vectors of the contact points can be written
as

~Ri ¼ RR̂i (6)

where R̂i is a unit vector in the direction of contact point i from
the sphere centre. Eq. (5) can then be rewritten as

ðR̂i � v̂iÞ � ~X ¼
Vi

R
(7)

Now, since the actuation velocity of the omnidirectional wheel
may be expressed as

Viv̂i ¼ ~xi �~ri (8)

where xi is the magnitude of the angular velocity of omnidirec-
tional wheel i and ri is its radius, the contact point actuation veloc-
ity can be expressed as

Vi ¼ xiri (9)

Thus

ðR̂i � v̂iÞ � ~X ¼
ri

R
xi (10)

defining the unit induced angular velocities, X̂i as

X̂i ¼ R̂i � v̂i (11)

yields

Fig. 1 The Atlas table-top demonstrator highlighting the omni-
directional wheel actuation concept

Fig. 2 Inertial coordinate frame with origin at the geometric
centre of the sphere
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X̂i � ~X ¼
ri

R
xi (12)

Equation (12) defines a relationship between ~X, the angular veloc-
ity of the sphere, and xi, the actuation angular velocities of the
omnidirectional wheels, which defines the kinematics of the sys-
tem. Thus, for n contact points, we obtain the following matrix
equation in component form

X̂T
1

X̂T
2

X̂T
3

:
:

X̂T
n

2
6666664

3
7777775
~X ¼ 1

R

r1 0 : : :
0 r2 0 : : :
0 0 r3 : : :
: : : : : :
: : : : : :
: : : : : rn

2
6666664

3
7777775

x1

x2

x3

:
:

xn

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

(13)

The relationship in Eq. (13) is valid as long as there is a solution
to this system of n equations. There are three cases to consider
here, n< 3, n¼ 3, and n> 3.

2.1 The n < 3 Case. In the case where n< 3, there are more
degrees of freedom than equations; thus, while slip-free conditions
exist, singularities also exist due to the extra degrees of freedom.
This case is not suitable for a three DOF orientation platform, and
is not further discussed.

2.2 The n 5 3 Case. In this case, the system of equations
reduces to

X̂T
1

X̂T
2

X̂T
3

2
64

3
75~X ¼ 1

R

r1 0 0

0 r2 0

0 0 r3

2
4

3
5 x1

x2

x3

8<
:

9=
; (14)

and, in this case, the requirement for no-slip is that the matrix

X̂T
1

X̂T
2

X̂T
3

2
64

3
75 (15)

be nonsingular. To satisfy this, it is required that the three unit
vectors X̂i be linearly independent. In this case, the system will
have zero slip, and the kinematics of the system are given by

~X ¼ 1

R

X̂T
1

X̂T
2

X̂T
3

2
64

3
75
�1

r1 0 0

0 r2 0

0 0 r3

2
4

3
5 x1

x2

x3

8<
:

9=
; (16)

or in Jacobian form

~X ¼ J~x (17)

where

~x ¼ x1 x2 x3f gT
(18)

and

J ¼ 1

R

X̂T
1

X̂T
2

X̂T
3

2
64

3
75
�1

r1 0 0

0 r2 0

0 0 r3

2
4

3
5 (19)

Since the Jacobian of the system is constant once the configura-
tion has been determined, acceleration-level kinematics can be
derived by differentiation of Eq. (19) yielding

_~X ¼ J _~x (20)

Obtaining the expression for the orientation of the platform, how-
ever, is not as simple. To accomplish that, quaternions or Euler
parameters are the natural choice since the unbounded and
singularity-free nature of the design calls for a singularity-free
representation. Thus, integration of the quaternionic differential
equation [27]

_q ¼ 1

2
X � q (21)

is required, where q is the unit quaternion describing the orienta-
tion of the system, and X � q is a quaternionic product. Finally,
the inverse kinematics of the system relating the required omnidir-
ectional wheel speeds to the desired sphere angular velocity is

