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Abstract

We use generating functions over group rings to count degree m
monic polynomials over a finite field with fixed numbers of irreducible
factors from different degrees when the first few coefficients are pre-
scribed. Our method extends from the techniques used in [6, 7] to
count degree m monic irreducible polynomials with prescribed coeffi-
cients. We obtain explicit formulas for the number of degree m monic
polynomials with a given distribution of irreducible factors from dif-
ferent degrees when the first coefficient is prescribed. As a corollary,
we obtain exact results for the number of degree m n-smooth monic

with the first coefficient fixed.
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1 Introduction

Let p and e be positive integers where p is prime. Let F, be a finite field with
q = p° elements. Let F,[x] denote the set of polynomials over F,. Let M
denote the set of monic polynomials over IF;, and I denote the subset of these
polynomials that are irreducible. For each positive integer d, let M, denote
the set of degree d monic polynomials over IF,, and let I; be the subset of
these polynomials that are irreducible.

For monic polynomials f, let d(f) denote the degree of f, let r;(f) denote
the number of monic distinct degree i irreducible factors of f, and [;(f) denote
the number of monic degree i irreducible factors of f counting multiplicity.

For a monic polynomial f, write
f@) = 2D 4 fra®D7 g fop, (1)

and set f; = 01if j > d(f).
For f € M and w > 0, define

(flw=a"Df(1/z) (mod 2" (2)

=1+ fix+ -+ fur” (mod z“th).

In this project, we want to determine the number of degree m monic poly-
nomials f(x) with prescribed coefficients fi, ..., f, and a given distribution
of irreducible factors with different degrees, which is an important research
problem in the theory of finite fields. First of all, we introduce the following

definitions.

Definition 1 Let us fir w > 0 and a finite set T' C N.



o Define N(m,[Lier I;*, (f)w) as the number of degree m monic polyno-
mials g over F, with (9)w = (f)w, where g has r; monic distinct degree

1 irreducible factors for each i € T.

e Define N*(m, [Lier I, (f)w) as the number of degree m monic poly-
nomials g over F, with (9), = (f)w, where g has l; monic degree i

irreducible factors counting multiplicity for each v € T.

The problem of counting monic irreducible degree m polynomials f over
a finite field F, with fixed coefficients fi,..., f,, is a well studied subclass
of our general problem. Let I,,((f),) be the number of degree m monic

irreducible polynomials g over F,, where (g),, = (f)w. Then

In((f)w) = N*(m, Ly, (). (3)

For typographic convenience, we omit the subscript of w, when the value
of w is fixed.

If w = 0, for any monic polynomial f, we have (f) = 1 (mod z) =
(1). Thus, 1,,((f)) = |In|, which is the total number of degree m monic
irreducible polynomials over F,. This formula is known (see [12]) and is
given by

Tl = — S k)™, (@
M im
where p is the mobius function, defined on the set of positive integers by
u(l) = 1, u(k) = 0if & > 1 and k has no repeated prime factors, and
wu(k) = (=1)"if k = p; - - - p, for distinct primes py, ..., p,.
The results for w = 1 can be found in [18, 19]. In this case, for each monic

polynomial f, we have (f) = 1+ az (mod z?) = (z + «) for some unique
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a € F,. For m > 1, I,((z + «)) counts the number of monic irreducible
polynomials of the form z™ + az™ ! + g(z) where a € F, is fixed and
g(z) € F,[x] is a polynomial of degree m — 2 which is allowed to vary. When
m is a multiple of p, the formula for I,,,({x + «)) depends on whether a = 0
or not. For convenience, we use the notation [P] to be equal to 1 if P is true
and 0 otherwise. With this notation, we have I,,,({x + a)) = a,, + by, = 0],
where

_— m/k: = m/k

=g p%:m wu(k , and b, = pl%;n w(k . (5)

If p{ m, then for all & € F,, we have

Lol +a) = 2l = LS~y

¢ ma i

Formulas for I,,,({f)) exist for w = 2 (see [14]), and also for w = 3, when
q = 2 (see [5]). Formulas for I,,((f)) for are derived in [7], which is a paper
in progress, using the generating functions method over group rings in some
other cases including ¢ = 2 and w = 4.

Another special case of the general problem of computing N and N*
is determining the number of monic polynomials f(z) with prescribed co-
efficients f1,..., fu, and a given number of distinct linear factors, or linear
factors counting multiplicity. For m > w, N(m, I7, (f),) counts the number
of degree m polynomials of the form ™ + fiz™ !+ .-+ f,2™ % + g(x) with
r distinct linear factors, where fi,..., f, € F, are fixed, and g(z) € F,[z] is
a polynomial of degree at most m — w that varies.

This number is important and well studied due to its applications in Reed-

Solomon codes. In general, if we write F, = {z1,...,2,}, then a codeword



in a Reed Solomon code of dimension &k and length ¢ is of the form F =
(f(z1),..., f(zy)) € FE where f(x) is a polynomial of degree at most k — 1
over [F,.

In general, a vector V' € F{ can be written as (v(z1),...,v(z,)) for some
unique polynomial v(x) of degree at most ¢ — 1, with the Lagrange Interpo-
lation formula. The distance between V and a codeword F' is the number of
non-zero components in the vector V' — F', which is equal to the number of
roots of the polynomial v(z) — f(z).

An important problem in decoding messages in Reed-Solomon codes is
to determine the number of codewords at a given distance of a received
word. Suppose in the above example that the word V is received, and the
polynomial v(x) is a polynomial of degree k + w for w > 0. Suppose without
loss of generality that v(x) is monic. Then the number of codewords of
distance ¢ — r from the received word V' is the number of polynomials f,
not necessarily monic, of degree at most k — 1 where v(x) — f(x) has exactly
r distinct roots. Writing v(z) = 28 + vyzb™ =1 + .. 4 2% + c(x), for
v1,...,v; € Fy and ¢(z) € F,[z] has degree at most k — 1. The number
of codewords at distance ¢ — r from V' is the number of monic polynomials
v(x)— f(z) where f runs through all polynomials of degree at most k—1, and
v(x) — f(z) has r distinct roots in F,, which is equal to N(k + w, I7, (v)y).

Both numbers N (m, I7, (f),) and N*(m, I}, (f),,) are studied in [8] when
w = 0 in order to obtain the distribution of zeros of a random monic poly-
nomial of degree m, with and without multiplicity counted. When w = 0,
for all monic polynomials f, we have (f),, = 1 (mod z), so dropping the

subscript of w and the modulo operation, we write (f) =1 for all f € M. Tt



is shown in [8] that the number of degree m monic polynomials over [F, with

[ linear factors counting multiplicity is

* wafa+1—1\2=Z (q o
U AR G Dol B [

0

<

If m > g+ [, then the formula simplifies to
-1
Vet = (T o v
The number of degree m monic polynomials over F, with r distinct linear
factors is also given in [8]. This number is

N(m, I}, 1) = ¢™" (g) gq‘j <q B T) (—1).

