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Abstract

In this project, we give constructions of linear codes with a comple-

mentary dual (LCD) and T -Direct code over Fq. We then show that these

families of codes can be used to encode multiple user access channels.

1 Introduction

In 1992, Massey [17] first defined linear codes with a complementary dual (LCD

Codes) as a linear code C in which their dual code is the orthogonal complement

of C. Massey gave a complete characterization of all LCD codes using generating

matrices and proposed a class of LCD codes. It was also shown that LCD codes

can be used to encode two-user binary adder channels. Two years later in 1994,

Massey and Yang [18] gave the necessary and sufficient condition for a cyclic

code to be LCD. However, it took until 2004 for Sendrier [22] to prove that

LCD codes were asymptotically good by showing that LCD codes meet the

Gilbert-Varshamov Bound.

Recently many authors have constructed new classes of LCD codes. [6], [9],

[13], [14], [15]. Furthermore, in [23], the authors have constructed optimal LCD

codes using orthogonal matrices. This construction takes removing number

of rows from an orthogonal matrix and then takes the matrix product of this

matrix with one or multiple diagonal matrices. Finally, in [3], the authors use

self-orthogonal codes to construct a new class of Euclidean and Hermitian LCD

1



codes. The authors also prove that for all q > 3, there exists an (n, k) Euclidean

Maximum Distance Separable (MDS) LCD code over Fq. This completely solves

the Euclidean case.

In addition to two-user binary adder channels, Carlet and Guilley in [4]

have shown that LCD codes simultaneously improves the resistance against

side-channel attacks and fault injection attacks.

After Massey published his 1992 paper on LCD codes, Vasantha and Raja

Durai published in 2002 an analogous paper [25] to Massey’s on the subject of T -

Direct codes. These codes are a generalization of LCD codes. Similar to Massey,

Vasantha and Raja Durai gave a complete characterization of all T -Direct codes

using their generating matrices. It was also shown that T -Direct codes can be

used to encode the noiseless T -user Binary Adder Channel. However, it was

not until 2011 in [20] that the first classes of T -Direct codes were constructed.

This T -Direct code which has n constituent codes and hence an n-Direct code

is constructed using an n-Direct code in which each constituent code was a

Maximum Rank Distance (MRD) code. Using the generator matrices of the

MRD constituent codes, they take the Kroenecker product of a certain number

of these generator matrices to create matrices that generate a T -Direct code.

In 2011, Raja Durai and Devi constructed n-Direct codes and (2n − 1)-Direct

codes over F2n . In 2018, Raja Durai and Devi in [7], using the same method as

in [20], constructed n3-Direct codes, nn-Direct codes and n3m

-Direct codes over

F2n .

This report is structured as follows. In Section 2, we present preliminar-

ies which is divided into three subsections. The first subsection, finite fields

preliminaries and notation is given.The second subsection provides the linear

algebra background on matrices as well as subspaces. The final subsection gives

the required coding theory preliminaries. In Section 3, we define LCD codes

and T -Direct codes, and then construct classes of these codes. In Section 4,

we discuss applications of LCD codes and T -Direct codes to the information

theoretic problem of multiple user access channels. Finally, in Section 5, we

discuss possible research directions moving forward.
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2 Preliminaries

In order to study LCD codes and T-Direct codes, we need to familiarize our-

selves with finite fields, matrices, as well as some matrix operations. Finally, we

define linear codes. It should be noted that almost all proofs in this section are

omitted for brevity.

2.1 Finite Fields

Before we can define a field, we must define two different algebraic structures.

The first of which is a group.

2.1.1 Definition [21] Let G be a nonempty set. The function ∗ : G×G→ G

is a binary operation.

2.1.2 Definition [16] Let G be a nonempty set and ∗ be a binary opera-

tion. (G, ∗) is a group if

1) a ∗ (b ∗ c) = (a ∗ b) ∗ c for all a, b, c ∈ G;

2) for all a ∈ G there exists some e ∈ G such that a ∗ e = e ∗ a = a;

3) for all a ∈ G there exists some b ∈ G such that a ∗ b = b ∗ a = e.

Futher, G is abelian if

4) a ∗ b = b ∗ a for all a, b ∈ G.

Now that we have a defined a group, we can now define a ring using the

definition of a group. Rings are important algebraic since every field is a ring,

so all definitions and theorems pertaining to rings apply also to fields.

2.1.3 Definition [16] Let R be a set, and + and · be binary operations.
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(R,+, ·) is a ring if

1) (R,+) is an abelian group;

2) (a · b) · c = a · (b · c) for all a, b, c ∈ R;

3) a · (b+ c) = a · b+ a · c and (b+ c) · a = b · a+ c · a for all a, b, c ∈ R.

2.1.4 Definition [8],[16] Let (R,+, ·) be a ring. If a · b = b · a for all a, b ∈ R,

then (R,+, ·) is a commutative ring. If (R \ {0}, ·) is a group, then (R,+, ·) is

a division ring.

2.1.5 Definition [16] Let (R,+, ·) be a commutative division ring. Then

(R,+, ·) is a field.

2.1.6 Definition [8] Let (R,+, ·) be a ring and S ⊆ R. If (S,+, ·) is a ring,

then S is a subring of R.

2.1.7 Definition [16] Let R be a ring. The least such n ∈ Z such that nr = 0

for every r ∈ R, if it exists, is the characteristic of R and R has characteristic

n. If no such n exists, R has characteristic 0.

For the remainder of the report, we denote a group (G, ∗) by G and a ring

(R,+, ·) by R. We only use the notation of Definition 2.1.2 and Definition 2.1.3

if we need to specify the binary operations of G and R.

We know define a particular class of subrings that are important in properly

defining a finite field.

2.1.8 Definition [16] Let J be a subring of R. J is an ideal if ar, ra ∈ J

for every r ∈ R and every a ∈ J .

2.1.9 Definition [16] Let R be a commutative ring. An ideal J of R is prin-

cipal if there exists an a ∈ R such that J = 〈a〉 = {ra : r ∈ R}.
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We now construct a finite field with p elements for p a prime.

2.1.10 Definition [16] Let a ∈ Z and 〈n〉 be the principal ideal generated

by n ∈ Z > 0. The set [a] = a+ 〈n〉 is the residue class of a modulo n and

Z/〈n〉 = {[0] = 0 + 〈n〉, [1] = 1 + 〈n〉, . . . , [n− 1] = n− 1 + 〈n〉}.

2.1.11 Definition [16] For a prime p, let Fp be the set {0, 1, . . . , p − 1} of

integers and let ϕ : Z/〈p〉 → Fp be the mapping defined by ϕ([a]) = a for

a = 0, 1, . . . , p− 1. Then Fp, endowed with the field structure induced by ϕ, is

a finite field called the Galois field of order p.

For the remainder of the report we use Fp to denote the Galois field of order

p for p prime and p is a prime number. Not only is Fp a finite field, it is the

foundation for constructing finite fields that do not have a prime number of

elements. To do this, first, we need to define a polynomial ring.

2.1.12 Definition [16] Let R be a ring. The polynomial ring over R is the set

R[x] = {a0 + a1x+ · · ·+ anx
n : a0, . . . an ∈ R}.

2.1.13 Definition [16] Let f(x) = a0 +a1x+ · · ·+anx
n ∈ R[x] with f(x) 6≡ 0.

Then n is the degree of f(x) and an is the leading coefficient of f .

2.1.14 Definition [16] Let F be a field. A polynomial p ∈ F [x] is irreducible

over F if p has positive degree and p = bc implies b or c is a constant polynomial

for b, c ∈ F [x].

We can now create a class of finite fields with pn elements using polynomials.

2.1.15 Theorem [24] Let g ∈ Fp[x] an irreducible polynomial of degree n.
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The residue class ring F [x]/〈g〉 is a field with pn elements.

Now that we have created finite fields with pn. However using this construc-

tion we may have more then one finite field with pn elements. For example, as

noted in [16] there are 18 irreducible polynomials of degree 7 over F2, so there

are at least 18 fields of order 27. Before we can proceed, we need to state one

more important fact about finite fields of order pn: the uniqueness property. To

do this we need to define one final algebraic structure: a vector space. Vector

spaces will also play an important part in the subsections on linear algebra and

coding theory.

