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Abstract. There are six distinct input-output (IO) equations for any
given four-bar 4R linkage that relate distinct pairs of the four exterior
angles between the edges of the deformable quadrilateral. The algebraic
vi-v; IO equation expresses one joint angle tangent half-angle parameter,
vy, in terms of another, v;, as an implicit biquadratic function scaled by
the link lengths. In this paper a novel method is presented using the vi-v2
IO equation for deriving the parametric coupler point curve equation for
both assembly modes in terms of the input angle parameter v1, expressed
in the non-moving linkage reference coordinate system. To do this, the v;-
vz equation is solved for v2 and the result is substituted into the forward
kinematics 4 x 4 homogeneous transformation matrix for the open 2R
kinematic chain of the first two moving links. Finally, the coupler point
coordinates in the x2, y2 coordinate system that moves with the coupler
are transformed into the relatively non-moving xo, yo linkage coordinate
system, yielding the parametric coupler point curve equation.

Keywords: v;-v2 equation, coupler point curve, computational geome-
try

1 Introduction

The mechanical problem of guiding a point along a planar curve using a four-bar
linkage jointed with four revolute joints (generally referred to as a 4R mecha-
nism) has been investigated extensively over the last 150 years since the first
published results of Samuel Roberts in 1875 [1]. The trigonometric coupler point
curve equation reported in that work is an implicit expression in terms of the
lengths of the links and the coupler geometry. There is no direct way to map
the location of a single point on the coupler curve generated by an arbitrary 4R
mechanism to the corresponding configuration of the linkage, i.e., the joint an-
gles required to reach that point, using the trigonometric equation. This presents
a significant challenge for applications where force transmission quality of the
mechanism must be considered as the coupler point traces the curve, as in pick-
and-place operations for manufacture and assembly for example. Therefore, the
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research objective of the present work is to determine a parametric form of the
coupler point curve equation explicitly in terms of the joint angles. Since Study’s
kinematic mapping will be relied upon to determine the algebraic IO equations
used to obtain the desired results, the mapping will be briefly summarised in
what follows.

1.1 Study’s Kinematic Mapping

The rigid body displacement group for two and three dimensional spaces are
conveniently represented using 3 x 3 and 4 x 4 homogeneous transformations
matrices derived using the Denavit and Hartenberg (DH) parameters [2, 3].
There are several possibilities to parameterise the matrix representation of this
rigid body displacement group, one of them being the kinematic mapping that
was originally formulated by Eduard Study and reported in an appendix of
his book “Geometrie der Dynamen” [4] in 1903. It defines every distinct Eu-
clidean displacement as a distinct point on a six-dimensional quadric hyper-
surface, now known as the Study quadric SZ, in a seven-dimensional projective
space, P7. A point on S? consists of eight homogeneous coordinates, not all zero,
[0 : @1 :@o @3 :yo: Y1 : Y2 : y3] which Study called a “soma”, a Greek word
meaning “body”. The hyper-surface is a seven-dimensional bilinear quadratic
equation given by

Toyo + T1y1 + T2y2 + 23y3 = 0, (1)

excluding the exceptional generator, which we call A, where zog = 1 = x5 =
x3 = 0, having the parametric representation

0:0:0:0:90:uy1:y2:ys]

A does not represent any real displacement, but it nonetheless plays an im-
portant role as a generator space.

For a soma to represent a real displacement in SE(3), it must satisfy two
conditions: the first being Equation (1); the second being the inequality

ra+ 2t 4+ a5+ #0. (2)

Equation (1) contains only bilinear cross terms. This implies that the quadric has
been rotated out of its standard position, or normal form. It is straightforward
to diagonalise the quadratic form of Equation (1) which reveals that this six-
dimensional quadric in P has the normal form

g+ ol +ad+al—yo—yi—vs—y; =0, (3)

which is analogous to the Pliicker quadric, PZ, of line geometry. The normal form
of Sg shows that it is a six-dimensional hyperboloid of one sheet doubly-ruled
by special 3-space generators in two opposite reguli, which we call A-planes and
B-planes, after [5].