J

If m > q, this number becomes

N(m, I{,1) = g™ (q) (- 1/g

The problem of counting the number of degree m monic polynomials f(x)
with a given number of distinct roots has been extended in recent years to
allow for prescribing coefficients fi, ..., fu, where w > 0 is arbitrary due to
applications in Reed-Solomon codes (see [11, 20]). For the case w = 1, Zhou
et al. [20] studied the number of degree m > 1 polynomials over F, with r
distinct roots of the form z™ 4+ az™ ! + g(x), where a € F, is fixed, and
g(x) € Fy[z] is a varying polynomial of degree at most m — 2. If p { m, then
the number is

Nim B (o +a)) = 4" @ o (q . T) (~1).

J=0



If p | m, then the number is

(-

where v(a) = ¢a = 0] — 1.

Exact and more complicated expressions are obtained in [20] for the num-
ber of monic degree m > 2 polynomials with r distinct linear factors over F,
of the form 2™ + g(x) where g(x) € F,[z] is a varying polynomial of degree
at most m — 3. More recently, in [11], an asymptotic bound on the number
of degree m > w polynomials with r distinct linear factors over F, of the
form 2™ +byz™ 1 4+ b,a™ Y + g(x), for fixed by, ..., b, € F,, and varied
g(x) € F,[z] is obtained for m < ¢. The arguments used in [11] can be ex-
tended to the case m > ¢ as well, in which case, simple explicit expressions
can be obtained if m > ¢ + w.

Degree m monic polynomials with a given number of irreducible factors of
a specific degree with or without counting the multiplicity have been counted
in [9] using ordinary generating functions. The number of degree m monic
polynomials over [F, with r distinct degree ¢ irreducible factors is

VA Al ) A .
e L I S L IO
T

=0 J

I . :
_ qm—l’l’<| ‘) (1 —1/¢HE=" if m > [T,
r

Also, the number of degree m monic polynomials over [F, with [ degree i



irreducible factors counting multiplicity is

. (|G =1\ A .
Wt 2y =g () I ()

=0 \J

:qm_d<| Hz )(Ll/ql)”'-1fm2@(|fi|”)'

Polynomials whose irreducible factors are all of degree at most n are
called n-smooth and they have applications in security. The number of n-
smooth polynomials of degree m over F, has already been considered first
by Odlyzko [16] who provided an asymptotic estimate when m — oo for the

case ¢ = 2 and m!/190 < p < M99/100

using the saddle point method. This
generalizes to any prime power ¢; see [13]. For n large with respect to m,
typically n > em(loglogm)/logm, Car [2] has given an asymptotic expres-
sion for this number in terms of the Dickman function. Panario, Gourdon
and Flajolet [17] extended this range to n > (1 + €)(logm)'/*, for a positive
integer constant k.

In this project, we adapt the general method of counting irreducible poly-
nomials with prescribed coefficients as described in [6, 7], to count polyno-
mials with prescribed coefficients and factorization type. In [6], generating
functions over group rings were used to count degree m monic irreducible
polynomials when the first and last terms are fixed. In [7], the method has
been extended to the more general situation where the first few and last few
consecutive coefficients are fixed.

Here, we adapt the method to allow for irreducible factors of different
degrees. More specifically, we derive general expressions for N and N* from
the generating functions over group rings for any fixed w > 0 and finite set

T C N. These general expressions for N and N* are provided in Theorems 1
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and 2. These expressions have many corollaries that extend on known results.

We first focus on the case where the degree m of the polynomials is
large compared to the degrees of the prescribed irreducible factors and the
number of prescribed coefficients w. When the polynomial degree is large
enough, we obtain simple general results for N and N* (see Theorems 3
and 4). These results extend on formulas from papers such as [8, 9], by
allowing for prescribed coefficients when m is large. Although m is too
large to apply to coding-theory applications such as Reed-Solomon codes,
we obtain new information on the distribution of monic polynomials with
prescribed coefficients and factorization type.

Then we focus on the cases when w = 0 or w = 1, and thus obtain exact
formulas for N and N* in those cases. When w = 0, we simplify our formulas
for N and N* and recover several known results. We also find two different
exact formulas for the number of monic n-smooth polynomials of degree m
(see Corollaries 9 and 12), which we verify directly using the setup from [17].
When w = 1, we repeat a similar procedure to the case w = 0. The main
difference between the two cases is that the case w = 1 is mostly new, and the
manipulations involved when w = 1 are much more technical than the case
w = 0. Simplifying the general expressions for N and N* when w = 1, we
obtain two different exact formulas for the number of n-smooth polynomials
of degree m of the form 2™ + az™ ! + g(x) where g is a polynomial of degree
at most m—2 (Corollary 15 and Corollary 19). Extending the setup from [17]
by keeping track of the prescribed coefficient «, we verify that these formulas
are equivalent.

The project is organized as follows. In Section 2 we provide background

11



definitions and preliminary results. In Section 3 we demonstrate the generat-
ing functions method over group rings to count irreducible polynomials with
prescribed coefficients. Then in Section 4 we develop the general results on
counting polynomials with prescribed coefficients and prescribed factoriza-
tion pattern. We further demonstrate our general methodology in different
special cases such as large degree, w = 0, and w = 1 respectively. These

results can be found in Sections 5, 6, 7 respectively.
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2 Definitions and Notations

A general combinatorial framework for counting irreducible polynomials with
prescribed coefficients, using generating functions with coefficients from a
group algebra, was developed in Section 2 of [7]. We review the notations

and details.
First, we fix w > 0. For f € M, write f = %) 4+ fiadH-1 4 ... 4 fap)
and set f; = 01if j > d(f). According to the definition of (f), we have

(f) =2 Df(1/x) (mod z**)
=1+ fiz+--+ fur” (mod z“*)

— (@ T e ).

Fix f € M and d > w. Recall that M; is the set of monic polynomials of
degree d. For g € My, {g) = (f) ifand only if g = 2%+ fioz? 4+ -+ fuz? "+
c(x) for some c(z) € F,[z] of degree at most d — w — 1. Therefore, there are
¢~ monic polynomials g € M, that satisfy (g) = (f). For convenience,

define
G={{f):feMy={"+fiz" "+ -+ fu): fi,.., fu €F}. (6

Note that |G| = ¢“. Moreover, for each (f) € G and d > w, there are

q%~* monic polynomials g € M, that satisfy (g) = (f).

Proposition 1 (Proposition 1 [7]) G is an abelian group under multipli-

cation (f)(g) = (fg) with identity (1).

Proof

13



We first verify that G is closed under the operation. For f, g € M,

()g) =2V f(1/2)2"g(1/z) (mod 2"
— O o1 /) (mod 2
=29 fg(1/x) (mod z¥*Y)

= (fg).

Using the fact that M is a commutative monoid with identity 1 and for
frg € M, (f){g) = (fg), we have that G is a commutative monoid with
identity (1).

For f € M, (f) = 1+ fix + - + fuz* (mod z**'). Noting that x {
1+ fiz+ -+ fuz®, we have

ged(a" 14 flo + -+ fu2®) = 1.
Hence, there exists gy + g1 + - - - + g™ where
1+ fiz+-+ fur Vg + Gz + -+ gur”) =1 (mod ).
It follows that gy = 1% gy = 1. Let g = 2¥ + g1z ++ -+ g, € M. We have

(Mg =0+ fiz+- -+ fur” )1+ gz + - + guox®) (mod z“t)
= (1+ fir 4+ fur”)(go+ g1z + -+ gz*) (mod z* )
—1

(mod z**1)

— (1).