J�1 ¼ R

1

r1

0 0

0 1
r2

0

0 0 1
r3

2
664

3
775

X̂T
1

X̂T
2

X̂T
3

2
64

3
75 (22)

2.3 The n > 3 Case. The motivation for performing the anal-
ysis for the n> 3 case is twofold. First, generalizing the problem
to seek other potential solutions may allow for improved designs.
Second, the triple-race omnidirectional wheels may have either
one or two contact points per wheel and having three of these
imply having more than three contact points with the sphere. Gen-
eralizing the problem to n contact points serves as the analysis
tool for the kinematics of such systems. In the case where n> 3,
we have an overdetermined set of equations. This case usually
calls for approximation, typically using a least squares approach.
However, the actual kinematics will be determined by the dynam-
ics of the system in this case, and the least square approximation
would yield the best case scenario and would help determine the
case with minimum overall slip, thus minimal energy loss in the
motion transfer system and implicitly the most direct relationship
between control inputs and platform motion.

Rewriting Eq. (13) in matrix notation, we have

½XT �~X ¼ 1

R
½r�~x (23)

where

½XT � ¼

X̂T
1

X̂T
2

X̂T
3

:
:

X̂T
n

2
6666664

3
7777775

(24)

While the forward kinematics of the system is an overdetermined
set of equations, the inverse kinematics is straightforward. Know-
ing the desired angular velocity vector we can easily calculate the
input angular velocities required to obtain the desired output.
Thus

~x ¼ R½r��1½XT �~X (25)

The forward kinematics, however, requires approximation. The
solution to the forward kinematics in the least square sense, yields
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~Xls �
1

R
f½X�½XT �g�1½X�½r� ~x (26)

where

X½ � ¼ XT
� �T

(27)

which can be approximated as

~Xls � Jls~x (28)

and the Jacobian for the least squares approximation is

Jls ¼
1

R
X3½ ��1 X½ � r½ � (29)

To evaluate the slip at the contact points, it is necessary to com-
pare the contact point velocity on the sphere to the contact point
velocity on the omnidirectional wheel.

It was shown earlier that the contact point velocity on the omni-
directional wheel is:

~Voi
¼ xiriv̂i (30)

and the contact point velocity on the sphere side is

~Vsi
¼ ~Xls � ~Ri (31)

Thus, the velocity difference in the actuating direction is

DVi ¼k~Voi
k �~Vsi

� v̂i (32)

The slip ratio can be defined as

Si �
DVi

k~Voi
k
¼ 1�

~Vsi
� v̂i

k~Voi
k

(33)

and an overall slip assessment indicator would be

S ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiXn

i¼1

S2
i

s
(34)

where the minimal value for S is desired.

While in the general case, it is clear that having more than three
omnidirectional wheels driving the sphere leads to slip and energy
loss, a larger number of omnidirectional wheels may be utilized with-
out slip if the velocities of the redundant omnidirectional wheels are
coordinated such that their slip factors will all be zero, resulting in a
master-slave system, where three omnidirectional wheels determine
the angular velocity of the sphere and the remaining match their
speeds such that slip is zero. To obtain that, three omnidirectional
wheels need to be selected such that they meet the criteria set out for
the n¼ 3 case, such that the resulting sphere angular velocity is eval-
uated, then the required velocities at the remaining contact points are
obtained resulting in zero slip. Although there is no kinematic benefit
from such a master-slave system, benefits that stem from dynamics,
vibration, and stress considerations can exist. Since omnidirectional
wheels must have some gaps between their rollers, there are areas
where loss of contact may occur, thus having a second omnidirec-
tional wheel covering the same degree of freedom allows compensat-
ing for this problem as detailed below.

3 Omnidirectional Wheel Types and Their Effect

on the Kinematics

In the preceding discussion, the omnidirectional wheels were
assumed to be perfectly round, while in reality, it is impossible to
have a perfectly round omnidirectional wheel as illustrated in
(Fig. 3). A simple solution to the discontinuity problem caused by
the basic design of omnidirectional wheels is utilizing a dual-race
omnidirectional wheel (Fig. 4).

