
  

 

CARLETON UNIVERSITY 

 

SCHOOL OF 

MATHEMATICS AND STATISTICS 

 

HONOURS PROJECT 

 

 

 

 

 

 

 

 

 

 

 

 TITLE: Counting Monic Polynomials over a Finite Field 

with Prescribed Degree, First Consecutive Coefficients, and 

Factorization 

 

 AUTHOR: Simon Kuttner 

 

 SUPERVISOR: Qiang Wang 

 

 DATE: May 4th, 2021 

 



Counting Monic Polynomials over a Finite

Field with Prescribed Degree, First

Consecutive Coefficients, and Factorization

Simon Kuttner

May 4, 2021

1



Abstract

We use generating functions over group rings to count degree m

monic polynomials over a finite field with fixed numbers of irreducible

factors from different degrees when the first few coefficients are pre-

scribed. Our method extends from the techniques used in [6, 7] to

count degree m monic irreducible polynomials with prescribed coeffi-

cients. We obtain explicit formulas for the number of degree m monic

polynomials with a given distribution of irreducible factors from dif-

ferent degrees when the first coefficient is prescribed. As a corollary,

we obtain exact results for the number of degree m n-smooth monic

with the first coefficient fixed.
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1 Introduction

Let p and e be positive integers where p is prime. Let Fq be a finite field with

q = pe elements. Let Fq[x] denote the set of polynomials over Fq. Let M

denote the set of monic polynomials over Fq, and I denote the subset of these

polynomials that are irreducible. For each positive integer d, let Md denote

the set of degree d monic polynomials over Fq, and let Id be the subset of

these polynomials that are irreducible.

For monic polynomials f , let d(f) denote the degree of f , let ri(f) denote

the number of monic distinct degree i irreducible factors of f , and li(f) denote

the number of monic degree i irreducible factors of f counting multiplicity.

For a monic polynomial f , write

f(x) = xd(f) + f1x
d(f)−1 + · · ·+ fd(f), (1)

and set fj = 0 if j > d(f).

For f ∈M and w ≥ 0, define

〈f〉w = xd(f)f(1/x) (mod xw+1) (2)

= 1 + f1x+ · · ·+ fwx
w (mod xw+1).

In this project, we want to determine the number of degree m monic poly-

nomials f(x) with prescribed coefficients f1, . . . , fw and a given distribution

of irreducible factors with different degrees, which is an important research

problem in the theory of finite fields. First of all, we introduce the following

definitions.

Definition 1 Let us fix w ≥ 0 and a finite set T ⊂ N.
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• Define N(m,∏i∈T I
ri
i , 〈f〉w) as the number of degree m monic polyno-

mials g over Fq with 〈g〉w = 〈f〉w, where g has ri monic distinct degree

i irreducible factors for each i ∈ T .

• Define N∗(m,∏i∈T I
li
i , 〈f〉w) as the number of degree m monic poly-

nomials g over Fq with 〈g〉w = 〈f〉w, where g has li monic degree i

irreducible factors counting multiplicity for each i ∈ T .

The problem of counting monic irreducible degree m polynomials f over

a finite field Fq with fixed coefficients f1, . . . , fw is a well studied subclass

of our general problem. Let Im(〈f〉w) be the number of degree m monic

irreducible polynomials g over Fq, where 〈g〉w = 〈f〉w. Then

Im(〈f〉w) = N∗(m, I1
m, 〈f〉w). (3)

For typographic convenience, we omit the subscript of w, when the value

of w is fixed.

If w = 0, for any monic polynomial f , we have 〈f〉 = 1 (mod x) =

〈1〉. Thus, Im(〈f〉) = |Im|, which is the total number of degree m monic

irreducible polynomials over Fq. This formula is known (see [12]) and is

given by

|Im| =
1
m

∑
k|m

µ(k)qm/k, (4)

where µ is the möbius function, defined on the set of positive integers by

µ(1) = 1, µ(k) = 0 if k > 1 and k has no repeated prime factors, and

µ(k) = (−1)r if k = p1 · · · pr for distinct primes p1, . . . , pr.

The results for w = 1 can be found in [18, 19]. In this case, for each monic

polynomial f , we have 〈f〉 = 1 + αx (mod x2) = 〈x + α〉 for some unique
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α ∈ Fq. For m ≥ 1, Im(〈x + α〉) counts the number of monic irreducible

polynomials of the form xm + αxm−1 + g(x) where α ∈ Fq is fixed and

g(x) ∈ Fq[x] is a polynomial of degree m− 2 which is allowed to vary. When

m is a multiple of p, the formula for Im(〈x+ α〉) depends on whether α = 0

or not. For convenience, we use the notation JP K to be equal to 1 if P is true

and 0 otherwise. With this notation, we have Im(〈x+α〉) = am+ bmJα = 0K,

where

am = 1
mq

∑
p-k|m

µ(k)qm/k, and bm = 1
m

∑
p|k|m

µ(k)qm/k. (5)

If p - m, then for all α ∈ Fq, we have

Im(〈x+ α〉) = |Im|
q

= 1
mq

∑
k|m

µ(k)qm/k.

Formulas for Im(〈f〉) exist for w = 2 (see [14]), and also for w = 3, when

q = 2 (see [5]). Formulas for Im(〈f〉) for are derived in [7], which is a paper

in progress, using the generating functions method over group rings in some

other cases including q = 2 and w = 4.

Another special case of the general problem of computing N and N∗

is determining the number of monic polynomials f(x) with prescribed co-

efficients f1, . . . , fw and a given number of distinct linear factors, or linear

factors counting multiplicity. For m ≥ w, N(m, Ir1 , 〈f〉w) counts the number

of degree m polynomials of the form xm+f1x
m−1 + · · ·+fwx

m−w +g(x) with

r distinct linear factors, where f1, . . . , fw ∈ Fq are fixed, and g(x) ∈ Fq[x] is

a polynomial of degree at most m− w that varies.

This number is important and well studied due to its applications in Reed-

Solomon codes. In general, if we write Fq = {x1, . . . , xq}, then a codeword
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in a Reed Solomon code of dimension k and length q is of the form F =

(f(x1), . . . , f(xq)) ∈ Fqq, where f(x) is a polynomial of degree at most k − 1

over Fq.

In general, a vector V ∈ Fqq can be written as (v(x1), . . . , v(xq)) for some

unique polynomial v(x) of degree at most q − 1, with the Lagrange Interpo-

lation formula. The distance between V and a codeword F is the number of

non-zero components in the vector V − F , which is equal to the number of

roots of the polynomial v(x)− f(x).

An important problem in decoding messages in Reed-Solomon codes is

to determine the number of codewords at a given distance of a received

word. Suppose in the above example that the word V is received, and the

polynomial v(x) is a polynomial of degree k+w for w ≥ 0. Suppose without

loss of generality that v(x) is monic. Then the number of codewords of

distance q − r from the received word V is the number of polynomials f ,

not necessarily monic, of degree at most k− 1 where v(x)− f(x) has exactly

r distinct roots. Writing v(x) = xk+w + v1x
k+w−1 + · · · + vwx

k + c(x), for

v1, . . . , vk ∈ Fq and c(x) ∈ Fq[x] has degree at most k − 1. The number

of codewords at distance q − r from V is the number of monic polynomials

v(x)−f(x) where f runs through all polynomials of degree at most k−1, and

v(x)− f(x) has r distinct roots in Fq, which is equal to N(k + w, Ir1 , 〈v〉w).

Both numbers N(m, Ir1 , 〈f〉w) and N∗(m, I l1, 〈f〉w) are studied in [8] when

w = 0 in order to obtain the distribution of zeros of a random monic poly-

nomial of degree m, with and without multiplicity counted. When w = 0,

for all monic polynomials f , we have 〈f〉w = 1 (mod x), so dropping the

subscript of w and the modulo operation, we write 〈f〉 = 1 for all f ∈M . It

7



is shown in [8] that the number of degree m monic polynomials over Fq with

l linear factors counting multiplicity is

N∗(m, I l1, 1) = qm−l
(
q + l − 1

l

)
m−l∑
j=0

(
q

j

)
(−1)jq−j.

If m ≥ q + l, then the formula simplifies to

N∗(m, I l1, 1) = qm−l
(
q + l − 1

l

)
(1− 1/q)q.