Hence, (g) is the multiplicative inverse of (f) in G. 1
In order to make use of the group GG, we introduce the notion of a group

ring.

14



Definition 2 Define C[G| to be the commutative ring of formal C-linear
combinations of elements of G. For convenience, write 0 as the additive
identity of C[G] and 1 = (1) as the multiplicative identity of C[G]. The
elements of C[G] are of the form

a+b= Y (ag +bp)(f), (7)
(f)ec
ab= Y > agbig-1(f)- (8)

(HeG{ged

To help with counting, we introduce the following definition.

Definition 3 Define

E—— S (), ©)
7 (nea
J=1-E. (10)

It is straightforward to verify that E and J are orthogonal idempotents.

Proposition 2 The following properties of E and J hold:
1) E{(g) = E for any (g) € G.

2) B? = E.
3) EJ =0.
4) JE=J.

15



Proof 1) Let (g) € G. For (h) € G, there exists a unique (f) € G with
(f)Y(g) = (h), Therefore,

Elg)=— > (fHo)=— > (W=E
T (pea 7" yec
2) Using |G| = ¢*, we have
, 1 1 1
ol s -ty mp-Lye-n
" (nec " (pec " (pec

3)EJ=E(1-FE)=E—-FE?=F—E=0.
HNP=01-EJ=J-—EJ=J-0=J 1§

We now derive more useful facts for doing computations in C[G].

Proposition 3 The following properties hold:
1) EXpen,(f) = ¢"E.

2) Yem,(f) = ¢"E for d > w.

8) I ters,(f) =0 ford > w.

Proof 1) For f € My, {f) € G. From |My| = ¢% and Proposition 2, we
obtain
EY (f)=> E(fy= ) E=¢E
feMqy feMq feMqy
2) Suppose d > w. For (g) € G, there are ¢>~* polynomials (f) € M,
such that (f) = (¢g). From the definition of F, it follows that
Y (N =¢"" Y (h)=4F.
feMy (h)eG
3) Suppose d > w. Then using EJ = 0, we have
I (fy=¢"EJ=0.1

feMy

16



Formal power series over the group ring C|[G| are an important tool for

counting polynomials. As such, the following proposition is useful.

Proposition 4 Suppose A(z) is a formal power series over C[G]. Then we
have the following result. 1) KA(z) = KA(Kz) for K € {E, J}.
2) A(z) = EA(Ez) + JA(Jz).

Proof 1) Write A(z) = Y;50a;27, where a; € C[G]. Suppose K € {E, J}.
Then K? = K. By induction, K(K7) = K for each j > 0, so
KA(z) =K a;2 = K> a;K'2 = KA(Kz).
J20 720

9) A(z) = EA(2) + JA(2) = EA(E?) + JA(Jz). 1
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3 Counting Monic Irreducible Polynomials

In this section, we demonstrate the generating functions method over group
rings to recover some known results about the number of degree m monic ir-
reducible polynomials with the first few coefficients prescribed. In particular,
we re-derive the total number of irreducible polynomials, and the number of
irreducible polynomials of the form z™ + az™ !+ g(z) where « € F, is fixed,
and g(z) € Fy[z] of degree at most m — 2 is varied. Materials in this section
can be found in greater generality in [7].

We recall that I is the set of irreducible monic polynomials over F,. For
d > 1, I be the set of degree d polynomials in I. For f € M, I,({f)) is the
number of polynomials g € I; with (g) = (f). Define the generating function
(GF)

F(z) =Y (N2 =143 > ()" (11)

feM d>1 feM,

From the unique factorization of polynomials, we have

F(z) = T = (1) (12)

fel

! SICEIUEE (13)

=TT IT (1 (n=) . (14
d>1(f)eq

It follows that
m(F(2) = Y Y L) Y L2

d>1feG k>1

=2 TS Snmne
m>1dm feG



Let N(m, (f)) = m[(f)z™]In(F(z)). Then
=2 > dL(g)g)™" = ()]
dlm {g)eG
Proposition 5 (Proposition 2 [7])
Z >~ k)N (m/k,(9)[{g)* = ()]
" km (g)eG
Proof Using the fact that for m € N,
>_n(d) = [m=1],
dlm
we obtain

> > wk)N(m/k,(9)[{g)" = (/)]

klm (g)eG

=20 > wlk) 32> dla((h))[h)™ = () [{a)* = (£)]

klm (g)eG d|k heG

=> uk)> Z dL;((M)[(R)™ = ()]

k|m d|z

—szfd hy™ = HZN

dlm (h)

=20 > dL((h)[h)™ = (f >]][[d=m]]

dlm (h)eG

= mln((f))

Dividing by m, we obtain the result. 1
Next, we give the formula for N(m, (f)) in terms of GFs.

Proposition 6 (Lemma 1 [7])

N(m,(f)) = ¢ +m[(f)z"]JIn (1 + wi > <f>2d>

d=1 feMd

19
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Proof Using (11),

z)zl—i—Z Z<f>zd

d>1 feMy
Since E and J are orthogonal idempotents, we have 1 = E+.J, E = E, and

J? = J. Hence, from Propositions 3 and 4, it follows that
In(F(z)) = EIn(F(Ez)) + JIn(F(Jz))

=Eln(1+> Y <f)Edzd) +JIn <1+Z > (f>szd>

d>1 feMy d>1 feMy

— Eln 1—|—quEdzd) +JIn (wa > <f)szd)

d>1 d=1 feMy

= Fln 1+quzd) + J1n (1+wz—:1 > (f}zd)

d>1 d=1 feMy

d=1 feM,

:Eln(ll >+J1n(1+zz )
—EZ qkzk—l—Jln(l—l—ZZ )

E>1 d=1 feMy

Using the definition £ = ﬁ > (pec(f) and extracting the coefficient m/[{f)z"]
from In(F'(2)), the result follows. &

For w = 0,1, N(m,(f)) = ¢™ ™. If w =0, then G = {1}. In this case,
for f € M, (f) = 1. It follows that

I, = I(m,1) = Zu gk

k|m

If w=1,then G={l+ax (mod 2?):a € F,} ={{x+a):a €F,}.

20



For o, 8 € IF,

(x+ )" = (1+ Bx)" (mod z*)
= (1+npBz) (mod z?)

=(r+npf)={(r+a)

if and only if nfg = a.
Suppose a € F,. Then

#{BeF,:n8=a}=[ptn]+qla=0]p|n].

It follows that

L ({z + Z|: %; p(k)"* a + B)F = (z + a)]
7ZZ;L )™ * kB = o]
M m peF,

_ Z )g"/* 4 0]] S u kg™,

m
4 pikfm plkfm

= apm + b oo = 0].

21
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4 Factorization Problem: General Theory

In this section, we develop the generating functions method to find the num-
ber of monic polynomials over F, of degree m with their first w coefficients
prescribed and specific pattern of degrees of irreducible factors prescribed.
Let T" C N be finite. For each i € T and f € M, define r;(f) to be the
number of distinct degree ¢ monic irreducible factors of f, and [;(f) to be
the number of degree ¢ monic irreducible factors of f counting multiplicity.