This addresses the problem of obtaining continuous contact
with the sphere; however, it introduces a shift in the location of
the contact points on the sphere, thereby introducing complica-
tions in the kinematics of the system that are shown to produce
significant errors both in magnitude (4%) and in direction of the
angular velocity vector of the sphere (3 deg) as detailed in
Ref. [22], and thus possibly control issues.

This problem could be avoided by splitting the dual-row omni-
directional wheels, having the two rows mounted on separate races
that touch on antipodal points on the sphere. Antipodal points on
the sphere would have the same velocity in the actuation direction.

For a contact point ~R1 with actuation direction v̂1, we have the ve-

locity ~V1 ¼ ~X� ~R1. It is clear that for the point located on the
same great circle but angularly offset by 180 deg, we have
~R2 ¼ �~R1 and the velocity ~V2 ¼ ~X� ~R2 ¼ �~X� ~R1 ¼ �~V1

that is, the same magnitude but opposite in direction. Thus, setting
the actuation direction to be v̂2 ¼ �v̂1, we obtain an equivalent sec-

ond row at ~R2 enslaved to the omnidirectional wheel at ~R1. All that
is left is to arrange the omnidirectional wheels such that the rollers
are synchronized between the two races, a relatively easy task since

Fig. 3 A single-race omnidirectional wheel Fig. 4 A dual-race omnidirectional wheel
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the actuation speeds for both wheels are identical and they could, in
principle, be actuated by the same motor.

Another attempt to combine the benefits of the single and dual-
row designs, driven by intuition, is to have triple-race omnidirec-
tional wheels (Fig. 5), such that the two external races touch the
sphere at the same time, alternating with the centre race, yielding
an equivalent or effective contact point that is exactly in between
them, and thus generating continuous contact with a continuous
effective contact point.

Utilizing three dual-race omnidirectional wheels instead of
single-race ones, changes the kinematics due to the shift of contact
points when shifting between the two races of each omnidirec-
tional wheel occurs, as presented in Ref. [22]. However, the prob-
lem remains one with n¼ 3, since at any instance, there are
exactly three contact points.

Utilizing three triple-race omnidirectional wheels, however, is a
completely different case. Triple-race omnidirectional wheels,
alternate between one point of contact when the centre race is in
contact with the sphere, and two points of contact when the two
outer races are in contact with the sphere simultaneously. This in
turn, creating a variety of combinations, where anywhere between
three and six contact points (i.e., n¼ 3,4,5,6) could exist, and
where all combinations will be encountered during typical opera-
tion. However, this case has simplifying constraints, since any
two simultaneous contact points belonging to a single omnidirec-
tional wheel, share the same r, x, and v̂. This allows for the sim-
plification of the equations. In the worst case scenario, where
n¼ 6, the kinematics are given by

X̂T
11

X̂T
12

X̂T
21

X̂T
22

X̂T
31

X̂T
32

2
66666664

3
77777775
~X ¼ 1

R

r1 0 0 0 0 0

0 r1 0 0 0 0

0 0 r2 0 0 0

0 0 0 r2 0 0

0 0 0 0 r3 0

0 0 0 0 0 r3

2
6666664

3
7777775

x1

x1

x2

x2

x3

x3

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

(35)

where

X̂ij ¼ R̂ij � v̂i (36)

and R̂ij is a unit vector in the direction of the contact point j of
omnidirectional wheel i.