2.1.16 Theorem [2] Suppose V is a set with the operations of vector addition

and scalar multiplication. Then V is a vector space over F if the following hold:

1) u + v ∈ V for all u,v ∈ V ;

2) αu ∈ V for all α ∈ F and u ∈ V ;

3) u + v = v + u for all u,v ∈ V ;

4) u + (v + w) = (u + v) + w for all u,v,w ∈ V ;

5) For all u ∈ V , there exists a vector 0 such that u + 0 = u;

6) For all u ∈ V , there exists a vector −u ∈ V such that u + (−u) = 0;

7) α(βu) = (αβ)u for all α, β ∈ F and u ∈ V ;

8) α(u + v) = αu + αv forall α ∈ F and u,v ∈ V ;

9) (α+ β)u = αu + βu forall α, β ∈ F and u ∈ V ;

10) 1u = u for all u ∈ V .

2.1.17 Definition [2] Let V and W be vector spaces. If W ⊆ V , and W

and V have the same vector addition and scalar multiplication, then W is a

subspace V .

2.1.18 Definition [2] Let V be a vector space, S = {u1,u2, . . . ,un} ⊆ V
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and F a field. The span of S is the set

span(S) = {α1u1 + α2u2 + · · ·+ αnun : α1, . . . , αn ∈ F}.

2.1.19 Definition [2] Let V be a vector space. A subset S ⊆ V is a spanning

set of V if span(S) = V . In this case S spans V .

2.1.20 Definition [2] Let V be a vector space, F a field, and S ⊆ V such

that S = {u1, . . . ,un}. An equation of the form

α1u1 + · · ·+ αnun = 0

for α1, . . . , αn ∈ F is a relation of linear dependence on S. If αi = 0 for all

1 ≤ i ≤ n, then it is a trivial relation of linear dependence.

2.1.21 Definition [2] Suppose V is a vector space and S = {u1,u2, . . . ,un} ⊆

V . S is linearly independent if there is a trivial relation of linear dependence.

2.1.22 Definition [2] Suppose V is a vector space. Then a subset S ⊆ V

is a basis of V if it is linearly independent and spans V .

2.1.23 Definition [2] Suppose V is a vector space and {v1, . . . ,vt} is a basis

of V . Then the dimension of V is defined by dim(V ) = t. In this case, V is

finite dimensional. If V has no finite dimension, V is infinite-dimensional.

2.1.24 Theorem [1] Let V be a finite-dimensional vector space and U , a

subspace of V . If dimU = dimV , then U = V .

The final step before we can give the uniqueness of a finite field is to definite

a subfield and a field extension.

2.1.25 Definition [16] Let F be a field and K ⊆ F . If K is field under
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the operations of F , then K is a subfield of F and F is an extension of K. If

K 6= F , K is a proper subfield. A field containing no proper subfields is a prime

field.

2.1.26 Definition [16] Let L be an extension field of K. If L, considered

as a vector space over K, is finite-dimensional, then L is a finite extension of K.

The dimension of the vector space L over K is the degree of L over K, denoted

[L : K].

2.1.27 Theorem [16] Let F be a finite field. Then F has pn elements, where

the prime p is the characteristic of F and n is the degree of F over its prime

subfield.

Now we know that there is only finite fields of prime powers. So there is no

finite field with 6, 10, 12, 14, . . . elements.

2.1.28 Definition [16] Let f ∈ K[x] be of positive degree and F , an ex-

tension field of K. Then f splits in F if there exists elements α1, . . . , αn ∈ F

such that

f(x) = a(x− α1) · · · (x− αn),

where a is the leading coefficient of f . The field F is a splitting field of f over

K if f splits F and if, moreover, F = K(α1, . . . , αn) where K(α1, . . . , αn) is the

extension field of F obtained by adjoining α1, . . . , αn.

2.1.29 Theorem [16] For every prime p and every positive integer n there

exists a finite field with pn elements. Any finite field with q = pn elements is

isomorphic to the splitting field of xq − x over Fp.

Now we know that finite fields of order pn are unique up to isomorphism.

Hence, any property that holds over one finite field of order pn holds over all of
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them, so we may unambigously refer to the finite field of order pn. Therefore we

denote Fpn as the finite field with pn elements. For the remainder of the report,

we let q = pn in the context of a finite field. So we denote a finite field with q ele-

ments by Fq. Further, we use F×q to denote the set of all nonzero elements of Fq.

Finally, for the section on T -Direct codes, we must define a trace-orthogonal

basis and a normal basis.

2.1.30 Definition [16] Let F = Fqm , K = Fq and α ∈ F . The trace TrF/K(α)

of α over K is

TrF/K(α) =

m−1∑
i=0

αq
i

.

2.1.31 Definition [16] Let K = Fq and F = Fqm . Then a basis of F over K

of the form {α, αq, . . . , αqm−1} for α ∈ F is a normal basis of F over K.

2.1.32 Definition [12] Let B = {α1, . . . , αn} be a basis of Fqn over Fq. B

is a trace-orthogonal basis if

i) TrF/K(αi) = 1 for all αi ∈ B;

ii) TrF/K(αiαj) = 0 for all αi, αj ∈ B, i 6= j.

2.2 Linear Algebra

The first definition we give is that of a matrix. Matrices are a very fundamen-

tally important concept in linear algebra. It also plays an important role in

coding theory.

2.2.1 Definition [2] Let F be a field. An m × n matrix is a rectangular

layout of elements from F having m rows and n columns. If A is an m × n

matrix, then [A]ij ∈ F denotes the entry in the ith row and jth column of A.
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2.2.2 Definition [2] Let A be an m × n matrix and B be a m × k matrix,

then [A|B] denotes the m× (n+ k) matrix with the first n being the n columns

of A and the last k columns being the columns of B.

One important matrix is the identity matrix.

2.2.3 Definition [2] The m×m identity matrix, Im is the matrix

[Im]ij =

 1 i = j

0 i 6= j

for 1 ≤ i, j ≤ m.

The columns of In form a set called the standard basis. We denote ei as the

ith column of In. Hence, 

0
...

1
...

0


where the ith position is a 1 and all the other positions are 0.

We now define a class of matrices that give us a representation of a code as

we see in the coding theory background.

2.2.4 Definition [2] Let F be a field. An n-dimensional vector is a 1 × n

matrix. If v is an n-dimensional vector, then vi ∈ F denotes the ith entry of v

for 1 ≤ i ≤ n. The set of all n-dimensional vectors is denoted Fn.

Now we define operations that may be performed on one or multiple matrices.
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2.2.5 Definition [2] Let A and B be m×n matrices, and α ∈ F . The following

three operations on matrix are row operations.

1) Swap the location of two rows;

2) Multiply each entry of a single row by a α 6= 0;

3) Multiply each entry of a row by some α 6= 0 and add these values to the

entries in the same columns of a second row. Leave the first row the same but

replace the second row by these new values.

If B can be obtained from A by a sequence of row operations, A and B are row

equivalent.

2.2.6 Definition [2] Let A be an m× n matrix. The transpose of A, denoted

by AT , is the n×m matrix given by

[AT ]ij = [A]ji

for 1 ≤ i ≤ n, 1 ≤ j ≤ m.

2.2.7 Definition [2] Let A be an m × n matrix with columns A1, . . . ,An

and u an n-dimensional vector. Then the matrix-vector product of A with u is

Au = u1A1 + · · ·+ unAn.

2.2.8 Definition [2] Let A be an m × n matrix and B an n × k matrix with

columns B1, . . . ,Bk. Then the matrix product of A and B is the m× k matrix

AB = [AB1| · · · |ABk].

Now that we have defined a matrix-vector product, we can define another

important class of matrices that will be fundamental when studying LCD codes:

the class of nonsingular matrices.

2.2.9 Definition [2] Let A be an n × n matrix. A is nonsingular if Ax = 0

implies x = 0. Otherwise A is singular.

11



Now that we’ve defined what a nonsingular matrix, we need ways of de-

terming whether or not a matrix is nonsingular. Fortunately, as we will see

shortly, the determinant infact does that.

2.2.10 Definition [2] Let A be an n × n matrix and A(i|j) be the subma-

trix obtained by removing the ith row and the jth column. The determinant of

A, denoted det(A), is defined recursively by

1. If A is a 1× 1 matrix then det(A) = [A]11.

2. If A is an n× n matrix for n ≥ 2, then

det(A) =

n∑
i=1

(−1)i+1[A]ii det(A(1|i)).

We now present a few equivalent definitions of a matrix being nonsingular.

This is not an exhaustive list of all nonsingular matrix equivalencies. One may

refer to [2] for such a list. Here we only give the ones that is used when proving

classes of LCD codes and T -Direct codes.

2.2.11 Theorem [2] Let A be an n × n matrix. The following are equiva-

lent.

i) A is nonsingular;

ii) A is row equivalent to In;

iii) det(A) 6= 0.

Finally, we define one final matrix operation which we use to create classes

of T -Direct codes.

