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Abstract

In this project, we give constructions of linear codes with a comple-
mentary dual (LCD) and T-Direct code over F,. We then show that these

families of codes can be used to encode multiple user access channels.

1 Introduction

In 1992, Massey [17] first defined linear codes with a complementary dual (LCD
Codes) as a linear code C' in which their dual code is the orthogonal complement
of C'. Massey gave a complete characterization of all LCD codes using generating
matrices and proposed a class of LCD codes. It was also shown that LCD codes
can be used to encode two-user binary adder channels. Two years later in 1994,
Massey and Yang [18] gave the necessary and sufficient condition for a cyclic
code to be LCD. However, it took until 2004 for Sendrier [22] to prove that
LCD codes were asymptotically good by showing that LCD codes meet the
Gilbert-Varshamov Bound.

Recently many authors have constructed new classes of LCD codes. [6], [9],
[13], [14], [15]. Furthermore, in [23], the authors have constructed optimal LCD
codes using orthogonal matrices. This construction takes removing number
of rows from an orthogonal matrix and then takes the matrix product of this
matrix with one or multiple diagonal matrices. Finally, in [3], the authors use

self-orthogonal codes to construct a new class of Euclidean and Hermitian LCD



codes. The authors also prove that for all ¢ > 3, there exists an (n, k) Euclidean
Maximum Distance Separable (MDS) LCD code over F,. This completely solves
the Euclidean case.

In addition to two-user binary adder channels, Carlet and Guilley in [4]
have shown that LCD codes simultaneously improves the resistance against
side-channel attacks and fault injection attacks.

After Massey published his 1992 paper on LCD codes, Vasantha and Raja
Durai published in 2002 an analogous paper [25] to Massey’s on the subject of T -
Direct codes. These codes are a generalization of LCD codes. Similar to Massey,
Vasantha and Raja Durai gave a complete characterization of all T-Direct codes
using their generating matrices. It was also shown that 7-Direct codes can be
used to encode the noiseless T-user Binary Adder Channel. However, it was
not until 2011 in [20] that the first classes of 7-Direct codes were constructed.
This 7-Direct code which has n constituent codes and hence an n-Direct code
is constructed using an n-Direct code in which each constituent code was a
Maximum Rank Distance (MRD) code. Using the generator matrices of the
MRD constituent codes, they take the Kroenecker product of a certain number
of these generator matrices to create matrices that generate a 7-Direct code.
In 2011, Raja Durai and Devi constructed n-Direct codes and (2n — 1)-Direct
codes over Fan. In 2018, Raja Durai and Devi in [7], using the same method as
in [20], constructed n3-Direct codes, n"-Direct codes and n®" -Direct codes over
Faon.

This report is structured as follows. In Section 2, we present preliminar-
ies which is divided into three subsections. The first subsection, finite fields
preliminaries and notation is given.The second subsection provides the linear
algebra background on matrices as well as subspaces. The final subsection gives
the required coding theory preliminaries. In Section 3, we define LCD codes
and 7-Direct codes, and then construct classes of these codes. In Section 4,
we discuss applications of LCD codes and T-Direct codes to the information
theoretic problem of multiple user access channels. Finally, in Section 5, we

discuss possible research directions moving forward.



2 Preliminaries

In order to study LCD codes and T-Direct codes, we need to familiarize our-
selves with finite fields, matrices, as well as some matrix operations. Finally, we
define linear codes. It should be noted that almost all proofs in this section are

omitted for brevity.

2.1 Finite Fields

Before we can define a field, we must define two different algebraic structures.

The first of which is a group.

2.1.1 Definition [21] Let G be a nonempty set. The function *: G x G — G

is a binary operation.

2.1.2 Definition [16] Let G be a nonempty set and x be a binary opera-
tion. (G, x*) is a group if

1) a* (bxc) = (axb)x*cforall a,b,c e G;

2) for all a € G there exists some e € G such that axe =exa = q;

3) for all a € G there exists some b € G such that axb=bxa =e.

Futher, G is abelian if

4)axb=0b=xa for all a,b € G.

Now that we have a defined a group, we can now define a ring using the
definition of a group. Rings are important algebraic since every field is a ring,

so all definitions and theorems pertaining to rings apply also to fields.

2.1.3 Definition [16] Let R be a set, and + and - be binary operations.



,+) is a ring if

+
R,+) is an abelian group;

1) (
2)(a-b)-c=a-(b-c) for all a,b,c € R;
3a-(b+c)=a-b+a-cand (b+c¢)-a=b-a+c-aforall a,b,ceR.

2.1.4 Definition [8],[16] Let (R,+,-) be aring. If a-b="b-a for all a,b € R,
then (R, +,-) is a commutative ring. If (R\ {0},-) is a group, then (R, +,") is

a division ring.

2.1.5 Definition [16] Let (R,+,:) be a commutative division ring. Then
(R,+,) is a field.

2.1.6 Definition [8] Let (R, +,-) be a ring and S C R. If (S,+,) is a ring,
then S is a subring of R.

2.1.7 Definition [16] Let R be a ring. The least such n € Z such that nr =0
for every r € R, if it exists, is the characteristic of R and R has characteristic

n. If no such n exists, R has characteristic 0.

For the remainder of the report, we denote a group (G, *) by G and a ring
(R,+,-) by R. We only use the notation of Definition 2.1.2 and Definition 2.1.3
if we need to specify the binary operations of G and R.

We know define a particular class of subrings that are important in properly

defining a finite field.

2.1.8 Definition [16] Let J be a subring of R. J is an ideal if ar,ra € J

for every r € R and every a € J.

2.1.9 Definition [16] Let R be a commutative ring. An ideal J of R is prin-
cipal if there exists an a € R such that J = (a) = {ra : r € R}.



We now construct a finite field with p elements for p a prime.

2.1.10 Definition [16] Let a € Z and (n) be the principal ideal generated

by n € Z > 0. The set [a] = a + (n) is the residue class of @ modulo n and

Z/in)y={[0] =0+ (n),[1]=1+(n),...,[n—1]=n—1+(n)}.

2.1.11 Definition [16] For a prime p, let F, be the set {0,1,...,p — 1} of
integers and let ¢ : Z/(p) — F, be the mapping defined by ¢([a]) = a for
a=0,1,...,p—1. Then F,, endowed with the field structure induced by ¢, is
a finite field called the Galois field of order p.

For the remainder of the report we use IF), to denote the Galois field of order
p for p prime and p is a prime number. Not only is IF,, a finite field, it is the
foundation for constructing finite fields that do not have a prime number of
elements. To do this, first, we need to define a polynomial ring.

2.1.12 Definition [16] Let R be a ring. The polynomial ring over R is the set

R[z] ={ap + a1x + - -+ apz™ : ag,...a, € R}.

2.1.13 Definition [16] Let f(z) = ap + a1z +- -+ anz™ € R[z] with f(z) £ 0.
Then n is the degree of f(z) and a,, is the leading coefficient of f.

2.1.14 Definition [16] Let F' be a field. A polynomial p € F[x] is irreducible
over F if p has positive degree and p = bc implies b or ¢ is a constant polynomial
for b, c € Flx].

We can now create a class of finite fields with p™ elements using polynomials.

2.1.15 Theorem [24] Let g € F,[z] an irreducible polynomial of degree n.



The residue class ring F[z]/{g) is a field with p™ elements.