As presented above, this kind of over-determined equation set is
usually solved utilizing an approximation method similar to least

squares. However, using such an approach leads to a solution that is
missing the point of the design: to achieve motion that is equivalent
to that induced by the contact point of the centre race. It should be
expected that any set of two equations belonging to the same omni-
directional wheel will yield a result in the same direction as the
equivalent result for the single-race case. While this may be accom-
plished by utilizing the results from the single-race analysis, the
equations are still over constrained. Solutions can only be approxi-
mated, which implies that the slip-free condition may not be satis-
fied. Thus, without being able to achieve slip-free conditions, the
kinetics of the system must be taken into consideration, and the true
motion cannot be determined using kinematics alone.

Rearranging the terms in Eq. (35), yields another way to look at
the problem

X̂T
11 � r1

R
0 0

X̂T
12 � r1

R 0 0

X̂T
21 0 � r2

R
0

X̂T
22 0 � r2

R 0

X̂T
31 0 0 � r3

R
X̂T

32 0 0 � r3
R

2
66666666664

3
77777777775

Xx

Xy

Xz

x1

x2

x3

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼~0 (37)

This representation allows once again examining a given design.
In order to obtain a nontrivial solution, it is required for the deter-
minant of the matrix in Eq. (37) to be zero. Once this is estab-
lished, there could be sets of allowable solutions f~X; ~xg that yield
slip-free conditions.

Gaussian elimination further simplifies the equations, yielding

X̂T
11 � r1

R 0 0

X̂T
12 � X̂T

11 0 0 0

X̂T
21 0 � r2

R 0

X̂T
22 � X̂T

21 0 0 0

X̂T
31 0 0 � r3

R

X̂T
32 � X̂T

31 0 0 0

2
66666664

3
77777775

Xx

Xy

Xz

x1

x2

x3

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼~0 (38)

Rows 1, 3, and 5 of the coefficient matrix of Eq. (38) are clearly
linearly independent with respect to each other, and with respect
to rows 2, 4, and 6. All that remains is to ensure that the determi-
nant of the smaller (3� 3) matrix

X̂T
12 � X̂T

11

X̂T
22 � X̂T

21

X̂T
32 � X̂T

31

2
64

3
75 (39)

Fig. 5 A triple-race omnidirectional wheel

Fig. 6 Contact point geometry when two races touch the
sphere simultaneously
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is zero. Remembering that X̂ij ¼ R̂ij � v̂i, the rows of the matrix
in Eq. (39) may be rewritten as

X̂i2 � X̂i1 ¼ ðR̂i2 � R̂i1Þ � v̂i (40)

From the geometry of the problem, illustrated in Fig. 6, it is
concluded that the result is a vector in the direction of R̂i. Hence,
the matrix above can be rewritten as

R̂T
1

R̂T
2

R̂T
3

2
4

3
5 (41)

The no-slip condition now becomes a requirement on the position
vectors of the effective contact points to be linearly dependent.
Finally, combining this requirement with the no-slip requirement
on the centre row combination, which was shown to be that the
matrix

X̂T
1

X̂T
2

X̂T
3

2
64

3
75 (42)

be nonsingular; denotes the need for R̂i to be linearly dependent
while X̂i are linearly independent.

4 Examples

4.1 The Orthogonal Case. The following example examines
an architecture, illustrated in Fig. 7, that satisfies the necessary
condition developed above, and indeed yields zero kinematic slip.
While this architecture is fairly simple, it provides a good bench-
mark to demonstrate the principles and point out the problems
without the need for cumbersome expressions. For simplicity, and
without loss of generality, the global coordinate frame is the one
in Fig. 7. This allows all calculations to be performed directly in
the global coordinate frame.