The number of degree m monic polynomials over Fq with r distinct linear

factors is also given in [8]. This number is

N(m, Ir1 , 1) = qm−r
(
q

r

)
m−r∑
j=0

q−j
(
q − r
j

)
(−1)j.

If m ≥ q, this number becomes

N(m, Ir1 , 1) = qm−r
(
q

r

)
(1− 1/q)q−r.

The problem of counting the number of degree m monic polynomials f(x)

with a given number of distinct roots has been extended in recent years to

allow for prescribing coefficients f1, . . . , fw, where w ≥ 0 is arbitrary due to

applications in Reed-Solomon codes (see [11, 20]). For the case w = 1, Zhou

et al. [20] studied the number of degree m ≥ 1 polynomials over Fq with r

distinct roots of the form xm + αxm−1 + g(x), where α ∈ Fq is fixed, and

g(x) ∈ Fq[x] is a varying polynomial of degree at most m− 2. If p - m, then

the number is

N(m, Ir1 , 〈x+ α〉) = qm−r−1
(
q

r

)
m−r∑
j=0

q−j
(
q − r
j

)
(−1)j.
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If p | m, then the number is

N(m, Ir1 , 〈x+ α〉) =qm−r−1
(
q

r

)
m−r∑
j=0

q−j
(
q − r
j

)
(−1)j

+ v(α)
q

(
q/p

m/p

)(
m

r

)
(−1)m/p−r,

where v(α) = qJα = 0K− 1.

Exact and more complicated expressions are obtained in [20] for the num-

ber of monic degree m ≥ 2 polynomials with r distinct linear factors over Fq
of the form xm + g(x) where g(x) ∈ Fq[x] is a varying polynomial of degree

at most m− 3. More recently, in [11], an asymptotic bound on the number

of degree m ≥ w polynomials with r distinct linear factors over Fq of the

form xm + b1x
m−1 + · · ·+ bwx

m−w + g(x), for fixed b1, . . . , bw ∈ Fq, and varied

g(x) ∈ Fq[x] is obtained for m < q. The arguments used in [11] can be ex-

tended to the case m ≥ q as well, in which case, simple explicit expressions

can be obtained if m ≥ q + w.

Degree m monic polynomials with a given number of irreducible factors of

a specific degree with or without counting the multiplicity have been counted

in [9] using ordinary generating functions. The number of degree m monic

polynomials over Fq with r distinct degree i irreducible factors is

N(m, Iir, 1) = qm−ir
(
|Ii|
r

) bm/ic−r∑
j=0

q−ij
(
|Ii| − r
j

)
(−1)j

= qm−ir
(
|Ii|
r

)
(1− 1/qi)|Ii|−r if m ≥ i|Ii|.

Also, the number of degree m monic polynomials over Fq with l degree i
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irreducible factors counting multiplicity is

N∗(m, I li , 1) = qm−il
(
|Ii|+ l − 1

l

) bm/ic−l∑
j=0

(
|Ii|
j

)
(−1)jq−ij

= qm−il
(
|Ii|+ l − 1

l

)
(1− 1/qi)|Ii|. if m ≥ i(|Ii|+ l).

Polynomials whose irreducible factors are all of degree at most n are

called n-smooth and they have applications in security. The number of n-

smooth polynomials of degree m over Fq has already been considered first

by Odlyzko [16] who provided an asymptotic estimate when m→∞ for the

case q = 2 and m1/100 < n < m99/100 using the saddle point method. This

generalizes to any prime power q; see [13]. For n large with respect to m,

typically n > cm(log logm)/ logm, Car [2] has given an asymptotic expres-

sion for this number in terms of the Dickman function. Panario, Gourdon

and Flajolet [17] extended this range to n > (1 + ε)(logm)1/k, for a positive

integer constant k.

In this project, we adapt the general method of counting irreducible poly-

nomials with prescribed coefficients as described in [6, 7], to count polyno-

mials with prescribed coefficients and factorization type. In [6], generating

functions over group rings were used to count degree m monic irreducible

polynomials when the first and last terms are fixed. In [7], the method has

been extended to the more general situation where the first few and last few

consecutive coefficients are fixed.

Here, we adapt the method to allow for irreducible factors of different

degrees. More specifically, we derive general expressions for N and N∗ from

the generating functions over group rings for any fixed w ≥ 0 and finite set

T ⊂ N. These general expressions for N and N∗ are provided in Theorems 1

10



and 2. These expressions have many corollaries that extend on known results.

We first focus on the case where the degree m of the polynomials is

large compared to the degrees of the prescribed irreducible factors and the

number of prescribed coefficients w. When the polynomial degree is large

enough, we obtain simple general results for N and N∗ (see Theorems 3

and 4). These results extend on formulas from papers such as [8, 9], by

allowing for prescribed coefficients when m is large. Although m is too

large to apply to coding-theory applications such as Reed-Solomon codes,

we obtain new information on the distribution of monic polynomials with

prescribed coefficients and factorization type.

Then we focus on the cases when w = 0 or w = 1, and thus obtain exact

formulas for N and N∗ in those cases. When w = 0, we simplify our formulas

for N and N∗ and recover several known results. We also find two different

exact formulas for the number of monic n-smooth polynomials of degree m

(see Corollaries 9 and 12), which we verify directly using the setup from [17].

When w = 1, we repeat a similar procedure to the case w = 0. The main

difference between the two cases is that the case w = 1 is mostly new, and the

manipulations involved when w = 1 are much more technical than the case

w = 0. Simplifying the general expressions for N and N∗ when w = 1, we

obtain two different exact formulas for the number of n-smooth polynomials

of degree m of the form xm+αxm−1 +g(x) where g is a polynomial of degree

at most m−2 (Corollary 15 and Corollary 19). Extending the setup from [17]

by keeping track of the prescribed coefficient α, we verify that these formulas

are equivalent.

The project is organized as follows. In Section 2 we provide background
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definitions and preliminary results. In Section 3 we demonstrate the generat-

ing functions method over group rings to count irreducible polynomials with

prescribed coefficients. Then in Section 4 we develop the general results on

counting polynomials with prescribed coefficients and prescribed factoriza-

tion pattern. We further demonstrate our general methodology in different

special cases such as large degree, w = 0, and w = 1 respectively. These

results can be found in Sections 5, 6, 7 respectively.
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2 Definitions and Notations

A general combinatorial framework for counting irreducible polynomials with

prescribed coefficients, using generating functions with coefficients from a

group algebra, was developed in Section 2 of [7]. We review the notations

and details.

First, we fix w ≥ 0. For f ∈ M , write f = xd(f) + f1x
d(f)−1 + · · ·+ fd(f),

and set fj = 0 if j > d(f). According to the definition of 〈f〉, we have

〈f〉 = xd(f)f(1/x) (mod xw+1)

= 1 + f1x+ · · ·+ fwx
w (mod xw+1)

= 〈xw + f1x
w−1 + · · ·+ fw〉.

Fix f ∈M and d ≥ w. Recall that Md is the set of monic polynomials of

degree d. For g ∈Md, 〈g〉 = 〈f〉 if and only if g = xd+f1x
d−1+· · ·+fwxd−w+

c(x) for some c(x) ∈ Fq[x] of degree at most d− w − 1. Therefore, there are

qd−w monic polynomials g ∈ Md that satisfy 〈g〉 = 〈f〉. For convenience,

define

G = {〈f〉 : f ∈M} = {〈xw + f1x
w−1 + · · ·+ fw〉 : f1, . . . , fw ∈ Fq}. (6)

Note that |G| = qw. Moreover, for each 〈f〉 ∈ G and d ≥ w, there are

qd−w monic polynomials g ∈Md that satisfy 〈g〉 = 〈f〉.

Proposition 1 (Proposition 1 [7]) G is an abelian group under multipli-

cation 〈f〉〈g〉 = 〈fg〉 with identity 〈1〉.

Proof
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We first verify that G is closed under the operation. For f, g ∈M ,

〈f〉〈g〉 = xd(f)f(1/x)xd(g)g(1/x) (mod xw+1)

= xd(f)+d(g)fg(1/x) (mod xw+1)

= xd(fg)fg(1/x) (mod xw+1)

= 〈fg〉.

Using the fact that M is a commutative monoid with identity 1 and for

f, g ∈ M , 〈f〉〈g〉 = 〈fg〉, we have that G is a commutative monoid with

identity 〈1〉.