2.2.12 Definition [20] Let

A =


a11 · · · a1n

...
. . .

...

am1 · · · amn


be an m× n matrix and B be a r × s matrix. The kronecker product A⊗B is
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the mr × ns matrix

A⊗B =


a11B · · · a1nB

...
. . .

...

am1B · · · amnB

 .

2.2.13 Lemma [11] Let A be an m× n matrix, B, a k× l matrix, C, an n× r

matrix, D, an l× s matrix, E, an n×n matrix and F , an m×m matrix. Then

1) (A⊗B)T = AT ⊗BT ;

2) (A⊗B)(C ⊗D) = (AC)⊗ (BD);

3) det(E ⊗ F ) = det(E)m det(F )n.

We now define two sets of matrices which are in fact groups under the oper-

ation of matrix multiplication. The group of orthogonal matrices will allow us

to create classes of LCD codes.

2.2.14 Definition [8],[23] Let Mn×n be the set of n×n matrices. The general

linear group over a field F , denoted GL(n, F ), is the set

GL(n, F ) = {A ∈Mn×n : det(A) 6= 0}.

The orthogonal group of index n over Fq, denoted On(q), is the set

On(q) = {A ∈ GL(n,Fq) : AAT = In}.

Any matrix in On(q) is an orthogonal matrix.

Next we give a lemma that is used in proofs from the section on LCD codes.

Since we have not found this lemma in any of the literature on this subject, we

provide a proof.

2.2.15 Lemma Let A be an orthogonal matrix and Ak be the matrix obtained

by removing any k rows. Then AkA
T
k = In−k.
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Proof. We proceed by induction on k.

Base case. We begin by removing the ith row of A and call this matrix A1.

Then AT1 is going to be the matrix AT with the ith column removed. So we

are multiplying an (n− 1)× n matrix by an n× (n− 1) matrix. The resulting

product will be an (n− 1)× (n− 1) matrix. Hence we only need to show that

this matrix is the identity matrix.

Recall that since A is orthogonal, AAT = In. If we can show that A1A
T
1 is

obtained from AAT by removing the ith row and the ith column, then we are

done. We know that

AAT = [A(AT )1| · · · |A(AT )n]

by Definition 2.2.8, but since we removing the ith column of AT to obtain AT1 ,

we have that

AAT1 = [A(AT )1| · · · |A(AT )i−1|A(AT )i+1| · · · |A(AT )n].

and so

AAT1 = [A(AT
1 )1| · · · |A(AT

1 )n−1].

Next we show that A1A
T
1 is obtained by removing the ith row of AAT1 . Let

(AAT
1 )l be the lth column of AAT1 . Then

(AAT
1 )l =

 A(AT )l if 1 ≤ l ≤ i− 1

A(AT )l+1 if i ≤ l ≤ n− 1

If 1 ≤ l ≤ i− 1, then by Definition 2.2.8

(AAT
1 )l = al1A1 + · · ·+ alnAn.

and if i ≤ l ≤ n− 1, then

(AAT
1 )l = al+1,1A1 + · · ·+ al+1,nAn.

In either case, the jth entry of this column vector is going to be a linear com-

bination of the jth row of A. Hence, if we remove the ith row of A, we are
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removing the ith entry of (AAT
1 )l from our vector. Since (AAT

1 )l is the lth

column of AAT1 , if we remove the ith row of A, we are also removing the ith row

of AAT1 while all other rows of AAT1 remain the same. Thus A1A
T
1 is obtained

from AAT by removing the ith row and the ith column.

Induction Assumption. Let Ak be the matrix obtained by removing k rows

from A. Then AkA
T
k = In−k.

Induction Step. Let Ai1 , . . . ,Ain−k
be the n − k rows of A in Ak. By our

induction assumption AkA
T
k = In−k, so if we can show that removing the jth

row from Ak results in removing the jth row and jth column from AkA
T
k , then

it follows that Ak+1A
T
k+1 = In−k−1. As in the base case, if we remove the jth

column from ATk , we are also removing the jth entry in each row of AkA
T
k . Also,

the jth entry in each column of AkA
T
k is a linear combination of the jth row of

Ak, we are removing the jth row of AkA
T
k while preserving all other rows. So

Ak+1A
T
k+1 is obtained by removing the jth row and jth column from AkA

T
k , as

required. �

Since we have layed out a background in matrices, we start using matrices

to define two subspaces that is used in the next subsection on coding theory.

2.2.16 Definition [2] Let A be an m × n matrix with columns A1, . . . ,An

and F be a field. The column space of A, denoted C(A), is the subset of F

containing all linear combinations of the columns of A. The row space of A,

denoted R(A), is the column space of AT , i.e., R(A) = C(AT ). The rank of A,

denoted r(A), is the dimension of the column space of A.

We now define another subspace that will become fundamental in the appli-

cation of LCD codes and T -Direct codes to multiple user access channels.
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2.2.17 Definition [1] Let U1, . . . , Um be subspaces of V . The set

U1 + · · ·+ Um = {u1 + · · ·+ um : ui ∈ Ui for all 1 ≤ i ≤ m}

is a direct sum if each element of U1 + · · · + Um can be written uniquely as a

sum u1 + · · · + um for ui ∈ Ui. If U1 + · · · + Um is a direct sum, it is denoted

U1 ⊕ · · · ⊕ Um.

2.2.18 Theorem [1] Let U and W be subspaces of a vector space V . Then

U +W is a direct sum if and only if U ∩W = {0}.

2.2.19 Theorem [1] Let V be a vector space and U1, . . . , Um, finite-dimensional

subspaces of V . If U1 + · · ·+ Um is a direct sum, then U1 ⊕ · · · ⊕ Um is finite-

dimensional and

dim(U1 ⊕ · · · ⊕ Um) = dimU1 + · · ·+ dimUm.

Finally we define the inner product of two vectors. This is used to define

the dual code of a linear code.

2.2.20 Definition [23] Let F be a field and x,y ∈ Fn. Then the Euclidean

inner product of x and y is

x · y =

n∑
i=1

xiyi.

2.3 Coding Theory

We begin our section on coding theory by defining a linear code.

2.3.1 Definition [16] Let H be an (n − k) × n matrix of rank n − k with

entries in Fq. The set C of all n-dimensional vectors c ∈ Fnq such that HcT = 0
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is a linear (n,k) code over Fq; n is the length and k is the dimension of the code.

The elements of C are codewords, and the matrix H is the parity-check matrix

of C.

It is traditional in coding that c is actually an n × 1 matrix instead of the

1× n matrix from Definition 2.2.3. So cT is a 1× n matrix.

Most times when we define a linear code C, we are not defining it by its

parity-check matrix. We instead define it using its generator matrix.

2.3.2 Definition [16] Let C be an (n, k) code, G be a k × n matrix. If

R(G) = C, then G is a generator matrix of C.

2.3.3 Remark [19] Let C be an (n, k) code, G be the generator matrix, and

u ∈ Fkq . Then u corresponds to the codeword x ∈ C under the relation that

x = uG.

Every linear code has a dual code. As van Lint explains in [24], the dual

code of C is not necessarily an orthoogonal complement of C. The dual code of

C might equal C itself, or it may intersect with C in some other non-trivial way.

2.3.4 Definition [16] Let C be a linear (n, k) code over Fq. Then its dual

code is defined as

C⊥ = {x ∈ Fnq : x · y = 0, for all y ∈ C}.

2.3.5 Proposition [17] Let C be a linear (n, k) code over Fq. Then C = (C⊥)⊥.

2.3.6 Proposition [16] Let C be a linear (n,k) code over Fnq . If G is the

generator matrix for C, then G is the parity-check matrix for C⊥. Also, if H is

the parity-check of C, then H is the generator matrix of C⊥.
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Apart from the length and the dimension of the code, there is one more

parameter that is important to linear codes.

2.3.7 Definition [24] Let x,y ∈ Fnq . The Hamming distance d(x,y) of x

and y is

d(x,y) := |{i : 1 ≤ i ≤ n, xi 6= yi}|.

2.3.8 Definition [24] Let C ⊆ Fnq be a nontrivial code. The minimum distance

of C, denoted d is

d = min{d(x,y) : x ∈ C,y ∈ C,x 6= y}.

The minimum distance is important because it characterizes the code’s error

detection and error correction capability. In the sequel, we give an important

bound on the minimum distance: the Singleton Bound.

2.3.9 Theorem [24] (Singleton Bound) For any (n, k) code C over Fq, we

have d ≤ n− k + 1.

A special case of the singleton bound, is when the minimum distance is equal

to the singleton bound.

2.3.10 Definition [19] Let C be an (n, k) code over Fq. If we have d = n−k+1,

then C is maximum distance separable (MDS).