Now that we have created finite fields with p™. However using this construc-
tion we may have more then one finite field with p™ elements. For example, as
noted in [16] there are 18 irreducible polynomials of degree 7 over Fa, so there
are at least 18 fields of order 27. Before we can proceed, we need to state one
more important fact about finite fields of order p™: the uniqueness property. To
do this we need to define one final algebraic structure: a vector space. Vector
spaces will also play an important part in the subsections on linear algebra and

coding theory.

2.1.16 Theorem [2] Suppose V is a set with the operations of vector addition
and scalar multiplication. Then V is a vector space over F' if the following hold:

Hu+veVioraluveV;

2)oueVioralla e FandueV;
3Jut+v=v+uforaluvel;
4hu+(v+w)=(ut+v)+wforaluv,weV;

5) For all u € V, there exists a vector 0 such that u+ 0 = u;

6) For all u € V, there exists a vector —u € V such that u + (—u) = 0;
7) a(fu) = (af)u for all o, € F and u € V;

8) a(u+v)=au+av forall « € F and u,v € V;

)

9) (a+ pf)u=au+ Pu forall a, f € F and u € V;
10) lu=uforallueV.

2.1.17 Definition [2] Let V and W be vector spaces. If W C V, and W
and V have the same vector addition and scalar multiplication, then W is a

subspace V.

2.1.18 Definition [2] Let V be a vector space, S = {uj,ug,...,u,} CV



and F' a field. The span of S is the set

span(S) = {aju; + aguas + - - + ayuy oy, ..., € F}

2.1.19 Definition [2] Let V be a vector space. A subset S C V is a spanning
set of V if span(S) = V. In this case S spans V.

2.1.20 Definition [2] Let V be a vector space, F' a field, and S C V such
that S = {uy,...,u,}. An equation of the form

agug + -+ azu, =0
for aq,...,ap € F is a relation of linear dependence on S. If a; = 0 for all

1 <i < mn, then it is a trivial relation of linear dependence.

2.1.21 Definition [2] Suppose V is a vector space and S = {uj,ug,...,u,} C

V. S is linearly independent if there is a trivial relation of linear dependence.

2.1.22 Definition [2] Suppose V is a vector space. Then a subset S C V

is a basis of V if it is linearly independent and spans V.
2.1.23 Definition [2] Suppose V is a vector space and {vy,...,v;} is a basis
of V. Then the dimension of V is defined by dim(V) = ¢. In this case, V is

finite dimensional. If V has no finite dimension, V' is infinite-dimensional.

2.1.24 Theorem [1] Let V be a finite-dimensional vector space and U, a
subspace of V. If dimU = dim V', then U = V.

The final step before we can give the uniqueness of a finite field is to definite

a subfield and a field extension.

2.1.25 Definition [16] Let F be a field and K C F. If K is field under



the operations of F, then K is a subfield of F' and F is an extension of K. If
K # F, K is a proper subfield. A field containing no proper subfields is a prime
field.

2.1.26 Definition [16] Let L be an extension field of K. If L, considered
as a vector space over K, is finite-dimensional, then L is a finite extension of K.
The dimension of the vector space L over K is the degree of L over K, denoted

[L: K].

2.1.27 Theorem [16] Let F be a finite field. Then F has p™ elements, where
the prime p is the characteristic of F' and n is the degree of F' over its prime

subfield.

Now we know that there is only finite fields of prime powers. So there is no

finite field with 6,10,12,14,... elements.

2.1.28 Definition [16] Let f € KJz] be of positive degree and F, an ex-
tension field of K. Then f splits in F if there exists elements ay,...,a, € F
such that

f(@) =a(z —a1)--(z—an),
where a is the leading coefficient of f. The field F' is a splitting field of f over
K if f splits F and if, moreover, F = K(ay,...,ap) where K(ay,...,ay,) is the

extension field of F' obtained by adjoining asq, ..., ay.

2.1.29 Theorem [16] For every prime p and every positive integer n there
exists a finite field with p™ elements. Any finite field with ¢ = p™ elements is

isomorphic to the splitting field of 27 — x over IF,,.

Now we know that finite fields of order p™ are unique up to isomorphism.

Hence, any property that holds over one finite field of order p™ holds over all of



them, so we may unambigously refer to the finite field of order p™. Therefore we
denote Fp,» as the finite field with p” elements. For the remainder of the report,
we let ¢ = p™ in the context of a finite field. So we denote a finite field with g ele-

ments by Fy. Further, we use F to denote the set of all nonzero elements of F,.

Finally, for the section on T-Direct codes, we must define a trace-orthogonal

basis and a normal basis.

2.1.30 Definition [16] Let F = F;m, K =F, and o € F. The trace Trp/x ()

of o over K is
m—1 )
i

Tre/k(a) = Z al .
=0
2.1.31 Definition [16] Let K = F, and F = Fym. Then a basis of F over K

of the form {«,aq,..., oﬂmfl} for a € F' is a normal basis of F over K.

2.1.32 Definition [12] Let B = {aq,...,a,} be a basis of Fyn over F,. B
is a trace-orthogonal basis if

i) Trp/x (i) = 1 for all a; € B;

ii) Trp/ g (sa;) = 0 for all oy, o5 € B, i # j.

2.2 Linear Algebra

The first definition we give is that of a matrix. Matrices are a very fundamen-
tally important concept in linear algebra. It also plays an important role in

coding theory.

2.2.1 Definition [2] Let F' be a field. An m x n matriz is a rectangular
layout of elements from F' having m rows and n columns. If A is an m X n

matrix, then [A];; € F' denotes the entry in the ith row and jth column of A.



2.2.2 Definition [2] Let A be an m x n matrix and B be a m X k matrix,
then [A|B] denotes the m x (n + k) matrix with the first n being the n columns

of A and the last k columns being the columns of B.

One important matrix is the identity matrix.

2.2.3 Definition [2] The m x m identity matriz, I, is the matrix

1 i=j

Imi':
[Im]is o iss

for 1 <i,57 <m.

The columns of I,, form a set called the standard basis. We denote e; as the

1th column of I,,. Hence,

0

where the ith position is a 1 and all the other positions are 0.

We now define a class of matrices that give us a representation of a code as

we see in the coding theory background.
2.2.4 Definition [2] Let F be a field. An n-dimensional vector is a 1 X n
matrix. If v is an n-dimensional vector, then v; € F' denotes the ith entry of v

for 1 < i < n. The set of all n-dimensional vectors is denoted F™.

Now we define operations that may be performed on one or multiple matrices.
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2.2.5 Definition [2] Let A and B be m x n matrices, and « € F. The following
three operations on matrix are row operations.

1) Swap the location of two rows;

2) Multiply each entry of a single row by a « # 0;

3) Multiply each entry of a row by some o # 0 and add these values to the
entries in the same columns of a second row. Leave the first row the same but
replace the second row by these new values.

If B can be obtained from A by a sequence of row operations, A and B are row

equivalent.

2.2.6 Definition [2] Let A be an m x n matrix. The transpose of A, denoted

by AT, is the n x m matrix given by
[AT)i; = [Alys

for1<i<n,1<j<m.