For f ∈ M , 〈f〉 = 1 + f1x + · · · + fwx
w (mod xw+1). Noting that x -

1 + f1x+ · · ·+ fwx
w, we have

gcd(xk+1, 1 + f1x+ · · ·+ fwx
w) = 1.

Hence, there exists g0 + g1x+ · · ·+ gwx
w where

(1 + f1x+ · · ·+ fwx
w)(g0 + g1x+ · · ·+ gwx

w) ≡ 1 (mod xw+1).

It follows that g0 = 1∗g0 = 1. Let g = xw +g1x
w+1 + · · ·+gw ∈M . We have

〈f〉〈g〉 = (1 + f1x+ · · ·+ fwx
w)(1 + g1x+ · · ·+ gwx

w) (mod xw+1)

= (1 + f1x+ · · ·+ fwx
w)(g0 + g1x+ · · ·+ gxw) (mod xw+1)

= 1 (mod xw+1)

= 〈1〉.

Hence, 〈g〉 is the multiplicative inverse of 〈f〉 in G.

In order to make use of the group G, we introduce the notion of a group

ring.
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Definition 2 Define C[G] to be the commutative ring of formal C-linear

combinations of elements of G. For convenience, write 0 as the additive

identity of C[G] and 1 = 〈1〉 as the multiplicative identity of C[G]. The

elements of C[G] are of the form

v =
∑
〈f〉∈G

v〈f〉〈f〉,

where v〈f〉 ∈ C. For a = ∑
〈f〉∈G a〈f〉〈f〉, b = ∑

〈f〉∈G b〈f〉〈f〉 ∈ C[G], define

a+ b =
∑
〈f〉∈G

(a〈f〉 + b〈f〉)〈f〉, (7)

ab =
∑
〈f〉∈G

∑
〈g〉∈G

a〈g〉b〈f〉〈g〉−1〈f〉. (8)

To help with counting, we introduce the following definition.

Definition 3 Define

E = 1
qw

∑
〈f〉∈G

〈f〉, (9)

J = 1− E. (10)

It is straightforward to verify that E and J are orthogonal idempotents.

Proposition 2 The following properties of E and J hold:

1) E〈g〉 = E for any 〈g〉 ∈ G.

2) E2 = E.

3) EJ = 0.

4) J2 = J .
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Proof 1) Let 〈g〉 ∈ G. For 〈h〉 ∈ G, there exists a unique 〈f〉 ∈ G with

〈f〉〈g〉 = 〈h〉, Therefore,

E〈g〉 = 1
qw

∑
〈f〉∈G
〈f〉〈g〉 = 1

qw
∑
〈h〉∈G
〈h〉 = E.

2) Using |G| = qw, we have

E2 = E
1
qw

∑
〈f〉∈G
〈f〉 = 1

qw
∑
〈f〉∈G

E〈f〉 = 1
qw

∑
〈f〉∈G

E = E.

3) EJ = E(1− E) = E − E2 = E − E = 0.

4) J2 = (1− E)J = J − EJ = J − 0 = J.

We now derive more useful facts for doing computations in C[G].

Proposition 3 The following properties hold:

1) E∑f∈Md
〈f〉 = qdE.

2) ∑f∈Md
〈f〉 = qdE for d ≥ w.

3) J∑f∈Md
〈f〉 = 0 for d ≥ w.

Proof 1) For f ∈ Md, 〈f〉 ∈ G. From |Md| = qd and Proposition 2, we

obtain

E
∑
f∈Md

〈f〉 =
∑
f∈Md

E〈f〉 =
∑
f∈Md

E = qdE.

2) Suppose d ≥ w. For 〈g〉 ∈ G, there are qd−w polynomials 〈f〉 ∈ Md

such that 〈f〉 = 〈g〉. From the definition of E, it follows that
∑
f∈Md

〈f〉 = qd−w
∑
〈h〉∈G
〈h〉 = qdE.

3) Suppose d ≥ w. Then using EJ = 0, we have

J
∑
f∈Md

〈f〉 = qdEJ = 0.
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Formal power series over the group ring C[G] are an important tool for

counting polynomials. As such, the following proposition is useful.

Proposition 4 Suppose A(z) is a formal power series over C[G]. Then we

have the following result. 1) KA(z) = KA(Kz) for K ∈ {E, J}.

2) A(z) = EA(Ez) + JA(Jz).

Proof 1) Write A(z) = ∑
j≥0 ajz

j, where aj ∈ C[G]. Suppose K ∈ {E, J}.

Then K2 = K. By induction, K(Kj) = K for each j ≥ 0, so

KA(z) = K
∑
j≥0

ajz
j = K

∑
j≥0

ajK
jzj = KA(Kz).

2) A(z) = EA(z) + JA(z) = EA(Ez) + JA(Jz).
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3 Counting Monic Irreducible Polynomials

In this section, we demonstrate the generating functions method over group

rings to recover some known results about the number of degree m monic ir-

reducible polynomials with the first few coefficients prescribed. In particular,

we re-derive the total number of irreducible polynomials, and the number of

irreducible polynomials of the form xm+αxm−1 +g(x) where α ∈ Fq is fixed,

and g(x) ∈ Fq[x] of degree at most m− 2 is varied. Materials in this section

can be found in greater generality in [7].

We recall that I is the set of irreducible monic polynomials over Fq. For

d ≥ 1, Id be the set of degree d polynomials in I. For f ∈ M , Id(〈f〉) is the

number of polynomials g ∈ Id with 〈g〉 = 〈f〉. Define the generating function

(GF)

F (z) =
∑
f∈M
〈f〉zd(f) = 1 +

∑
d≥1

∑
f∈Md

〈f〉zd. (11)

From the unique factorization of polynomials, we have

F (z) =
∏
f∈I

(1− 〈f〉zd(f))−1 (12)

=
∏
d≥1

∏
f∈Id

(1− 〈f〉zd)−1 (13)

=
∏
d≥1

∏
〈f〉∈G

(1− 〈f〉zd)−Id(〈f〉). (14)

It follows that

ln(F (z)) =
∑
d≥1

∑
f∈G

Id(〈f〉)
∑
k≥1

〈f〉kzdk

k

=
∑
m≥1

∑
d|m

∑
f∈G

d

m
Id(〈f〉)〈f〉m/dzm.
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Let N(m, 〈f〉) = m[〈f〉zm] ln(F (z)). Then

N(m, 〈f〉) =
∑
d|m

∑
〈g〉∈G

dId(〈g〉)J〈g〉m/d = 〈f〉K. (15)

Proposition 5 (Proposition 2 [7])

Im(〈f〉) = 1
m

∑
k|m

∑
〈g〉∈G

µ(k)N(m/k, 〈g〉)J〈g〉k = 〈f〉K

Proof Using the fact that for m ∈ N,

∑
d|m

µ(d) = Jm = 1K,

we obtain

∑
k|m

∑
〈g〉∈G

µ(k)N(m/k, 〈g〉)J〈g〉k = 〈f〉K

=
∑
k|m

∑
〈g〉∈G

µ(k)
∑
d|k

∑
h∈G

dId(〈h〉)J〈h〉m/kd = 〈g〉KJ〈g〉k = 〈f〉K

=
∑
k|m

µ(k)
∑
d|m

k

∑
〈h〉∈G

dId(〈h〉)J〈h〉m/d = 〈f〉K

=
∑
d|m

∑
〈h〉∈G

dId(〈h〉)J〈h〉m/d = 〈f〉K
∑
k|m

d

µ(k)

=
∑
d|m

∑
〈h〉∈G

dId(〈h〉)J〈h〉m/d = 〈f〉KJd = mK

= mIm(〈f〉)

Dividing by m, we obtain the result.

Next, we give the formula for N(m, 〈f〉) in terms of GFs.

Proposition 6 (Lemma 1 [7])

N(m, 〈f〉) = qm−w +m[〈f〉zm]J ln
1 +

w−1∑
d=1

∑
f∈Md

〈f〉zd

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Proof Using (11),

F (z) = 1 +
∑
d≥1

∑
f∈Md

〈f〉zd.

