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1

Introduction

In this project we will be looking at heavy traffic approximations of queueing systems and
see that this approximation allows us to observe that the number of customers in a queue
can be modelled by a Brownian motion. The type of Brownian motion will depend on
the process. In this project we will be focused on one dimensional queue’s only with both
normal service times where we will see that the process can be represented by a reflected
Brownian motion. Then, later on in the project, we will see a special case of a one dimensional queue where the service times are longer for the first customer to an empty queue
than they are for any customers arriving to an already busy queue. This process will be
represented by a sticky Brownian motion. The properties of the heavy traffic approximations that give both the reflected and sticky Brownian motions will be illustrated using the
M/M/1 queue. Using this illustration we will see the applications of the concepts to an
actual queueing network. The M/M/1 queue is one of the simplest models and thus will
allow us to see in detail the properties we discussed. We will see how these approximations
work when attempting to find the number of customers in the queue at a given point in time.
To accomplish this we will first introduce the concepts of the M/M/1 queue to give a
background to the type of queue that will be used to illustrate all of the properties. We will
then do a review of the Brownian motion including the reflected and sticky Brownian motions. We will discuss why they are useful to model the number of customers in the queue
and how to get from the random walk process that is the number of customers coming and
going from a queue to the continuous process that is a Brownian motion. In the section
following the review of the Brownian motion we will see the heavy traffic property and how
that is obtained. This property allows us to approximate the number of customers in the
queue when it is busy, or experiencing heavy traffic. Finally in the following two sections
after we will illustrate the properties discussed throughout the previous sections using the
M/M/1 queue and we will find the distributions for the number of customers in each of
the cases. An in depth understanding of the heavy traffic property, reflected, and sticky
Brownian motion is our goal for this project so in addition to going over these concepts,
an illustration of them will further solidify our knowledge.
The random walk, that will be used when discussing the Brownian motion and its properties, was first introduced by Karl Pearson in 1905, many of the papers looked at for this
project referenced his work on the Brownian motion. It can be shown that the number
of customers in a queue at any time is a random walk as it goes up or down one with
probability depending on the distribution of the arrivals and service times. The Markov
chain is a type of random walk where the next state depends only on the current state,
this is also true for the one-dimensional queuing models we’ll be discussing as the number
of customers that will be in the queue next depends only on the number that are currently
in the queue and the probability of an arrival or service happening first. The Brownian
3

motion was then introduced as a limit of random walks. This concept was first introduced
by Norbert Wiener, and as such the process is also sometimes referred to as a Wiener
process. We will be using his work in this project as the foundation for the reflected and
sticky Brownian motion. We will also be using multiple other sources for the Brownian
motion information such as Dai[2], Harrison [7], and Chen [22] as well as others that are
referenced throughout this project. These papers built on the concepts of a Brownian motion and used di↵erent queue models to represent the information. Currently in the works
of a Brownian motion many multi-dimensional models are being studied by researchers
such as Dai[1] to find their tail asymptotics. The topics covered in this project should be
enough to give a solid understanding of the base concepts such that understanding more
complicated papers like the one mentioned is attainable.
The reflected Brownian motion was first used to describe queueing systems that experiences heavy traffic that was established by Kingman in 1962 [13] and was studied further
by Inglehart and Whitt in 1970 [10]. In this project we use references from both of their
works to show that in queueing theory the reflected Brownian motion can be used to represent the number of customers in the queue. We will show this by imposing the heavy
traffic conditions on our queue and we will see that this gives the same distribution as the
reflected Brownian motion when we have regular service times. After showing the general
idea and proof behind the reflected Brownian motion we will use the M/M/1 queue to
show how the reflected Brownian motion will work in practice. The reflected Brownian
motion is the obvious choice for modelling customers in a queue as the number can never
go below 0, thus it is often used by current researchers when studying queueing theory and
we will reference some of them throughout the project.
The sticky Brownian motion for a single server queue was studied by Finch in 1959
where the customer to an empty queue would have to wait a random amount of time before beginning their service. Then later, in 1962, Yeo [18] looked at the queue in the case
that the server went away and came back for some time as well as the case of if the first
customer had a longer but known distribution service time. In this project we focus on
Yeo’s work when the first customer to an empty queue has a longer service time than a
customer arriving to an already busy system. Other papers look at to get a solid understanding of the sticky Brownian motion include works done by Whitt[18], and Harrison
[7]. The sticky Brownian motion is also currently being used in research to again, mostly
study multidimensional processes and their behaviours around the origin ( i.e at 0).
The heavy traffic property was first introduced by Kingman in 1961 with his paper
”The single server Queue in Heavy traffic” [14] and he furthered his research in 1962 with
the paper ”On Queue’s in Heavy Traffic”[13] . Since then his work has been used as the
foundation for modelling many di↵erent queue’s in heavy traffic. In this project we use the
concepts he introduced in our definition of the heavy traffic property and the illustration
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through an M/M/1 queue. We also use the work by Ha✏in and Whitt [6] who did more
research on the types of systems that can apply the heavy traffic property to find the distributions of both the number of customers in the queue and the wait times. We also used
a lot of the information in a presentation done by Shaikhet [16] where the heavy traffic
approximation was made easily understandable by using a fluid di↵usion approximation.
A lot of research currently being done in both di↵usion and heavy traffic approximations
builds upon the work done by Kingman and we will be using his work as well as that of
the researchers after him to attempt to understand the heavy traffic principles and how
they can be applied to the queue’s we wish to study in this project.
As we’ve mentioned briefly in the previous paragraphs, a lot of work is being done for
both reflected and sticky Brownian motion models in multi dimensions. The heavy traffic
property is used to model these multi dimensional cases as well which leads to a di↵usion
process. There are many papers that have calculated the parameters for multidimensional
queues that either operate normally or stick when the system empties. They build on
some of the basic principles that are discussed in this project. One such paper is ”Multidimensional Sticky Brownian Motion: Approximation, dependance and Tail Asymptotics”
by Dai and Zhao [1] which looks at the multidimensional sticky Brownian motion as a
semimartingale reflecting Brownian motion in the orthant. In the paper they calculate the
stationary distributions of the sticky Brownian motion as a di↵usion approximation. In
this project we will be more focused on the basics of these topics and compile them in a
way such that most people would be able to also understand these concepts and then using
this would be able to comprehend the more complex current research that is being done.
Over the course of this project we will accomplish this through the definitions of each topic
and then later with the illustration by the M/M/1 queue.
We start in the following section with an introduction to the M/M/1 queue which we
will be using to illustrate the properties of the reflected and sticky Brownian motions later
on. We then go into an explanation of the Brownian motion and the heavy traffic property
which will be used in this illustration. By the end of this project we will have a thorough
understanding of these concepts that we would need in order to comprehend the current
research being done in the field.

2

The M/M/1 Queue

In this project we will be using the M/M/1 queue to illustrate the heavy traffic properties
and how they can give us the reflected and sticky Brownian motion and we will see their
applications to finding the number of customers in a queue. We will be illustrating all of
these concepts using the M/M/1 queue. In doing this we show that it can be done for a
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queue model and it allows us to see the properties of the reflected and sticky Brownian
motion as well as heavy traffic property in a more concrete way. This will solidify our
knowledge of the concepts and since the M M/1 queue is a quite basic model it will be
simpler to show the properties and we can focus more on the Brownian motion rather than
the actual queue. To do this we must first introduce the M/M/1 queue definition and some
background information on why it is a useful model to study. This will all be accomplished
throughout the section and we will be mostly using the notes from the course STAT 4508
taught by Professor Yiqiang Zhao at Carleton University for the review of the M/M/1
queue as well as other papers that go into a bit more detail that are references throughout.
The M/M/1 queue is a single server queue with poison arrivals at rate and exponential
service time with rate µ, thus the expected service times will be E(s) = 1/µ where s is the
service time. Customers are served in the order of their arrival, the queue waiting length is
infinite and customers depart immediately after service. The number of customers at any
point in time will form a discrete Markov Chain, going up with rate /( + µ) (i.e. an arrival happens before the next service time is completed), and down with rate µ/( + µ) (i.e.
a service completion before the next arrival).These limiting probabilities were all shown
in detail during the coursework mentioned earlier and are relatively simple, thus the exact proofs are left out for this project and we can take these limiting probabilities as known.
Recall the definition of a Markov chain being a stochastic model that describes a sequence of possible di↵erent outcomes. The probability of a certain outcome depends only
on the current state of the process. This means that the probability of going up or down
to any number of people in the queue depends only on the number of people currently in
the queue. Given the queue starts in state i the number of customers can go to i + 1 if an
arrival occurs before the completion of service, or to i 1 if a customer is served and leaves
before the next arrival. All other probabilities are 0 as the queue can not jump up or down
by more than one person at a time. The Markov chain has stationary and independent
increments which is what gives this memoryless property where the next state depends
only on the current one. This is a necessary distinction and will be used later on when we
model the random walk by a Brownian motion. The strong Markov property will also be
introduced later on to show a queue can be modelled by a sticky Brownian motion.
Now we can see that the M/M/1 queue is a stochastic process where Q(t) is the number
of customers in the system and has values{0, 1, 2, 3, ...} and thus the M/M/1 queue has
state spaces {0, 1, 2, 3, ...}, this number includes the person currently in service. The arrivals
come at rate and when an arrival happens if the process started in state i = 0, 1, 2, ...
before the arrival than after the process will move from state i to i + 1 after the ith arrival.
Similarly the rate of service is µ and thus the mean service rate is 1/µ, when a customer is
served and leaves the number of customers in the system goes down to i 1 after the ith
is served, given no new customers arrived during the service time.This is how we get the
6