We conclude the background on coding by defining maximum rank distance

(MRD) codes. These codes will be used to generate classes of T -Direct codes.

2.3.11 Definition [20] Let V n be an n-dimensional vector space over Fqm for

n ≤ m, u1, . . . ,um a fixed basis of Fqm as a vector over Fq, x = (x1, . . . , xn) ∈

V n for xi ∈ Fqm , and Anm the collection of all m × n matrices over Fq. The
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m× n matrix A(x) is defined as

A(x) =


a11 · · · a1n

...
. . .

...

am1 · · · amn


for xi = a1iu1 + · · ·+ amium. The rank of x over Fq is the rank of A(x) and is

denoted r(x; q).

2.3.12 Proposition [20] The norm r(x; q) specifies a rank metric on V n.

2.3.13 Definition [20] Let V n be an n-dimensional vector space over Fmq for

n ≤ m. A linear (n, k)-code over V n is a Rank Distance (RD) code if it metric

is induced by the rank norm. An (n, k) RD code is a Maximum Rank Distance

(MRD) code if d = n− k + 1.

2.3.14 Definition [20] Let G be the generator matrix of an (n, k) MRD code

and {αq0 , αq1 , . . . , αqn−1}, a normal basis of Fqn . Then

G =


αq

0

αq
1 · · · αq

n−1

αq
1

αq
2 · · · αq

n

...
...

. . .
...

αq
k−1

αq
k · · · αq

k+n−2

 .

3 LCD Codes

As mentioned in the previous section, the dual code of a linear code C is not

necessarily an orthogonal complement of C. As we see throughout the remain-

der of the report, linear codes that have the property that their dual code is an

orthogonal complement are ideal for coding schemes with multiple users. We

demonstrate what happens when we restrict our attention to such codes. For
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the most part, the proofs will either be similar to the original authors with more

detail.

3.1 Definitions and Theorems

We will begin our study of LCD codes by defining what is an LCD code.

3.1.1 Definition [17] Let C be a linear (n, k) code over Fq. Then C is a

linear code with a complementary dual (LCD) if C ∩ C⊥ = {0}.

An immediate consequence of the definition of an LCD code is the following.

3.1.2 Proposition [17] Let C be a linear (n, k) code over Fq. If C is an

LCD code, then C⊥ is an LCD code.

Proof. Let C be an LCD code. Then, C ∩ C⊥ = {0}. So, using this fact

with Proposition 2.3.5, we get that

C⊥ ∩ (C⊥)⊥ = C⊥ ∩ C = {0}.

�

To use LCD codes to encode coding schemes with two users, we need to make

sure that when the codeword from C and the codeword from C⊥ get sent into

the common channel, they can be decoded without any ambiguity. The follow-

ing theorem shows us that we can do this.

3.1.3 Proposition [17] Let C be a linear (n, k) code over Fq. We have that

Fnq = C ⊕ C⊥ if and only if C is an LCD code.

Proof. First, suppose Fnq = C ⊕ C⊥, then C ∩ C⊥ = {0} by Theorem 2.2.18.

Hence C is an LCD Code.
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Now suppose C is an LCD code, then C ∩ C⊥ = {0} and thus C ⊕ C⊥ is a

direct sum. Since C,C⊥ ⊆ Fnq , clearly C and C⊥ are subspaces of Fnq . Recall

that dimC = k and dimC⊥ = n− k. Thus

dim(C ⊕ C⊥) = dimC + dimC⊥ = k + n− k = n = dimFnq

by Theorem 2.2.19. Hence, Fnq = C ⊕ C⊥ by Theorem 2.1.24.

3.1.4 Proposition [17] Let C be a linear code. The orthogonal projector

ΠC from Fnq onto C such that

vΠC =

 v if v ∈ C

0 if v ∈ C⊥

exists if and only if C is an LCD code.

The following theorem is the most important characterization we have on LCD

codes. This theorem allows to prove whether a linear code, given it’s generator

matrix, is LCD code.

3.1.5 Proposition [17] Let G be a generator matrix for a linear (n, k) code

C. C is an LCD code if and only if the k × k matrix GGT is nonsingular.

Before we proceed with the proof, we note that the proof of the statement

”If GGT is nonsingular, C is LCD” is a different proof from what is published

in [17]. However, the converse is proven the same way as Massey in [17].

Proof. First suppose GGT is singular, then there exists a nonzero a ∈ Fkq
such that aGGT = 0. Since a 6= 0 and G 6= 0, we have that aG ∈ C is also

nonzero. Let’s define u = aG. Since G is the generator matrix of C, for any

v ∈ C, v = bG for some b ∈ Fkq , so

u · v = aG · bG = aG(bG)T = aG(GTbT ) = (aGGT )bT = 0.

Thus, u ∈ C⊥ as well. So, C ∩ C⊥ 6= {0}, this, C is not an LCD code.
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Now, suppose GGT is nonsingular and assume that C is not an LCD code.

Then, there is a nonzero c ∈ C such that c ∈ C⊥. Since c ∈ C, there is some

vector a ∈ Fkq such that c = aG. Since G is the generator matrix for C, it is

also the parity-check matrix for C⊥ by Proposition 2.3.6, therefore, GcT = 0,

thus,

0 = GcT = G(aG)T = GGTaT .

But, GGT is nonsingular, so aT = 0, and further a = 0, indeed c = aG = 0, a

contradiction. So, C is an LCD code. �

3.1.6 Proposition [17] Let C be a linear (n, k) code. If C is an LCD code,

then ΠC = GT (GGT )−1G is the orthogonal projector from Fnq onto C.

We omit the proof of this proposition since the proof given in [17] is already the

simplest and most efficient way of proving the proposition.

3.2 Classes of LCD Codes

After the characterization of LCD codes, we present classes of LCD codes. The

following two classes of LCD codes where the first ones ever proposed by Massey.

When they were originally presented, Corollary 3.2.2 was the main result and

then Theorem 3.2.1 was only discussed as a generalization of Corollary 3.2.2 to

other fields. However, Corollary 3.2.2 naturally follows from Theorem 3.2.1 that

we use it as the main theorem.

3.2.1 Theorem [17] Let P be an k × (n − k) matrix, G = [Ik|P ], a gener-

ator matrix of an (n, k) linear code C over Fp for p prime and α ∈ Fp such that

α2 = −1. Then

G′ = [Ik|P |αP ]

is the generator matrix of a (2n− k, k) LCD code C ′.
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This theorem was not proved in [17]. So we provide a new proof here. This

proof is very similar to the proof in [17] of Corollary 3.2.2 with the details added

in.

Proof. Let m = n− k, α2 = −1, G = [Ik|P |αP ] and

P =


p11 · · · p1m

...
. . .

...

pk1 · · · pkm

 .
Then

PT =


p11 · · · pk1

...
. . .

...

p1m · · · pkm

 .
By Proposition 3.1.3, we must show that GGT is nonsingular. We will compute

the jth row of GGT . By Definition 2.2.8, the jth column of GGT is the matrix-

vector product of G with the jth column of GT so,

(GGT )j = G(GT )j

= [Ik|P |αP ]



ej

pj1
...

pjm

αpj1
...

αpjm


= ej + pj1P1 + · · ·+ pjmPm + αpj1αP1 + · · ·+ αpjmαPm

= ej + pj1P1 + · · ·+ pjmPm + α2pj1P1 + · · ·+ α2pjmPm

= ej + pj1P1 + α2pj1P1 + · · ·+ pjmPm + α2pjmPm

= ej + pj1P1 − pj1P1 + · · ·+ pjmPm − pjmPm

= ej .
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Here, the third equality comes from Definition 2.2.7 and the sixth equality comes

from the fact that α2 = −1. Since the jth row is some arbitrary we have that

GGT = [e1| · · · |ek] = Ik.

Since Ik is trivially row equivalent to Ik, GGT is nonsingular, as required. �

3.2.2 Corollary [17] Let P be an k × (n − k) matrix, G = [Ik|P ], a gen-

erator matrix of an (n, k) linear code C over F2. Then

G′ = [Ik|P |P ]

is the generator matrix of a (2n− k, k) LCD code C ′.

Proof. Let α = 1. Then

α2 = 12 = 1 ≡ −1 (mod 2).

Now apply Theorem 3.2.1. �

Now that we have these two theorems, we can extend an (n, k) linear code

to a (2n − 1, k) LCD code. However, Theorem 3.2.1 and Corollary 3.2.2 are

not the only accomplishing such a task. If one permutes the columns of the

sub-matrix [P |P ] from Corollary 3.2.2, and computes the resulting linear code,

it turns out that we also get a (2n − 1, k) LCD code. This is the statement of

the following theorem.