The sphere has radius R, and each of the omnidirectional
wheels has radius r. Thus, the position vectors of the three contact
points are

~R1 ¼ R̂i; ~R2 ¼ Rĵ; ~R3 ¼ Rk̂ (43)

and the position vectors of the contact points with respect to the
omnidirectional wheel centres of rotation are

~r1 ¼ �r̂i; ~r2 ¼ �rĵ; ~r3 ¼ �rk̂ (44)

The angular velocities of the omnidirectional wheels are

~x1 ¼ x1 ĵ; ~x2 ¼ x2k̂; ~x3 ¼ x3̂i (45)

and therefore, the velocities they induce on the sphere at the con-
tact points are,

~V1 ¼ ~x1 �~r1 ¼ x1rk̂

~V2 ¼ ~x2 �~r2 ¼ x2r̂i

~V3 ¼ ~x3 �~r3 ¼ x3rĵ

(46)

respectively. These velocities create the three components of
angular velocity of the sphere

X̂1 ¼ î� k̂ ¼ �ĵ; X̂2 ¼ ĵ� î ¼ �k̂; X̂3 ¼ k̂� ĵ ¼ �î

(47)

It is clear now that these are mutually orthogonal, since

X̂i � X̂j ¼ 0…i 6¼ j (48)

This could alternatively be shown directly by evaluating the Jaco-
bian of the system as

J ¼ r

R

0 �1 0

0 0 �1

�1 0 0

2
4

3
5
�1

¼ r

R

0 0 �1

�1 0 0

0 �1 0

2
4

3
5 (49)

noting that the rows are linearly independent as required for the
single-row case. It is obvious, however, that this case does not
simultaneously fulfill the requirement for n¼ 6.

4.2 The Atlas Sphere. The current configuration of the Atlas
motion platform [28] has the three omnidirectional wheels
arranged on the edges of an equilateral triangle with an elevation
angle of 40 deg. The reason for the equilateral configuration is to
achieve as even force and torque distribution on the omnidirec-
tional wheels as possible; however, the elevation angle of 40 deg
was chosen for the demonstrator solely due to ease of manufactur-
ing and assembly. To generalize the equilateral configuration, an
arbitrary elevation angle h will be used. The configuration is pre-
sented in Fig. 8.

Fig. 7 Kinematic architecture for the orthogonal case Fig. 8 Kinematic architecture for the Atlas sphere case

041001-6 / Vol. 3, NOVEMBER 2011 Transactions of the ASME

Downloaded From: http://asmedigitalcollection.asme.org/ on 05/21/2014 Terms of Use: http://asme.org/terms



In this case

~R1 ¼ Rðcos ĥi� sin hk̂Þ

~R2 ¼ R � 1

2
cos ĥi�

ffiffiffi
3
p

2
cos ĥj� sin hk̂

� �

~R3 ¼ R � 1

2
cos ĥiþ

ffiffiffi
3
p

2
cos ĥj� sin hk̂

� � (50)

and the contact point velocities are

~V1 ¼ �x1rĵ

~V2 ¼ x2r �
ffiffiffi
3
p

2
îþ 1

2
ĵ

� �

~V3 ¼ x3r

ffiffiffi
3
p

2
îþ 1

2
ĵ

� � (51)

as shown in Ref. [28]. These yield

X̂T
1

X̂T
2

X̂T
3

2
64

3
75 ¼

� sin h 0 � cos h
1

2
sin h

ffiffiffi
3
p
2

sin h � cos h

1

2
sin h �

ffiffiffi
3
p
2

sin h � cos h

2
664

3
775 (52)

The determinant of this matrix will yield zero for

3
ffiffiffi
3
p

2
sin2h cos h ¼ 0 (53)

and so, the only singularities would be for h¼ 0 deg and h¼690
deg. For all other cases, the Jacobian can be evaluated. In this
case

J ¼ r

R

� sin h 0 � cos h
1

2
sin h

ffiffiffi
3
p
2

sin h � cos h

1

2
sin h �

ffiffiffi
3
p
2

sin h � cos h

2
664

3
775
�1

¼ r

3R

�2 csc h csc h csc h
0

ffiffiffi
3
p

csc h �
ffiffiffi
3
p

csc h
� sec h � sec h � sec h

2
4

3
5 (54)

Thereby, showing the direct relationship between omnidirectional
wheel speeds and sphere angular velocity without kinematic slip
for the single-row case. It is obvious once again that this case
does not simultaneously fulfill the requirement for n¼ 6.