probabilities of the process going up or down a state mentioned earlier, / +µ and µ/ +µ.
We can now introduce the transition rate matrix, also called the infinitesimal generator
or the ”Q-matrix” by:
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This matrix describes the instantaneous rates of change between the di↵erent states (i.e
going from i to i + 1 or down to i 1). These are the transition rates of the Markov Chain
and are used in calculating the probabilities of going up or down in customers depending
on the values of and µ. Note that we also have the stabilizing condition that < µ,
otherwise the number of customers would increase to infinity as the number arriving on
average would be greater than the number being served. This matrix is what gives us the
Kolmogorov backwards and forwards equations that denote the probability of the process
being in a state later on. The Kolmogorov backwards equation, for {Q(t) : t
0} a
continuous time Markov Chain with rates qi,j and transition probability function Pi,j (t) in
a state space S and for any s, t 0 will be as follows:
X
Pi,j (t) =
Pi,k (t)Pk,j (s)
k2S

the proof was again gone over in detail during the course taught by Professor Zhao and
thus is left out of this project. These equations are useful when looking at the process as
a discrete time Markov chain and will be used further in our illustration of the M/M/1
queue as a sticky Brownian motion.
The limiting probabilities of this Markov chain have been calculated by Harrison [9].
The probability that the process is in state i at any given time including the customer in
service is defined by the variable ⇡i where ⇡i was found by Harrison to be:
⇡i = (1

⇢)i ⇢

where ⇢ is still the traffic intensity, ⇢ = /µ .
The average number of customers in the system can be found as it is clear from the
limiting probability ⇡i that the number of customers is distributed geometrically with parameter 1 ⇢ . Thus by the properties of the geometric distribution, which are recalled
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in the paragraph below, the average number in the system is ⇢/(1
⇢/(1 ⇢)2 (Guillemin [5] ).

⇢) and the variance is

Recall the geometric distribution is the probability distribution of bernoulli trials
needed to obtain a succeed. The expectation and variance of this distribution can be calculated easily if the parameters of the distribution are known as they are in our case.
This concludes out review of the M/M/1 queue and now we can move on to our studies
of the Brownian motion. We will come back to this queue process later when we use it
to illustrate the heavy traffic property and how to get the reflected and sticky Brownian
motions to model the number of customers in a queue. We will do this for the M/M/1
queue.

3

Brownian Motion Review

The Brownian motion (also sometimes called a Weiner process) is a continuous time
stochastic process. The Brownian motion is a sped up random walk with stationary and
independent increments. This random walk is sped up in order to make the process a
continuous time process. The speeding up is done by shortening the time intervals and
increasing the number of steps within that time interval as much as necessary until we have
a continuous process. We will see in more detail how this is done in the next section when
we will be discussing the Brownian motion and it’s properties.
The Brownian motion plays a crucial role in stochastic calculus, di↵usion processes and
more. In this project we are focused on its applications to queuing theory and how we can
use the di↵usion or heavy traffic approximations of queues to obtain a Brownian motion
for the queue length process. Thus we need to first introduce the Brownian motion which
gives us the general idea behind speeding up the random walk process until it becomes
continuous. We will then see a reflected Brownian motion that occurs when we have a
process that will not go below 0, and it’s properties. The sticky Brownian motion is then
introduced and will be used in later sections to model the process where the first customer
to an idle system has a longer wait time than a customer arriving to an already busy system.
This section will cover all of these topics regarding the Brownian motion. By the
end of it we should have a thorough enough knowledge of how the Brownian motion,
reflected Brownian motion, and sticky Brownian motion work to show that the heavy
traffic approximations will cause queue lengths to converge to one of them. Then later we
will apply these concepts. with our illustration of the M/M/1 queue.

8

3.1

Standard Brownian Motion

We will start by constructing a more formal definition of a Brownian motion from a random walk. Then explain what the di↵erent parts of the definition mean and why they
are important for our studies in this project. This includes the extension of the Brownian
motion to the reflected and the sticky Brownian motion. Throughout this subsection we
will show how to speed up the random walk Markov chain so that it can be modelled by
a Brownian motion. To accomplish this we will once again be using a lot of the material
covered by Professor Yiqiang Zhao in the course STAT 4508 at Carleton University. We
will also be using other papers as references that further the understanding of speeding up
the random walk that are referenced throughout.
We start with a process X(t) that is a random walk Markov chain with parameters:
E[Xi ] = 0 and Var[Xi ] =

2

The process is sped up by shortening the time intervals (i.e: tn tn 1 shortened where
we know tn is the np th point in time) and increasing the number of steps within that
interval by x =
t. This increase in the number of steps is chosen such that the
di↵erence in the number of steps ( x) is also proportional to the di↵erence in the time
intervals t and the standard deviation of the process . Choosing it this way allows us
to have a minimum increase in the number of steps that is still high enough such that the
random walk behaves like a continuous process and thus from this we have the continuous
process that is the Brownian motion
Then we obtain the new parameters for the sped up random walk will be :
E[Xi ] = 0 V ar[Xi ] = ( x)2

j t k
t

j t k
is the function used to describe the clost
est integer value of t/ t without surpassing the value of t/ t.
Note that the floor function used in

The proof of how these parameters are obtained was done in detail over the course and
thus was left out for this project. The expectation or the mean of the process does not
change when it is sped up and will thus, without loss of generality, we will assume that
it will remain as 0. The variance now depends on how much the process is sped up by
decreasing time intervals t and increasing the number of steps x. pObtaining this value
of the variance is another reason why the increase in steps x =
t was chosen and
will give us that the variance of the new sped up process is: VarX(t) = 2 t where X(t) is
the Brownian motion.
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Thus we have now seen that the speeding up of the random walk by shortening the
time interval and increasing the number of steps within those intervals is what allows us
to view the process as continuous. Since it is known that each step is independent and
identically distributed (comes form the fact it is a random walk) the speeding up of the
process will not eliminate those traits but will give us a more continuous looking process
which can then be considered a continuous time stochastic process, which is necessary for
the Brownian motion. We will now give the formal definition and afterwards explain in
detail each part and how it is relevant to queuing models:
Definition : A sequence {X(t) : t
properties:

0} is a Brownian Motion if it satisfies the following

1. The starting point, X(0) = 0
2. The process {X(t) : t
ments

0} is continuous and has stationary and independent incre-

3. The distribution X(t) ⇠ N (0,

2

t)

The initial condition that X(0) = 0 is the start of our brownian motion, in relation to
queuing this is the very beginning of the process at time 0 and thus it makes sense that
there would be no one in the system at this time. The continuity of the Brownian motion
comes from how we shortened the time interval and increased the number of steps within
that time interval as we’ve discussed earlier.
Independent increments of the brownian motion means that the process will assign a
random variable Xt to each point in time t for the process. Thus the increments will be
the di↵erence between each point in time Xs Xt for time points s and t where s > t.
To call these increments independent implies that for time points s, t, u, v : s > t and u >
v where s 6= t 6= u 6= v the increments Xs Xt and Xu Xv are independent random
variables as long as the time intervals do not overlap with each other.
Stationary increments of the brownian motion means that the probability distribution
of the interval Xs Xt where s and t are defined in the same way depends only on the
length of that interval s t and not on what happened previously in the process. If we
have s t = u v for u and v also defined in the same way then these increments will have
the exact same distribution.
The properties of independent and stationary increments of the Brownian motion are
important when discussing its uses for modelling the number of customers in di↵erent
queue’s and makes sense intuitively as the probability of another customer coming or going
from the system does not depend on how many are already in the system. This is what leads
10

to the memoryless property discussed in our review of the M/M/1 queue which comes from
the fact that X(t) is a Markov process. Thus we have that the stationary and independent
increments of the Brownian motion which are inherited from the Markov process are maintained as is necessary when discussing the process of the number of customers in the queue.
The central limit theorem as well as the choices of x and t so that the variance of
the sped up process is the Var[Xi ] = 2 t given before the definition is what gives us the
distribution of the Brownian motion
2

X(t) ⇠ N (0,

t)

This determines how the Brownian motion will behave and tells the probability of it going
up or down about the mean of 0. This allows us to model the Brownian motion graphically
so we can see the trends in the number of customers in the system at any given time.
The standard Brownian motion occurs when the mean is 0 and the variance is 1. We
can convert any Brownian motion to the standard one by simply dividing the process by
the variance. The standard brownian motion B(t) and its relation to the Brownian motion
X(t) is as follows:
X(t)
B(t) =
x

and we have that B(t) ⇠ N (0, 1) is the standard form Brownian motion. This is useful
to note as many of the calculation tables come for the N (0, 1) distribution and thus in
order to calculate the sample paths of the Brownian motion is is easier to do it using the
standard one.