It should be noted that to the best of the author’s knowledge this theorem has

not been published in any previous literature on LCD codes and so is a new

result.

3.2.3 Theorem Let P be a k × m matrix for m = n − k, G = [Ik|P ], a

generator matrix of an (n, k) linear code C over F2, and A the k × 2m matrix

obtained by swapping two columns of the k×2m matrix [P |P ]. Then the matrix

G′ = [Ik|A]
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is the generator matrix of a (2n− k, k) LCD code C ′.

Proof. The proof will be broken into three cases. In the first case, we will

show that the linear code generated by G′ = [Ik|A|P ] such that A is the matrix

P with the ith and jth columns swapped generates an LCD code. In the second

case, we will show the case of G′ = [Ik|P |A] where A is as defined in the first

case. Finally, the third case, we will show the case of G′ = [Ik|A|B] where A

is the matrix P with the ith column replaced with the jth column of P and B

is the matrix P with the jth column replaced with the ith column of P . i.e.,

Ai = Aj = Pj and Bi = Bj = Pi. In each case we will apply Theorem 3.1.5

by proving that G′G′T is nonsingular.

Case 1. Let m = n− k. By Definition 2.2.8, the lth column of G′G′T is the
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matrix-vector product of G′ with the lth column of G′T so,

(G’G’T )j = G′(G’T )l

= [Ik|A|P ]



el

pl,1
...

pl,i−1

pl,j

pl,i+1

· · ·

pl,j−1

pl,i

pl,j+1

· · ·

pl,m

pl,1

· · ·

pl,m


= el + pl,1A1 + · · ·+ pl,i−1Ai−1 + pl,jAi + pl,i+1Ai+1 + · · ·

+ pl,j−1Aj−1 + pl,iAj + pl,j+1Aj+1 + · · ·+ pl,mAm + pl,1P1

+ · · ·+ pl,mPm

= el + pl,1P1 + · · ·+ pl,i−1Pi−1 + pl,jPj + pl,i+1Pi+1 + · · ·

+ pl,j−1Pj−1 + pl,iPi + pl,j+1Pj+1 + · · ·+ pl,mPm + pl,1P1

+ · · ·+ pl,mPm

= el + 2pl,1P1 + · · ·+ 2pl,mPm

= el.

Here, the third equality comes from Definition 2.2.7, the fourth equality comes

from the hypothesis, and the fifth comes from commuting the terms. Since el
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is the lth row of G′G′T , we have that

G′G′T = [e1| · · · |ek] = Ik.

Since Ik is trivially row equivalent to Ik, G′G′T is nonsingular, as required.

Case 2. Analogous to Case 1.

Case 3. Again we let m = n − k. By Definition 2.2.8, the lth column of
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G′G′T is the matrix-vector product of G′ with the lth column of G′T so,

(G’G’T )l = G′(G’T )l

= [Ik|A|P ]



el

pl,1
...

pl,i−1

pl,j

pl,i+1

· · ·

pl,m

pl,1

· · ·

pl,j−1

pl,i

pl,j+1

· · ·

pl,m


= el + pl,1A1 + · · ·+ pl,i−1Ai−1 + pl,jAi + pl,i+1Ai+1 + · · ·

+ pl,mAm + pl,1B1 + · · ·+ pl,j−1Bj−1 + pl,iBj + pl,j+1Bj+1

+ · · ·+ pl,mBm

= el + pl,1P1 + · · ·+ pl,i−1Pi−1 + pl,jPj + pl,i+1Pi+1 + · · ·

+ pl,mPm + pl,1P1 + · · ·+ pl,j−1Pj−1 + pl,iPi + pl,j+1Pj+1

+ · · ·+ pl,mPm

= el + 2pl,1P1 + · · ·+ 2pl,mPm

= el.

Here, the third equality comes from Definition 2.2.7, the fourth equality comes

from the hypothesis, and the fifth comes from commuting the terms. Since el

28



is the lth row of G′G′T , we have that

G′G′T = [e1| · · · |ek] = Ik.

Since Ik is trivially row equivalent to Ik, G′G′T is nonsingular, as required. �

Recently, it has been discovered by Sok, Shi, and Sole in [23] that by tak-

ing submatrices of orthogonal matrices, we can construct LCD codes. We will

only prove the first class of LCD codes.

3.2.4 Theorem [23] Let A ∈ On(q) and Ak a submatrix obtained from A

by keeping any k rows. Then for any λ1, . . . , λk ∈ Fq \ {0}, the matrix

G =


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λk

Ak

generates an LCD code.

Proof. By Proposition 3.1.5, we must prove that GGT is nonsingular. We
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proceed to compute GGT using Lemma 2.2.15.

GGT =


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λk

Ak



λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λk

Ak


T

=


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λk

AkA
T
k


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λk



T

=


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λk

 Ik

λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λk



=


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λk




λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λk



T

=


λ2

1 0 · · · 0

0 λ2
2 · · · 0

...
...

. . .
...

0 0 · · · λ2
k



If we apply the row operation of multiplying the ith row by 1
λ2
i

for each 1 ≤ i ≤ k,

then we obtain the that GGT is row equivalent to Ik since λ1, . . . , λk are all

nonzero. Hence, by Theorem 2.2.11, GGT is nonsingular, as required. �

3.2.5 Theorem [23] Let A ∈ On(q) and Ak a submatrix obtained from A

by keeping any k rows, with k being even. Let αi, βi ∈ Fq \ {0} for 1 ≤ i ≤ k
2
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such that α2
i + β2

i 6= 0 and

Di =

 αi βi

−βi αi

 .
Then for any λ1, . . . , λk ∈ Fq \ {0}, the matrix

G =


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λk




D1 0 · · · 0

0 D2 · · · 0
...

...
. . .

...

0 0 · · · D k
2

Ak

generates an LCD code. Moreover, if k is odd, the matrix

G′ =


λ1 0 · · · 0

0 λ2 · · · 0
...

...
. . .

...

0 0 · · · λk





D1 0 · · · 0 0

0 D2 · · · 0 0
...

...
. . .

...
...

0 0 · · · D k
2

0

0 0 · · · 0 1


Ak

generates an LCD code.

3.2.6 Theorem [23] Let C be an (n, k) LCD code over Fq with its genera-

tor matrix G being rows of an orthogonal matrix. Suppose that there exist

a, b ∈ Fq \ {0} such that a2 + b2 ≡ 0 (mod q). Then for any λ1 ≤ · · · ≤ λn ∈ Fq

G′ =



λ1a λ1b

λ2(−b) λ2a

G
...

...

λ2i−1a λ2i−1b

λ2i(−b) λ2ia
...

...


generates an (n+ 2, k) LCD code.
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3.3 T -Direct Codes

Now we generalize LCD codes. One may notice that Definition 3.3.1 is similar

to Definition 3.1.1, Proposition 3.3.2 is similar to Proposition 3.1.4 and Propo-

sition 3.3.3 is similar to Propositions 3.1.5 and 3.1.6.

3.3.1 Definition [25] Let Γ1, . . . ,ΓT be (n, k1), . . . , (n, kT ) linear codes over Fq
for k1+· · ·+kT ≤ n and Γ⊥i the dual code of Γi with respect to Λ = Γ1⊕· · ·⊕ΓT .

If Γi ∩ Γ⊥i = {0} for all 1 ≤ i ≤ T , then (Γ1, . . . ,ΓT ) is a T -Direct code. Each

Γi is a constituent code.

3.3.2 Proposition [25] The orthogonal projector ΠΓi
from Λ onto Γi such

that

vΠΓi
=

 v if v ∈ Γi

0 if v ∈ Γ⊥i

for each i = 1, . . . T exists if and only if (Γ1, . . . ,ΓT ) is a T -Direct code.

Similar to how Proposition 3.1.5 is the most important characterization we have

on LCD codes, the following theorem is the most important characterization we

have on T -Direct codes and will be used in proving that a set of constituent

codes form a T -Direct code.

3.3.3 Proposition [25] Let Γi be a (n, ki) linear code over Fq the gener-

ator matrix Gi such that GiG
T
j = 0 for each i, j = 1, . . . , T with i 6= j.

Then (Γ1, . . . ,ΓT ) is a T -Direct code if and only if the ki × ki matrix GiG
T
i

is nonsingular for every i. Further, if (Γ1, . . . ,ΓT ) is a T -Direct code, then

ΠΓi
= GTi (GiG

T
i )−1Gi is the orthogonal projector from Λ onto Γi for each i.