Then

ri(f) = >_lglfI, (17)

gel;

L(f) = 3 max{k: g}, (18)

g€l
From Definition 1, N(m, [Tier I;*, (f)) is the number of degree m monic
polynomials over F, with (g) = (f), where g has r; distinct factors in I; for
each i € T. On the other hand, N*(m, [L;ier I, (f)) is the number of degree
m monic polynomials g over F, with (¢) = (f), where ¢ has [; factors in I;
counting multiplicity for each 7 € T'.

For ¢ € T, let u; mark the irreducible monic polynomials of degree i. For

g € I, we define

u; if g € I; for some i € T’
Uy =
1 otherwise.

Let u be a vector of u;. Define the GF's

G(zyu) = S (2" T ug= ()DL ui, (19)

feM g€l g|f feM €T

22



H(zu) = Z <f>zd(f) H uglax{k:g’“lf} _ Z <f>zd(f) H uéi(f). (20)

feM gel feMm i€T
Note that

)z™ H u;'|G(z,u H I ( (21)

€T €T
z™ H = N*(m, H (22)
€T €T
Proposition 7 The expression for G(z,u) can be written as follows:
G(z,u) = F(2) [T T[T A+ {9)2"(w; — 1)),
€T geli

where F(z) = 3 jerr(f)2%) is defined in (11).

Proof From the fact that every monic polynomial factors uniquely into a

product of irreducible polynomials,

feM g€l glf
1 {1+ (6=
g€l k>1
=T {1+ S (g)kak @y
g€l k>1
d(g)
g1
_ (1 — ()29 + u, <g>zd(9)>
el 1 — <g>zd(g)
) (1 + (g)219)(u, — 1))
gel 1 — <g>zd(9)
= F(2) [T+ ()29 (uy — 1))
gel



Using the definition of u, we obtain the result. 1

We now derive a more explicit formula for G(z, u).

Lemma 1 Under the same notations as above,

& (z q) I $ () (ot

d>0 i€T j;=07;=0
+J (Z ) <f>Zd) IT I+ (9)# (i = 1)).
d=0 feMy i€T gel;
Proof Using Proposition 7 and Equation (11), we have

= (Z > (f>zd> T IT(+{g)2"(ui = 1)).

d>0 feMy €T gel;

Using E? = E and E(f) = E, it follows that

EG(zu)=E|> > <f>2d) [T I+ (92" (wi — 1))

d>0 feMy €T gel;

d>0 feM, i€T gel;

=E{>Y > zd) IT IT (1 + 2" (u; — 1))

=E Y ¢ | TT(1+ 2" (u; — 1))l

d>0 €T
= d,d < |I| Uz 1)\
=E(> ¢ )] Z 1)
d>0 €T j;=

=B (> a%" ]I g: JZ (‘”) <m>u;~"l’(—1)ji‘ri-

d>0 i€T 3;=0r;=

Using J > e, (f) = 0 for d > w, we have

JG(z,u) =T (Z > <f>2d) [T IT(+(g)2"(ui = 1))

d>0 feM, i€T gel;

€T ge],'

=J (wi > <f)2d> IT IT 2+ (g)2" (ui = 1)).
d=0 feMy
Using G(z,u) = EG(z,u) + JG(z,u), we obtain the result. 1
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Theorem 1 Let T' C N be finite and I; be the set of monic irreducible poly-
nomials of degree i. Let f be a fized polynomial over F, with degree d and
w be a fixed positive integer. The number of degree m monic polynomials g
over F, with the first w coefficients prescribed as those of f where g has r;

distinct factors in I; for each i € T is

m, [1 177 (f

€T
LN\ .. [ 15| —7; L] = ) . .
_ m w H <’ |> irg Z q iJ; <| ’ ] >(_1)]z[[z Z(’f’i +]z) < m]]
€T 5i=0 Ji i€T

2" [T wi'lJ (wi: > <f>zd) [T I+ (9)2" (ws — 1)).

ieT d=0 feMy i€T gel;

Proof Note that

m, [T 17 () = ()" T[] wi']G(z, )

€T €T

Glzn) = E (zq ) s 5 (M) (H )i

and

+J (Z P2 <f>zd) [LIT0+ {9~ 1)

Note that for 0 < r; < j; < |,

<|fz|> (]z) _ | I;]! Ji!
gi J\ri) GG = go) (i — ra)!

| 1i[!

ril (1] = Ji)!(di = 73)!
| L[ (L] = )"

Z ;I> (In) (ﬁ) ) (113] = ji)!
= j—_rr

25




It follows that

L] i 0 4
EG(Z,U) =F quzd H Z Z <|I |> <|52|_ :jl> (_1)]i*1”iu:i
d>0 i€T 5;=01r;= i i
|| 1| L L —r, ‘
=F Z qdzd H Z < ) Z Pk ( jf B 7~~Z> (=1)dimi
a>0 €T ry= Ji=r; % 7
|1;] |I’ \I'|77"i N |I|—T‘ '
=B (> a1 X ( ) oy zlﬁ( h Z)(—w’.
d>0 €T ri= 7i=0 Ji

Extracting the coefficient of [[;cru;’, we have

T |1;] irg =, ij; L] — i i
] wi1EG(z,u) = E [ > ¢%=* | T] AL , (—1)7.
i€T d>0 ier \ i i=0 Ji
Extracting 2™, we have

[z H u;' |EG(z,u)

€T

_ 5 ] ('] ') 'If:” q( o ) (R[S i + o) < ]

€T €T
Hence, using the definition of E, extracting the coefficient of (f), we

obtain

|| = , ,
= m wH (’[‘> —ir; Z q—m< |]Z >(_]—)]l[[zl<rz+jz) < m]]

Adding [(f)z" [Tier u;*| JG(z,u), we obtain the result. 1

Similarly, we obtain the following.

Proposition 8 The expression for H(z,u) can be written as follows:

A = PO T ({95 ),

€T gel;
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Proof

H(zu) = > (H2"DT] ugaax{k:gk\f}

feM gel

1 —(g)z"9
=F — |
Using the definition of u,, we obtain the result. §

Lemma 2 We have the following formula for H(z,u):

o) - (o )n%(”') o (B4

d>0 i€T j; >0 T
-1
3 ~{9)7 )
iy () <

Proof Using Proposition 8 and Equation (11), we have

=(ZZ< )HH( ),

d>0 feMy i€T gel;

27



It follows that

EH(zu)=E (Y > (f) )HH< <>Zi>

d>0 feMy 1€T g€l

ey )Hn(l_%)

d>0 feMy €T gel
Z J d H 1— Zi 7]
(a2
d>0 er \L — 2'u;
Ll g Ll 47 —1\ .
— E Zq H Z <| |> lei Z <| Zl +r; )eriu;‘i.
d>0 i€T j;=0 >0 Ty

Using J > epr, (f) = 0 for d > w, we have

JH(z,m:J(z >0 )HH( )

d>0 feMy ieT gel; (9)2"u;

w—1 < >ZZ
=J (> > H ) 1T 1T —

d=0 feMy ieT gel; 9 2 U;