Since E and J are orthogonal idempotents, we have 1 = E+J , Ed = E, and

Jd = J . Hence, from Propositions 3 and 4, it follows that

ln(F (z)) = E ln(F (Ez)) + J ln(F (Jz))

= E ln
1 +

∑
d≥1

∑
f∈Md

〈f〉Edzd

+ J ln
1 +

∑
d≥1

∑
f∈Md

〈f〉Jdzd


= E ln
1 +

∑
d≥1

qdEdzd

+ J ln
1 +

w−1∑
d=1

∑
f∈Md

〈f〉Jdzd


= E ln
1 +

∑
d≥1

qdzd

+ J ln
1 +

w−1∑
d=1

∑
f∈Md

〈f〉zd


= E ln
(

1
1− qz

)
+ J ln

1 +
w−1∑
d=1

∑
f∈Md

〈f〉zd


= E
∑
k≥1

1
k
qkzk + J ln

1 +
w−1∑
d=1

∑
f∈Md

〈f〉zd
 .

Using the definition E = 1
qw

∑
〈f〉∈G〈f〉 and extracting the coefficientm[〈f〉zm]

from ln(F (z)), the result follows.

For w = 0, 1, N(m, 〈f〉) = qm−w. If w = 0, then G = {1}. In this case,

for f ∈M , 〈f〉 = 1. It follows that

|Im| = I(m, 1) = 1
m

∑
k|m

µ(k)qm/k.

If w = 1, then G = {1 + αx (mod x2) : α ∈ Fq} = {〈x+ α〉 : α ∈ Fq}.
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For α, β ∈ Fq,

〈x+ β〉n = (1 + βx)n (mod x2)

= (1 + nβx) (mod x2)

= 〈x+ nβ〉 = 〈x+ α〉

if and only if nβ = α.

Suppose α ∈ Fq. Then

#{β ∈ Fq : nβ = α} = Jp - nK + qJα = 0KJp | nK. (16)

It follows that

Im(〈x+ α〉) = 1
m

∑
k|m

∑
α∈Fq

µ(k)qm/k−1J〈x+ β〉k = 〈x+ α〉K

= 1
mq

∑
k|m

∑
β∈Fq

µ(k)qm/kJkβ = αK

= 1
mq

∑
p-k|m

µ(k)qm/k + Jα = 0K
m

∑
p|k|m

µ(k)qm/k.

= am + bmJα = 0K.
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4 Factorization Problem: General Theory

In this section, we develop the generating functions method to find the num-

ber of monic polynomials over Fq of degree m with their first w coefficients

prescribed and specific pattern of degrees of irreducible factors prescribed.

Let T ⊂ N be finite. For each i ∈ T and f ∈ M , define ri(f) to be the

number of distinct degree i monic irreducible factors of f , and li(f) to be

the number of degree i monic irreducible factors of f counting multiplicity.

Then

ri(f) =
∑
g∈Ii

Jg|fK, (17)

li(f) =
∑
g∈Ii

max{k : gk|f}. (18)

From Definition 1, N(m,∏i∈T I
ri
i , 〈f〉) is the number of degree m monic

polynomials over Fq with 〈g〉 = 〈f〉, where g has ri distinct factors in Ii for

each i ∈ T . On the other hand, N∗(m,∏i∈T I
li
i , 〈f〉) is the number of degree

m monic polynomials g over Fq with 〈g〉 = 〈f〉, where g has li factors in Ii

counting multiplicity for each i ∈ T .

For i ∈ T , let ui mark the irreducible monic polynomials of degree i. For

g ∈ I, we define

ug =

 ui if g ∈ Ii for some i ∈ T ;

1 otherwise.

Let u be a vector of ui. Define the GFs

G(z, u) =
∑
f∈M
〈f〉zd(f) ∏

g∈I,g|f
ug =

∑
f∈M
〈f〉zd(f) ∏

i∈T
u
ri(f)
i , (19)
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H(z, u) =
∑
f∈M
〈f〉zd(f) ∏

g∈I
umax{k:gk|f}
g =

∑
f∈M
〈f〉zd(f) ∏

i∈T
u
li(f)
i . (20)

Note that

[〈f〉zm
∏
i∈T

uri
i ]G(z, u) = N(m,

∏
i∈T

Iri
i , 〈f〉), (21)

[〈f〉zm
∏
i∈T

ulii ]H(z, u) = N∗(m,
∏
i∈T

I lii , 〈f〉). (22)

Proposition 7 The expression for G(z, u) can be written as follows:

G(z, u) = F (z)
∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1)),

where F (z) = ∑
f∈M〈f〉zd(f) is defined in (11).

Proof From the fact that every monic polynomial factors uniquely into a

product of irreducible polynomials,

G(z, u) =
∑
f∈M
〈f〉zd(f) ∏

g∈I,g|f
ug

=
∏
g∈I

1 +
∑
k≥1
〈gk〉zd(gk)ug


=
∏
g∈I

1 +
∑
k≥1
〈g〉kzk(d(g))ug


=
∏
g∈I

(
1 + ug〈g〉zd(g)

1− 〈g〉zd(g)

)

=
∏
g∈I

(
1− 〈g〉zd(g) + ug〈g〉zd(g)

1− 〈g〉zd(g)

)

=
∏
g∈I

(
1 + 〈g〉zd(g)(ug − 1)

1− 〈g〉zd(g)

)

= F (z)
∏
g∈I

(1 + 〈g〉zd(g)(ug − 1)).
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Using the definition of ug we obtain the result.

We now derive a more explicit formula for G(z, u).

Lemma 1 Under the same notations as above,

G(z, u) = E

∑
d≥0

qdzd

∏
i∈T

|Ii|∑
ji=0

ji∑
ri=0

(
|Ii|
ji

)
ziji

(
ji
ri

)
uri
i (−1)ji−ri

+ J

w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1)).

Proof Using Proposition 7 and Equation (11), we have

G(z, u) =
∑
d≥0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1)).

Using E2 = E and E〈f〉 = E, it follows that

EG(z, u) = E

∑
d≥0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1))

= E

∑
d≥0

∑
f∈Md

zd

∏
i∈T

∏
g∈Ii

(1 + zi(ui − 1))

= E

∑
d≥0

qdzd

∏
i∈T

(1 + zi(ui − 1))|Ii|

= E

∑
d≥0

qdzd

∏
i∈T

|Ii|∑
ji=0

(
|Ii|
ji

)
ziji(ui − 1)ji

= E

∑
d≥0

qdzd

∏
i∈T

|Ii|∑
ji=0

ji∑
ri=0

(
|Ii|
ji

)
ziji

(
ji
ri

)
uri
i (−1)ji−ri .

Using J∑f∈Md
〈f〉 = 0 for d ≥ w, we have

JG(z, u) = J

∑
d≥0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1))

= J

w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1)).

Using G(z, u) = EG(z, u) + JG(z, u), we obtain the result.
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Theorem 1 Let T ⊂ N be finite and Ii be the set of monic irreducible poly-

nomials of degree i. Let f be a fixed polynomial over Fq with degree d and

w be a fixed positive integer. The number of degree m monic polynomials g

over Fq with the first w coefficients prescribed as those of f where g has ri
distinct factors in Ii for each i ∈ T is

N(m,
∏
i∈T

Iri
i , 〈f〉)

= qm−w
∏
i∈T

(
|Ii|
ri

)
q−iri

|Ii|−ri∑
ji=0

q−iji
(
|Ii| − ri
ji

)
(−1)jiJ

∑
i∈T

i(ri + ji) ≤ mK

+ [〈f〉zm
∏
i∈T

uri
i ]J

w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1)).

Proof Note that

N(m,
∏
i∈T

Iri
i , 〈f〉) = [〈f〉zm

∏
i∈T

uri
i ]G(z, u),

and

G(z, u) = E

∑
d≥0

qdzd

∏
i∈T

|Ii|∑
ji=0

ji∑
ri=0

(
|Ii|
ji

)
ziji

(
ji
ri

)
uri
i (−1)ji−ri

+ J

w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1)).

Note that for 0 ≤ ri ≤ ji ≤ |Ii|,(
|Ii|
ji

)(
ji
ri

)
= |Ii|!
ji!(|Ii| − ji)!

ji!
ri!(ji − ri)!

= |Ii|!
ri!(|Ii| − ji)!(ji − ri)!

= |Ii|!
ri!(|Ii| − ri)!

(|Ii| − ri)!
(ji − ri)!(|Ii| − ji)!