3.2

Reflected Brownian Motion

The reflected Brownian motion behaves like a standard BM outside the boundary on (0, 1),
however at the boundary point 0 the process reflects, as opposed to a Brownian motion
that can go below 0. This process is used to model the number of customers, denoted by
Q(t), at any given time t in queuing processes. Once the system is empty and there are no
customers the process will stay at 0 until a new customer arrives. Once a new customer
arrives they will begin service immediately upon arrival and then the process will reflect
up and away from 0, after which it will behave like a normal Brownian motion until it
returns to 0 again. The process will never dip below 0 which makes sense intuitively as we
can never have a negative amount of people in the queue.
We will be using the one-dimensional reflected Brownian motion in this project however
it is worth noting that the same concepts can be used to extend it to a d dimensional process and we would have a multidimensional reflected Brownian motion. This. can be used
11

to model a queue in which there are multiple servers or other types of multi-dimensional
processes. The concept remains the same where it will never go below 0 and will reflect
instead. These types of processes are currently being researched extensively to find the
distributions of multi-dimensional queue’s and also in finding di↵usion approximations and
that is why it is worth noting here even though we’ll only be looking at the one-dimensional
case.
We will start with a formal definition as given by Harrison [8] of the reflected Brownian motion in one-dimension. By the end of this subsection we should have enough
knowledge about the reflected Brownian motion in order to use it in our heavy traffic approximations when we show that in heavy traffic, a reflected Brownian motion is what the
one-dimensional queue length process will converge to. We will also need to have enough
knowledge on the reflected Brownian motion to use it in our illustration by the M/M/1
queue.
The definition of the reflected Brownian motion is now given and the details of the
definition will be explained in more detail afterwards.
Definition : Reflected Brownian Motion The process Z̃(t) is a one-dimensional
reflecting brownian motion if it can be written as
Z̃(t) = X(t) + M (t)
Where X(t) is the Brownian motion that has previously been defined in section 3.1 and
we have that M (t) is defined to be:
M (t) = sup X(s)
s2[0,t]

One can show that the derivative of Z̃(t) will be equal to that of X(t) away from 0
and thus they behave the same way away from the boundary, ie when the process is not at
0 it will behave like the Brownian motion discussed earlier The addition of M (t) is what
causes the Brownian motion to reflect. M (t) only changes when the Brownian motion is
at 0 and this it will not have any a↵ect on the Brownian motion away from the boundary
Yeo[26].
In our discussion of the reflected Brownian motion and our illustration of it using the
M/M/1 queue later on we will be using this definition of the reflected Brownian motion,
however we can also note that there is an alternate definition of the boundary behaviour
using the generator of the process instead. The generator of the process is an operator
on a space of functions defined by the infinitesimal generator of the process. This will be
discussed in more detail in the sticky Brownian motion section. For now we can note that
12

00

where the generator (Lf )(x) = 12 f (x) for bounded and smooth functions f we have that
Z t
1 00
f (Xt ) f (X0 )
f (Xs )ds(⇤)
0 2
Where (⇤) is an expression with respect to the reflected Brownian motion. This will be a
sequence of random variables for which, at some time, the conditional expectation of the
next value will be equal to the present value (i.e its a martingale) Yeo[26]. If we then focus
0
on what happens at 0 and find f (0) we can see that the function (⇤) gives:
Z t
1 00
0
f (Xt ) f (X0 )
f (Xs )ds f (0)M (t)
0 2
is also a martingale where M (t) is the local time process defined earlier Yeo [26]. Thus we
have that we can also write it in terms of the function on the domain of the infinitesimal
generator. This will be important in our extension from a reflected to a sticky Brownian
motion and will be discussed in section 3.3 how we get this formula from Ito’s lemma.
Going back to our original definition now that we will be using when discussing reflected
Brownian motions:
Z̃(t) = X(t) + M (t)
we have that in the one-dimensional case we know the marginal distribution from the fact
X(t) is a Brownian motion as well as from the fact the function describing the boundary
behaviour is a single value that will describe the fact that the process will go upwards at the
beginning of a new busy period and will never go below 0. Note that in the d-dimensional
case we will have a matrix and a vector to define this boundary behaviour, however, since
we will only be focused on the one-dimensional case we will only use M (t).
For some value of time s in [0, t] a given time interval that we wish to look at, with t a
fixed value. We have that from the definition if the reflected Brownian motion and what
we know about the supremum given by M (t), we have that M (t) will be non-decreasing
in t and will only have an a↵ect on the Brownian motion at the time in which Z̃(t) = 0
because of the fact it is the supremum of the Brownian motion X(s). Thus it can be used
to accurately describes the boundary behaviour of the one dimensional process.
Now that we have an idea of the behaviour of the reflected Brownian motion and the
functions used to model it, we can calculate the distributions for general values. The
marginal distribution of the reflected Brownian motion was found by Harrison [6] to be:
P(Z̃(t)  z) =

⇣z

µt ⌘

e2µz/

2

⇣ z

µt ⌘

t1/2
t1/2
for all points in time t 0 with being the cumulative distribution function (CDF)
of the normal distribution and µ < 0 and z an arbitrary value of Z̃(t). For this project we
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have left out the exact calculations of the distribution as they are not necessary to know
for our studies. The focus will be on what happens to the process in the limiting case as
t ! 1 which will be discussed next.
What is important to note for our project is the limiting distribution that was found
by taking t ! 1. This was found to be the exponential distribution with the marginal
distribution in the limiting case to be :
P(Z̃  z) = 1

e2µz/

2

Thus for the one dimensional reflected brownian motion we have that the process Z̃(t)
tends towards an exponential distribution with parameter ( 2µ)/ 2 . This is what gives
us the heavy traffic property as well and why reflected Brownian motions can be modelled
using the heavy traffic property. The heavy traffic property and it’s uses in modelling
queue’s will be proven and discussed in more detail in section 4 of this project.

3.3

Sticky Brownian Motion

The sticky Brownian motion if a type of Brownian motion where once the process reaches
0 it will stay there for a longer period of time than it would stay at any other value of
Brownian motion The ”stickiness” is how long the process will stay at 0 for before leaving
the origin, 0, and behaving like a regular Brownian motion from that point onwards until
it reaches 0 again. Once the process reaches 0 it will repeat the process sticking for some
amount of time before going up and away from the origin once again. In this subsection
we will look at the sticky Brownian motion and how it comes from the Brownian motion as
well as it’s applications to queueing theory which we will then illustrate using the M/M/1
queue later on in the project.
The sticky Brownian motion, in this project, will be used to model queue’s where the
first customer to an idle system has a much longer service time than a customer arriving
to an already busy system. The length of this longer service time varies from process to
process and there are many di↵erent types that will give us a sticky Brownian motion.
This extra amount of time can be a constant, an exponential random variable, or another
type of random variable with a mean that is longer than that of the mean of the service
time distribution if the customer arrives to a busy system. This can come up in many real
life cases such as if in order to complete service a specific machine is needed that is turned
o↵ if the system is idle. Restarting the machine may take a long time and thus the service
distribution for the fist customer to an empty system will be entirely di↵erent than to a
busy one. For this project we will focus on the case where the first customer to an empty
queue has a longer service time which is what will give us the sticky Brownian motion.

14

To introduce the sticky Brownian motion we must first introduce the strong Markov
property as to have a sticky Brownian motion we need the process X(t) to have the strong
Markov property. The reasoning behind needing the process X(t) to have the strong
Markov property is that this is what ensures that the process has stationary and independent increments which comes from the memoryless property of a Markov chain. The
strong Markov property states that each stop time is independent if the times before and
after, even on the boundary. This is necessary for the sticky Brownian motion as the first
customer will have a di↵erent service time, with the strong Markov property this will not
a↵ect the memoryless properties. Building on this is how we get the properties of the sticky
Brownian motion
The definition of the strong Markov property is given is as follows:
Strong Markov Property: If we have X = (Xt : t 0) is a stochastic process on a
given probability space (⌦, F , P) with the natural filtration (the filtration that is associated
to a stochastic process which records the past behaviour at each time) {Ft }t 0 Then for
any t 0 we define Ft+ to be the intersection of Fs for all s > t then for any stopping
time ⌧ on ⌦ we define:
F⌧ + = {A 2 F : {⌧ = t} [ A 2 Ft+ , 8t