It can be shown that lines on S? represent either a one parameter set of
translations or rotations. The lines which contain the 1 x 8 identity array [1 :
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0:0:...:0], which Study called the “protosoma”, are either the one parameter
rotation or translation subgroups. The exceptional generator A, is an A-plane.
In general, two different A-planes do not intersect, nor do two different B-planes,
but there are exceptions [6]. An A-plane corresponds to SO(3) if it contains the
identity and its intersection with A is the empty set, and to SE(2) if it contains
the identity and intersects A, in a line. These two types of A-planes intersect
each other in lines on S2. Each of these lines represent rotations about the
line orthogonal to the plane of the planar displacement and through the centre
point of the spherical displacement [6,7]. The only B-planes that intersect A,
correspond to the subgroup of all translations, while in general the intersection
of an A-plane and a B-plane is either a point, or a two dimensional plane [8].

The Study soma coordinates, also known as Study parameters, are defined
using the elements of the 4 x 4 homogeneous transformation matrix T,

1 0 0 O
T — 1 Oixs | |t a1 a12 a13
t3x1 Aszxs tao a21 a2z a23

t30 az1 as2 a33

The 3 x 3 rotation submatrix elements are denoted as A = (a;;) with 4,j €
{1,2,3} while the translation vector elements are denoted as t = (ty) with
k € {1,2,3}. The homogeneous quadruple zg : 21 : 2 : 3 can be obtained from
at least one of the following ratios:

To:T1:T2:x3 =1+ a; +age +azz:ase — a3 : a3 —as : s — a12;

=agzz — a3 : 1+ a1 —az —asz :ajg +as :az + as;

a13 —agy a2 +as1 1 1 — a1 + aze — azz : asz + azo;

= a9 — Q12 a31 + Q13 : 23 + as2 : 1 — a1 — az +ass. (4)

The remaining four coordinates yg : y1 : y2 : y3 are linear combinations of the z;
and tyo and are computed as

Yo = %(tiom1 + taowa + t30x3), Y1 = 2 (—tiomo + taom2 — ta03),
1
2

2
Y2 = 3(—t2omo — t30x1 + tioxs), Y3 = 5(—tsomo + t2o®1 — t10T2).

Study developed the method to compute the four z; parameters directly from
the 3 x 3 rotation submatrix A via one of the four sets of ratios expressed in
Equation (4). In general each of the four yield the same ratios. But in certain
instances, for example when A describes a rotation through angle 7, one or
more of the four ratios in Equation (4) result in zg : 21 : 22 : 23 =0:0:0: 0,
the exceptional generator. But for every rotation matrix A at least one of the
four ratios does not result in four zeros. Study also showed that the mapping is
bijective, meaning that for each point on S7 there is one and only one Euclidean
displacement represented by the homogeneous 4 x 4 transformation matrix T:
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wg —+ a:f + zg + w§ 0 0 0
T — L[2(=2oy1 + @1y0 — T2y3 + T3Y2) af +af —af —af 2(—wows + w1w2)  2(wows + T173)
5 |2(—zoy2 + z1y3 + T2yo — z3y1)  2(woxs + x1x2) ad — i + 3 — x5 2(—zox1 + T223)

2(—woys — T1y2 + Tay1 + Tayo) 2(—wow2 + z1x3)  2(zom1 + Tow3) Y — @5 — ) + T

where § = 23 + 23 + 23 + 3. The first column is the associated translation of
the Euclidean displacement and the elements of the lower right 3 x 3 submatrix
are the nine a;; of the associated rotation matrix A.

1.2 Algebraic Input-Output Equations

Recently, the v;-v; algebraic input-output (I0) equations for planar [9], spheri-
cal [10], and spatial 4R mechanisms [11] have been introduced in the literature.
Because a 4R four-bar mechanism is a planar, spherical, or spatial deformable
quadrangle, there are six distinct pairs of joint angles between different pairs of
edges. Consider the planar 4R mechanisms illustrated in Figures 1b and 1lc. The
six distinct angle pairings are 61-02, 61-03, 01-04, 05-03, 03-04, and 03-0,.

(b) Counter-clockwise closed 4R, chain. (¢) Clockwise closed 4R chain.