Using H(z,u) = EH(z,u) + JH(z,u), the result follows. 1

Theorem 2 Let T' C N be finite and I; be the set of monic irreducible poly-
nomials of degree i. Let f be a fized polynomial over F, with degree d and
w be a fixed positive integer. The number of degree m monic polynomials g
over F, with the first w coefficients prescribed as those of f where g has r;

factors in I; counting multiplicity for each i € T is

m, [T 17, (f))

_ mfgC]H ) zz§<ll|> Yig _m[[g; i+ ;) < m]

>zmnuw(”zl > ) )HH( )

7
€T d=0 feM, €T g€l (9)2"u;
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Proof We note that

mvHIzll’<f>):[<f>ZmHu H(z,u

€T €T
and
i , o ,
H quzd H Z (l—[ |> Ziji Z <|]z| + 7 1) Z”"u;"
d>0 €T 5;=0 >0 i
(s Lolo
+ Z RGEARINI :
d=0 feM, €T gel; (9)z

For the first line, extracting the coefficient of [[;cr ul, we have

T v 1EH (2, u) (qu d) 11 <!IZ-| +lizi— 1>Z lZI_f (\u)( 1y

€T d>0 €T Ji

Extracting the coefficient of 2™, we have

mH IEH (z,u)

i€T
Ll 41 — d I
= F mH<| ’ > —il; Z | ‘ ]7, —Uz[[z l+]l)<m]:|
€T ’ €T
Using the definition of F and extracting (f), we have
2 [ wb)EH (2, u)
i€l
m w I +l 1 —il; i ‘[ 7
- H("l ) 3 (M) ot it g < )
€T ¢ 7:=0 Ji €T

Adding [(f)2" [L;er ut]JH (2, u), we obtain the result. 1
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5 Large Degree Monic Polynomials

In this section, we derive some simpler consequences under certain restric-
tions such as when the degree of polynomials are very large. The degree
restrictions are too large to apply to some coding theory applications, such
as the Reed-Solomon codes. However, the material extends results from [8, 9]

by allowing for prescribed coefficients.

Theorem 3 Suppose that Y ;crill;] < m —w. Then

m L) = T () s = vy

€T €T

Proof Suppose Y ;cri|l;| < m —w. Note that

m, [[ 17 (f

€T
[ . il —ids [i —T; 2 . .
_ m w H (’ |> ir; Z q 1Ji <| ’ . )(_1)]1[[22(” +.]i) < m]]
€T ji=0 Ji €T

[T wild (wz > <f>zd) [T IT 1+ (g2 (ui = 1)).

i€T d=0 feMy i€T gel;
For the first line, if j; < |[;| — 74, then r; + j; < |I;], so the bracket condition
holds true.
The term on the second line is a polynomial in z of degree less than

w4+ Y ier i|L;| < m. Thus

e [T uilJ (wz > <f>2d> [T IT(+(g)2"(ws — 1)) = 0.

i€T d=0 feMy i€T gel;
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Therefore,

T m—w |]%| —ir; i —ij; ‘ i js
m, [T L, (f)) =« g Z gt (=)
ier \ i Ji

€T Ji=

ey ( ) i

When we fix T" to contain only one single degree 7, the formula for NV further

simplifies, and the case w = 0 is well known.

Corollary 1 (Theorem 3 [9] when w = 0) Fiz i > 1. Suppose that m >
ill;|+w. Then the number of polynomials ™+ a1, 1+ -+ apx™ * 4+ g(x)
with g(x) € Fy|x] of degree at most m —w —1, that have r distinct irreducible

factors of degree i, is

]i P\ W\ |L;|—r
N 17 e ) = o () g - vy

Setting ¢ = 1, we obtain the following result about the number of monic
polynomials with a given number of distinct linear factors with the highest
few consecutive terms prescribed. This formula can also obtained using the

sieve formula from [11].

Corollary 2 Suppose thatm > q+w. Fizay, ..., a, € F,. Then the number
of polynomials £ + a1Zp—1 + - - -+ a, ™Y +g(x) with g(x) € Fy|x] of degree

at most m —w — 1, that have r distinct linear factors, is

N(m, [", (" + a12”  + -+ a,) =¢" " <z> (1-1/9)"

Setting w = 0, we obtain a known result about polynomials.
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Corollary 3 (Theorem 3 [8]) Suppose that m > q. Then the number of
degree m monic polynomials of degree at that have r distinct linear factors,
18

Moot 1) = () 1= 1o

Theorem 4 Suppose that > ;cri(|L;] + ;) < m —w. Then

m TLI5 () = g™ “’H(‘”” )(1/qi>“<1—1/qi>'fi'.

€T €T l

Proof Suppose > icri(|L;| 4+ ;) < m — w. Note that

m, [T I (f)

_ mfjgcfﬂ ) _a, 'i"(lﬂ) Yig _m[[zez; i+ ;) < m]
= Lk (zsz< ) 111 ( o >u> -

For the first line, any term j; in the sum satisfies J; < |[;|, so the bracket
condition holds.

For the second line,

H 1— _ZCLUZJZ J

)
gel; <g 2 7>0

with a;; € C[G]. This means that

e (£ 5 o) (F)

is a polynomial in z over C[G] of degree less than > i(| ;| + 1;) + w < m.

Hence,

>zmnuw(“’i > ) )H I (12 ) o

A
= d=0 feMy €T gel; (9)2"w;
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Therefore,

. o LI+ -1\ _, & »
m, [T () = (’ | | )q h | | Jige
€T €T Z 7:=0

, o -4 , .
e (M 1)(1/q1>li_20 (’2‘)(—1@%)&'
e (T - e

Z

When we fix T" to contain only one single degree i, the formula for N* further

simplifies. In addition, the case w = 0 is well known.

Corollary 4 (Theorem 1 [9] when w = 0) Suppose thatm > i(|I;| + 1) + w.
Then the number of polynomials x™ + a1Ty—1 + « -+ + @™ " + g(z) with
g(x) € F,lz] of degree at most m — w — 1, that have | degree i irreducible

factors counting multiplicity, is

N* (m7 ]117 <f>) — qm—w<|]i| +ll — 1) (1/qi)l(1 . 1/qi)|1¢\'

Setting ¢+ = 1, we obtain the following results about the number of monic
polynomials with a given number of linear factors counting multiplicity with

the highest few consecutive terms prescribed.

Corollary 5 Suppose that m > ¢+ 1l +w. Fiz ai,...,a, € F,. Then the
number of polynomials T + a1Ty—1 + - - - + @™ " + g(z) with g(z) € F,[z]
of degree at most m — w — 1, that have [ linear factors counting multiplicity,
18
x - cwrfq+l—1
N*(m, I,', (2% + a2 ' 4 4 ay,)) = ¢™ l<q l )(1 —1/q)%.

Setting w = 0, we obtain a known result about polynomials.

33



Corollary 6 (Theorem 1 [8]) Suppose that m > q+I. Then the number of
monic degree m polynomials that have | linear factors counting multiplicity,
18

. _ +1-1
N (m, 1) = g l(q l )<1—1/q>q.
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6 General Results about Monic Polynomials

In this section, we focus on the special case when w = 0. In this case, no
coefficients are prescribed, so we are simply counting monic polynomials that
have a certain factorization pattern.