It should be noted that all proofs in this section will be similar from the proofs

given by Durai and Devi in [20] and [7] with two differences. First, we will fill

in the details that Durai and Devi omit. Finally, with respect to proving that
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GiG
T
i is nonsingular, instead of proving that GiG

T
i = Ik, we will instead show

that the determinant of GiG
T
i is nonzero which is equivalent to proving that it

is nonsingular.

Now that we have defined a T -Direct code and have a characterization for such

codes, we may now begin to find classes of T -Direct codes. Combining Lemma

3.3.4 with Theorem 3.3.5 gives us an n-Direct code.

3.3.4 Lemma [20] Let {α1, . . . , αn} be a trace-orthogonal basis and (Γ1, . . . ,Γn),

an n-Direct code over F2n such that Γi is a (n, ki) MRD code generated by

Gi =


αq

k1+···+ki−1+1

1 αq
k1+···+ki−1+1

2 · · · αq
k1+···+ki−1+1

n

αq
k1+···+ki−1+2

1 αq
k1+···+ki−1+2

2 · · · αq
k1+···+ki−1+2

n

...
...

. . .
...

αq
k1+···+ki−1+ki

1 αq
k1+···+ki−1+ki

2 · · · αq
k1+···+ki−1+ki

n


for k1 + · · ·+ kn ≤ n. Then G′i = Gn ⊗Gi defines an (n2, knki) code.

Durai does not prove this Lemma in [20], so this is new proof.

Proof. We know that Gi a ki × n matrix and Gn is a kn × n matrix. Then by

Definition 2.2.12, G′i = Gn ⊗ Gi is a knki × n2 matrix, so by Definition 2.3.2,

G′i generates an (n2, knki) code. �

3.3.5 Theorem [20] Let G′i be defined as in Lemma 3.3.4 and Γ′1, . . . ,Γ
′
n

be (n2, k1kn), . . . , (n2, knkn) codes generated by G′1, . . . , G
′
n respectively. Then

(Γ′1, . . . ,Γ
′
n) is an n-Direct code.

Proof. By Proposition 3.3.3, we must show that G′iG
′T
j = 0 for 1 ≤ i, j ≤ n
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when i 6= j and G′iG
′T
i is nonsingular. Applying Lemma 2.2.13, we get

G′iG
′T
j = (Gn ⊗Gi)(Gn ⊗Gj)T

= (Gn ⊗Gi)(GTn ⊗GTj )

= (GnG
T
n )⊗ (GiG

T
j )

If i 6= j, then since Gi and Gj generate consituent codes of an n-Direct code,

GiG
T
j = 0 and hence, G′iG

′T
j = 0.

If i = j, then G′iG
′T
i = (GnG

T
n )⊗ (GiG

T
i ). Since GnG

T
n is nonsingular, by The-

orem 2.2.11, det(GnG
T
n ) 6= 0. Similarly, det(GiG

T
i ) 6= 0. So by Lemma 2.2.13,

det(G′iG
′T
i ) 6= 0 and hence G′iG

′T
i is nonsingular. �

3.3.6 Theorem [20] Let (Γ′1, . . . ,Γ
′
n) be an n-Direct code where Γ′i is an

(n2, kikn) code generated by G′i as defined in Lemma 3.3.4. The orthogonal

projector mapping Λ′ = Γ′1 ⊕ · · · ⊕ Γ′n onto Γ′i is

ΠΓ′i
= (GTnGn)⊗ (GTi Gi).

Now we have a code that can be used to encode a coding scheme with n users.

But suppose we want to be able to accomadate more then n users without hav-

ing to choose a larger n. The following class of codes takes our current n-Direct

code and uses it to create a (2n − 1)-Direct code. This doubles the number of

users ours coding scheme can accomadate.

3.3.7 Theorem [20] Let {α1, . . . , αn} be a trace-orthogonal basis in F2n and

(Γ1, . . . ,Γn), an n-Direct code where Γi is an (n, 1) code generated by

Gi =
[
α2i

1 α2i

2 · · · α2i

n

]
.

Further let Ai = Gn ⊗ Gi for 1 ≤ i ≤ n − 1 and Bi = Gi ⊗ Gi for 1 ≤ i ≤

n. If Γ′1, . . . ,Γ
′
2n−1 are (n2, 1) codes such that Γ′1, . . . ,Γ

′
n−1 is generated by

A1, . . . ,An−1, respectively, and Γ′n, . . . ,Γ
′
2n−1 is generated by B1, . . . ,Bn, re-

spectively, then (Γ′1, . . . ,Γ
′
2n−1) is a (2n− 1)-Direct code.
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Proof. By Proposition 3.3.3, we must first show that AiATj = 0 for 1 ≤

i, j ≤ n − 1 and BiBTj = 0 for 1 ≤ i, j ≤ n when i 6= j and nonsingular when

i = j. We must also show that AiBTj = 0 for 1 ≤ i ≤ n−1 and 1 ≤ j ≤ n. First

we consider AiATj . Applying Lemma 2.2.13, we get

AiATj = (Gn ⊗Gi)(Gn ⊗Gj)T

= (Gn ⊗Gi)(GTn ⊗GTj )

= (GnG
T
n )⊗ (GiG

T
j )

If i 6= j, then since Gi and Gj generate consituent codes of an n-Direct code,

by Proposition 3.3.3, GiG
T
j = 0 and hence, AiA)Tj = 0.

If i = j, then AiATj = (GnG
T
n ) ⊗ (GiG

T
i ). Since GnG

T
n is nonsingular, by

Theorem 2.2.11, det(GnG
T
n ) 6= 0. Similarly, det(GiG

T
i ) 6= 0. So by Lemma

2.2.13, det(AiATi ) 6= 0 and hence AiATi is nonsingular.

Now we consider BiBTj . Again applying Lemma 2.2.13, we get

BiBTj = (Gi ⊗Gi)(Gj ⊗Gj)T

= (Gi ⊗Gi)(GTj ⊗GTj )

= (GiG
T
j )⊗ (GiG

T
j )

If i 6= j, then since Gi and Gj generate consituent codes of an n-Direct code,

by Proposition 3.3.3, GiG
T
j = 0 and hence, BiBTj = 0.

If i = j, then BiBTj = (GiG
T
i )⊗(GiG

T
i ). Since GiG

T
i is nonsingular, by Theorem

2.2.11, det(GiG
T
i ) 6= 0. So by Lemma 2.2.13, det(BiBTi ) 6= 0 and hence BiBTi is

nonsingular.

Finally, using Lemma 2.2.11, we get

AiBTj = (Gn ⊗Gi)(Gj ⊗Gj)T

= (Gn ⊗Gi)(GTj ⊗GTj )

= (GnG
T
j )⊗ (GiG

T
j )

If i 6= j, then since Gn and Gj generate consituent codes of an n-Direct code,

by Proposition 3.3.3, GnG
T
j = 0 and hence, AiBTj = 0. �
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Now that we can encode a coding scheme with 2n− 1 users, we can actually do

a little bit better.

3.3.8 Theorem [7] Let {α1, . . . , αn} be a trace-orthogonal basis in F2n and

(Γ1, . . . ,Γn), an n-Direct code where Γi is an (n, 1) MRD code generated by

Gi =
[
α2i

1 α2i

2 · · · α2i

n

]
.

Further, let i, j, k ∈ {1, . . . , n}. If Γ′ijk are (n3, 1) codes generated by

Gijk = Gi ⊗Gj ⊗Gk,

then (Γ′ijk)ni,j,k=1 is an n3-Direct code.

Proof. Since (Γ1, . . . ,Γn) is an n-Direct code where each Γi is generated by

Gi =
[
α2i

1 α2i

2 · · · α2i

n

]
.

for 1 ≤ i ≤ n, GiG
T
j = 0 for 1 ≤ j ≤ n and i 6= j, and GiG

T
i is nonsingular for

each i, by Proposition 3.3.3. To show that (Γ′ijk)ni,j,k=1 is an n3-Direct code, we

must show that for each GijkGTrst = 0 whenever (i, j, k) 6= (r, s, t) and GijkGTrst
is nonsingular otherwise. Applying Lemma 2.2.13, we get

GijkGTrst = (Gi ⊗Gj ⊗Gk)(Gr ⊗Gs ⊗Gt)T

= (Gi ⊗Gj ⊗Gk)(GTr ⊗GTs ⊗GTt )

= (GiG
T
r )⊗ (GjG

T
s )⊗ (GkG

T
t )

If (i, j, k) 6= (r, s, t), then either i 6= r, j 6= s, or k 6= t. In either case one of

(GiG
T
r ), (GjG

T
s ), or (GkG

T
t ) is zero, hence, GijkGTrst = 0.