Fig. 1: Counter-clockwise and clockwise joint angle circulation.
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An algorithm that generalises the procedure for determining the algebraic 10
equations for any four-bar linkage kinematic architecture, planar, spherical, and
spatial, using only algebraic means can be found in the Ph.D. thesis of Mirja Rot-
zoll [12]. The linkage is initially considered as an open kinematic chain, and Fig-
ure la describes its kinematic geometry using the original Denavit-Hartenberg
(DH) convention [2, 3]. The resulting forward kinematics transformation matrix
for the open chain is then mapped into Study’s kinematic mapping image space
as the eight soma coordinates defined in [13] and expressed in Equations (4)
and (5). This mapping allows one to characterise the displacement from the
base to the end-effector frame as a set of eight linearly independent algebraic
varieties in the seven-dimensional projective kinematic mapping image space. To
obtain a simple closed kinematic chain that represents the mechanism, the open
chain is conceptually closed by equating the obtained algebraic parametrisation
to its identity, leading to a set of equations that completely describe the linkage
kinematics. We have chosen to close the kinematic chain such that there is a
counter-clockwise circulation of joints, see Figure 1b. However, clockwise joint
circulation will yield identical results with the exception that joint angles will
have different zeros, see Figure 1c. The clockwise joint axis circulation requires
that the non-moving reference coordinate systems x4, ¥o/4 be rotated by m ra-
dians to be in accordance with the original DH convention [2,3]. With the help
of elimination theory, the given system of eight polynomial equations is manip-
ulated leading to a single polynomial that depends on only two of the four joint
variables. This is done for each of the six distinct pairs of joint variables leading
to six algebraic I0 equations for each four-bar linkage kinematic architecture.

The attention of this paper will be focused on the 10 equation that relates
the joint angles #; and 6> to each other. But in the derivation, the tangent half-
angle parameters for 61, 05, 03, and 6, are used, making the resulting equations
algebraic. Let the input angle parameter be v; and the output angle parameter
be v4, where v; = tan6;/2. In [12], two elimination steps were applied to the
Grobner bases of the ideal generated by the Study soma coordinates to eliminate
the angle parameters vo and vs from the equations. This results in the algebraic
IO equation relating the v; and v, angle parameters, which we call the v;-v4 10
equation:

Aviv + Bvi + Cvi — 8ayazvivg + D = 0, (6)

where

a) +ag +as — ay),
B = B1By =
C =C1Cy = (a1 —ag —az +aq)(a1 + az — ag + aq),
D =D1Ds = (a1 +as + asz + a4)(a1 — as + as + ayq),

A:AlAQZ(CL1—a2+CL3—CL4
(

) )
a; +az — a3z — ag)(a; — az — az — ay),
) )

v = tauaﬁ Vg4 = tan0—4.
27 2
The coefficients A, B, C, and D all split into a pair of bilinear factors each, Ay,
Ay, By, etc.. In what follows, it is essential to maintain the definitions of the

bilinear factors in Equation (6).
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One of the advantages of this IO equation formulation is that the five remain-
ing algebraic IO equations relating the five remaining distinct angle parameter
pairings contain coefficients comprised of pairs of the same bilinear factors, but
in different distinct permutations:

AlBQU%’Ug + AgBlv% + ClDQ'U% — 8a2a4v1112 + CQDl = 0; (7
AlBlv%vg + AQBQU% + CQDQ'U% +C1Dy =0; (8
AlDQU%U% + BQClU% + B1Cgv§ — 8ayazvovz + Ay D1 = 0; (

)
)
9)
A1C1v303 + BaDov3 + A3Cov? + By Dy = 0; (10)

)

A102’U§’Ui + Bng’Ug + A201'Ui + 8agasvzvy + Bo Dy = 0. (11

This is only possible using the DH relative joint angles, and not possible using the
absolute joint angles, referenced to the positive x-axis of a non-moving coordinate
system, as in the derivation of the Freudenstein equation [14, 15]. The parametric
coupler point curve equation will be derived using Equation (7), the vi-vy IO
equation.

Fig.2: Coupler curve generator parameters.

2 Trigonometric Coupler Point Curve Equation

One of the earliest recorded examples of mathematical methods of mechanical
system design for guiding a point along a curve belongs to Archimedes [16], who
lived ca. 287-212 BC. However, the very first patent [17] for a mechanism de-
signed to move a point along a desired curve belongs to James Watt (1736-1819),
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awarded more than 2000 years after Archimedes death. In the context of this pa-
per, the coupler point curve is the locus of a point on a rigid body connected to
two others moving on fixed centred circles in the plane. It is well known that the
curve is a tricircular sextic having, at most, three real double points and three
pairs of complex-conjugate intersections with the absolute circle in the plane,
known as circular points [18,19]. The first known work applied towards obtain-
ing a trigonometric sextic equation describing the locus of the coupler point
was published in 1875 by Samuel Roberts [1]. In his derivation, Roberts used
the typical coordinate frame assignment whereby the non-moving coordinate
system origin is at the centre of the left-most ground-fixed revolute joint with
the positive z-axis pointing towards the centre of the right-most ground-fixed
revolute joint and clockwise joint axis circulation.