2.2.7 Definition [2] Let A be an m x n matrix with columns Aj,..., A,

and u an n-dimensional vector. Then the matriz-vector product of A with u is

Aua=u A1+ - +u Ay

2.2.8 Definition [2] Let A be an m x n matrix and B an n X k matrix with

columns By, ...,Bg. Then the matriz product of A and B is the m X k matrix
AB = [AB4] - - - |ABg].

Now that we have defined a matrix-vector product, we can define another
important class of matrices that will be fundamental when studying LCD codes:

the class of nonsingular matrices.

2.2.9 Definition [2] Let A be an n x n matrix. A is nonsingular if Ax =0

implies x = 0. Otherwise A is singular.

11



Now that we’ve defined what a nonsingular matrix, we need ways of de-
terming whether or not a matrix is nonsingular. Fortunately, as we will see

shortly, the determinant infact does that.

2.2.10 Definition [2] Let A be an n x n matrix and A(i|j) be the subma-
trix obtained by removing the ith row and the jth column. The determinant of
A, denoted det(A), is defined recursively by

1. If Ais a 1 x 1 matrix then det(A) = [A]1;.

2. If Ais an n x n matrix for n > 2, then

n

det(A) = 37 (~1)"*[AL det(A(1))

i=1
We now present a few equivalent definitions of a matrix being nonsingular.
This is not an exhaustive list of all nonsingular matrix equivalencies. One may
refer to [2] for such a list. Here we only give the ones that is used when proving

classes of LCD codes and 7-Direct codes.

2.2.11 Theorem [2] Let A be an n x n matrix. The following are equiva-
lent.

i) A is nonsingular;

ii) A is row equivalent to I,;

iii) det(A) # 0.

Finally, we define one final matrix operation which we use to create classes

of T-Direct codes.

2.2.12 Definition [20] Let

m1 e Amn

be an m X n matrix and B be a r x s matrix. The kronecker product A ® B is

12



the mr X ns matrix

a11B e alnB
A®B=

am1B - amnB

2.2.13 Lemma [11] Let A be an m x n matrix, B, a k x [ matrix, C, an n x r
matrix, D, an [ X s matrix, I/, an n X n matrix and F, an m X m matrix. Then
1) (A® B)T = AT @ BT,

2) (A® B)(C® D) = (AC) ® (BD);

3) det(E @ F) = det(E)™ det(F)™.

We now define two sets of matrices which are in fact groups under the oper-
ation of matrix multiplication. The group of orthogonal matrices will allow us

to create classes of LCD codes.

2.2.14 Definition [8],[23] Let M, «,, be the set of n x n matrices. The general
linear group over a field F, denoted GL(n, F'), is the set

GL(n,F) ={A € Myxy : det(A) # 0}.
The orthogonal group of index n over Fy, denoted O, (q), is the set
On(q) = {A € GL(n,F,) : AAT =1,}.

Any matrix in O, (q) is an orthogonal matrix.
Next we give a lemma that is used in proofs from the section on LCD codes.
Since we have not found this lemma in any of the literature on this subject, we

provide a proof.

2.2.15 Lemma Let A be an orthogonal matrix and A be the matrix obtained

by removing any k rows. Then AkAz =1, k.

13



Proof. We proceed by induction on k.

Base case. We begin by removing the ith row of A and call this matrix A;.
Then A7 is going to be the matrix AT with the ith column removed. So we
are multiplying an (n — 1) X n matrix by an n X (n — 1) matrix. The resulting
product will be an (n — 1) x (n — 1) matrix. Hence we only need to show that
this matrix is the identity matrix.

Recall that since A is orthogonal, AAT = I,,. If we can show that A;AT is
obtained from AA” by removing the ith row and the ith column, then we are

done. We know that
AAT = [A(AT )] - |A(AT),]

by Definition 2.2.8, but since we removing the ith column of A7 to obtain AT,

we have that
AAT = [A(AT )| JA(AT)i 4 |A(AT)iga |-+ [A(AT),]

and so

AAT = [A(AD ]+ [A(A] )]

Next we show that A; A7 is obtained by removing the ith row of AAT. Let
(AAT); be the Ith column of AAT. Then

A(ATY, if1<i<i-1

(AAT) =
AAT),  ifi<i<n-—1

If 1 <1< —1, then by Definition 2.2.8
(AAT) = anAs + -+ amA,,.
and if i <1 <mn—1, then
(AAT) = aip11AL 4+ + a1 0 A

In either case, the jth entry of this column vector is going to be a linear com-

bination of the jth row of A. Hence, if we remove the ith row of A, we are

14



removing the ith entry of (AAT); from our vector. Since (AAT); is the ith
column of AAT | if we remove the ith row of A, we are also removing the ith row
of AAT while all other rows of AAT remain the same. Thus A; A7 is obtained

from AAT by removing the ith row and the ith column.

Induction Assumption. Let Ay be the matrix obtained by removing k rows

from A. Then AkAf =1 k.

Induction Step. Let A, ,...,A; _, be the n —k rows of A in A;. By our
induction assumption AkAg = I,,_k, so if we can show that removing the jth
row from Ay, results in removing the jth row and jth column from A, A}, then
it follows that AkHAEH = I, ;_1. As in the base case, if we remove the jth
column from AT, we are also removing the jth entry in each row of Ay AZ. Also,
the jth entry in each column of AkAg is a linear combination of the jth row of
Ay, we are removing the jth row of A, A} while preserving all other rows. So
Ak+1Af+1 is obtained by removing the jth row and jth column from A, A7, as

required. O

Since we have layed out a background in matrices, we start using matrices

to define two subspaces that is used in the next subsection on coding theory.

2.2.16 Definition [2] Let A be an m X n matrix with columns Aq,..., A,
and F be a field. The column space of A, denoted C(A), is the subset of F'
containing all linear combinations of the columns of A. The row space of A,
denoted R(A), is the column space of AT ie., R(A) = C(AT). The rank of A,

denoted r(A), is the dimension of the column space of A.

We now define another subspace that will become fundamental in the appli-

cation of LCD codes and T-Direct codes to multiple user access channels.

15



2.2.17 Definition [1] Let Uy, ..., U,, be subspaces of V. The set
U+ +Up={u1+ - Fup:u €U; forall 1 <i<m}

is a direct sum if each element of Uy + --- + U, can be written uniquely as a
sum uy + -+ + Uy, for u; € U;. If Uy + -+ + Uy, is a direct sum, it is denoted
U @ DU,

2.2.18 Theorem [1] Let U and W be subspaces of a vector space V. Then
U + W is a direct sum if and only if U N W = {0}.

2.2.19 Theorem [1] Let V be a vector space and Uy, . . ., Uy, finite-dimensional
subspaces of V. If Uy + - -- + U,, is a direct sum, then Uy & - -+ & U, is finite-

dimensional and
dm(U; @ - @ Up,) =dimU; + -+ - + dim U,,.

Finally we define the inner product of two vectors. This is used to define

the dual code of a linear code.

2.2.20 Definition [23] Let F be a field and x,y € F". Then the Euclidean

inner product of x and y is

n
Xy = Yo
=1

2.3 Coding Theory

We begin our section on coding theory by defining a linear code.

2.3.1 Definition [16] Let H be an (n — k) x n matrix of rank n — k with

entries in Fy. The set C' of all n-dimensional vectors ¢ € IF’; such that HeT =0

16



is a linear (n,k) code over F; n is the length and k is the dimension of the code.
The elements of C' are codewords, and the matrix H is the parity-check matriz

of C.