Now suppose (i, j, k) = (r, s, t). Then i = r, j = s, k = t. So GijkGTrst =

(GiG
T
i ) ⊗ (GjG

T
j ) ⊗ (GkG

T
k ). By Proposition 3.3.3, GiG

T
i , GjG

T
j , and GkG

T
k

are all nonsingular. Hence det(GiG
T
i ) 6= 0, det(GjG

T
j ) 6= 0 and det(GkG

T
k ) 6= 0.

Thus, by multiple applications of Lemma 2.2.13, we have that det(GijkGTrst) 6= 0.
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Thus, by Theorem 2.2.11. GijkGTrst is nonsingular. Thus (Γ′ijk)ni,j,k=1 is an n3-

Direct code. �

Now we can encode a coding environment for n3 users. However, if we modify

the design we have for n3-Direct codes, we create a Direct code with even more

constituent codes.

3.3.9 Theorem [7] Let {α1, . . . , αn} be a trace-orthogonal basis in F2n and

(Γ1, . . . ,Γn), an n-Direct code where Γi is an (n, 1) MRD code generated by

Gi =
[
α2i

1 α2i

2 · · · α2i

n

]
.

Further, let i1, . . . , in ∈ {1, . . . , n}. If Γ′i1i2···in are (nn, 1) codes generated by

Gi1i2···in = Gi1 ⊗ · · · ⊗Gin ,

then (Γ′i1i2···in)ni1,...,in=1 is an nn-Direct code.

Proof. Since (Γ1, . . . ,Γn) is an n-Direct code where each Γi is generated by

Gi =
[
α2i

1 α2i

2 · · · α2i

n

]
.

for 1 ≤ i ≤ n, GiG
T
j = 0 for 1 ≤ j ≤ n and i 6= j, and GiG

T
i is nonsingular for

each i, by Proposition 3.3.3. To show that (Γ′i1i2···in)ni1i2···in=1 is an nn-Direct

code, we must show that Gi1···inGTj1···jn = 0 whenever (i1, . . . in) 6= (j1, . . . , jn)

and Gi1···inGTj1···jn is nonsingular otherwise. Applying Lemma 2.2.13, we get

Gi1···inGTj1···jn = (Gi1 ⊗ · · · ⊗Gin)(Gj1 ⊗ · · · ⊗Gin)T

= (Gi1 ⊗ · · · ⊗Gin)(GTj1 ⊗ · · · ⊗G
T
jn)

= (Gi1G
T
j1)⊗ · · · ⊗ (GinG

T
jn).

If (i1, . . . , in) 6= (j1, . . . , jn), then either there exists some 1 ≤ k ≤ n such that

ik 6= jk and thus for such k, GikG
T
jk

= 0. Hence, Gi1···inGTj1···jn = 0.

Now suppose (i1, . . . , in) = (j1, . . . , jn). Then ik = jk for all 1 ≤ k ≤ n. So
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Gi1···inGTj1···jn = (Gi1G
T
i1

)⊗· · ·⊗(GinG
T
in

). By Proposition 3.3.3, each GikG
T
ik

for

1 ≤ k ≤ n is nonsingular. Hence, by Theorem 2.2.11, for each k, det(GikG
T
ik

) 6=

0. And so, by multiple applications of Lemma 2.2.13, det(Gi1···inGTj1···jn) 6= 0.

Hence, Gi1···inGTj1···jn is nonsingular. Thus (Γ′i1···in)ni1,...,in=1 is an nn-Direct

code. �

From Theorem 3.3.8, we have a method for generating an n3-Direct code and

from Theorem 3.3.9, we have a method for generating an nn-Direct code. A

natural question that is omitted from [7] is whether or not we can create an

n4-Direct code, an n5-Direct code, . . ., an nn−1-Direct code. The following is a

new theorem that to the author’s knowledge is not published in any literature

on T -Direct codes, and answers that question.

3.3.10 Theorem Let {α1, . . . , αn} be a trace-orthogonal basis in F2n and

(Γ1, . . . ,Γn), an n-Direct code where Γi is an (n, 1) MRD code generated by

Gi =
[
α2i

1 α2i

2 · · · α2i

n

]
.

Further, let i1, . . . , ik ∈ {1, . . . , n} for 2 ≤ k ≤ n. If Γ′i1···ik are (nk, 1) codes

generated by

Gi1···ik = Gi1 ⊗ · · · ⊗Gik ,

then (Γ′i1i2···ik)ni1,...,ik=1 is an nk-Direct code.

Proof. Since (Γ1, . . . ,Γn) is an n-Direct code where each Γi is generated by

Gi =
[
α2i

1 α2i

2 · · · α2i

n

]
.

for 1 ≤ i ≤ n, GiG
T
j = 0 for 1 ≤ j ≤ n and i 6= j, and GiG

T
i is nonsingular for

each i, by Proposition 3.3.3. To show that (Γ′i1i2···ik)ni1i2···ik=1 is an nk-Direct

code, we must show that Gi1···ikGTj1···jk = 0 whenever (i1, . . . ik) 6= (j1, . . . , jk)
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and Gi1···ikGTj1···jk is nonsingular otherwise. Applying Lemma 2.2.13, we get

Gi1···ikGTj1···jk = (Gi1 ⊗ · · · ⊗Gik)(Gj1 ⊗ · · · ⊗Gik)T

= (Gi1 ⊗ · · · ⊗Gik)(GTj1 ⊗ · · · ⊗G
T
jk

)

= (Gi1G
T
j1)⊗ · · · ⊗ (GikG

T
jk

).

If (i1, . . . , ik) 6= (j1, . . . , jk), then either there exists some 1 ≤ l ≤ k such that

il 6= jl and for such l, GilG
T
jl

= 0. Hence, Gi1···ikGTj1···jk = 0.

Now suppose (i1, . . . , ik) = (j1, . . . , jk). Then il = jl for all 1 ≤ l ≤ k. So

Gi1···ikGTj1···jk = (Gi1G
T
i1

)⊗· · ·⊗(GikG
T
ik

). By Proposition 3.3.3, for each i ≤ l ≤

k, GilG
T
il

is nonsigular. Thus, by Theorem 2.2.11, for each l, det(GilG
T
il

) 6= 0.

Hence, by multiple applications of Lemma 2.2.13, det(Gi1···ikGTj1···jk) 6= 0. There-

fore, Gi1···ikGTj1···jk is nonsingular, and so, (Γ′i1···ik)ni1,...,ik=1 is an nk-Direct code.

�

As a consequence of the previous theorem, we can generate an n2-Direct code

as follows.

3.3.11 Corollary Let {α1, . . . , αn} be a trace orthogonal basis in F2n and

(Γ1, . . . ,Γn), an n-Direct code where Γi is an (n, 1) MRD code generated by

Gi =
[
α2i

1 α2i

2 · · · α2i

n

]
.

Further, let i, j ∈ {1, . . . , n}. If Γ′ij are (n2, 1) codes generated by

Gij = Gi ⊗Gj ,

then (Γ′ij)
n
i,j=1 is an n2-Direct code.

Proof of this corollary will be omitted since the result is immediate from Theo-

rem 3.3.10.
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4 Applications

Most coding schemes require encoding information through a device such that

there is one sender and one receiver. Such a device can be a CD, a satellite,

a camera, etc. In each case some information is encoded into the device and

then as it passes through the transmission channel it is decoded and the receiver

can then listen, watch, or view the information. Mathematically speaking, the

user sends a message a ∈ Fkq . This message gets encoded using a function

f : Fkq → Fnq which maps a ∈ Fkq to c ∈ Fnq with k ≤ n. In this case, c is

going to be a codeword in some code C. Once the message is encoded it is send

to the recipient through the transmission channel and received as a word that

may or may not contain an error. This word is then decoded using a function

g : Fnq → Fkq . This scenario which is descrbed in further detail in [16], is illus-

trated below.

Message

Coded

Mes-

sage

Transimission

Channel

Received

Mes-

sage

Decoded

Mes-

sage

In the decoding process we are concerned with being able to detect and cor-

rect any errors that may have occured in transmission. In the single user case,

as long as the received message contains less errors than what the code can

correct, the receiver will receive the information without any errors.

A natural extension would be to consider a case where there are two senders

and two receivers which is discussed in [10]. Let k ≤ n and suppose we have

two users that send a message through the same channel. Both senders send

a message in Fkq . The first sender uses the code C1 ⊆ Fnq to encode their mes-

sage and the second sender uses the code C2 ⊆ Fnq to encode their message and

both messages get sent through the same communication channel. Once the two

messages have passed through the channel they will be decoded so that the first

recipient receives the message sent by the first sender and the second recipient
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receives the message received by the second sender. This scenario is illustrated

below.