It is a straightforward exercise to re-derive the trigonometric form of the
coupler curve using the DH assignment convention and a counter clockwise joint
axis circulation together with the geometric parameters illustrated in Figure 2.
The slightly modified Roberts approach leads to the coupler curve equation in
terms of the coupler point C(zg, o) in the non-moving ground-fixed coordinate
system

(Q1R2 — Q1R1)? + (PoRy — PiRy)? — (P1Q2 + P2Q1)* =0, (12)
where
P, = —2exy, Py = —2f (yo cos ¢ + (CL4 — .130) sin qb) R
Q1 = —2eyo, Q2 =2f ((ag — xg) cos ¢ — yosin¢),
Ry =23 +y2 +e*—al, Ro =23 + v + f? + af — 2woaq — d3.

This trigonometric implicit form of the coupler point curve equation has been
used since its introduction in 1875 for examining the nature of the curve and its
singular points because it does not depend on any variable joint angles.

3 Algebraic Coupler Point Curve Equation

For coupler curve synthesis and analysis problems where knowledge of the re-
lationship between the mechanism configuration and the coupler point curve is
needed, it can be argued that a more useful form of the coupler point curve
equation for C(zo,yo) is one in terms of the input angle 6; = 2tan~!(v;). This
is because the functional relationship between a point on the curve and the
corresponding configuration of the linkage can be explicitly defined by the para-
metric equation. One way of determining this equation is to start with the vi-v,
IO equation. First, solve the equation for vs, yielding two solutions, one for each
assembly mode

:t \/7A1AQBlBQ’U%7AlBQCQD1’U%7A231C1D2’U%+16a§aiv%7C1C2D1D2
AlBQU%+C1D2

Vo = 4asasvy
(13)
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The next step is to compute the forward kinematics of the open 2R kinematic
chain of the first two links, a; and as. The original DH coordinate system assign-
ments and parameter convention [2] are used to describe the kinematic geometry
of the open 2R chain, see Table 1 and Figure 3. Note that the link offset distances
d; and twist angles 7; are not defined for planar linkages, and have only been in-
cluded in Table 1 for completeness. The resulting forward kinematics coordinate

Axis‘Angle v; | Offset d; ;| Twist 7;
1 V1 0 al 0
2 V2 0 az 0

Table 1: DH parameters.

Fig.3: Open 2R chain.

system transformation that maps point coordinates described in the coordinate
system that moves with the coupler, z2, y2, to the non-moving ground-fixed
coordinate system, xg, 1o, in terms of the 4 x 4 homogeneous transformation
matrix °T5 is computed to be

1 0 00
T51 159 153 0
o, — 21 122 123 ’ (14)
T31 T32 T33 0
0 0 01
where
T — ((ag — a1)v? — a; — az)v? — (4vy)vaas + (a1 — az)v3 + a + as
. (v + (03 + 1) ’
Ty — (v3 —1)v? — (4vy)vg —v3 + 1
(vI+1)(v3+1) ’
—9 UQ —l— ’Ul ’U11}2 — 1)
2+1) )7
Tu — 9 ((a1 — az)v3 + a1 + az)vy + voas — azsv?vy
- (0 + 1) (03 +1) ’
—9 Ug + ’U1 ’1)11]2 — 1)
2+1) )7
Ty — (v3 — 1)1}% — (4vy)vg —v3 +1

(v} +1)(v3+1)
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This homogeneous transformation matrix requires the coupler point coordi-
nates of point C described in the coupler coordinate system for a planar 4R
mechanism to be defined in the following way:

1 1
T x
0(372,212) = 2 = 2 (15)
Y2 Y2
V) 0

The reason the three-dimensional homogeneous coordinates are used for the
planar mechanism is for the generalisation of the planar mechanisms considered
in this paper to the spherical and spatial mechanisms for future investigations.