It is traditional in coding that c is actually an n x 1 matrix instead of the
1 x n matrix from Definition 2.2.3. So ¢’ is a 1 x n matrix.
Most times when we define a linear code C, we are not defining it by its

parity-check matrix. We instead define it using its generator matrix.

2.3.2 Definition [16] Let C' be an (n,k) code, G be a k x n matrix. If
R(G) = C, then G is a generator matriz of C.

2.3.3 Remark [19] Let C be an (n,k) code, G be the generator matrix, and
u e IF’; . Then u corresponds to the codeword x € C under the relation that

x = uG.

Every linear code has a dual code. As van Lint explains in [24], the dual
code of C is not necessarily an orthoogonal complement of C'. The dual code of

C might equal C itself, or it may intersect with C' in some other non-trivial way.

2.3.4 Definition [16] Let C be a linear (n,k) code over F,. Then its dual

code is defined as

CJ‘:{xéngzx'y:O, for ally € C}.
2.3.5 Proposition [17] Let C be a linear (n, k) code over F,. Then C = (C+)+.
2.3.6 Proposition [16] Let C be a linear (nk) code over Fy. If G is the

generator matrix for C, then G is the parity-check matrix for C*+. Also, if H is

the parity-check of C, then H is the generator matrix of Ct.

17



Apart from the length and the dimension of the code, there is one more

parameter that is important to linear codes.

2.3.7 Definition [24] Let x,y € Fy. The Hamming distance d(x,y) of x
and y is

dx,y) = [{i:1<i<n,z; #y}|
2.3.8 Definition [24] Let C' C F} be a nontrivial code. The minimum distance
of C, denoted d is
d=min{d(x,y):x€ C,y e C,x #y}.

The minimum distance is important because it characterizes the code’s error
detection and error correction capability. In the sequel, we give an important

bound on the minimum distance: the Singleton Bound.

2.3.9 Theorem [24] (Singleton Bound) For any (n,k) code C over F,, we
have d <n —k + 1.

A special case of the singleton bound, is when the minimum distance is equal

to the singleton bound.

2.3.10 Definition [19] Let C be an (n, k) code over F,. If we have d = n—k+1,
then C' is mazimum distance separable (MDS).

We conclude the background on coding by defining maximum rank distance

(MRD) codes. These codes will be used to generate classes of T-Direct codes.
2.3.11 Definition [20] Let V" be an n-dimensional vector space over Fym for

n<m, u,..., U, a fixed basis of Fym as a vector over Fy, x = (21,...,2,) €

V" for x; € Fgm, and A}, the collection of all m x n matrices over Fy. The
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m x n matrix A(x) is defined as

Am1 e Gmn

for z; = a1;u1 + - - + @miy,. The rank of x over F, is the rank of A(x) and is

denoted r(x;q).

2.3.12 Proposition [20] The norm r(x;q) specifies a rank metric on V™.
2.3.13 Definition [20] Let V" be an n-dimensional vector space over Fy* for
n < m. A linear (n, k)-code over V" is a Rank Distance (RD) code if it metric
is induced by the rank norm. An (n,k) RD code is a Mazimum Rank Distance

(MRD) code if d =n — k + 1.

2.3.14 Definition [20] Let G be the generator matrix of an (n, k) MRD code

0 1 n—1 .
and {a? ,a?,...,a? "}, a normal basis of Fgn. Then
0 1 n—1
al al ... oM
al o ad"
G =
k—1 k kdn—2
ol af af

3 LCD Codes

As mentioned in the previous section, the dual code of a linear code C' is not
necessarily an orthogonal complement of C. As we see throughout the remain-
der of the report, linear codes that have the property that their dual code is an
orthogonal complement are ideal for coding schemes with multiple users. We

demonstrate what happens when we restrict our attention to such codes. For
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the most part, the proofs will either be similar to the original authors with more

detail.

3.1 Definitions and Theorems

We will begin our study of LCD codes by defining what is an LCD code.

3.1.1 Definition [17] Let C be a linear (n,k) code over F,. Then C is a
linear code with a complementary dual (LCD) if C N C*+ = {0}.

An immediate consequence of the definition of an LCD code is the following.

3.1.2 Proposition [17] Let C be a linear (n,k) code over F,. If C is an
LCD code, then C* is an LCD code.

Proof. Let C be an LCD code. Then, C N C+ = {0}. So, using this fact
with Proposition 2.3.5, we get that

ctnEchHt=ctnc={o.

To use LCD codes to encode coding schemes with two users, we need to make
sure that when the codeword from C and the codeword from C* get sent into
the common channel, they can be decoded without any ambiguity. The follow-

ing theorem shows us that we can do this.

3.1.3 Proposition [17] Let C be a linear (n,k) code over F,. We have that
Fp=Co® C+ if and only if C'is an LCD code.

Proof. First, suppose Fy = C @ C*, then C N C+ = {0} by Theorem 2.2.18.
Hence C is an LCD Code.
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Now suppose C' is an LCD code, then C N C+ = {0} and thus C @ C* is a
direct sum. Since C,C+ C Fy, clearly C' and C* are subspaces of Fy. Recall
that dim C = k and dim C+ = n — k. Thus

dim(C @ C*) =dimC +dimC* =k +n — k=n = dimF}

by Theorem 2.2.19. Hence, Fy = C @ C* by Theorem 2.1.24.

3.1.4 Proposition [17] Let C' be a linear code. The orthogonal projector
Il from [y onto C such that

v fveC
VHC:
0 ifveCt

exists if and only if C' is an LCD code.

The following theorem is the most important characterization we have on LCD
codes. This theorem allows to prove whether a linear code, given it’s generator

matrix, is LCD code.

3.1.5 Proposition [17] Let G be a generator matrix for a linear (n, k) code

C. C'is an LCD code if and only if the k x k matrix GG is nonsingular.

Before we proceed with the proof, we note that the proof of the statement
"If GGT is nonsingular, C is LCD” is a different proof from what is published

in [17]. However, the converse is proven the same way as Massey in [17].

Proof. First suppose GGT is singular, then there exists a nonzero a € IE";
such that aGGT = 0. Since a # 0 and G # 0, we have that aG € C is also
nonzero. Let’s define u = aGG. Since G is the generator matrix of C, for any

VEC,v:beorsomebEF’;7so
u-v=aG-bG =aG((bG)T = aG(GTb") = (aGGT)bT = 0.

Thus, u € C+ as well. So, C N C+ # {0}, this, C is not an LCD code.
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Now, suppose GGT is nonsingular and assume that C is not an LCD code.
Then, there is a nonzero ¢ € C such that ¢ € C+. Since ¢ € C, there is some
vector a € IF’(; such that ¢ = aG. Since G is the generator matrix for C, it is
also the parity-check matrix for C+ by Proposition 2.3.6, therefore, Ge” = 0,
thus,

0=0Ge" =G(aG)T =GGTaT.

But, GGT is nonsingular, so a’ = 0, and further a = 0, indeed ¢ = aG = 0, a

contradiction. So, C'is an LCD code. O

3.1.6 Proposition [17] Let C be a linear (n,k) code. If C' is an LCD code,
then Ilc = GT(GGT)~1G is the orthogonal projector from [y onto C.

We omit the proof of this proposition since the proof given in [17] is already the

simplest and most efficient way of proving the proposition.