=
(
|Ii|
ri

)(
|Ii| − ri
ji − ri

)
.
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It follows that

EG(z, u) = E

∑
d≥0

qdzd

∏
i∈T

|Ii|∑
ji=0

ji∑
ri=0

(
|Ii|
ri

)
ziji

(
|Ii| − ri
ji − ri

)
(−1)ji−riuri

i

= E

∑
d≥0

qdzd

∏
i∈T

|Ii|∑
ri=0

(
|Ii|
ri

)
uri
i

|Ii|∑
ji=ri

ziji
(
|Ii| − ri
ji − ri

)
(−1)ji−ri

= E

∑
d≥0

qdzd

∏
i∈T

|Ii|∑
ri=0

(
|Ii|
ri

)
uri
i z

iri

|Ii|−ri∑
ji=0

ziji
(
|Ii| − ri
ji

)
(−1)ji .

Extracting the coefficient of ∏i∈T u
ri
i , we have

[
∏
i∈T

uri
i ]EG(z, u) = E

∑
d≥0

qdzd

∏
i∈T

(
|Ii|
ri

)
ziri

|Ii|−ri∑
ji=0

ziji
(
|Ii| − ri
ji

)
(−1)ji .

Extracting zm, we have

[zm
∏
i∈T

uri
i ]EG(z, u)

= Eqm
∏
i∈T

(
|Ii|
ri

)
q−iri

|Ii|−ri∑
ji=0

q−iji
(
|Ii| − ri
ji

)
(−1)jiJ

∑
i∈T

i(ri + ji) ≤ mK

Hence, using the definition of E, extracting the coefficient of 〈f〉, we

obtain

[〈f〉zm
∏
i∈T

uri
i ]EG(z, u)

= qm−w
∏
i∈T

(
|Ii|
ri

)
q−iri

|Ii|−ri∑
ji=0

q−iji
(
|Ii| − ri
ji

)
(−1)jiJ

∑
i∈T

i(ri + ji) ≤ mK.

Adding [〈f〉zm∏i∈T u
ri
i ]JG(z, u), we obtain the result.

Similarly, we obtain the following.

Proposition 8 The expression for H(z, u) can be written as follows:

H(z, u) = F (z)
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)
.
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Proof

H(z, u) =
∑
f∈M
〈f〉zd(f) ∏

g∈I
umax{k:gk|f}
g

=
∏
g∈I

∑
k≥0
〈gk〉ukgzd(gk)


=
∏
g∈I

∑
k≥0
〈g〉kukgzkd(g)


=
∏
g∈I

(
1

1− 〈g〉zd(g)ug

)

= F (z)
∏
g∈I

(
1− 〈g〉zd(g)

1− 〈g〉zd(g)ug

)
.

Using the definition of ug, we obtain the result.

Lemma 2 We have the following formula for H(z, u):

H(z, u) = E

∑
d≥0

qdzd

∏
i∈T

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiziji

∑
ri≥0

(
|Ii|+ ri − 1

ri

)
ziriuri

i

+ J

w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)
.

Proof Using Proposition 8 and Equation (11), we have

H(z, u) =
∑
d≥0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)
.
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It follows that

EH(z, u) = E

∑
d≥0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)

= E

∑
d≥0

∑
f∈Md

zd

∏
i∈T

∏
g∈Ii

(
1− zi

1− ziui

)

= E

∑
d≥0

qdzd

∏
i∈T

(
1− zi

1− ziui

)|Ii|

= E

∑
d≥0

qdzd

∏
i∈T

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiziji

∑
ri≥0

(
|Ii|+ ri − 1

ri

)
ziriuri

i .

Using J∑f∈Md
〈f〉 = 0 for d ≥ w, we have

JH(z, u) = J

∑
d≥0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)

= J

w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)
.

Using H(z, u) = EH(z, u) + JH(z, u), the result follows.

Theorem 2 Let T ⊂ N be finite and Ii be the set of monic irreducible poly-

nomials of degree i. Let f be a fixed polynomial over Fq with degree d and

w be a fixed positive integer. The number of degree m monic polynomials g

over Fq with the first w coefficients prescribed as those of f where g has ri
factors in Ii counting multiplicity for each i ∈ T is

N∗(m,
∏
i∈T

I lii , 〈f〉)

= qm−w
∏
i∈T

(
|Ii|+ li − 1

li

)
q−ili

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiq−ijiJ

∑
i∈T

i(li + ji) ≤ mK

+ [〈f〉zm
∏
i∈T

ulii ]J
w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)
.
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Proof We note that

N∗(m,
∏
i∈T

I lii , 〈f〉) = [〈f〉zm
∏
i∈T

ulii ]H(z, u),

and

H(z, u) = E

∑
d≥0

qdzd

∏
i∈T

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiziji

∑
ri≥0

(
|Ii|+ ri − 1

ri

)
ziriuri

i

+ J

w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)
.

For the first line, extracting the coefficient of ∏i∈T u
li
i , we have

[
∏
i∈T

ulii ]EH(z, u) = E

∑
d≥0

qdzd

∏
i∈T

(
|Ii|+ li − 1

li

)
zili

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiziji .

Extracting the coefficient of zm, we have

[zm
∏
i∈T

ulii ]EH(z, u)

= Eqm
∏
i∈T

(
|Ii|+ li − 1

li

)
q−ili

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiq−ijiJ

∑
i∈T

i(li + ji) ≤ mK

Using the definition of E and extracting 〈f〉, we have

[〈f〉zm
∏
i∈T

ulii ]EH(z, u)

= qm−w
∏
i∈T

(
|Ii|+ li − 1

li

)
q−ili

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiq−ijiJ

∑
i∈T

i(li + ji) ≤ mK.

Adding [〈f〉zm∏i∈T u
li
i ]JH(z, u), we obtain the result.
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5 Large Degree Monic Polynomials

In this section, we derive some simpler consequences under certain restric-

tions such as when the degree of polynomials are very large. The degree

restrictions are too large to apply to some coding theory applications, such

as the Reed-Solomon codes. However, the material extends results from [8, 9]

by allowing for prescribed coefficients.

Theorem 3 Suppose that ∑i∈T i|Ii| ≤ m− w. Then

N(m,
∏
i∈T

Iri
i , 〈f〉) = qm−w

∏
i∈T

(
|Ii|
ri

)
(1/qi)ri(1− 1/qi)|Ii|−ri

Proof Suppose ∑i∈T i|Ii| ≤ m− w. Note that

N(m,
∏
i∈T

Iri
i , 〈f〉)

= qm−w
∏
i∈T

(
|Ii|
ri

)
q−iri

|Ii|−ri∑
ji=0

q−iji
(
|Ii| − ri
ji

)
(−1)jiJ

∑
i∈T

i(ri + ji) ≤ mK

+ [〈f〉zm
∏
i∈T

uri
i ]J

w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1)).

For the first line, if ji ≤ |Ii| − ri, then ri + ji ≤ |Ii|, so the bracket condition

holds true.

The term on the second line is a polynomial in z of degree less than

w +∑
i∈T i|Ii| ≤ m. Thus

[〈f〉zm
∏
i∈T

uri
i ]J

w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1)) = 0.
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Therefore,

N(m,
∏
i∈T

Iri
i , 〈f〉) = qm−w

∏
i∈T

(
|Ii|
ri

)
q−iri

|Ii|−ri∑
ji=0

q−iji
(
|Ii| − ri
ji

)
(−1)ji

= qm−w
∏
i∈T

(
|Ii|
ri

)
(1/qi)ri

|Ii|−ri∑
ji=0

(−1/qi)ji
(
|Ii| − ri
ji

)

= qm−w
∏
i∈T

(
|Ii|
ri

)
(1/qi)ri(1− 1/qi)|Ii|−ri .

When we fix T to contain only one single degree i, the formula for N further

simplifies, and the case w = 0 is well known.

Corollary 1 (Theorem 3 [9] when w = 0) Fix i ≥ 1. Suppose that m ≥

i|Ii|+w. Then the number of polynomials xm+a1xm−1 + · · ·+awx
m−w+g(x)

with g(x) ∈ Fq[x] of degree at most m−w−1, that have r distinct irreducible

factors of degree i, is

N(m, Iir, 〈xw + a1x
w−1 + · · ·+ aw〉) = qm−w

(
|Ii|
r

)
(1/qi)r(1− 1/qi)|Ii|−r.