4.3 The Collinear Case. An example that conforms to both
conditions of the triple-race case can easily be constructed.

In the configuration shown in Fig. 9 we have

R̂1 ¼ î; R̂2 ¼
ffiffiffi
2
p

2
îþ

ffiffiffi
2
p

2
ĵ; R̂3 ¼ ĵ (55)

X̂1 ¼ ĵ; X̂2 ¼ k̂; X̂3 ¼ î (56)

and it is clear that the three induced angular velocities are linearly
independent, while all position unit vectors lay in the XY plane,
thus being linearly dependent.

4.4 Orthogonal Case with Six Omnidirectional Wheels. This
example examines a case where six omnidirectional wheels are
employed. First, arbitrary values for the speeds of the omnidirec-
tional wheels will be assigned and the slip factor will be eval-
uated; then the same scenario will be investigated using the
master-slave concept.

Here, the position vectors of the six contact points, as shown in
Fig. 10 are

~R1 ¼ R̂i; ~R2 ¼ Rĵ; ~R3 ¼ Rk̂

~R4 ¼ �R̂i; ~R5 ¼ �Rĵ; ~R6 ¼ �Rk̂
(57)

and the position vectors of the contact points with respect to the
omnidirectional wheel centres of rotation are

~r1 ¼ �r̂i; ~r2 ¼ �rĵ; ~r3 ¼ �rk̂

~r4 ¼ r̂i; ~r5 ¼ rĵ; ~r6 ¼ rk̂
(58)

The angular velocities of the omnidirectional wheels are

~x1 ¼ x1 ĵ; ~x2 ¼ x2k̂; ~x3 ¼ x3̂i

~x4 ¼ x4 ĵ; ~x5 ¼ x5k̂; ~x6 ¼ x6̂i
(59)

Fig. 9 A configuration that allows for slip-free conditions
Fig. 10 Kinematic architecture for the orthogonal case with six
omnidirectional wheels
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and therefore the velocities they induce on the sphere at the con-
tact points are

~V1 ¼ ~x1 �~r1 ¼ x1rk̂

~V2 ¼ ~x2 �~r2 ¼ x2r̂i

~V3 ¼ ~x3 �~r3 ¼ x3rĵ

~V4 ¼ ~x4 �~r4 ¼ �x4rk̂

~V5 ¼ ~x5 �~r5 ¼ �x5r̂i

~V6 ¼ ~x6 �~r6 ¼ �x6rĵ

(60)

These velocities create the six components of angular velocity of
the sphere

X̂1 ¼ î� k̂ ¼ �ĵ

X̂2 ¼ ĵ� î ¼ �k̂

X̂3 ¼ k̂� ĵ ¼ �î

X̂4 ¼ �î��k̂ ¼ �ĵ

X̂5 ¼ �ĵ��î ¼ �k̂

X̂6 ¼ �k̂��ĵ ¼ �î

(61)

Thus, we have

XT
� �

¼

0 �1 0

0 0 �1

�1 0 0

0 �1 0

0 0 �1

�1 0 0

2
6666664

3
7777775

(62)

and the Jacobian becomes

Jls ¼
r

R

0 0 �0:5 0 0 �0:5
�0:5 0 0 �0:5 0 0

0 �0:5 0 0 �0:5 0

2
4

3
5 (63)

This leads to the slip factor for the ith wheel being

Si ¼
1

2
1�

xððiþ2Þmod6Þþ1

xi

� �
i ¼ 1; 2;…; 6 (64)

Thus, the only way to obtain zero slip at all points requires

xððiþ2Þmod6Þþ1 ¼ xi 8i (65)

In other words, to enslave omnidirectional wheels 4, 5, and 6 to
omnidirectional wheels 1, 2, and 3 or vice versa. Any other angu-
lar velocity combination would yield nonzero slip. For example,
consider

x1 ¼ x2 ¼ x3 ¼ 1; x4 ¼ x5 ¼ x6 ¼ 1:5 (66)

resulting in a slip factor of S¼ 0.52.