3.2 Classes of LCD Codes

After the characterization of LCD codes, we present classes of LCD codes. The
following two classes of LCD codes where the first ones ever proposed by Massey.
When they were originally presented, Corollary 3.2.2 was the main result and
then Theorem 3.2.1 was only discussed as a generalization of Corollary 3.2.2 to
other fields. However, Corollary 3.2.2 naturally follows from Theorem 3.2.1 that

we use it as the main theorem.

3.2.1 Theorem [17] Let P be an k x (n — k) matrix, G = [I|P], a gener-
ator matrix of an (n, k) linear code C over F), for p prime and « € [F,, such that
a? = —1. Then

G’ = [I;|P|aP]

is the generator matrix of a (2n — k, k) LCD code C".
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This theorem was not proved in [17]. So we provide a new proof here. This
proof is very similar to the proof in [17] of Corollary 3.2.2 with the details added

in.

Proof. Let m =n —k, a® = —1, G = [Ix|P|aP] and

P11 - Pim
P =
Pk1 - Pkm
Then
pPir - PRl
PT =
Pim Pkm

By Proposition 3.1.3, we must show that GG” is nonsingular. We will compute
the jth row of GGT. By Definition 2.2.8, the jth column of GGT is the matrix-

vector product of G' with the jth column of GT so,

(GG"); = G(G");

= [Ik|P|O‘P} Pjm

apj1

LXPjm

= e +pjiPi+- +pjmPm+apjiaPi + -+ apjmaP,
= e +piPi+ 4 pimPm+®piP1+ - +a°pimPn
= e;+piP1+ a2Pj1P1 + o+ pimPm + Oz2pijm

= e +piiPi—piiPi+ - +pimPm —pjmPm

= ej.
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Here, the third equality comes from Definition 2.2.7 and the sixth equality comes

from the fact that o2 = —1. Since the jth row is some arbitrary we have that
GGT = [e1| s |ek] = Ik.

Since Iy, is trivially row equivalent to I, GG' is nonsingular, as required. [

3.2.2 Corollary [17] Let P be an k x (n — k) matrix, G = [I|P], a gen-

erator matrix of an (n, k) linear code C' over Fy. Then
G' = [Ix|P|P]

is the generator matrix of a (2n — k, k) LCD code C".

Proof. Let « = 1. Then

Now apply Theorem 3.2.1. O

Now that we have these two theorems, we can extend an (n,k) linear code
to a (2n — 1,k) LCD code. However, Theorem 3.2.1 and Corollary 3.2.2 are
not the only accomplishing such a task. If one permutes the columns of the
sub-matrix [P|P] from Corollary 3.2.2, and computes the resulting linear code,
it turns out that we also get a (2n — 1, k) LCD code. This is the statement of
the following theorem.

It should be noted that to the best of the author’s knowledge this theorem has
not been published in any previous literature on LCD codes and so is a new

result.

3.2.3 Theorem Let P be a k x m matrix for m = n —k, G = [I;|P], a
generator matrix of an (n, k) linear code C over Fy, and A the k x 2m matrix

obtained by swapping two columns of the k x 2m matrix [P|P]. Then the matrix

G = [Ik|A]
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is the generator matrix of a (2n — k, k) LCD code C".

Proof. The proof will be broken into three cases. In the first case, we will
show that the linear code generated by G’ = [I|A|P] such that A is the matrix
P with the ith and jth columns swapped generates an LCD code. In the second
case, we will show the case of G’ = [I;|P|A] where A is as defined in the first
case. Finally, the third case, we will show the case of G’ = [I|A|B] where A
is the matrix P with the ith column replaced with the jth column of P and B
is the matrix P with the jth column replaced with the ith column of P. i.e.,
A; =A; =P; and B; = B; = P;. In each case we will apply Theorem 3.1.5
by proving that G’G’T is nonsingular.

Case 1. Let m = n — k. By Definition 2.2.8, the Ith column of G'G'T is the
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matrix-vector product of G’ with the {th column of G'T so,

(GG, = G(G7)
e

P

DPii—1
pi,j
Pri+1
= [Ik‘A|P] Plj—1
Di,i

Prj+1

Pi,m
P

DPiym

= e +pl,1A_1 + o pLi—1 Ao P A i A -
DLj—1AG—1 +PLiAj + D i1 A+ F Dim A 1Py
I,

= e +p P14+ +pi-1Pici +01 ;P 01 Piga + -
+ pj—1Pj—1 +puiPi+ o i Pii + -+ 0im P + 1Py
T, 3

= e +2p P14+ +2p Py

= €.

Here, the third equality comes from Definition 2.2.7, the fourth equality comes

from the hypothesis, and the fifth comes from commuting the terms. Since e;
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is the [th row of G’G'T, we have that
G'G'" =let| - |ex] = I.

Since I}, is trivially row equivalent to I, G’G'" is nonsingular, as required.

Case 2. Analogous to Case 1.

Case 3. Again we let m = n — k. By Definition 2.2.8, the Ith column of
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G'G'T is the matrix-vector product of G’ with the lth column of G'7 so,
(G’G’T)l _ G/(GaT)l
€

Di1

Dli—1
D5

Dli+1

= AP |

JUR!

DPi,j—1
Dii

Dl,j+1

Pi,m

e +piiAL+ i1 A F oA DL A

+ DimAm B+ F B+ By B

+

o +pl,mB’m

e +p P+ +p 1P + 0P+ 0 i1 Pogr + -

+ PP+ 0P+ 0P 00 Py 0Py

_|_

A pl,um
= e +2p1P1+- -+ 20 Pm

= €.

Here, the third equality comes from Definition 2.2.7, the fourth equality comes

from the hypothesis, and the fifth comes from commuting the terms. Since e;
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is the [th row of G’G'T, we have that

G'G'" =let| - |ex] = I.
Since I}, is trivially row equivalent to I, G’G'T is nonsingular, as required. [
Recently, it has been discovered by Sok, Shi, and Sole in [23] that by tak-

ing submatrices of orthogonal matrices, we can construct LCD codes. We will

only prove the first class of LCD codes.

3.2.4 Theorem [23] Let A € O,(q) and Ay a submatrix obtained from A

by keeping any k rows. Then for any A1,...,Ax € F, \ {0}, the matrix

M O - 0

0 A -+ 0
G=|. . | Ak

0 0 - M

generates an LCD code.

Proof. By Proposition 3.1.5, we must prove that GG is nonsingular. We

29



proceed to compute GG using Lemma, 2.2.15.

_ - T
N O - 0 M O -0
. 0 Xo --- 0 0 Xo --- 0
GG = . . . . Ak . . . . Ak
0 0 Ak 0 0 Ak
_ - T
A0 0 A0 0
0 Xo --- 0 0 Xo --- 0
- A AT
0 0 i 0 0 A
Y ol [xn o 0
0 Xo --- 0 0 Xo --- 0
0 0 M| Looo Ak
_ - T
M 0 - 0 M O - 0
0 Xo --- 0 0 Xo --- 0
0 0 M| [0 0 Ak
A2 0 0]
0 A2 0
0o 0 - )\%_

If we apply the row operation of multiplying the ith row by /\% foreach1 <i <k,
then we obtain the that GGT is row equivalent to I, since Aq,...,\; are all

nonzero. Hence, by Theorem 2.2.11, GG is nonsingular, as required. U

3.2.5 Theorem [23] Let A € O,(¢q) and Aj; a submatrix obtained from A
by keeping any k rows, with k being even. Let ay, 3; € Fy \ {0} for 1 < < g
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such that o2 + 82 # 0 and
o B
—Bi

Then for any A1,..., A\ € Fy \ {0}, the matrix

D; =

M 0O - 0 D, 0o --- 0

0 Ao --- 0 0 Dy --- 0
G=| . A

0 0 - X 0 0 ... D

generates an LCD code. Moreover, if k is odd, the matrix

o ; D, 0 -~ 0 0]
' 0 D, 0 0
0 Ay -~ 0
G'=| . oo A
oo ' o o Dy 0
k
(0 0 0 1]

generates an LCD code.