Setting i = 1, we obtain the following result about the number of monic

polynomials with a given number of distinct linear factors with the highest

few consecutive terms prescribed. This formula can also obtained using the

sieve formula from [11].

Corollary 2 Suppose that m ≥ q+w. Fix a1, . . . , aw ∈ Fq. Then the number

of polynomials xm+a1xm−1 + · · ·+awx
m−w+g(x) with g(x) ∈ Fq[x] of degree

at most m− w − 1, that have r distinct linear factors, is

N(m, I1
r, 〈xw + a1x

w−1 + · · ·+ aw〉) = qm−w−r
(
q

r

)
(1− 1/q)q−r.

Setting w = 0, we obtain a known result about polynomials.
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Corollary 3 (Theorem 3 [8]) Suppose that m ≥ q. Then the number of

degree m monic polynomials of degree at that have r distinct linear factors,

is

N(m, I1
r, 1) = qm−w−r

(
q

r

)
(1− 1/q)q−r.

Theorem 4 Suppose that ∑i∈T i(|Ii|+ li) ≤ m− w. Then

N∗(m,
∏
i∈T

I lii , 〈f〉) = qm−w
∏
i∈T

(
|Ii|+ li − 1

li

)
(1/qi)li(1− 1/qi)|Ii|.

Proof Suppose ∑i∈T i(|Ii|+ li) ≤ m− w. Note that

N∗(m,
∏
i∈T

I lii , 〈f〉)

= qm−w
∏
i∈T

(
|Ii|+ li − 1

li

)
q−ili

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiq−ijiJ

∑
i∈T

i(li + ji) ≤ mK

+ [〈f〉zm
∏
i∈T

ulii ]J
w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)
.

For the first line, any term ji in the sum satisfies Ji ≤ |Ii|, so the bracket

condition holds.

For the second line,
∏
g∈Ii

1
1− 〈g〉ziui

=
∑
j≥0

aijz
jiuji

with aij ∈ C[G]. This means that

[
∏
i∈T

ulii ]J
w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)

is a polynomial in z over C[G] of degree less than ∑n
i=i i(|Ii| + li) + w ≤ m.

Hence,

[〈f〉zm
∏
i∈T

ulii ]J
w−1∑
d=0

∑
f∈Md

〈f〉zd
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)
= 0.
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Therefore,

N∗(m,
∏
i∈T

I lii , 〈f〉) = qm−w
∏
i∈T

(
|Ii|+ li − 1

li

)
q−ili

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiq−iji

= qm−w
∏
i∈T

(
|Ii|+ li − 1

li

)
(1/qi)li

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1/qi)ji

= qm−w
∏
i∈T

(
|Ii|+ li − 1

li

)
(1/qi)li(1− 1/qi)|Ii|.

When we fix T to contain only one single degree i, the formula for N∗ further

simplifies. In addition, the case w = 0 is well known.

Corollary 4 (Theorem 1 [9] when w = 0) Suppose that m ≥ i(|Ii|+ l) + w.

Then the number of polynomials xm + a1xm−1 + · · · + awx
m−w + g(x) with

g(x) ∈ Fq[x] of degree at most m − w − 1, that have l degree i irreducible

factors counting multiplicity, is

N∗(m, I li , 〈f〉) = qm−w
(
|Ii|+ l − 1

l

)
(1/qi)l(1− 1/qi)|Ii|.

Setting i = 1, we obtain the following results about the number of monic

polynomials with a given number of linear factors counting multiplicity with

the highest few consecutive terms prescribed.

Corollary 5 Suppose that m ≥ q + l + w. Fix a1, . . . , aw ∈ Fq. Then the

number of polynomials xm + a1xm−1 + · · ·+ awx
m−w + g(x) with g(x) ∈ Fq[x]

of degree at most m−w− 1, that have l linear factors counting multiplicity,

is

N∗(m, I1
l, 〈xw + a1x

w−1 + · · ·+ aw〉) = qm−w−l
(
q + l − 1

l

)
(1− 1/q)q.

Setting w = 0, we obtain a known result about polynomials.
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Corollary 6 (Theorem 1 [8]) Suppose that m ≥ q+l. Then the number of

monic degree m polynomials that have l linear factors counting multiplicity,

is

N∗(m, I1
l, 1) = qm−l

(
q + l − 1

l

)
(1− 1/q)q.
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6 General Results about Monic Polynomials

In this section, we focus on the special case when w = 0. In this case, no

coefficients are prescribed, so we are simply counting monic polynomials that

have a certain factorization pattern.

When w = 0, we have G = {1}. This means that for all 〈f〉 ∈ G, 〈f〉 = 1.

Theorem 5 We have the following formula for N(m,∏i∈T I
ri
i , 〈f〉) when

w = 0:

N(m,
∏
i∈T

Iri
i , 〈f〉)

= qm
∏
i∈T

(
|Ii|
ri

)
q−iri

|Ii|−ri∑
ji=0

q−iji
(
|Ii| − ri
ji

)
(−1)jiJ

∑
i∈T

i(ri + ji) ≤ mK

Proof The result follows from Theorem 1 by setting w = 0.

When we set T = {i}, we obtain the known results for the number of de-

gree m monic polynomials with a given number of distinct degree i irreducible

factors.

Corollary 7 (Theorem 3 [9]) The number of degree m monic polynomials

over Fq with r distinct irreducible degree i factors is

N(m, Iir, 1) = qm−ir
(
|Ii|
r

) bm/ic−r∑
j=0

q−ij
(
|Ii| − r
j

)
(−1)j.

Proof The result follows from Theorem 5 by setting T = {i}.

35



Corollary 8 (Theorem 3 [8]) The number of degree m monic polynomials

over Fq with r distinct linear factors is

N(m, I1
r, 1) = qm−r

(
q

r

)
m−r∑
j=0

q−j
(
q − r
j

)
(−1)j.

Proof The result follows from Corollary 7 since |I1| = q.

In addition to these results, we can also obtain an exact formula for the

number of n-smooth degree m monic polynomials by using Theorem 5. This

formula is useful when n is close in size to m.

Corollary 9 The number of n-smooth monic polynomials over Fq with de-

gree m is

N(m,
m∏

i=n+1
I0
i , 1) = qm

m∏
i=n+1

|Ii|∑
ji=0

q−iji
(
|Ii|
ji

)
(−1)jiJ

m∑
i=n+1

iji ≤ mK.

Proof A degree m polynomial is n-smooth if it contains no factors above

degree n. Hence, we can obtain this result by setting T = {n+1, . . . ,m} and

then checking polynomials with no irreducible factors in T with Theorem

5.

We can obtain a similar result to Theorem 5 when multiplicity of the

factors are counted.

Theorem 6 We have the following formula for N∗(m,∏i∈T I
li
i , 〈f〉) when

w = 0.

N∗(m,
∏
i∈T

I lii , 〈f〉)

= qm
∏
i∈T

(
|Ii|+ li − 1

li

)
q−ili

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiq−ijiJ

∑
i∈T

i(li + ji) ≤ mK
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Proof The result follows from Theorem 2 by setting w = 0.

When we set T = {i}, we obtain the known expression for the number

of degree m monic polynomials with a number of degree i irreducible factors

counting multiplicity.

Corollary 10 (Theorem 3 [9]) The number of degree m monic polynomi-

als over Fq with l irreducible degree i factors counting multiplicity is

N∗(m, I li , 1) = qm−il
(
|Ii|+ l − 1

l

) bm/ic−l∑
j=0

(
|Ii|
j

)
(−1)jq−ij

Setting i = 1 gives the known result on the number of degree m monic

polynomials with a given number of linear factors counting multiplicity.

Corollary 11 (Theorem 1 [8]) The number of degree m monic polynomi-

als over Fq with l linear factors counting multiplicity is

N∗(m, I l1, 1) = qm−l
(
q + l − 1

l

)
m−l∑
j=0

(
q

j

)
(−1)jq−j

In addition to these results, we can obtain another exact formula for the

number of n − smooth degree m monic polynomials by using Theorem 6.

This formula is useful when n is close in size to 1.

Corollary 12 The number of monic n-smooth polynomials over Fq with de-

gree m is

∑
l1+2l2+···+nln=m

N∗(m,
n∏
i=1

I lii , 1) =
n∏
i=1

∑
li≥0

(
|Ii|+ li − 1

li

)
J
n∑
i=1

ili = mK.