0}

Where A is an (S, S) valued stochastic process and (S, S) is a measurable space. Then X
is said to have the strong Markov Property if for each stopping time ⌧ conditioned on the
event {⌧ < 1} we have for each t 0, X⌧ +t is independent of Ft+ given X⌧ , Yu [19] .
Recall that the reflected Brownian motion was not required to spend any time on the
boundary, it could reflect instantaneously if an arrival happens exactly as the last customer
is leaving. With the reflected Brownian motion the time spent at 0 was not fixed to be
any longer than the time spent in any other state of the process. The sticky Brownian
motion however requires the process to spend some time on the boundary and thus the
distribution of the function will be di↵erent at 0 than it is at any other state in the process.
This is why we need the addition of the definition of what the Brownian motion will do
at the boundary as will be described in the definition. For the one-dimensional case the
sticky boundary behaviours was first found by Feller [3] when he studied the problem of the
domains of the infinitesimal generator associated with a strong Markov process, say X̃ in
[0, 1). A formal definition was then developed by Feller[3] and we will give this definition
and as well as a more detailed explanation of it in the paragraphs after.
Recall that in our reflected Brownian motion discussion we introduced the generator
00
(Lf )(x) = 12 f (x) for bounded, smooth functions f to describe the boundary behaviour.
For the reflected Brownian motion we introduced it as an aside whereas for the sticky
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Brownian motion it will be in our main definition of how we describe the boundary behaviours.
The formal definition of the sticky Brownian motion is:
Definition: Sticky Brownian Motion If we have X̃(t) a strong Markov process
(i.e it has the Strong Markov Property described above) in [0, 1), then in the bounds of
(0, 1) X will behave like a standard brownian motion. Then at 0 the possible boundary
behaviour if found to be described by:
0

f (0+) =

1 00
f (0+)
2µ

Where µ 2 (0, 1) is a given fixed constant and f are functions belonging to the domain of
00
the infinitesimal generator of X̃(t) that we found earlier as (Lf )(x) = 12 f (x) Yeo[26].
To get a better understanding of the function f and what it means for the function
we need to introduce Ito’s lemma which is used to determine the derivative of a time
dependant function of a stochastic process. When we take W (t) to be a Brownian motion
and f (W (t)) is then a function of the Brownian motion we cannot simply apply the chain
rule to di↵erentiate like we can in normal calculus. We instead need to use Ito calculus
since the Brownian motion W (t) is a time dependant process. Instead of the normal chain
rule then when di↵erentiating we have the following:
f (W (t))
1 00
0
= f (W (t))dW (t) + f (W (t)dt
dt
2
If we then take the integral of it all we obtain:
Z T
Z T
df (W (t))
1 00
0
=
f (W (t))dW (t) + f (W (t)dt
dt
2
0
0
Z T
Z T
1
0
00
f (W (T ) f (W (0)) =
f (W (t))dW (t) +
f (W (t))dt
2 0
0
Thus we have it written as what happens to the function between time 0 and time
T . The proof and intuition behind why we get this equation for the derivative of the
function is beyond the scope of this project so for now we will take it as given and will
continue to use Ito’s formula to obtain the distributions of the function for the Brownian
motion at 0. We can see though how the integral just discussed above will give us the
equation we need to describe the behaviour on the boundary of the Brownian motion that
0
1 00
is f (0+) = 2µ
f (0+) where µ is the mean of the process. This formula was first found
by Ito[24] however, we also used the information in a presentation by Zhang[25] to get a
better understanding of the formula and how it is derived.
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The infinitesimal generator of X̃(t) for Markov process is a partial di↵erential operator, meaning it is an operator defined as a function of di↵erentiation. This is the matrix
Q described in section 2 when discussing the M/M/1 queue and can also be modified to
represent any type of queue. This generator includes most of the information about the
process and it is what’s used in developing Kolmogorov backward equations that describes
the probability of the process changing over time and how it will change. Thus the function
f belongs to the domain of this generator as we’ve stated earlier. For our studies that we
will be doing on the M/M/1 queue we can then assume that the changes can be modelled
in the form of a function that we define to be f . It has the same behaviours as a function
of a Brownian motion on (0, 1). The di↵erences here is what happens at the boundary
( i.e when X = 0 ). This case, when the process is at the boundary is described by the
00
second derivative f (0+) which we know by using Ito’s calculus on the process to find the
behaviour at 0 which we went over briefly above.
Thus we have that the local time limit at 0 is described by the boundary condition for
the sticky Brownian motion,
1 00
0
f (0+) =
f (0+)
2µ
which we can also take from the aside we talked about for the reflected Brownian motion
but with a longer time spent at the boundary. This is how we can connect the di↵erent
boundary behaviours of each process and see how one can be gotten from the other.
We can also obtain the definition of the sticky Brownian motion by looking at the
reflected Brownian motion as done in the paper by Dai[1] who used the work first done by
Ito and McKean[11]. The one-dimensional sticky Brownian motion X̃ can be constructed
from the one-dimensional reflected Brownian motion Z̃ by the time change of t ! T (t)
which is done so that the time is now a function of t. This allows us to see the ways that
the Brownian motion will stick over a period of time at the boundary 0. We have that the
definition of T (t) and the inverse of it, S(t) is described by:
T (s) = S

1

(s) where S(s) = s +

1
Ms
u

and T (t) = s is determined by the equation:
1
Ms
u
Where we can recall from the definition of the reflected Brownian motion that
t=s+

M (t) = sup X(s) = Ms
s2[0,t]

This function Ms is a time change process that describes the amount of time that a
reflected Brownian motion would spend at 0. Thus we have our equation and definition
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for the sticky Brownian motion as a reflected Brownian motion that spends time on the
boundary according to the function Ms or when its equal to it’s running maximum as we
know from our definition of M (t).
For this project we will be using the function f to describe the boundary behaviour
rather than the above substitution, however they describe the same behaviours of the
reflected Brownian motion that will spend a di↵erent amount of time in state 0 than it
will at any other state in the process. Th e function f is in the domain of the infinitesimal
generator of the process and we can find using Ito’s lemma for di↵erentiation of time
dependant processes. Thus the Brownian motion with the strong Markov property X̃(t)
can also have it’s boundary behaviour described as a time change process. From this and
the definition we can conclude that the time change function T (s) allows us to better
00
model the e↵ects that the stickiness at the boundary described by f (0+) will have on the
Brownian motion as a whole. Thus we have a definition of the sticky Brownian motion
and in section 6 following we will further these concepts in our illustration of the sticky
Brownian motion by the M/M/1 queue where the first customer has an exceptional service
time.

4

Heavy Traffic Approximation

The heavy traffic or the di↵usion approximation is when a queueing model is matched with
a di↵usion process. This is done for when the queue is busy (i.e the queue is experiencing
heavy traffic). This property will give us the general behaviours of the Brownian motion
that comes from the queue length process and we will see how the heavy traffic approximation can be applied later in our M/M/1 queue illustration. The di↵usion process can
also be looked at as the solution to the stochastic di↵erential equations. The result will
be a continuous time Markov process where the sample paths are almost surly continuous.
We will see throughout the remained of this project that the reflected and sticky brownian
motion exhibits the heavy traffic property under some limiting conditions, this will be illustrated by the M/M/1 queue in the next section, section 5. The heavy traffic condition
was first written about by Kingman[14] in 1961 and we will be using his work as a basis
for the remainder of this section and in our illustration using the M/M/1 queue as well as
the work of people after who built upon his work to find heavy traffic approximations for
di↵erent queue’s.
If we let Q(t) be the number of customers in the system at time t we can then scale
the process by a factor of n and we get the resulting process:
Q̂n (t) =

Q(nt)

E(Q(nt))
p
n

The scaled process Q̂n (t) is then taken as n ! 1 so that we can see the limiting behaviours
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of the process and thus see is it exhibits the heavy traffic property easily.
There are three classes under which the heavy traffic or di↵usion approximations are
considered. Each case has a di↵erent fixed and limiting parameters resulting in a di↵erent
type of process and are given as follows:
1. The number of servers is fixed and the traffic intensity ⇢ is increased to 1 from below
( i.e ⇢ " 1) The queue length can then be approximated by a reflected Brownian
motion (Kingman [14]). In this project we will be illustrating the property using the
M/M/1 queue so we will be fixing the number of servers to 1.
2. If the number of servers and the arrival rate of customers increases to 1 from below
while the traffic intensity ⇢ is fixed then the queue length limit can be approximated
by a normal distribution, this specified as a di↵usion rather than a heavy traffic
approximation (Iglehart [10])
p
3. If a quantity a function of ⇢ and the number of servers s defined by = (1 ⇢) s
The traffic intensity and number of servers are then increased to 1 the limiting
distribution is then a hybrid of the reflected brownian motion and limit covering to
a normal distribution. (Whitt [17] )
For this project since we are focusing on the case where the number of servers is fixed
and we are only concerned with the first case when ⇢ " 1. This will be achiever by allowing
the arrival rate to converge to the service rate µ, and will see that the queue length can
then be approximated by a reflected Brownian motion. We can focus on the scaled process
Q̂n (t) representing the number of customers in the queue rather than simply Q(t) as it will
make it easier for us to see if the process can be modelled by a reflected Brownian motion
by determining if it exhibits the heavy traffic property of not.
The heavy traffic property was first stated by Kingman [14] and is essentially that if
the distribution of the function of the equilibrium number of customers is asymptotically
negative exponential as traffic intensity ⇢ " 1 then it will have the heavy traffic property.
A formal theorem is given by Kingman as well as classes of queue’s with the heavy traffic
property. A formal definition for the heavy traffic property that covers all cases is as follows:
Definition : Heavy Traffic: the heavy traffic approximation is the process of matching a queuing model with a di↵usion process. To do this we introduce limiting conditions
on the parameters of the process. These limiting conditions were described above when
discussing the cases and imposing these is what gives us a heavy traffic approximation, or
di↵usion approximation depending in the condition.
for our project we’re focused on the M/M/1 queue, fixing the number of servers to
1 and increasing ⇢ " 1. The queueing system has the heavy traffic property if it can be
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accurately approximated by a reflected Brownian Motion and the steady state distribution
of this reflected Brownian motion tends towards an exponential distribution. Thus we need
to have that the scaled queue length process that we defined earlier as Q̂(t) can be written
as:
Q̂(t) = X(t)
inf {X(s)}
0st