Defining the coupler point coordinates in the coupler coordinate system that
moves with the coupler, x2, ¥, in this paper, requires a few words of discussion.
Depending on the link lengths and coupler point, it will have different coordinates
in each assembly mode when the coupler is mirrored. Consider the two assembly
modes of the mechanism illustrated in Figure 4, with the coupler mirrored in the
centre-line of as. The link lengths and coupler edge lengths are listed in Table 2.
The coupler is an equilateral triangle and therefore possesses a coupler angle of
¢ = 60°. For both the upper and lower assembly modes the coupler point in the
coupler coordinate system has coordinates C(x2,y2)u.L

1 1
- 5
Clx2,y2)u,r = = 2 ; (16)
Y2 —5sin 60°
z92 0

while the coordinates in the lower assembly mode with the mirrored coupler,
C(x27 y2)LM7 are

1 1
x _§
C(w2,y2)Lm = = 2 . (17)
Y2 5sin 60°
z9 0

Table 2: Link lengths and coupler edge lengths.
al‘az‘e‘f‘ag‘(m
15 [5]5]6]09
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Fig.4: Two assembly modes of a planar 4R with a mirrored coupler.

The next step is to determine the corresponding coupler point coordinates
in the non-moving coordinate system C(zg, yo) as

1 1
NEERCIE (18)
Yo Y2
20 Z92

where zg = zo = 0. The final step in determining the coupler point curve in
terms of the input joint angle parameter is to substitute Equation (13) into
Equation (18) thereby eliminating vs, which must be done for each assembly
mode.

4 Example

In this example the parametric coupler point curve equation in both assembly
modes, as well as in the lower assembly mode with the coupler mirrored in the
centre-line as, will be determined for the mechanism illustrated in Figure 4 with
link and coupler edge lengths listed in Table 2, and with coupler point coordinates
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specified in Equations (16) and (17). The transformation °T5, which is a function
of only the v; angle parameter, is multiplied by the coupler point coordinates in
the coordinate system that moves with the coupler, and the parametric equation
of the coupler point curve in the non-moving coordinate system is obtained. The
upper assembly mode parametric coupler point equation is

1
xoy
: (19)
You
ZOU
where
9177v] — 366v1v/3,/133v + 25802 + 77 + 1202407 + 759
xo = (20)

—2128v% + 108v1v/31/133v% + 25802 + 77 — 364402 — 220

(25802 + 474v1)v/31/1330% 4 25802 + 77 — 70490¢ — 1968507 — 1620702 — 979

8(vZ + 1)(5320% — 27v1v/34/133v% 4 25802 4 77 + 91102 + 55)

(3v/3,/133v% + 25802 + 77 — 13303 — 169v1)(3v1v/34/133v% + 25802 4 77 — 47v7 — 11)V/3

8(v2 + 1)(—532v% + 27v1v/3,/1330% + 25802 + 77 — 91102 — 55)

+

)

(399v — 12 4 33)v/31/133v% + 25802 4 77 — 55860} — 3498v;
= - (21)

Yoy =
2128v} — 108v1v/3,/133v] + 258v? + 77 + 364403 + 220
1 1 1 1
(3v/3,/133v# + 25802 + 77 — 1330 — 169v1)(3v1v/31/133v} + 2580% + 77 — 47v] — 11)

8(v2 + 1)(—=5320% + 27v1v/3,/133v4 + 25802 4+ 77 — 91102 — 55)

((258v% + 474v1)v/3,/133v% + 25802 + 77 — 704908 — 196850} — 16207v] — 979)V/3

8(v? + 1)(532vf — 27v1v/34/133v$ + 258v? + 77 + 911v? + 55)

and
20y = 0. (22)

The lower assembly mode parametric coupler point equation is

o (23)
Yor,



12 M. John D. Hayes, Mirja Rotzoll

where

91770 — 3661}1\/5\/1331;‘11 + 25802 + 77 + 1202402 + 759 — 12024v? — 759
o = — (24)

L
—2128v% + 108v1v/34/133v% + 258vF + 77 — 3644v7 + 220
(25803 + 474v1)V/3,/133v} + 25802 + 77 — 70490§ — 1968507 — 16207v — 979
20(v? + 1)(532vF — 27v1Vv/34/133v] + 258v% + 77 + 911v? + 55)

(13303 + 3v/3,/133v% + 25802 + 77 + 169v1) (3v1Vv/31/133v% + 25802 + 77 + 47v? + 11)V/3

20(v? + 1)(—532vf + 27v1v3,/133v} + 25807 + 77 — 911v? — 55)

+

(39907 + 33)v/3,/133v} + 25807 + 77 — 558605 — 3498v;