3.2.6 Theorem [23] Let C be an (n,k) LCD code over F, with its genera-
tor matrix G being rows of an orthogonal matrix. Suppose that there exist

a,b € F,\ {0} such that a®> +b* =0 (mod ¢). Then for any \; <--- <\, € F,

)\1& /\1b
)\2(71)) )\2(1
G =
Azi—1a@ Agi—1b
A2i(=b)  Azia

generates an (n + 2, k) LCD code.
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3.3 T-Direct Codes

Now we generalize LCD codes. One may notice that Definition 3.3.1 is similar
to Definition 3.1.1, Proposition 3.3.2 is similar to Proposition 3.1.4 and Propo-

sition 3.3.3 is similar to Propositions 3.1.5 and 3.1.6.

3.3.1 Definition [25] Let I'y, ..., 'y be (n, k1), ..., (n, k7) linear codes over F,
for k1+- - -+k7 < nand I'; the dual code of I'; with respect to A =T'1@- - -®T'7.
If ;NI = {0} for all 1 <4 < T, then (Ty,...,I'r) is a T-Direct code. Each

I'; is a constituent code.

3.3.2 Proposition [25] The orthogonal projector Ir, from A onto I'; such

that

v ifvel;
VHFi =
0 ifVEFiL

for each i = 1,...T exists if and only if (I'y,...,T'r) is a T-Direct code.

Similar to how Proposition 3.1.5 is the most important characterization we have
on LCD codes, the following theorem is the most important characterization we
have on T-Direct codes and will be used in proving that a set of constituent

codes form a 7T-Direct code.

3.3.3 Proposition [25] Let I'; be a (n,k;) linear code over F, the gener-
ator matrix G; such that GiGJT = 0 for each 4,7 = 1,...,T with i # j.
Then (T'y,...,I'r) is a T-Direct code if and only if the k; x k; matrix GZ-GZT
is nonsingular for every i. Further, if (I'y,...,T'r) is a T-Direct code, then

lr, = GT(G;GT)~1G; is the orthogonal projector from A onto I'; for each i.
It should be noted that all proofs in this section will be similar from the proofs

given by Durai and Devi in [20] and [7] with two differences. First, we will fill
in the details that Durai and Devi omit. Finally, with respect to proving that
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G,GT is nonsingular, instead of proving that G;GT = I, we will instead show
that the determinant of G;GT is nonzero which is equivalent to proving that it
is nonsingular.

Now that we have defined a T-Direct code and have a characterization for such
codes, we may now begin to find classes of T-Direct codes. Combining Lemma

3.3.4 with Theorem 3.3.5 gives us an n-Direct code.

3.3.4 Lemma [20] Let {ay, ..., o, } be a trace-orthogonal basis and (T'y,...,T,),
an n-Direct code over Fan such that T'; is a (n, k;) MRD code generated by

ghrt ki1t ghrt ki1 Bytedky g 41

o a e ad

1 2 n
gkt thioat2 gkt thio1t2 ghit ko1t

G al a2 DY an

,L‘ =

qk1+"'+ki71+ki qk1+"'+ki—l+"’i ki+-tki_1+k;

al a2 DY a/(,]L

for ky + -+ + k, <n. Then G, = G, ® G; defines an (n?, k,k;) code.

Durai does not prove this Lemma in [20], so this is new proof.

Proof. We know that G; a k; X n matrix and G,, is a k,, X n matrix. Then by
Definition 2.2.12, G, = G,, ® G; is a k,k; x n? matrix, so by Definition 2.3.2,
G/, generates an (n?, k,k;) code. O
3.3.5 Theorem [20] Let G’ be defined as in Lemma 3.3.4 and I',..., T,
be (n?,kiky), ..., (n? k,k,) codes generated by GY,..., G, respectively. Then

(T%,...,T7) is an n-Direct code.

Proof. By Proposition 3.3.3, we must show that G;G;T =0for1<i,j<n
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when i # j and G;G/T is nonsingular. Applying Lemma 2.2.13, we get

GG (Gn ® Gi)(Gr @ G;)T
(Gn ® Gi)(GE ®G))

= (G.GT) ® (G:GT)

If i # j, then since G; and G; generate consituent codes of an n-Direct code,
GiGjT = 0 and hence, G;G;T =0.

If i = j, then G/G/T = (G,,GY) ® (G;GT). Since G,,GL is nonsingular, by The-
orem 2.2.11, det(G,,GL) # 0. Similarly, det(G;GT) # 0. So by Lemma 2.2.13,
det(G,GT) # 0 and hence G;G/T is nonsingular. O

3.3.6 Theorem [20] Let (I'},...,T,) be an n-Direct code where I'; is an
(n?,k;ky) code generated by G’ as defined in Lemma 3.3.4. The orthogonal
projector mapping A’ =T @& --- ® T, onto I} is

I = (G, Gr) ® (G} Gy).

Now we have a code that can be used to encode a coding scheme with n users.
But suppose we want to be able to accomadate more then n users without hav-
ing to choose a larger n. The following class of codes takes our current n-Direct
code and uses it to create a (2n — 1)-Direct code. This doubles the number of

users ours coding scheme can accomadate.

3.3.7 Theorem [20] Let {ay,...,a,} be a trace-orthogonal basis in Fan and

(T'y,...,T},), an n-Direct code where T'; is an (n, 1) code generated by

Gi=la? of - a2].
Further let A4, = G, ®@G; for 1 <i<n—-—1land B, = G; ®G; for1 < i <
n. If T9,...,T%, , are (n?,1) codes such that I'},..., I, is generated by
A1, ..., An_1, respectively, and T ..., T% _, is generated by By,...,B,, re-

spectively, then (I'},...,T%,_;) is a (2n — 1)-Direct code.
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Proof. By Proposition 3.3.3, we must first show that AiA? =0for 1 <
i,j <n—1and BZB]»T =0 for 1 <4,7 <n when i # j and nonsingular when
1 = j. We must also show that .AZ-BjT =0forl<i<n—1land1l<j<n. First
we consider AiA;f. Applying Lemma 2.2.13, we get
AAT = (Gr®Gy)(Gn®Gy)"
= (Gn®G)(GE®GY)

If 4 # j, then since G; and G; generate consituent codes of an n-Direct code,
by Proposition 3.3.3, G;G] = 0 and hence, A;A)T = 0.

If i = j, then 4,AT = (G,G)) @ (GiGY). Since G,G} is nonsingular, by
Theorem 2.2.11, det(G,,GY) # 0. Similarly, det(G;GT) # 0. So by Lemma
2.2.13, det(A; A7) # 0 and hence A; A7 is nonsingular.