Where X(t) is a regular Brownian motion and
M (t) = sup {X(s)} ⌘
0st

inf {X(s)}

0st

Since the process M (t) simply reflects and will be a single value as the Brownian motion
is one-dimensional we can use that
sup {X(s)} ⌘

0st

inf {X(s)}

0st

.
We also need to be able to show that the distribution of the Brownian motion X(t)
tends towards an exponential which is done by finding the distribution of the number of
customers in the queue at any time t, Q̂(t). For the heavy traffic condition we will then
take the limiting distribution and thus we will loo at the case when n ! 1. Knowing
that a queueing process can be modelled by a reflected Brownian motion makes finding the
distribution and by extension, the number of customers in the queue, much easier.
In order to prove that this scaled process that we looked at earlier with regards to our
definition of the heavy traffic property we will focus on the scaled version of the number
of customers in the queue which we can recall is
Q̂n (t) =

Q(nt)

E(Q(nt))
p
n

We will shot that Q̂n (t) converges to a reflected Brownian motion with the properties
described in the definition under the heavy traffic approximation condition that ⇢ " 1.
Since in order for the system to be consistent we need < µ we will be taking that the
value of approaches that of µ from below. We will use the work don Whitt[6] as well
as other presentations that were compiled, mainly the presentation by Shaikhet[20]. To
accomplish this we must use the strong law of large numbers. We also need to introduce
the Central Limit theorem which we will do after. Thus we will give definitions of these
concepts now and then we will continue with our proof that it converges to the reflected
Brownian motion afterwards. For our theorems of the strong law of large numbers and the
central limit theorem we refer to the presentation by Shaikhet [20] as his definitions relate
the general theorems better to queuing models.
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Strong Law of Large Numbers (SLLN) States that
P the sample average converges
almost surely to theP
expected value, i.e. we have that n1 ni=1 Xi ! E(X), that is that we
have where X̄n = n1 ni=1 Xi and µ = E(X) :
P lim X̄n = µ = 1
n!1

Central Limit Theorem (CLT) We also note that the central limit theorem states
that for some process X(t) ⇠ D(µ, 2 ) where D is any distribution,
(Xn µn)
! N (0, 1)
( 2 n)1/2
as n ! 1. Thus as an extension of the central limit theorem we also have that the scaled
process of Xnt has:
(Xnt µnt)
! N (0, t)
n1/2
Thus we have for our definition that the process M (t) the average of it M̄ (t) = µt and
for the Brownian motion part in the definition X(t) we have that X̄(t) ! mt where m is
the mean of the Brownian Motion. Both of these are obtained by using the SLLN that
we just discussed. We can then use what we know about the means and the convergence
of M (t) and X(t) by the SLLN and add into it the definition of the functional CLT just
discussed to show that Q̂(t) will converge to a reflected Brownian motion under the heavy
traffic approximations.
Since ⇢ = µ " 1. Since we also need the system to be consistent we, again, take
approaches µ from below. This means that we have we’re approaching the case where
= µ. We then take the value of Q̂(t) to be:
Q̂(t) = X(t) + M (t)
Since we have that Q̂(t) is the number of customers in the queue we can model this
by a Brownian motion which we’ve discussed in the section on the Brownian motion by
shortening the time interval and increasing the number of steps within that interval. Thus
we can model it by a brownian motion, say X(t) here, then we need something to describe
the behaviour at 0 and for this we use the process M (t) in order to ensure it will reflect
after reaching 0 and will not go below. We then need to find the distributions of both Q̂(t)
and M (t) and ensure that this is an appropriate model for the number of customers. We
do this with the following:
Q(nt) mnt
p
n
! X(t)

Q̂(t) ⌘
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(2)
(3)

Where we get from (2) to (3) using the functional central limit theorem and strong law
of large numbers stated earlier. Similarly we have that:

M̂ (t) ⌘
!

M (nt)
p

µnt
n
µQ(t)(µt)

(4)
(5)

Where we know that X(t) is the Brownian motion as defined earlier in section 3.1 and
Q(t) also converges to a Brownian motion that we found earlier to be X(t). Thus we
have that is is a reflected Brownian motion comes from the scaled process for the number
of customers in the queue that we defined to be:
Q̂n (t) =

Q(nt)

E(Q(nt))
p
! X(t) + M̂ (t)
n

Which we have shown above converge to Brownian motion and thus we can conclude
that under the condition that n ! 1 the number of customers in a one-dimensional queue
will converge to a Brownian motion. We would need to prove all of this if we wish to show
that whatever specific queue we choose to look at exhibits the heavy traffic property. We
also need to show that it converges to the exponential distribution which we can do my
examining the specific probability generating functions of the resulting Brownian motions.
We have shown in this section that the heavy traffic conditions can be used to show
that the number of customers can be modelled by a reflected Brownian motion. This will
lead us to the heavy traffic property that will also help us to find the distribution of this
Brownian motion. These concepts will be illustrated in the next section as we discuss the
M/M/1 queue and its distributions first in the case of normal service times and then later
on in the case where the first customer has an exceptional service time.

5

Heavy Traffic Approximations as Illustrated by the M/M/1
Queue

In this section we will be using definition of the heavy traffic approximation discussed in
the previous section which looked at the process as the traffic intensity ⇢ " 1 and n ! 1 .
We showed that under these conditions the number of customers in a queue will approach
a reflected Brownian motion. We will now be illustrating this using the M/M/1 queue
and show that under the heavy traffic approximation conditions it can also be modelled
by a reflected Brownian motion. We will take the limiting distribution as t ! 1 and see
that the process tends towards an exponential distribution. Kingman [14] was the first to
calculate the parameters for the expectation and variance of the reflected Brownian motion
under the heavy traffic conditions and in this project we will be using his work as a basis
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as well as taking references from other work done by Haflin and Whitt [6] who built upon
Kingman’s work to further solidify the properties for di↵erent one-dimensional or single
server queue’s. We use their work to find the distributions in the M/M/1 queue.
Kingman wrote about the single server queue in heavy traffic for the generalized G/G/1
queue, we will be taking his work and specifying it to the case of the M/M/1 queue. Recall
that for an M/M/1 queue the arrivals are a Poison process with rate and the service
time is distributed exponentially with rate µ. To see the heavy traffic approximation we
must show that the process can be modelled by a reflected Brownian motion, and then
that the distribution tends towards an exponential. In order to do this we will introduce
or recall the following notations for the di↵erent parameters in the M/M/1 queue:
1. The Arrival process is defined by A(t) which we have as a poison process with rate
2. The Service process is S(t) which is exponential with rate µ
3. We let Y (t) ⌘ A(t)
heavy traffic

S(t), t

0 be the input process when the queue is experiencing

4. Then as before we have the number of people in the system Q(t) = Y (t) inf 0st {Y (s)}
5. The system starts o↵ empty with Q(0) = 0.
For the third assumption note that if it were the net process for the entire queue length
we would need to add the case when the queue is empty, however, we have that under
the heavy traffic conditions the number of customers is approaching infinity (i.e n ! 1).
Thus we can assume that the probability that the system is idle will be 0 when calculating
Y (t). We will look at the system when it is experiencing heavy traffic as we can use the
heavy traffic assumptions on it and when it is at 0 separately. We will see that this is what
gives us the total number of people in the system to be Q(t) = Y (t) inf 0st {Y (s)}, the
process when it is busy and then adding the case when it is at the boundary by using the
function inf 0st {Y (s)} which will describe the behaviour of the queue length process
when it is at 0. This is how we get the fourth assumption for how we write the process for
the number of people in the queue Q(t).
Note that Q(t) is a reflection of the process Y (t), this means that however Y (t) behaves,
Q(t) will behave in a similar fashion but will reflect at the origin (i.e at point 0) since it also
takes the negative infimum of the process. This comes from the definition of the reflected
Brownian motion that we found in section 3.2. Thus here we need to show that Y (t) is a
Brownian motion and that
M (t) =
inf {Y (s)}
0st
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which is the process M (t) does not have any e↵ect on the Brownian motion except at 0
and the only thing it will do is ensure that the Brownian motion will reflect as was out
definition in section 3.2 when we discussed the reflected Brownian motion.
We have that by the strong law of large numbers discussed in section 4 that the mean
of the arrival process A(t) and S(t) will converge to t and µt respectively as n ! 1.
That is we have that:
A(nt)
Ā(t) =
! t
n
S(nt)
S̄(t) =
! µt
n
From this we will then use the central limit theorem on each of the arrival and service
processes as well to show that the both will converge to a Brownian motion with their
respective values depending on and µ. For now we will look at the arrival and service
processes separately with their respective rates and µ and need to show that they will
each converge to their own Brownian motions. Then we will take ⇢ " 1 with converging
to µ from below so that we can show that the combined process Y (t) will also converge to
a Brownian motion.
For the arrival process A(t) we scale it by taking nt as the time and then we subtract
p
the mean nt and divide by n in the same way we had the scaled process Q̂(nt) in the
previous section. Using what we obtained above about the mean of the process and the
central limit theorem (i.e. the process subtract the mean over the square root of n as
n ! 1 will converge to a N (0, 1) ) we have the following:
A(nt)
p

nt
n

!