When w = 0, we have G = {1}. This means that for all (f) € G, (f) = 1.

Theorem 5 We have the following formula for N(m,[Ler 7, (f)) when

w=20:

N(m, [T 17, (f))

€T

— ¢TI <|]i|>q_m |ZZ‘;" e (IL»I - m) (=D i(ri + j;) < m]

ier \ Ti Ji icT

Proof The result follows from Theorem 1 by setting w =0. |}
When we set T' = {i}, we obtain the known results for the number of de-
gree m monic polynomials with a given number of distinct degree 7 irreducible

factors.

Corollary 7 (Theorem 3 [9]) The number of degree m monic polynomials

over IF, with r distinct irreducible degree @ factors is

VY AN ) A ‘
N(m, ]ir, 1) — qm—zr<| |> Z q—’Lj <| ‘ . T) (_1)]
r

=0 J

Proof The result follows from Theorem 5 by setting 7' = {i}. 1
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Corollary 8 (Theorem 3 [8]) The number of degree m monic polynomials
over F, with r distinct linear factors is
m—r ] —r ]
N(m, Ilra 1) — qm—r <q> Z q—J (q ' )(_1)]
r) = J
j
Proof The result follows from Corollary 7 since |I;| =¢. 1
In addition to these results, we can also obtain an exact formula for the
number of n-smooth degree m monic polynomials by using Theorem 5. This

formula is useful when n is close in size to m.

Corollary 9 The number of n-smooth monic polynomials over F, with de-

gree m 1S

m L= TS oMy b<m
i=n+1 i=n+1j; J i=n-+1

Proof A degree m polynomial is n-smooth if it contains no factors above
degree n. Hence, we can obtain this result by setting T'= {n+1,...,m} and
then checking polynomials with no irreducible factors in 7" with Theorem
5.1

We can obtain a similar result to Theorem 5 when multiplicity of the

factors are counted.

Theorem 6 We have the following formula for N*(m,[Lier IF, (f)) when

w = 0.

m, H [zlla <f>)

1]
= T e X () g i <l
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Proof The result follows from Theorem 2 by setting w =0. 1§
When we set T' = {i}, we obtain the known expression for the number
of degree m monic polynomials with a number of degree ¢ irreducible factors

counting multiplicity.

Corollary 10 (Theorem 3 [9]) The number of degree m monic polynomi-
als over T, with [ irreducible degree i factors counting multiplicity is

(L =1\ e »
ettty ==t (FE ) IS ()

Jj=0 J

Setting ¢ = 1 gives the known result on the number of degree m monic

polynomials with a given number of linear factors counting multiplicity.

Corollary 11 (Theorem 1 [8]) The number of degree m monic polynomi-
als over F, with [ linear factors counting multiplicity is
[ -1\ 7 -
N*<m, I{, 1) — qm—l (q _I_ ) Z <q> (_1)]q_]
l = \J
In addition to these results, we can obtain another exact formula for the

number of n — smooth degree m monic polynomials by using Theorem 6.

This formula is useful when n is close in size to 1.

Corollary 12 The number of monic n-smooth polynomials over F, with de-

gree m s

S NI ﬁg(

Li+2l2+-+nly,=m i=1

|L;|+1; —

i

)[[Zi;u,:m]].

Proof A degree m monic polynomial is n-smooth if it contains no fac-

tors with degree greater than n. Hence, summing over all cases with T" =
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{1,...,n}, where the polynomials are products of factors with degrees in T
with Theorem 6, we obtain the result. 1
As a result of Corollaries 9 and 12, we have an identity for the number

of degree m n-smooth polynomials. This number is given by

o 11 o (e 32 e

i=n-+1 j;=0 i=n-+1
Ll +1; — n
=HZ<| | | )[[Z@li:m]].
1=11;>0 Z =1

We verify this identity can be proven in an elementary way from the
unique factorization of monic polynomials, since

[I(1-=2" -1l = =Y ¢"2" (23)

i>1 E>0

Using generating functions, as mentioned in [17], the number of degree m

n-smooth monic polynomials is
S0 CRRCEE) | ol (LA
i L]+ — 1\ <.
=11> ( . > il = m].
; i i=1

Using equation (23), we have that
1 - 2l = > e IT - 2Ol
i=1 k>0 i>n+1
Hence, as also mentioned in [17], the number of degree m n-smooth monic

polynomials is also given by

A 1A= e Ty () e

k>0 i>n+1 k>0 i>n+1 j;
TS (T S <
i=n+1j; Ji i=n+1
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In general, exact results in this section, such as the number of degree m
n-smooth monic polynomials, can be extended to the case where the second

highest degree term of the polynomial is prescribed.
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7 Results about Monic Polynomials with Sec-
ond Highest Degree Term Prescribed

In this chapter, we consider the case where w = 1. In this case, we are able
to obtain the exact formulas for the number of degree m polynomials of the
form f(z) = 2™ + az™ ' + g(z), where g(z) € F,[x] has degree at most
m—2, a € Fy is fixed, and f has a fixed number of irreducible factors of any
degree, with or without multiplicity counted.

In order to do so, we use the formula for the number of degree m monic
irreducible polynomials when the second highest degree term is prescribed.
More explicitly, the number of degree i irreducible polynomials of the form
f(x) = 2" + ax’™! 4 g(x), for g € F,[x] of degree at most i — 2 and fixed

a €, is

{(f) € L, (f) = (z+ a)} = Li((z + @) = ai + bila = 0], (24)

where
1 .
ai=— > p(k)g"’*, (25)
Y i
1 ,
b=~ > plk)g"". (26)
plkli

In general, we can obtain answers that are in terms of a;, b;, and |;|. This
turns out to be sufficient for obtaining the known formula for the number of
degree m monic polynomials with r distinct roots when the second highest
degree term is prescribed. In addition, we obtain an analogue of this formula

when the multiplicity of the roots is counted.
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We also obtain formulas for the number of monic n-smooth polynomials
with degree m when the second highest degree term is prescribed in a similar
way to the case w = 0 and obtain similar looking identities.

When w = 1, we have G = {(z + a) : a € F,}, and
(x+a)(x+0) =(r+a+F).
For o € I, note that
(x+ a)f = (z + ka).
Using (z) = 1, it follows that

Yoz t+a)t =3 (w+ka)) =q@)p|k]+ Y (z+a)ptk]

ackF, aclFy aclF,
=qlp | k] + qE[p 1 K].