Proof A degree m monic polynomial is n-smooth if it contains no fac-

tors with degree greater than n. Hence, summing over all cases with T =
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{1, . . . , n}, where the polynomials are products of factors with degrees in T

with Theorem 6, we obtain the result.

As a result of Corollaries 9 and 12, we have an identity for the number

of degree m n-smooth polynomials. This number is given by

qm
m∏

i=n+1

|Ii|∑
ji=0

q−iji
(
|Ii|
ji

)
(−1)jiJ

m∑
i=n+1

iji ≤ mK

=
n∏
i=1

∑
li≥0

(
|Ii|+ li − 1

li

)
J
n∑
i=1

ili = mK.

We verify this identity can be proven in an elementary way from the

unique factorization of monic polynomials, since
∏
i≥1

(1− zi)−|Ii| =
∑
k≥0

qkzk (23)

Using generating functions, as mentioned in [17], the number of degree m

n-smooth monic polynomials is

[zm]
n∏
i=1

(1− zi)−|Ii| = [zm]
n∏
i=1

∑
li≥0

(
|Ii|+ li − 1

li

)
zili

=
n∏
i=1

∑
li≥0

(
|Ii|+ li − 1

li

)
J
n∑
i=1

ili = mK.

Using equation (23), we have that
n∏
i=1

(1− zi)−|Ii| =
∑
k≥0

qkzk
∏

i≥n+1
(1− zi)|Ii|.

Hence, as also mentioned in [17], the number of degree m n-smooth monic

polynomials is also given by

[zm]
∑
k≥0

qkzk
∏

i≥n+1
(1− zi)|Ii| = [zm]

∑
k≥0

qkzk
∏

i≥n+1

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiziji

= qm
m∏

i=n+1

|Ii|∑
ji=0

q−iji
(
|Ii|
ji

)
(−1)jiJ

m∑
i=n+1

iji ≤ mK.
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In general, exact results in this section, such as the number of degree m

n-smooth monic polynomials, can be extended to the case where the second

highest degree term of the polynomial is prescribed.
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7 Results about Monic Polynomials with Sec-

ond Highest Degree Term Prescribed

In this chapter, we consider the case where w = 1. In this case, we are able

to obtain the exact formulas for the number of degree m polynomials of the

form f(x) = xm + αxm−1 + g(x), where g(x) ∈ Fq[x] has degree at most

m− 2, α ∈ Fq is fixed, and f has a fixed number of irreducible factors of any

degree, with or without multiplicity counted.

In order to do so, we use the formula for the number of degree m monic

irreducible polynomials when the second highest degree term is prescribed.

More explicitly, the number of degree i irreducible polynomials of the form

f(x) = xi + αxi−1 + g(x), for g ∈ Fq[x] of degree at most i − 2 and fixed

α ∈ Fq is

|{〈f〉 ∈ Ii, 〈f〉 = 〈x+ α〉}| = Ii(〈x+ α〉) = ai + biJα = 0K, (24)

where

ai = 1
iq

∑
p-k|i

µ(k)qi/k, (25)

bi = 1
i

∑
p|k|i

µ(k)qi/k. (26)

In general, we can obtain answers that are in terms of ai, bi, and |Ii|. This

turns out to be sufficient for obtaining the known formula for the number of

degree m monic polynomials with r distinct roots when the second highest

degree term is prescribed. In addition, we obtain an analogue of this formula

when the multiplicity of the roots is counted.
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We also obtain formulas for the number of monic n-smooth polynomials

with degree m when the second highest degree term is prescribed in a similar

way to the case w = 0 and obtain similar looking identities.

When w = 1, we have G = {〈x+ α〉 : α ∈ Fq}, and

〈x+ α〉〈x+ β〉 = 〈x+ α + β〉.

For α ∈ Fq, note that

〈x+ α〉k = 〈x+ kα〉.

Using 〈x〉 = 1, it follows that
∑
α∈Fq

(〈x+ α〉)k =
∑
α∈Fq

(〈x+ kα〉) = q〈x〉Jp | kK +
∑
α∈Fq

(〈x+ α〉)Jp - kK

= qJp | kK + qEJp - kK.

Using EJ = 0, it follows that

J
∑
α∈Fq

(〈x+ α〉)k = qJJp | kK.

For k ≥ 1 using Jk = J , we have

Jk
∑
α∈Fq

(〈x+ α〉)k = JkqJp | kK. (27)

Using this formula, we obtain some facts which are useful for deriving

results for N and N∗ when w = 1.

Proposition 9 We have the following facts:

1)J
∏
α∈Fq

(1 + 〈x+ α〉y) = J(1− (−y)p)
q
p ,

2)J
∏
α∈Fq

1
1− 〈x+ α〉y

= J

(
1

1− yp

) q
p

.
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Proof 1) Using Proposition 4, Equation (27), and the power series definition

for exp and log, we have

J
∏
α∈Fq

(1 + 〈x+ α〉y) = J
∏
α∈Fq

(1 + 〈x+ α〉Jy)

= J exp
∑
α∈Fq

ln(1 + 〈x+ α〉Jy)


= J exp
∑
α∈Fq

∑
k≥1

(−1)k−1 〈x+ α〉kJkyk

k


= J exp

∑
k≥1

(−1)k−1J
kyk

k
(qJp | kK)


= J exp

∑
k≥1

(−1)k−1y
k

k
(qJp | kK)


= J exp

−q
p

∑
k≥1

(−y)pk
k


= J exp

(
q

p
ln(1− (−y)p)

)

= J(1− (−y)p)
q
p .
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2) Similarly, we have

J
∏
α∈Fq

1
1− 〈x+ α〉y

= J
∏
α∈Fq

1
1− 〈x+ α〉Jy

= J exp
∑
α∈Fq

ln
(

1
1− 〈x+ α〉Jy

)
= J exp

∑
α∈Fq

∑
k≥1

〈x+ α〉kJkyk

k


= J exp

∑
k≥1

Jkyk

k
(qJp | kK)


= J exp

q
p

∑
k≥1

ypk

k


= J exp

(
q

p
ln
(

1
1− yp

))

= J

(
1

1− yp

) q
p

.

Define the following numbers:

Am(a, 0) =
(
aq/p

m/p

)
(−1)m+m/pJp | mK, (28)

Bm(a, 0) =
(
aq/p+m/p− 1

m/p

)
Jp | mK, (29)

and, for b 6= 0,

Am(a, b) =
bm/pc∑
j=0

(
aq/p

j

)(
b

m− pj

)
(−1)j+pj, (30)

Bm(a, b) =
bm/pc∑
j=0

(
aq/p+ j − 1

j

)(
b+m− pj − 1

m− pj

)
. (31)

Combining these numbers with (9), we obtain information related to the

set of monic irreducible polynomials of degree i.
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Proposition 10 We have the following properties.

1)J
∏
f∈Ii

(1 + 〈f〉y) = J
∑
m≥0

Am(ai, bi)ym.

2)J
∏
f∈Ii

1
1− 〈f〉y = J

∑
m≥0

Bm(ai, bi)ym.

Proof

1) Using 〈x〉 = 1 and Ii(〈x+ α〉) = ai + biJα = 0K, Jk = J for k ≥ 1, and

Proposition 9, we have

J
∏
f∈Ii

(1 + 〈f〉y) = J
∏
α∈Fq

(1 + 〈x+ α〉y)ai+biJα=0K

= J(1 + 〈x〉y)bi
∏
α∈Fq

(1 + 〈x+ α〉y)ai

= J(1− (−y)p)
aiq

p (1 + y)bi

= J
∑
m≥0

bm/pc∑
j=0

(
aiq/p

j

)
(−1)j(−1)pj

(
bi

m− pj

)
ym

= J
∑
m≥0

bm/pc∑
j=0

(
aiq/p

j

)(
bi

m− pj

)
(−1)j+pjym

= J
∑
m≥0

Am(ai, bi)ym.
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2) Similarly, we have

J
∏
f∈Ii

1
1− 〈f〉y = J

∏
α∈Fq

(
1

1− 〈x+ α〉y

)ai+biJα=0K

= J

(
1

1− 〈x〉y

)bi ∏
α∈Fq

(
1

1− 〈x+ α〉y

)ai

= J

(
1

1− yp

)aiq

p
(

1
1− y

)bi

= J
∑
m≥0

bm/pc∑
j=0

(
aiq/p+ j − 1

j

)(
bi +m− pj − 1

bi

)
ym

= J
∑
m≥0

Bm(ai, bi)ym.