p

Ba (t)

Again, this is by the central limit theorem and the strong law of large numbers. The
process Ba (t) is the Brownian motion corresponding to the arrival process which will have
parameters based on the value of . Thus the arrival process converges to a Brownian
motion as n ! 1.
Obtaining the distribution of the service process is extremely similar to that of the
arrival process. The service process also uses the strong law of large numbers and the
central limit theorem in the exact same way, the only di↵erence being that we have its
parameter is µ. Thus we have that S(t) as n ! 1 will converge to:
S(nt) µnt
p
p
! µBs (t)
n
Where Bs (t) is the Brownian motion corresponding to the service times and the central
limit theorem was used in the exact same way as it was to find the limiting distribution of
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the arrival time.
We will now find the distribution of the combined process Y (t) ⌘ A(t) S(t), t
0.
to do this we will impose the heavy traffic condition that ⇢ " 1 which means that we’re
approaching the case when ! µ that we talked about earlier in the section. To find the
limiting distribution of Y (t) we use the same logic as we did with the arrival process A(t)
and the service process S(t). We know already that the means of the processes A(t) and
S(t) converge to t and µt respectively by the strong law of large numbers. Then since we
have that ! µ we have the following by the strong law of large numbers:
Ā(t)

A(nt) S(nt)
n
n
! t µt

S̄(t) =

⌘0

Thus we have that the mean of the process for Y (t) will also converge to 0 by the strong
law of large numbers. Then using this fact as well as the central limit theorem we have
that
Y (nt)
A(nt) S(nt)
p
p
⌘
n
n
p
p
!
Ba (t)
µBs (t)
p
d
= 2 B(t)

(6)
(7)
(8)

Where to get from equation (6) to (7) we use what we found previously about the limiting distributions of the arrival and service times are Brownian motions, also since we’re
assuming ! µ we can replace µ with without loss of generality. Also since ! µ we
have that the distributions Ba (t) = Bs (t) since the only di↵erence between the two before
was the values of and µ. Thus we can replace and them both with B(t) a standard
Brownian motion and that is how we obtain equation (8).
Then, from how we previously defined the scaled number of customers in the queue as:
Q̂n (t) =

Q(nt)

E(Q(nt))
p
n

And also how we defined the queue length process with respect to the input process
when the queue is experiencing heavy traffic, Y (t) which we know from the strong law of
large numbers that we discussed earlier has mean 0, thus E(Q(nt)) = 0. And when the
process is at 0 which the behaviour is given by M (t), thus we have:
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Q(nt)
Q̂n (t) = p
! Q(t) ⌘ Y (t)
n

inf {Y (s)}

0st

p
From the work that we’ve done above we know that Y (t) ⌘ 2 B(t), a Brownian
motion. Thus this part matches with our definition of the reflected Brownian motion done
in section 3.2. Now we need to see what the negative infimum of the process Y (t) which
we denote:
M (s) =
inf {Y (s)}
0st

Recall our definition of a reflected Brownian motion in section 3.2 where we had the
reflected Brownian motion Z̃(t) = X(t) + M (t) where X(t) was a Brownian motion and
M (t) = sups2[0,t] X(s). The negative of the infimum will be the supremum, as well as our
change of notation from X to Y representing the Brownian motion, and thus we have that,
M (t) = inf 0st {Y (s)} matches with the M (t) in our definition of the reflected Brownian motion and therefore in the M/M/1 queue the number of customers will converge to a
reflected Brownian motion under the heavy traffic conditions as we expected.
To now prove that the process has the heavy traffic property we must also prove that
the limiting distribution of the reflected Brownian motion that comes from implementing
the heavy traffic conditions on the the number of customers in the M/M/1 queue will tend
towards that of an exponential. To achieve this we have similar assumptions and notation
on the process as we had before except with the addition of a drift coefficient in order to
cover all possible cases in the M/M/1 queue and we will show that it will always converge
towards an exponential. For this we will only be looking at when the queue is experiencing
heavy traffic and thus we again assume that the probability the number of customers is at
0 will be 0. We have:
1. as n ! 1 with n the rate of arrivals as a function of n
p
p
2. if ( n µ) n ! c for some constant c. This means that ⇢n ⌘ 1 (c/ n) then we
have that:
p
p
3. Recall that the arrival process [An (nt)
µBa (t) where Ba (t) is the
n nt]/ n !
Brownian motion associated with the arrival process
p
p
4. Recall that theservice process [Sn (nt)
µBs (t) where Bs (t) is the
n nt]/ n !
Brownian motion associated with the service process
p
Since we now have the addition of the fact that ( n µ) n ! c we will again find the
limiting distribution of the combines process Y (t) with this addition as n ! 1 and ⇢ " 1.
We will use the strong law of large numbers and the central limit theorem again in the
same way we uses them earlier and we obtain the following:
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Yn (nt)
An (nt) Sn (nt) (
p
p
⌘
n
n
p
p
!
Ba (t)
µBs (t)
p
d
= 2µB(t) ct

µ)nt

(9)

ct

(10)
(11)

These calculations follow directly from the assumptions made above as well as the fact
that we’re taking ⇢ " 1 and thus = µ and the same result obtained before that this
implies that the means of the arrival subtracted from the service process will be 0. Then
we add in what happens to the process at 0 with the same reasoning for using M (t) that
we’ve described earlier. We have that the queue length process that we had before:
Q(nt)
Q̂n (t) = p
! Q(t) ⌘ Y (t)
inf {Y (s)}
0st
n
p
We found just above that Y (t) ⌘ 2µB(t) ct. The process for M (s) = inf 0st {Y (s)}
is the exact same as before. Thus we have that Q(t) is a reflected Brownian motion with
drift ct. We must now show that this process will tend towards a exponential.
For the calculations of the distribution and showing its exponential we mostly look at
the paper by Kingman[13] where he found the distribution of the single server queue in
heavy traffic to be asymptotically (i.e. the limiting distribution) exponential. To obtain
this we have that given n is the length of the queue upon arrival of a customer, we have
that for some value of z:
P(Q̂(t)

z) = P(Y (t)
= P(

inf {Y (s)}

0st

inf {Y (s)} + Y (t)

0st

= P( sup Ŷ (s)

z)

z)

(12)
z)

(13)
(14)

0st

Where to get from line (13) to (14) we have that we define Ŷ (t) = Y (0) Y (0 t) and
we observe that this is also a Brownian motion with drift ct. We make this substitution
so that we can observe the exact distributions of Q̂(t) easily. This substitution is possible
as it results in the same Brownian motion since we are only changing the value when the
process is at 0 and simply adding it as 0, and thus is equal.
We now have two cases depending on the drift. The first is when ct 0 and the second
is when ct < 0. We will see the distributions that each case gives us as follows:

27

Case 1: We then have that from the definition and basic properties of the Brownian
motion that when the drift ct 0 we have that sups 0 Y (s) = 1 Therefore we have that :
P( sup Ŷ (s)

z) ! 1 as t ! 1

0st

Thus the limiting distribution does not exist and we do not have to worry about this case
anymore.
Case 2: Is when we have that the drift ct < 0 then we have that
P( sup Ŷ (s)
0st

z) ! exp( 2ct/var(Q(t)))

Thus we have that in this case Q̂(t) will converge to an exponential distribution under
the heavy traffic conditions. Thus we have that the number of customers in the M/M/1
queue under the heavy traffic conditions will converge to a reflected Brownian Motion with
an exponential distribution as was our goal for this section. This illustration by the M/M/1
queue allows us to see how the heavy traffic property and Brownian motion approximations
work in queueing.
In the following section we will build upon these concepts for the M/M/1 queue when
the first customer to an empty queue has a longer service time. Recall that when discussing the reflected Brownian motion we also introduced the boundary behaviour using
the derivative of a function on the domain the infinitesimal generator of the queue length
process Q(t). We will be using this definition in the following section when discussing
the sticky Brownian motion and will see the similarities and di↵erences between the two
processes.