Using EJ = 0, it follows that
J > ((z+a)t =qJp | k].
aclF,
For k > 1 using J* = J, we have
T3 (o + o)) = Toqlp | K], (27)
acl,
Using this formula, we obtain some facts which are useful for deriving

results for N and N* when w = 1.
Proposition 9 We have the following facts:

DJ T (0 + (@ +a)y) = J(1 = (=y))>,

acly

0 e = ()

a€clfy

aq
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Proof 1) Using Proposition 4, Equation (27), and the power series definition

for exp and log, we have

J H(1+<x+a>y):

aclFy

I
= Jexp
= Jexp
= Jexp
= Jexp
= Jexp

Jexp

aclFy

(1+ (z+ a)Jy)

a% In(1+ (x + a)Jy)>

’;( 1t 1‘]2 | kr]]))

;—n“fmﬂp | k]]))
)

p k>1

(2ma- <—y>p>)

J(1 — (—y)P)r.
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2) Similarly, we have

1
I — =
ag 1—(x+a)y agql—(x+a>Jy

1
= Jexp Ogl; ln<1—<x+a>Jy>)
= Jexp sz—l—a Jy)

aclFq k>1

k;k

—Jep (£ 1Y <qﬂp\ku>>

k>1

y™*
= Jexp Z

D>t

I
<
D

]
o
7N
hSHES
=3
A
—_

[ -
<

3
~_—
~_—

1 b
= A |
J<1—yp>

Define the following numbers:

An(es0) = (S 1y 29
Bu(e0) = ("7 B 29

and, for b # 0,
An(a,b) = ng (a(?/p> (m Epj) (—1)7*+#i, (30)
Bm(a’b):t:f <aQ/p4;j—1> (b—k;r;:g‘.—l)' o

Combining these numbers with (9), we obtain information related to the

set of monic irreducible polynomials of degree 7.
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Proposition 10 We have the following properties.

DJTTQ+(Hy) =T Anlas, bi)y™.

fel; m>0
1

Proof
1) Using (z) = 1 and L;({x + ) = a; + bjJa = 0], J* = J for k > 1, and
Proposition 9, we have
JIT A+ (Ny) =T [T O+ (o + )yt
fel; o€l

= J(1+ @)y T] A+ (& +a)y)™

a€clF,

= J(1— (=) 7 (1 +y)"

S35 (aiq./p>(—1)j(—1)”j< " )ym

m>0 j=0 J m —pj
lm/p)
a;q/p bi > i+pj
=J : | (=1)itpiym
mzzzo ]z:;) < J ) (m — D)

=J > Anla,b)y™

m>0
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2) Similarly, we have

1\ 1
:J<1—<x>y agq(l—(xjtc)z)y)

_ /o] <aiq/p+j—1><bi+m—pj—1> .

Using Proposition 10, we can obtain formulas for N and N* when w = 1.

Theorem 7 Suppose w = 1. Then

HI”, T+ a))
€T
m 1 ‘I’ —17‘ i —1Ji I‘ - Ji y )
= II ’ Z g (DD i+ ) < m]
€T Ji €T
kz‘ ki—r; .
b\ ) (=D)F T ik = m]),
€T k; >0 i €T

where v(a) = qa = 0] — 1.
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Proof Using Theorem 1, we have

I (x + «))
ZET
LI\ o, 2 (G = 3 : .
=¢" '] (‘ ’) TN g ”‘(’ ‘ )(—1)‘71[[21(7"i+]z‘) <ml]
i€l 4i=0 Ji =
o+ a2 [Tul ] I] T (1 u; — 1)).
€T €T gel;

Using J* = J for any positive integer k and Proposition 10, we have

[z +a)z™ [Twi']J T IT (A + (9)2" (u; — 1))

= €T gel;
=[(z+ a)z™ H w;'|J H Z Ay, (ai, bz)zml(u, — 1)’“
ieT €T k>0

Extracting coefficients of the u; using the Binomial Theorem,

k; .
Ko+ a)2]TI] D Ak(ai, bi) ( )(_Dkz ri
i€T k;>0 T
Extracting the coefficient of z,
k; L ,
= [(1' + Oé>]J H Z Aki(ai, bl) <7~> (_1)1@ z[[z ik; = m]]

€T k>0 i i€T

Using J=1—-FE = %Za@gq v(a)(z + ), and extracting (x + «),

() vr I i =

i€T k;>0 i ieT

Combining the pieces together, we have the result. I

In the following special case, we obtain a simpler result.
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Corollary 13 Suppose w = 1. Suppose that p1i for each i.
If ptm, then

m, [[ I}, (z + )
€T
¢ 1 |]| fir' s —ij; L] — 7 s . .
= 11 Py g ) (=1 > i(ri + j;) < ml.
ieT ji=0 Ji €T
If p| m, then
I (z + a)
ZET
m 1 ‘I’ —Z’I‘ |I| . —7,] - T’L ] . .
= II YT ) (DR 4 g < ml)
i€T §i=0 Ji €T
|I |/p ]
p R
(e )(—1)’“ 1% ks =/,
€T k;=0 [ €T

where v(a) = qa = 0] — 1.

Proof The result follows from Theorem 7 by setting b; = 0 for each i, and

using (28), and noting that qa; = |[;| for pti. 1

Setting 7' = {1}, we obtain the known result for the number of monic

polynomials with a given number of linear factors when the coefficient in

front of the second highest ordered term is fixed.

Corollary 14 (Theorem 3.1 [20]) The number of monic polynomials over

F, of the form x™+ax™ ' +g(z) for fized a € F,, where g € F,[z] has degree

at most m — 2, that have r distinct linear factors is given as follows:

If ptm, then

N(m, I, (z +a)) = g™ ! (g) 3 q’ (q ; r) (—1).

Jj=0
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If p| m, then

-

where v(a) = qfa = 0] — 1.

Proof The result follows from Theorem 7 by taking 7" = {1}, and using
i =q. 1

Now, we state a result about degree m monic n-smooth polynomials with
a prescribed coefficient in front of the second highest ordered term, which

comes from Theorem 7. This formula is most useful when n is large.

Corollary 15 The number of monic n-smooth polynomials over F, of the
form ™+ ax™ ' + g(z) for fived o € F,, where g € F [z] has degree at most

m— 2 s

m \I m
H “ .T—I—Oz qm—l H qu<\f|>(_1)ji[[ Z Z]z Sm]]

i=n+1 i=n+1 j;=0 Ji i=n+1
vla) & e

2O T Y A b) DRSS k=
9 i=n+1k,>0 i=n+1

where v(a) = qla = 0] — 1.

Proof The result follows from Theorem 7 by setting 7' = {n+1,...,m} and
using the fact that a monic polynomial is n-smooth if it has no irreducible
factors with degree larger than n.

Next, we give the general theorem for N*. That is the case where the

multiplicity of the the factors is counted. The result is as follows.
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Corollary 16 Suppose w = 1. Then

m, [T 1/, (z + a))

€T
m [ + l —l; i I —z
i€T li ji=0 \ Ji i€T
Sai b)Y Ay (a;, bi)(—1)" D> il + k) = m],
ieT ki >0 €T
where v(a) = qa = 0] — 1.
Proof Using Theorem 2, we have
H , x +0z
€T
LI 41 — ivirs
:m1H<‘ | ) zlz | ‘ ]z 7».71[[2 (I; + ji) < m]
€T l €T
a+amI[{qIH< >f>.
€T 1€T gel; Z Ui

Using J*¥ = J for any positive integer k, applying Proposition 10, and ex-
tracting coefficients of the w;, 2z, and then (z + «), we have

&+ )= T ot JHH( >”>

7
1€T €T gel; Z Ui

:[<q;—|—a JHB[ CLZ,I ZAk azaz’ )k

€T k>0
=[{z+ a)2™]J H By, (a;, b; Z Ay, (az, b)) (=1)Fiz i(li4ks)
€T k>0
= [{w+ )} T] Bu(as,bi) 3 Ap,(as, b)(=1) [ i(ls + ki) = m]
i€T ki >0 i€T
HBz az;i ZAk az,l [[Z l—i—k ]]
€T k; >0 ier
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since J=1—F = %Za@gq v(a)(z + ). Hence, the result follows. 1

As a corollary to Theorem 16, we have the following simpler result.