Now we consider BiB;‘.F. Again applying Lemma 2.2.13, we get

BBl = (Gi®Gi)(G;®G))T

(Gi®Gy)(G] ®GT)
= (G.GT)®(G:GT)

If ¢ # j, then since G; and G; generate consituent codes of an n-Direct code,
by Proposition 3.3.3, GiGjT = 0 and hence, BiBjT =0.
If i = j, then B;B] = (G;G])®(G;G]). Since G;GY is nonsingular, by Theorem
2.2.11, det(G;GT) # 0. So by Lemma 2.2.13, det(B;B) # 0 and hence B; B} is
nonsingular.
Finally, using Lemma 2.2.11, we get

AiB] = (Gn®Gi)(G;eG;)"
(Gn ®Gi)(GT ®G))
— (GuGT) @ (GiGT)

If i+ # j, then since G, and G generate consituent codes of an n-Direct code,

by Proposition 3.3.3, G,,GT = 0 and hence, 4;B] = 0. O
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Now that we can encode a coding scheme with 2n — 1 users, we can actually do

a little bit better.

3.3.8 Theorem [7] Let {a1,...,a,} be a trace-orthogonal basis in Fan and
(T'y,...,T,), an n-Direct code where T'; is an (n,1) MRD code generated by

Gi=|a3' of - aZ].
Further, let ¢,5,k € {1,...,n}. If I‘;jk are (n3,1) codes generated by
Gijk = G ® G; ® Gy,

then (I';;;,)7; k=1 is an n®-Direct code.

Proof. Since (T'y,...,T',) is an n-Direct code where each T'; is generated by

|20 21 21
Gz—[al ay e an}.

for 1 <1i<n, GiG]T =0for 1 <j<mandi=#j, and G,;GZT is nonsingular for

each i, by Proposition 3.3.3. To show that (F;jk)ﬁj7k:1 is an n3-Direct code, we

must show that for each G;;,Gl,, = 0 whenever (i, j, k) # (r,s,t) and G;;xGL,

is nonsingular otherwise. Applying Lemma 2.2.13, we get
gijkgﬁt = (GZ‘ ® Gj ® Gk)(Gr RG,® Gt)T

(Gi ®G; @ Gy) (G @ GT @ GY)

(G:G]) ® (G;GT) ® (GkGY)

If (i,5,k) # (r,s,t), then either i # r, j # s, or k # t. In either case one of
(G;GT), (G;GT), or (GxGT) is zero, hence, G;;1GL,, = 0.

Now suppose (i,j,k) = (r,s,t). Theni =r, j = s, k =t. So Gi)GL, =
(GiG) ® (G;GT) ® (GxGY). By Proposition 3.3.3, GiG], G;GT, and GG

are all nonsingular. Hence det(G;GT) # 0, det(Gij) # 0 and det(G,GY) # 0.
Thus, by multiple applications of Lemma 2.2.13, we have that det(G;;,G.,) # 0.

rst
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Thus, by Theorem 2.2.11. G;;xG/, is nonsingular. Thus (I'};;)7; x—; is an n°-

Direct code. U

Now we can encode a coding environment for n? users. However, if we modify
the design we have for n3-Direct codes, we create a Direct code with even more

constituent codes.

3.3.9 Theorem [7] Let {a1,...,a,} be a trace-orthogonal basis in Fan and
(T'1,...,Ty), an n-Direct code where T'; is an (n,1) MRD code generated by

Gi=lo? of - aZ].
Further, let iy,...,4, € {1,...,n}. If T, are (n",1) codes generated by

Girigin, = Gi, @@ Gy,

then (I} ;,..; )i\, —1 is an n"-Direct code.
Proof. Since (I'y,...,I',) is an n-Direct code where each I'; is generated by
G, = [Ogi a2 . agj] .

for 1 <i<n, GG} =0for 1 <j<nandi# j,and G;G] is nonsingular for

each i, by Proposition 3.3.3. To show that (I

n . n .
brigeiy Jivig.i—1 is an n"-Direct

code, we must show that G;,...;, G ; = 0 whenever (i1,...in) # (j1,---,Jn)

and G, ..., g};,,jn is nonsingular otherwise. Applying Lemma 2.2.13, we get

Qilminngl...jn = (G, ® - ®G,)(G, @ 2G;,)"
= (G,® - ®G,)G] ®--®G])

T T
= (Gi,G},)® - ®(G,Gj).

If (41,.-.,4n) # (J1,---,Jn), then either there exists some 1 < k < n such that
ir # jir and thus for such k, G;, Gﬁ = 0. Hence, G;,...;, GF =0.

JiJn

Now suppose (i1,...,4n) = (J1,.--,Jn). Then ip = ji for all 1 < k < n. So
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GiyinG},..j, = (G, G )®---®(G;,GY ). By Proposition 3.3.3, each G;, G, for
1 < k < n is nonsingular. Hence, by Theorem 2.2.11, for each k, det(G;, GL) #
0. And so, by multiple applications of Lemma 2.2.13, det(gil...inngl.__jn) £ 0.

n
11se009ln

code. O

. . T . . / . n .
Hence, Qh.i.zngjl__,jn is nonsingular. Thus (Pil---in) —1 is an n"-Direct

From Theorem 3.3.8, we have a method for generating an n3-Direct code and
from Theorem 3.3.9, we have a method for generating an n"-Direct code. A
natural question that is omitted from [7] is whether or not we can create an

n*-Direct code, an n°-Direct code, ..., an n”~'-Direct code. The following is a

el

new theorem that to the author’s knowledge is not published in any literature

on T-Direct codes, and answers that question.

3.3.10 Theorem Let {ai,...,a,} be a trace-orthogonal basis in Fon and

(T'1,...,T'n), an n-Direct code where I'; is an (n,1) MRD code generated by
Gi=la? of - a2].

Further, let i1,...,ix € {1,...,n} for 2 < k < n. If T}, are (n* 1) codes

generated by
Giroi, = Gy @ -+ ® Gy,

then (I} ;,..;, )% 4.1 is an n*-Direct code.
Proof. Since (I'y,...,I',) is an n-Direct code where each I'; is generated by
Gi=la? of - a?].

for 1 <i<n, GiG]T =0for 1 <j<mnandi#j, and G;G! is nonsingular for
each i, by Proposition 3.3.3. To show that (T =1 1S an n*-Direct

I
11221 /201121

code, we must show that gil...ikngl,.,jk = 0 whenever (i1,...ix) # (J1,---,Jk)
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and gil...ikg};.,jk is nonsingular otherwise. Applying Lemma 2.2.13, we get

gil---ikg};...jk = (Gil®"'®Gik)(Gj1®"‘®Gik)T
= (G, ® - ®G,)(G ©-®G])

= (G,G)® - ®(G;,G]).

If (i1,...,%k) # (J1,---,Jk), then either there exists some 1 <[ < k such that

i1 # ji and for such I, G; G}, = 0. Hence, G;,..;, G} ;. = 0.
Now suppose (i1,...,i) = (j1,.-.,7k). Then ¢y = j; for all 1 <1 < k. So
Giyin G}, = (G, GT)®---® (G, G, ). By Proposition 3.3.3, for each i <1 <

k, GilG;f’; is nonsigular. Thus, by Theorem 2.2.11, for each I, det(Ging;) # 0.