6

Sticky Brownian Motion as Illustrated by the M/M/1 Queue

If we have queue that behaves like an ordinary M/M/1 queue when the system is busy but
after the system is idle the next arriving customer will have an exceptional service time,
usually much longer. In section 3.3 we discussed the general ideas of the sticky Brownian
motion and how if can be a special version of the reflected Brownian motion where the
possible boundary behaviour is described by
0

f (0+) =

1 00
f (0+)
2µ

where the function f is as defined in section 3.3 and the behaviour at 0 being the
derivative, which we found in section 3.3 as well using Ito’s lemma. The function f as we
described before is from the domain of the infinitesimal generator and the exact derivation
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is beyond the scope of this project. Some explanation is given in section 3.3 with regards
to Ito’s formula however for this project we will mostly be taking it as given in order to
focus more on the overall behaviours of the function rather than the details. The theory
behind why f is chosen is, in reality, much more complicated than we’ve explained here.
The main use of the function for us will be to describe the boundary behaviour, as stated
before. To do this we will only show that the behaviour of our queue at 0 will converge
0
1 00
to the function described in section 3.3, f (0+) = 2µ
f (0+) to prove it will converge to a
sticky Brownian motion.
In the previous section we showed the the number of customers in a queue has the heavy
traffic property and can be modelled by the reflected Brownian motion. In this section we
will build on that for the special case where the first customer to an empty system has
an exceptional service time. We will show that the number of people in the queue in thus
case can be modelled by sticky Brownian motion. Recall in our definition of the reflected
Brownian motion we also introduced it as a function of f and thus we can show that the
definition can be extended to include the case where it sticks.
To show this we will use the work done by Yeo[18] and to begin we will introduce some
of the nutation that he used in the paper as well as recall some of the notation that were
introduced previously in the project:
1. ⌧1 , ⌧n , ... are the arrival instances of each customer
2. tn = ⌧n ⌧n 1 the inter arrival times where t0 = 0. They are independently and
identically distributed ( taken from the fact M/M/1 with rate and expectation
E(tn ) = 1/ )
3. sn the actual service time of the n th customer if they join an already busy queue,
with expectation E(sn ) = 1/µ the expected service time
in a regular M/M/1 queue.
R 1 i✓x
The cumulative frequency is defined to be (✓) = 0 e dB(x) where B(x) is the
distribution of the service time if the system is busy. We know B(x) to be exponential
in out case.
4. rn the service time of the n th customer if they join an empty queue, with expectation
E(rn ) = d . Note that this service time begins immediatelyR however it will be longer
1
than sn . The cumulative frequency is defined to be ⇣(✓) = 0 ei✓x dD(x) where D(x)
is the distribution of the service time if the customer is arriving to an empty queue.
This distribution is unknown to us and needs to be obtained through observation of
the queue. We will be using a general D(x) for our calculations
5. un = sn tn+1 the di↵erence between the n
if the queue is busy.
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th service time and next inter arrival

6. cn = rn tn+1 the di↵erence between the n th service time if they came to an
empty queue and the next inter arrival time after them.
7. Rn (m) : n = 0, 1, 2, ... is the probability the m-th arrival finds n in the queue
8. Qn (m) : n = 0, 1, 2, ... is the probability that when the m-th arriving customer leaves
they leave n in the queue.
9. Note that Qn = Rn where Qn and Rn is the limiting distribution of how many
the departing and arriving customers see respectively, thus Qn is the probability a
departing customer sees n in the system.
From this we can then easily see that
queue will be:
8
>
< w n + un
wn = cn
>
:
0

the wait time for this special type of M/M/1
if wn + un > 0, wn > 0
if cn > 0, wn = 0
otherwise

(15)

Yeo[19] also found the distributions of the wait times. Since in this project we are
focused on the number of customers in the queue and not the wait times we will take
his work on this as given and simply use to to further our studies into the queue length
process. We have that the probability that a customer will arrive to find the system empty
was found, again in the paper by Yeo[19] and modified for our case of the M/M/1 queue,
to be:
1
/µ
W (0) =
1
/µ + d
where we recall that d is the mean of the wait time before a customer arrives to an empty
queue. He also found the expectation of the wait time distribution to be:
E(w) =

2 E(r 2 ) + 2 dE(s2 )
E(r2 )
2(1
/µ)(1
/µ + d)

Now that we have a general idea of how the queue will behave we can find the distribution of number of people that will be in the queue at any time. We note that the Brownian
motion will go from 0 to 1 after the first customer that arrived to an empty queue has been
served, so for the duration of time the first customer is being served the Brownian motion
will stay at 0 even though a new customer has arrived. After leaving the origin the process
can be modelled by a regular Brownian motion, this means that more customers arrived
while the first was being served and the queue is now busy. Since the distributions for this
were already fond in the previous section we will only focus on what happens when the
queue is empty.
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Denote the number of people in the queue by Q(z) as we did in the previous sections
and we will be looking at some small value |z| < 1, as we now wish to focus on when the
queue is empty and then becomes busy, and we will assume also some small value of k
such that /µ < k. This will ensure that the probability of the queue being empty is high
enough that we can focus on what happens at 0 and how the queue length process will
behave. Because of this is also why we look at the process as being discrete rather than
continuous when looking at the boundary behaviour, the exact opposite of the assumptions
in heavy traffic.
The arrival process which we can recall is denotes A(t) is distributed poission with rate
, thus we have that we can write the distribution of A(z) for our value of |z| < 1 and the
chosen value of k such that /µ < k as:
A(z) =

z
X

n=0

n

n!

e

Then we choose z = k 1 which we know will satisfy our conditions as k is some small
positive value then we have that:
A(z) =

k 1
X

n=0

n

n!

e

We can try and write out the service distribution S(t) in a similar way however we now
have the addition of the fact that the first to an empty queue has an exceptional service
time. Thus we will start by noting that the probability generating function of the number
of customers in the system is the summation from n = 0 up to infinity of the probability
there are n in the system multiplied by the time we’re looking at to the power of n thus
we have:
1
X
Q(z) =
Qn z n
n=0

Where we can recall from out notation that Qn is the probability that the departing
customer will leave behind n in the system. We are now concerned with finding the probability generating function of Q(z). We are not yet sure what type and if this process can
be modelled by a Brownian motion and thus we will look at the discrete variables and we
will try to characterize them and see if we can model the process with a type of Brownian
motion, in our case we will see that it will be modelled by a sticky Brownian motion. To do
this we will look at the process as discrete, as we’ve mentioned before, to see the behaviours
at 0 and then the rest we will use the heavy traffic property to show it will behave like a
Brownian motion after leaving the origin.
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We then let fn be the function represents the integral of the distribution function of
for the customers that arrive to a busy system. This is a function defined by the domain
of the infinitesimal generator of our process as we looked at in section 2 when defining
the M/M/1 queue and in section 3.3 when defining the sticky Brownian motion. It is the
function that will model how the Markov chain of the number
will behave.
P of customers
n by the same logic
Then we have that the probability generating function will be 1
f
z
n
n=0
we used when finding the probability generating function of the number of customers Q(z).
We already know the distribution of this from our work done in the previous section under
the heavy traffic condition. However, since we are now concerned with small values for
the number of customers, for now we will look at the probability generating function of it
as a discrete random variable as it will help us to better understand later what happens at 0.
In order to accomplish this we define the function fn which is the function in the domain
of the infinitesimal generator of the process and we are now going to assume that we do
not know that service is exponentially distributed as it will help us set up the same type
of equation fn⇤ that we will use for the service time when the system is empty. fn⇤ is the
probability that the number of customers in the queue will be at n at some given time in
the future, then we take f (z) as the sum of these probabilities multiplied by the fractional
amount |z| < 1 to the power n to give the probability generating function f (z) Yeo[19] :

fn =
f (z) =

Z

1

(n+1)k 1

e

x

0

1
X

X

r=nk

fn z n

( x)r
dB(x)
r!