Yo, (25)
2128v{ — 108v1v/3,/133v] + 258v% + 77 + 3644v3 + 220
(3v1v/34/133v} + 258v2 + 77 — 470} — 11)(—1330% + (31/133v] + 25802 + 77)v/3 — 169v1)
+
20(v? + 1)(—532v% + 27v1v34/133v1 + 25807 + 77 — 911v? — 55)
(2583 + 474v1)v/34/133v1 + 25802 + 77 — 70490% — 1968507 — 16207v? — 979
20(v? + 1)(532v% — 27v1v/34/133vE + 25803 + 77 + 91103 + 55)
and

2o, = 0. (26)

Xo
02 04 06 08 10 12
5.84 =
J —4.0
5.6 s
5.44 [ 6 —42
5.24 ba —44
5 .2 —4.6
Yo Yo
434 2 Yo —48
4.64 .8 —5.0
aa] H.6 _s2
H.4
4.29 —54
H.2
4 —5.6
rl
. T T T . -58
=55 =5 —4.5 —4 =35
Xo

02 04 06 08 1.0 12
Xo

(a) Upper assembly (b) Lower assembly mode. (¢) Mirrored coupler.
mode.

Fig. 5: Coupler curves generated by the vi-vs equation.
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Finally, the parametric coupler point curve of the mirrored coupler in the
lower assembly mode has the parametric equation

1
LoL
Yorm

0L M
where

—9177v] — 366v1v/3,/133v + 25802 + 77 — 1202407 — 759
P - (28)

2128v?# + 108v1v/34/133v} + 258v2 + 77 + 36440? + 220
(—258v% — 474v1)V/34/133v% + 25803 + 77 — 704905 — 1968507 — 16207v7 — 979

8(vZ + 1)(5320% + 27v1v/34/133,14 + 25802 + 77 + 91102 + 55)

(13303 + 3v/3,/133v% + 25802 + 77 + 169v1) (3v1V/31/133v% + 25802 + 77 + 47v? + 11)V/3

+

)

8(v2 + 1)(5320% + 27v; \/5\/1331,14 + 25802 + 77 + 91102 + 55

(—399v% — 33)v/3,/133v% + 258v2 + 77 — 558607 — 3498v,

Yo = + (29)
2128v% + 108v1v/34/133v} + 25802 + 77 + 364407 + 220

(13303 + 3v/34/1330% + 25802 + 77 + 169v1)(3v1v/34/1330% + 25802 + 77 + 47v? + 11)
+

8(v? + 1)(532v% + 27v1V34/133,14 + 25803 + 77 + 91103 + 55)

((—258vF — 474v1)v/34/133v1 + 25802 + 77 — 704908 — 19685v] — 16207v? — 979)V/3

8(v2 + 1)(5320% + 27v1v/3,/133, 14 + 25802 + 77 + 91102 + 55)

and

20 — 0. (30)
Figure 5 illustrates the coupler curves generated by the vi-vy equation in
each of the upper and lower assembly modes. As a graphical confirmation that
the coupler point curve parametric equation is correct, Figure 6 illustrates the
coupler curves as the locus of points of the selected coupler point generated
independently by the software GeoGebra. It is easy to see that the coupler curves
generated by the vi-vy equation and by GeoGebra are congruent. Moreover the
mirrored lower assembly mode coupler curve is the upper assembly mode coupler
curve mirrored in the a4 centre-line.

5 Conclusions

The algebraic 10 equations for planar, spherical, and spatial 4R mechanisms
have been investigated by the authors over the last seven years. The focus of
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8

7
ok ! 2 3 1 [3 7 BU!D

5

&

Fig.6: Coupler curves generated in GeoGebra.

previous publications was on deriving the equations themselves and their time
derivatives, examining the design parameter spaces, as well as continuous ap-
proximate kinematic synthesis for function generation between the six different
IO pairs. In this paper, we have added to the new kinematic synthesis tools with
a 4R planar coupler point curve analysis tool based on the vi-vo 10 equation and
the forward kinematics transformation matrix of the open 2R ai-as kinematic
chain leading to a parametric algebraic coupler point curve equation that is a
function of the input angle parameter, v;. The advantage of this formulation is
that only one homogeneous transformation matrix needs to be computed, then
it can be used to pre-multiply any coupler point. An example was presented for
both assembly modes of arbitrary 4R planar mechanisms as well as the mir-
rored coupler in the lower assembly mode. The parametric coupler point curves
are confirmed with an independent point locus computation using GeoGebra
whereby congruent curves in each assembly mode are generated. It is also to
be observed that the coupler point curve generated by the mirrored coupler in
the lower assembly mode is the mirror of the coupler point curve in the upper
assembly mode, reflected in the a4 centre-line.
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