User I

Mes-

sage

User I

Coded

Message

Multiple

Access

Channel

User II

Coded

Message

User II

Mes-

sage

Received

Message

Recipient

I Decoded

Message

Recipient

II Decoded

Message

As with the single user case, we need to ensure that the received information

contains fewer errors than what each code can correct. However, we also need

to ensure the received information can be decoded in one unique way.

4.1 Definition [10] Let u,v ∈ Fn2 , further let E : Fn2 → {0, 1, ξ}n, E1, . . . , En :

F2 → {0, 1, ξ} and define

E(u,v) = (E1(u1, v1), E2(u2, v2), . . . , En(un, vn))

where  Ei(ui, vi) = ui = vi ui = vi,

Ei(ui, vi) = ξ ui 6= vi.

Suppose C1 ⊆ Fn2 and C2 ⊆ Fn2 . Then (C1, C2) is uniquely decodable if and only

if for any (u,v), (u’,v’) ∈ C1 × C2 with (u,v) 6= (u’,v’), it is the case that

E(u,v) 6= E(u’,v’).
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The next proof is different then the one given by Massey.

4.2 Theorem [17] Let C ⊆ Fn2 be an LCD code. (C,C⊥) is uniquely decodable.

Proof. Let C be an LCD code, u,u’ ∈ C and v,v’ ∈ C⊥ such that u 6= u’

and v 6= v’. We must show that E(u,v) 6= E(u’,v’). By construction,

Ei(ui, vi) = ui if ui = vi and Ei(ui, vi) = ξ if ui 6= vi. If ui = vi, then ui−vi = 0.

Similarly if ui 6= vi, then ui − vi = 1 since ui, vi ∈ F2. It should be noted that

if u− v 6= u’− v’, then E(u,v) 6= E(u’,v’) because if u− v 6= u’− v’ WLOG,

there exists some j for 1 ≤ j ≤ n such that uj − vj = 0 and u′ − v′ = 1. In

this case, Ej(uj , vj) = 0 or 1 and Ej(u
′
j , v
′
j) = ξ, so clearly, E(u,v) 6= E(u’,v’).

Therefore, we must show that u−v 6= u’−v’. Since we are in Fn2 , u−v = u+v

and similarly, u’ − v’ = u’ + v’. Further, by Proposition 3.1.3, Fn2 = C ⊕ C⊥,

so each x ∈ Fn2 there exists a unique, y ∈ C and z ∈ C⊥ such that x = y + z.

Since (u,v) 6= (u’,v’) either u 6= u’ or v 6= v’, hence, u + v 6= u’ + v’. And so

E(u,v) 6= E(u’,v’). Thus, (C,C⊥) is uniquely decodable. �

However we can extend this even further to a case with T senders and T re-

ceivers which is discussed in [5]. Let k ≤ n and suppose we have two users

that send a message through the same channel. All senders send a message

from Fkq . The first sender uses the code C1 ⊆ Fnq to encode their message and

the second sender uses the code C2 ⊆ Fnq to encode their message and so on

until the T th sender uses the code CT to encode their message. All T messages

get sent through the same communication channel. Once the all the messages

have passed through the channel it will be decoded so that the first recipient

receives the message sent by the first sender and the second recipient receives

the message received by the second sender, and so on until the T th recipient

receives the message sent by the T th sender. This scenario is illustrated below.
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4.3 Definition [5] Let (C1, . . . , CT ) be code with T constituent codes. Then

the code (C1, . . . , CT ) is uniquely decodable if all sums consisting of one code-

word from each constituent code are distinct.

4.4 Theorem [25] Let (Γ1, . . . ,ΓT ) be a T -Direct code over F2. Then the

code (Γ1, . . . ,ΓT ) is uniquely decodable.

It should be noted that the proof given for this theorem is different then that

of Vasantha and Raja Durai.

Proof.

Suppose (Γ1, . . . ,ΓT ) is a T -Direct code. By Definition 3.3.1, Λ = Γ1 ⊗ · · · ⊗

ΓT ⊆ Fn2 . Since Λ is a direct product, by Definition 2.2.17, each sum consisting

of one codeword from each constituent code are distinct. Hence, (Γ1, . . . ,ΓT ) is

uniquely decodable. �
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5 Conclusion

In this project we have defined LCD codes and T -Direct codes as well as giv-

ing a complete characterization of these families of codes. Next, we presented

constructions of LCD codes over Fq and of T -Direct codes over F2n including

a new class of each. The first few constructions of LCD codes were constructed

by adjoining smaller matrices to the generating matrix of a linear code, not

necessarily LCD. The final constructions of LCD codes were constructed from

orthogonal matrices. The T -Direct codes, on the other hand, were constructed

by taking the Kronecker product of generating matrices of MRD codes. Finally,

we have shown applications of each to noiseless multiple-user access channels.

Going forward, the goal is to construct T -Direct codes over any finite field,

not only those of characteristic 2, and to find constructions of T -Direct codes

without deriving them from MRD code. Also, it is the intention of the author

to find ways of encoding the noisy multiple-user access channels and two-way

multiple-user access channels.

References

[1] S. Axler, Linear Algebra Done Right. Springer, 3rd edition, 2015.

[2] R. Beezer, A First Course in Linear Algebra.

http://linear.ups.edu/html/fcla.html (Retrieved July 4, 2019).

[3] C. Carlet, S. Mesnager, C. Tang, Y. Qi. Euclidean and Hermitian LCD MDS

codes. Designs, Codes and Cryptography, 86 (2018), 2605-2618.

[4] C. Carlet, S. Guilley. Complementary Dual Codes for Counter-Measures to

Side-Channel Attacks. https://eprint.iacr.org/2015/603.pdf (Retrieved July

4, 2019).

44



[5] S. Chang, E.J. Weldon Jr., Coding for T -User Multiple-Access Channels.

IEEE Transactions on Information Theory, 25 (1979), 684-691.

[6] B. Chen, H .Liu, New Constructions of MDS Codes With Complementary

Duals. IEEE Transactions on Information Theory, 64 (2018) 5776-5782.

[7] M. Devi, R.S. Raja Durai, H. Xu, Design of T -Direct codes over GF (2N )

with increased users. Finite Fields and Their Applications, 55 (2019), 202-

215.

[8] J. Gallian, Comtemporary Abstract Algebra. Cengage Learning, 9th edition,

2017.

[9] L. Jin, Construction of MDS Codes With Complementary Duals. IEEE

Transactions on Information Theory, 63 (2017) 2843-2847.

[10] T. Kasami, S. Lin, Coding for Multiple-Access Channel. IEEE Transactions

on Information Theory, IT-22 (2) (1976) 129-137.

[11] A. Laub, Matrix Analysis for Scientists and Engineers. Society for Indus-

trial and Applied Mathematics, 2005.

[12] A. Lempel, Matrix Factorization over GF (2) and Trace-Orthogonal Bases

of GF (2n). SIAM Journal on Computing, 4 (1975) 175-186.

[13] C. Li, C. Ding, S. Li, LCD Cyclic Codes Over Finite Fields. IEEE Trans-

actions on Information Theory, 63 (2017) 4344-4356.

[14] X. Liu, Y. Fan, H. Liu, Galois LCD codes over finite fields. Finite Fields

and Their Applications, 49 (2018) 227-242.

[15] X. Liu, H. Liu, Matrix-product complementary dual codes.

https://arxiv.org/pdf/1604.03774.pdf (Retrieved July 4, 2019)

[16] R. Lidl, H. Niederreiter, Introduction to Finite fields and their Applications.

Cambridge University Press, 2nd edition, 1994.

45



[17] J.L. Massey, Linear codes with complementary duals. Discrete Mathematics,

106-107 (1992) 337-342.

[18] J.L. Massey, W. Yang, The condition for a cyclic code to have a comple-

mentary dual. Discrete Mathematics, 126 (1994) 391-393.

[19] F.J. MacWilliams, N.J.A Sloane, The Theory of Error-Correcting Codes.

Elsevier B.V., 1st edition, 1977.

[20] R.S. Raja Durai, M. Devi, Construction of (N + M)-Direct codes in

GF (2N ). in: Proceedings of the 2011 World Congress on Information and

Communication Technologies, Mumbai (India), 2011, pp. 766-771.

[21] J. Rotman, An Introduction to the Theory of Groups. Springer-Verlag, 4th

edition, 1995.

[22] N. Sendrier, Linear codes with complementary duals meet the Gilbert-

Varshamov bound. Discrete Mathematics, 285 (2004) 345-347.
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