Hence, by multiple applications of Lemma 2.2.13, det(G;, ..., QJlek) # 0. There-

n

T 3 3 /
fore, G;,...i,,G is nonsingular, and so, (Filmik)ih_.

. k .
1 _ip=1 is an n”-Direct code.
O

As a consequence of the previous theorem, we can generate an n’-Direct code

as follows.

3.3.11 Corollary Let {a1,...,a,} be a trace orthogonal basis in Fan and
(T'4,...,T,), an n-Direct code where I'; is an (n,1) MRD code generated by

Gi=la? of - a2].
Further, let 7,5 € {1,...,n}. If I'}; are (n?,1) codes generated by
Gij = G; ®Gj,

then (T'};)}";—; is an n®-Direct code.

Proof of this corollary will be omitted since the result is immediate from Theo-

rem 3.3.10.
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4 Applications

Most coding schemes require encoding information through a device such that
there is one sender and one receiver. Such a device can be a CD, a satellite,
a camera, etc. In each case some information is encoded into the device and
then as it passes through the transmission channel it is decoded and the receiver
can then listen, watch, or view the information. Mathematically speaking, the
user sends a message a € IF’;. This message gets encoded using a function
f: IE‘Z — Fy which maps a € ]F’qc to ¢ € Fy with £ < n. In this case, ¢ is
going to be a codeword in some code C. Once the message is encoded it is send
to the recipient through the transmission channel and received as a word that
may or may not contain an error. This word is then decoded using a function
g:Fy — IFZ. This scenario which is descrbed in further detail in [16], is illus-

trated below.

Coded Received Decoded
Transimission
Mes- Mes- Mes-
Channel
sage sage sage

In the decoding process we are concerned with being able to detect and cor-
rect any errors that may have occured in transmission. In the single user case,
as long as the received message contains less errors than what the code can
correct, the receiver will receive the information without any errors.

A natural extension would be to consider a case where there are two senders
and two receivers which is discussed in [10]. Let k¥ < n and suppose we have
two users that send a message through the same channel. Both senders send
a message in F’;. The first sender uses the code C; C IFZ’ to encode their mes-
sage and the second sender uses the code Cy C IFZ to encode their message and
both messages get sent through the same communication channel. Once the two
messages have passed through the channel they will be decoded so that the first

recipient receives the message sent by the first sender and the second recipient
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receives the message received by the second sender. This scenario is illustrated

below.
User I User I —
Recipient
Mes- Coded
I Decoded
sage Message
Message
Multiple
Received
Access
Message
Channel
Recipient
User 11 User 11
IT Decoded
Mes- Coded
Message
sage Message

As with the single user case, we need to ensure that the received information
contains fewer errors than what each code can correct. However, we also need

to ensure the received information can be decoded in one unique way.

4.1 Definition [10] Let u,v € FZ, further let £ : F§ — {0,1,£}", Eq,..., E, :
Fy — {0,1,&} and define

E(u7 V) = (El(u17 vl)a EZ(“’Q» U2)7 ceey En(un7 Un))
where
Ei(ug,vi) = ui = v u; = vy,
Ei(ui,vi) = & u; # v;.
Suppose C; C F% and Cy C FY. Then (Cy,Cy) is uniquely decodable if and only

if for any (u,v),(u’,v’) € C; x Cy with (u,v) # (u’,v’), it is the case that
E(u,v) # E(w,v).
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The next proof is different then the one given by Massey.
4.2 Theorem [17] Let C C F% be an LCD code. (C,C+) is uniquely decodable.

Proof. Let C be an LCD code, u,u’ € C and v,v’ € C* such that u # u’
and v # v’. We must show that E(u,v) # E(u’,v’). By construction,
E;(us,v;) = uy if u; = v; and E;(u;, v;) = € if u; # v;. I u; = vy, then w;—v; = 0.
Similarly if u; # v;, then u; — v; = 1 since u;, v; € Fo. It should be noted that
ifu—v#u —v’ then E(u,v) # E(u’,v’) because if u —v # u’ — v’ WLOG,
there exists some j for 1 < j < n such that u; —v; = 0and v’ —v' = 1. In
this case, E;(u;,v;) = 0 or 1 and Ej(u},v}) = &, so clearly, E(u,v) # E(w,v’).
Therefore, we must show that u—v # u’—v’. Since we are in Fy, u—v =u+v
and similarly, u’ — v’ = w’ + v’. Further, by Proposition 3.1.3, F} = C & C*,
so each x € F} there exists a unique, y € C and z € C* such that x = y + z.
Since (u,v) # (u’,v’) either u # u’ or v # v’, hence, u+ v # u’ 4+ v’. And so

E(u,v) # E(w,v’). Thus, (C,C1) is uniquely decodable. O

However we can extend this even further to a case with 7 senders and 7 re-
ceivers which is discussed in [5]. Let k¥ < n and suppose we have two users
that send a message through the same channel. All senders send a message
from ]F’; . The first sender uses the code C; C F’{; to encode their message and
the second sender uses the code Cy C IFZ to encode their message and so on
until the 7th sender uses the code C'y to encode their message. All 7 messages
get sent through the same communication channel. Once the all the messages
have passed through the channel it will be decoded so that the first recipient
receives the message sent by the first sender and the second recipient receives
the message received by the second sender, and so on until the 7Tth recipient

receives the message sent by the Tth sender. This scenario is illustrated below.
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Recipient
User I
User 1 I De-
> Coded
Message coded
Message
Message
Recipient
User II Multiple
User 11 Received IT De-
> Coded > Access = =
Message Message coded
Message Channel
. ; Message
User T User T / Recipient
Message ™ Coded T De-
Message oded
Message

4.3 Definition [5] Let (C1,...,Cr) be code with T constituent codes. Then
the code (C1,...,Cr) is uniquely decodable if all sums consisting of one code-

word from each constituent code are distinct.

4.4 Theorem [25] Let (I'y,...,I'7) be a T-Direct code over Fy. Then the
code (I'1,...,I'7) is uniquely decodable.

It should be noted that the proof given for this theorem is different then that

of Vasantha and Raja Durai.

Proof.

Suppose (I'q,...,T'7) is a T-Direct code. By Definition 3.3.1, A=T1®---®
'+ CF4. Since A is a direct product, by Definition 2.2.17, each sum consisting
of one codeword from each constituent code are distinct. Hence, (I'1,...,I'7) is

uniquely decodable. O
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5 Conclusion

In this project we have defined LCD codes and T-Direct codes as well as giv-
ing a complete characterization of these families of codes. Next, we presented
constructions of LCD codes over F, and of T-Direct codes over Fo» including
a new class of each. The first few constructions of LCD codes were constructed
by adjoining smaller matrices to the generating matrix of a linear code, not
necessarily LCD. The final constructions of LCD codes were constructed from
orthogonal matrices. The T-Direct codes, on the other hand, were constructed
by taking the Kronecker product of generating matrices of MRD codes. Finally,
we have shown applications of each to noiseless multiple-user access channels.
Going forward, the goal is to construct 7-Direct codes over any finite field,
not only those of characteristic 2, and to find constructions of 7-Direct codes
without deriving them from MRD code. Also, it is the intention of the author
to find ways of encoding the noisy multiple-user access channels and two-way

multiple-user access channels.
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