(16)
(17)

n=0

As mentioned earlier we already know the distribution of the service time when the
system is busy,B(x), to be exponential with rate µ since we’re looking at the M/M/1
queue and we know the limiting distribution of the probability generating function will
lead us towards a reflected Brownian motion in heavy traffic. This definition however is
what leads us to the very similar definition of what happens at the boundary (i.e. at 0)
which we will give by fn⇤ , which is the integral of the distribution when the customer arrives
to an empty system. We have by the same logic as for calculating f (z) except now D(x)
is the distribution of the service time for the first customer to an empty system. This
probability generating function f ⇤ (z) in this case will be:
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fn⇤ =
f ⇤ (z) =

Z

1

(n+1)k 1

e

x

0

1
X

X

r=nk

( x)r
dD(x)
r!

fn⇤ z n

(18)
(19)

n=0

The values when the customer arrives to the busy system, so the values of fn and f (z)
were calculated in the previous section when we found the distribution when the system
is experiencing heavy traffic can be modelled by a reflected Brownian motion with exponential distribution. However, like we mentioned earlier we are not necessarily looking at
heavy traffic now as we are mostly concerned with what happens to the process at 0, thus
we look at it as discrete variables. The distribution function B(x) is known to be the
exponential distribute with rate µ. Thus the main di↵erence we have now is fn⇤ which is
di↵erent from fn only through the distribution of the extra wait time denoted by D(x),
the distributions when the system is empty.
We now wish to calculate the probability generating function for the number of customers in the queue. The way to do this is as follows:
Qn = Qn+1 f0 + Qn f1 + · · · + Q1 fn + Q0 fn⇤
n

1
X

n=0

Q0 fn⇤ ]

n

(20)

Qn z = z [Qn+1 f0 + Qn f1 + · · · + Q1 fn +
1
X
n
Qn z =
z n [Qn+1 f0 + Qn f1 + · · · + Q1 fn + Q0 fn⇤ ]

(21)

Q(z) = Q0

(23)

n=0

⇣ f (z)

zf ⇤ (z) ⌘
f (z) z

(22)

The steps are as follows:
1. to get from (20) to (21) we simply multiply both sides by z n
2. to get from (21) to (22) we take the summation of each side from n = 0 to 1
3. to get from (22) to (23) we take the limit as n ! 1 of both sides.
Thus we have that the number of customers Q(z) = Q0 {f (z) zf ⇤ (z)}{f (z) z} 1
where the value of f (z) is known. The value for the number of customers in the queue is
found under part of the heavy traffic conditions, i.e. at ⇢ = 1, however we are not assuming
that n ! 1 here as what happens when n is small also matters.
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By this assumption we have that the probability of there being 0 customers in the
0
0
queue, since we have that f (1) = /µ and f ⇤ = d will now be:
W (0) =

1

1
!0

/µ
/µ + d
(24)

Through di↵erentiation of Q(z) Yeo[19] found the average number of customers in the
queue to be:
0
00
Q0 {2f ⇤ (1) + f ⇤ (1)}
0
Q (1) =
2(1 f 0 (1))
Thus from what we’ve just seen through the work done previously on the sticky Brownian motion and the work by Yeo [19] we can see that the number of customers in this
M/M/1 queue behaves like a Brownian motion away from the origin using the heavy traffic
property, and then we can use the probabilities of the number of customers in the queue as
a discrete random variable to calculate what happens to this special case of the reflected
Brownian motion at 0, even with the first customer having an exceptional service time. We
also illustrated that it has a similar distribution to the reflected Brownian motion except
that we have the addition of f ⇤ which represents the time that the process will spend on the
0
1 00
boundary. This value is what will determine f (0+) = 2µ
f (0+) in our original definition.
The number of customers in the queue at time t found above matched our definitions
of a sticky Brownian motion and exhibits the heavy traffic property as we know that the
0
distributions of f and f will be from the exponential distribution as we have an M/M/1
queue and it was proven in section 5 that this results in the reflected Brownian motion. For
this case we have the addition of f ⇤ which is what represents the stickiness of the process
at the boundary point 0. This is shown in the following as we need to further di↵erentiate
it to find the number of customers in a queue. We also take the value as k approaches
0 rather than at 1 to see more of the boundary behaviour. We will still have that the
probability Q0 = 0 however we now have the case where µ ! rather than = µ Thus
0
we take the value of Q (0+) and we see that:
0

0

00

Q0 {2f ⇤ (0+)}
f ⇤ (0+)}
+
2(1 f 0 (0+)) 2(1f 0 (0+))
h
i
1
⇤0
⇤00
=
Q
(2f
(0+))
+
f
(0+)
0
2(1 f 0 (0+))
h
i
1
0
00
=
Q0 (2f ⇤ (0+)) + f ⇤ (0+)
2(1 (1 µ))
1
!
[f ⇤00 (0+)]
2µ

Q (0+) =
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(25)
(26)
(27)
(28)

This is exactly our definition of the sticky Brownian motion with the ”stick” caused by
the second derivative of f ⇤00 (0+) in this case. Thus we have shown that the M/M/1 queue
where the first customer to an empty system has exceptional service times will converge
to a sticky Brownian Motion. Thus we can use the sticky Brownian motion to model this
type of queue process.

7

Conclusion

We have now illustrated the concepts of the reflected and sticky Brownian motion by using
the M/M/1 queue. For the queue with a standard exponential service rate for all of the
customers we found that the process Q(t) converges to a reflected Brownian motion by
using the heavy traffic conditions that ⇢ " 1 and n ! 1. With this we found that:
Q̂(t) ! Y (t)

inf {Y (s)}

0st

which is our definition of the reflected Brownian motion that we looked at in section 3.2.
We also found that the distribution of this will be exponential with:
P( sup Ŷ (s)
0st

z) ! exp( 2ct/varQ(t))

Thus we showed that under the heavy traffic conditions that the process will converge to
a reflected Brownian motion with an exponential distribution which is exactly what the
definition of the heavy traffic property stated it would do.Through this illustration we solidified out understanding of the reflected Brownian motion and the heavy traffic property
by allowing us to see how the heavy traffic condition works in the M/M/1 queue.
We also found in section 6 the distribution of the number of customers in a queue, Q(t)
when the first customer to an empty queue has a longer service time than a customer that
arrives to an already busy queue. To do this we used the fact that away from the origin we
can use the heavy traffic property and what we already found about the behaviours of this
and seen that it behaves like a Brownian motion. We then focused on what happens at 0.
In doing this we found that the distribution of the Brownian motion that results fro the
queue length process is a Brownian motion outside the boundary and at 0 the behaviour
can be described by:
1 ⇤00
0
Q (0+) !
[f (0+)]
2µ
which is the same as in our definition of a sticky Brownian motion and thus proved that
when the first customer to an empty system has exceptional service time we can model the
number of customers in a queue by using the sticky Brownian motion. This allowed us to
see the properties of the sticky Brownian motion that were discussed in section 3.3 as well
as furthering the concepts of the heavy traffic property by using it to find the distribution
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away from 0. This is what gives us the sticky Brownian motion in this case and again,
allowed us to see an actual example of these principles using the M/M/1 queue, furthering
our understanding of them.
Through these two examples we saw the similarities and di↵erences in the reflected and
sticky Brownian motion and how we can use these to
The concepts that we illustrated using the M/M/1 queue were also discussed extensively in this project. The reflected Brownian motion where we used a lot of the work
done by Harrison [8] as well as Inglehart and Whitt [10] and Dai [2] as a reference. As we
mentioned before currently most research is being done on d dimensional reflected Brownian motions in their applications to queueing theory. This involves multi server queues
and distributions that are not Poission arrivals and exponential service times. With the
information covered in this project one should be able to now grasp the concepts in those
papers that more work is currently being done as this project gave an overview of the base
knowledge needed to understand them.
The sticky Brownian motion was also covered and this was done using references from
Dai [1] and Ito [11] as well as the research done by Welch [17] and Yeo [19] . In this project
we combined all of this and more information into an understandable format so that the
reader can have a decent understanding of the sticky Brownian motion and its properties.
As with the reflected Brownian motion this project will allow us to better understand sone
of the more difficult research that is currently being done in the field such as ”Stationary Distributions for Two-Dimensional Sticky Brownian Motions: Exact Tail Asymptotics
and Extreme Value Distributions” by Dai and Zhao [1] which covers the tail asymptotics
of a sticky Brownian motion.These multi-dimensional servers are what is currently being
researched in the field and the hope of this project was to give enough understanding of
the sticky Brownian motion in order to better understand more complex research such as
that paper.
Finally, one of the most important topics covered in this project is the heavy traffic
property. This is what enabled us to find the reflected and sticky Brownian motions from
queue’s. This concept was first discovered by Kingman [13] and [14]. In this project we
built upon his work as well as the work done by Ha✏in and Whitt[6]. The heavy traffic
property tells us the behaviours of the number of customers in the queue as n ! 1 and
⇢ " 1. These conditions as we saw in section 4 as well as in our illustration by the M/M/1
queue id what allows us to see the limiting behaviour of the number of customers in the
queue. This property is extremely useful today in queueing theory and is what is used in
finding the distributions of multi dimensional queues. It is also used in fluid and di↵usion
approximations as we looked at briefly in section 4 as well when discussing the di↵erent
types of conditions we could impose to get di↵erent versions of the heavy traffic property.
We used this property in out illustration with the M/M/1 queue as well. With this we
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now have a solid understanding the the heavy traffic property and it’s uses, with this we
have enough of a foundation to understand some of the more complex research mentioned.
In conclusion, over the course of this project and the research done for it we now have
a good understanding of the heavy traffic property and the role it plays when modelling
di↵erent types of queueing systems. This was illustrated by modelling the number of
customers in the queue in the M/M/1 queue both under standard conditions and when
the first customer to an empty system has a longer service time. We have used the heavy
traffic approximations first introduced by Kingman [14] to model these queue systems. We
have seen that a reflected and sticky Brownian motion can be used for each type of queue
respectively. We have calculated the limiting distributions of each using this heavy traffic
property and seen that the Brownian motion is in fact an accurate representation. Thus
the goal of the project has been accomplished.
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