5 Conclusions

The kinematics of a sphere actuated using omnidirectional
wheels has been explored in a general way for the first time. The
number of actuating wheels, as well as their type has been consid-
ered, and some specific configurations have been explored. The
feasibility of the case n¼ 3 from the kinematics standpoint has
been explored for a few configurations. A major conclusion is that
a necessary condition for eliminating kinematic slip is that the

three induced angular velocities ~Xi must be linearly independent.
This means that the singularities and slip issues that result from
kinematic sources may be eliminated at the design stage, rather
than relying on real-time control solutions. In addition, a Jacobian
for the architecture was presented in its most general form, such
that it applies to any configuration meeting the no-slip criteria pre-
sented for n¼ 3. The simplicity of the expressions obtained for
the kinematics of the platform will also be advantageous when it
comes to real-time computations. It should be noted that the Jaco-
bian and slip analysis presented here differ from those presented
in Refs. [28 and 29], and serve to correct them.

In addition, the case where n> 3 has been explored, with special
attention given to the practical application to three-race omnidirec-
tional wheels. Although designs that meet the no-slip conditions
exist, as presented above, clearly, none of them could be
singularity-free, while maintaining the no-slip conditions. Any
three-race omnidirectional wheel solution would be kinematically-
inferior to single-race and double-race [22] solutions, that were
shown to have Jacobians that represent one-to-one mappings from
the input angular speeds of the omnidirectional wheels to the output
angular velocity of the sphere. It seems that while intuition suggests
that the triple-race omnidirectional wheels may give the best of
both worlds, the analysis suggests otherwise, since while for the
single and dual-race cases zero slip is obtained throughout the
entire workspace, triple-race wheels obtain them for only a fraction
of the workspace, showing higher slip ratios for the remainder of
the workspace, as demonstrated earlier. This deception of intuition
may be explained by exploring the single degree-of-freedom case,
where a single omnidirectional wheel would drive a sphere or a cyl-
inder. In this simple case, the desired effect is accomplished; how-
ever, once more degrees of freedom are introduced, kinematic slip
is imminent. However, the n> 3 case may still resolve the roller
contact discontinuity issue inherent to omnidirectional wheels by
employing a master-slave strategy, where the kinematics of the sys-
tem depend upon three master omnidirectional wheels while the
remaining omnidirectional wheels accept angular velocity values
that are dictated by the master wheels to eliminate slip. A specific
important case was demonstrated where equivalent antipodal con-
tact points were employed for maintaining a constant offset
between two equivalent antipodal omnidirectional wheels such that
an equivalent antipodal continuous contact point yields a single
constant Jacobian for the system.

The above findings do not eliminate the need to evaluate and
minimize kinetically-induced slip, i.e., slip that results from con-
tact forces and moments. However, the formulation presented
here reveals conditions that lead to several classes of configura-
tion, as demonstrated with two examples. From these results, opti-
mal solutions can be selected based on practical criteria. For
example, the requirement to eliminate kinetically-induced slip,
minimize reaction forces, or minimize actuation power require-
ments could serve as design criteria.
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Nomenclature
J = Jacobian matrix
n = number of omnidirectional wheels
q = unit quaternion describing the orientation of the sphere

~Ri = position vector of contact point i
R̂i = unit vector in the direction of contact point i
R = radius of the sphere
ri = radius of omnidirectional wheel i
S = slip assessment indicator
Si = slip ratio at contact point i
~Vi = velocity induced by omnidirectional wheel i
~V0i = velocity of the sphere at contact point i
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v̂i = unit vector in the actuation direction at contact point i
v̂ri

= unit vector in the free-roll direction at contact point i
~X = angular velocity vector of the sphere
X̂i = unit induced angular velocity by omnidirectional wheel i
xi = angular speed of omnidirectional wheel i
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