Corollary 17 Suppose w = 1. Suppose that p1 i for each i.
If ptm orptl; for some i, then

H x+a

€T
Ll +1; - Ll |1|
=q¢" 1 (l ) - Z D7q il + ji) < ml.
i€T li i€T
If p| m and p | l; for each i, then
m, [ | Il (x
i€T
1]
— m1H<|]|+l > le(Hl) ]1 77,]2[[2 l+j,,)<m]]
€T €T

vla , 1\ Hil/e /17
LUy <’Wp+ll/p ) > (‘M/p>(—1)”k"[[zi(li/p+ki) = m/p]

4 er li/p mzo \ ki €T
where v(a) = qa = 0] — 1.

Proof The result follows from Theorem 16 by setting b; = 0 for each ¢, using
(28) and (29), and noting that qa; = |I;| for pti. 1

From this corollary, we can obtain the number of degree m monic poly-
nomials f(z) with a given number of roots counting multiplicity, with a fixed
coefficient of x™~. The result is new and is similar in style to the distinct

root case. The result is provided below.

Corollary 18 The number of monic polynomials over F, of the form x™ +
az™ 1 + g(z) for fized o € By, where g(x) € Fy[z] has degree at most m — 2

that have | linear factors counting multiplicity is given as follows:
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If ptm orptl, then
-1\ -
N*(m,[{,<$+a>) qm l— l<Q+ > <q>(_1)]qJ
l = \J
If p|m and p |, then

N*(m, I}, (x + a)) = ¢™ "~ 1<q+ ; - 1) Til (j)(_quj

) e

where v(a) = qa = 0] — 1.

Proof The result follows from Corollary 17 by taking 7' = {1}, and using
|IL|=q. 1

Using Theorem 16, we obtain another formula for the number of n-smooth
degree m monic polynomials with a prescribed coefficient in front of the term
of degree m — 1. The result looks different from Theorem 15 and is useful

when n is small.

Corollary 19 The number of monic n-smooth polynomials over F, of the

form a™ + ax™ ' + g(z) for fived o € F,, where g € Fy[z] has degree at most

m— 2 1is
1 LI+ -1\ &
> H ir+a)=-]] <| il + )[[Zili:m]]
4200+t nlp=m q;= Lzo li i—1
+U 05 HZBlz(al,bz)[[Zzll:m
q i=11,>0 i=1

where v(a) = qfa = 0] — 1.

Proof A degree m monic polynomial is n-smooth if it contains no factors

above degree n. Hence, summing over all cases with 7' = {1,...,n} with
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Theorem 16, where the polynomials are products of factors with degrees in
T, we obtain the result.

As a result of Corollaries 15 and 19, we have the following identity for the
number of degree m monic n-smooth polynomials of the form ™ + az™ 1 +
g(x), where a € F, is fixed and g(z) € F,[z]| has degree at most m — 2. This
number is given by

- ﬁ 5 —w(”f")<—1>ﬂﬂ > i < ml

1= n+1jr— Ji i=n+1

bi) (=DM Y ik =m]
7 i=nt1k,>0 i=n+1
1" L+ 1 —1) &
7 i=11,>0 Li i
+ U(OO II l3l a17 HEE:ZZ _'Tnﬂ
4 i=11,>0

where v(a) = ¢a = 0] — 1.

This result can be verified directly using generating functions in a similar
way to the case w = 0. From generating functions, the number of degree m
n-smooth polynomials of the form 2™ + az™ ! + g(x), where « € F, is fixed
and g(x) € F,[z] has degree at most m — 2, is given by

[(z+a)z HH 1—(

i=1 fel;

From unique factorization of monic polynomials, we have

=[IIIC =N =1+> > (" (32)

i>1 fel; k>1 feM,

Using E{f) = FE and E? = E, we have

=EB[[(1 -2 =EY ¢F (33)

i>1 k>0
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Using J 3 ep, (f) = 0 for & > w = 1, we have

=JII M= (nHH" =1 (34)

121 fel;

Applying F(2) = [Ii>1 [Tjer, (1 — (f)2")"" to equations (33) and (34), we

obtain

ET[TI - (H=) "= E[[(1—2) = BEY ¢k T] (1— )",

i=1 fel; i=1 k>0 i>n+1
JITITa—H=H" =7 1T T1Q—- (>
i=1 fel; i>n+1 fel;

From Proposition 10, we have

JTITLC - ()" = TTIS Belas b)=",

i=1 fel; i>1k>0
JI IO H= = TT 3 Aulanb) (1),
i>n+1 fel; i>n+1 k>0

Hence, using F 4+ J = 1, we obtain

IR

1= lfel
—EH H 4 TTTS. Belas, by)
i>1 k>0
=EY ¢ J] (1 AE g IT > Aw(a:, b)(—1)"="™.
k>0 i>n+1 i>n+1 k>0
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Using FE = %ZQEFQ (r+a)yand J=1—FE = %Zae]pq v(a)(z + ), we obtain

@+ a)2"] _ﬁlfn(l (P
I <|Ii|+l{i—1>[[§m:mu
qi=11,>0 i =1

m |l . o
e T Zq—w‘i('jz’)(_nﬁ[[ S iji <ml

i=n+1

2O TS A bR S i = ml,

4 i=nt1k,>0 i=n+1

as desired.
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8 Conclusion

In this project, we adapted the generating functions method from [6, 7] in
order to find the number of degree m monic polynomials f whose first w
coefficients are fixed, when f has a given distribution of irreducible factors
from different degrees. From our general results, we were able to recover and
extend formulas from numerous research papers, such as [2, 7, 8, 9, 20]. For
polynomials of sufficiently large degree, we extended the known results to
allow for any number of consecutive prescribed leading coefficients w given
any factorization pattern. For polynomials of arbitrary degree, we found
general formulas when w < 1 for any factorization. For the case w = 0, we
recovered known results from several papers. For the case w = 1, we obtained
some new results, including two formulas for the number of n-smooth monic
degree m polynomials with the first coefficient fixed.

In the future, it could be interesting to try to extend the results from the
case w = 1 to the case w = 2. This could help further develop our generating
functions method in order to address coding theory applications. The case
w = 2 is known in general for irreducible degree m monic polynomials, and in
special cases for degree m monic polynomials with a given number of distinct
linear factors. Given that the case w = 1 harder than the case w = 0, we
expect the case w = 2 to be more difficult than than the case w = 1. However,
given the known results on the case w = 2, we expect this case to be feasible
for a future project. Polynomials used in Reed-Solomon codes have degree
less than the size of the field. Thus, we plan to study the case w = 2 for low

degree polynomials in the future.
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