Using Proposition 10, we can obtain formulas for N and N∗ when w = 1.

Theorem 7 Suppose w = 1. Then

N(m,
∏
i∈T

Iri
i , 〈x+ α〉)

= qm−1 ∏
i∈T

(
|Ii|
ri

)
q−iri

|Ii|−ri∑
ji=0

q−iji
(
|Ii| − ri
ji

)
(−1)jiJ

∑
i∈T

i(ri + ji) ≤ mK

+ v(α)
q

∏
i∈T

∑
ki≥0

Aki
(ai, bi)

(
ki
ri

)
(−1)ki−riJ

∑
i∈T

iki = mK,

where v(α) = qJα = 0K− 1.
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Proof Using Theorem 1, we have

N(m,
∏
i∈T

Iri
i , 〈x+ α〉)

= qm−1 ∏
i∈T

(
|Ii|
ri

)
q−iri

|Ii|−ri∑
ji=0

q−iji
(
|Ii| − ri
ji

)
(−1)jiJ

∑
i∈T

i(ri + ji) ≤ mK

+ [〈x+ α〉zm
∏
i∈T

uri
i ]J

∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1)).

Using Jk = J for any positive integer k and Proposition 10, we have

[〈x+ α〉zm
∏
i∈T

uri
i ]J

∏
i∈T

∏
g∈Ii

(1 + 〈g〉zi(ui − 1))

= [〈x+ α〉zm
∏
i∈T

uri
i ]J

∏
i∈T

∑
ki≥0

Aki
(ai, bi)ziki(ui − 1)ki

Extracting coefficients of the ui using the Binomial Theorem,

= [〈x+ α〉zm]J
∏
i∈T

∑
ki≥0

Aki
(ai, bi)ziki

(
ki
ri

)
(−1)ki−ri

Extracting the coefficient of z,

= [〈x+ α〉]J
∏
i∈T

∑
ki≥0

Aki
(ai, bi)

(
ki
ri

)
(−1)ki−riJ

∑
i∈T

iki = mK.

Using J = 1− E = 1
q

∑
α∈Fq

v(α)〈x+ α〉, and extracting 〈x+ α〉,

= v(α)
q

∏
i∈T

∑
ki≥0

Aki
(ai, bi)

(
ki
ri

)
(−1)ki−riJ

∑
i∈T

iki = mK,

Combining the pieces together, we have the result.

In the following special case, we obtain a simpler result.
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Corollary 13 Suppose w = 1. Suppose that p - i for each i.

If p - m, then

N(m,
∏
i∈T

Iri
i , 〈x+ α〉)

= qm−1 ∏
i∈T

(
|Ii|
ri

)
q−iri

|Ii|−ri∑
ji=0

q−iji
(
|Ii| − ri
ji

)
(−1)jiJ

∑
i∈T

i(ri + ji) ≤ mK.

If p | m, then

N(m,
∏
i∈T

Iri
i , 〈x+ α〉)

= qm−1 ∏
i∈T

(
|Ii|
ri

)
q−iri

|Ii|−ri∑
ji=0

q−iji
(
|Ii| − ri
ji

)
(−1)jiJ

∑
i∈T

i(ri + ji) ≤ mK

+ v(α)
q

∏
i∈T

|Ii|/p∑
ki=0

(
|Ii|/p
ki

)(
pki
ri

)
(−1)ki−riJ

∑
i∈T

iki = m/pK,

where v(α) = qJα = 0K− 1.

Proof The result follows from Theorem 7 by setting bi = 0 for each i, and

using (28), and noting that qai = |Ii| for p - i.

Setting T = {1}, we obtain the known result for the number of monic

polynomials with a given number of linear factors when the coefficient in

front of the second highest ordered term is fixed.

Corollary 14 (Theorem 3.1 [20]) The number of monic polynomials over

Fq of the form xm+αxm−1 +g(x) for fixed α ∈ Fq, where g ∈ Fq[x] has degree

at most m− 2, that have r distinct linear factors is given as follows:

If p - m, then

N(m, Ir1 , 〈x+ α〉) = qm−r−1
(
q

r

)
m−r∑
j=0

q−j
(
q − r
j

)
(−1)j.
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If p | m, then

N(m, Ir1 , 〈x+ α〉) =qm−r−1
(
q

r

)
m−r∑
j=0

q−j
(
q − r
j

)
(−1)j

+ v(α)
q

(
q/p

m/p

)(
m

r

)
(−1)m/p−r,

where v(α) = qJα = 0K− 1.

Proof The result follows from Theorem 7 by taking T = {1}, and using

|I1| = q.

Now, we state a result about degree m monic n-smooth polynomials with

a prescribed coefficient in front of the second highest ordered term, which

comes from Theorem 7. This formula is most useful when n is large.

Corollary 15 The number of monic n-smooth polynomials over Fq of the

form xm +αxm−1 + g(x) for fixed α ∈ Fq, where g ∈ Fq[x] has degree at most

m− 2 is

N(m,
m∏

i=n+1
I0
i , 〈x+ α〉) = qm−1

m∏
i=n+1

|Ii|∑
ji=0

q−iji
(
|Ii|
ji

)
(−1)jiJ

m∑
i=n+1

iji ≤ mK

+ v(α)
q

m∏
i=n+1

∑
ki≥0

Aki
(ai, bi)(−1)kiJ

m∑
i=n+1

iki = mK,

where v(α) = qJα = 0K− 1.

Proof The result follows from Theorem 7 by setting T = {n+1, . . . ,m} and

using the fact that a monic polynomial is n-smooth if it has no irreducible

factors with degree larger than n.

Next, we give the general theorem for N∗. That is the case where the

multiplicity of the the factors is counted. The result is as follows.
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Corollary 16 Suppose w = 1. Then

N∗(m,
∏
i∈T

I lii , 〈x+ α〉)

= qm−1 ∏
i∈T

(
|Ii|+ li − 1

li

)
q−ili

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiq−ijiJ

∑
i∈T

i(li + ji) ≤ mK

+ v(α)
q

∏
i∈T

Bli(ai, bi)
∑
ki≥0

Aki
(ai, bi)(−1)kiJ

∑
i∈T

i(li + ki) = mK,

where v(α) = qJα = 0K− 1.

Proof Using Theorem 2, we have

N∗(m,
∏
i∈T

I lii , 〈x+ α〉)

= qm−1 ∏
i∈T

(
|Ii|+ li − 1

li

)
q−ili

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiq−ijiJ

∑
i∈T

i(li + ji) ≤ mK

+ [〈a+ α〉zm
∏
i∈T

ulii ]J
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)
.

Using Jk = J for any positive integer k, applying Proposition 10, and ex-

tracting coefficients of the ui, z, and then 〈x+ α〉, we have

[〈x+ α〉zm
∏
i∈T

ulii ]J
∏
i∈T

∏
g∈Ii

(
1− 〈g〉zi

1− 〈g〉ziui

)

= [〈x+ α〉zm]J
∏
i∈T

Bli(ai, bi)zili
∑
ki≥0

Aki
(ai, bi)(−zi)ki

= [〈x+ α〉zm]J
∏
i∈T

Bli(ai, bi)
∑
ki≥0

Aki
(ai, bi)(−1)kizi(li+ki)

= [〈x+ α〉]J
∏
i∈T

Bli(ai, bi)
∑
ki≥0

Aki
(ai, bi)(−1)kiJ

∑
i∈T

i(li + ki) = mK

= v(α)
q

∏
i∈T

Bli(ai, bi)
∑
ki≥0

Aki
(ai, bi)(−1)kiJ

∑
i∈T

i(li + ki) = mK,
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since J = 1− E = 1
q

∑
α∈Fq

v(α)〈x+ α〉. Hence, the result follows.

As a corollary to Theorem 16, we have the following simpler result.

Corollary 17 Suppose w = 1. Suppose that p - i for each i.

If p - m or p - li for some i, then

N∗(m,
∏
i∈T

I lii , 〈x+ α〉)

= qm−1 ∏
i∈T

(
|Ii|+ li − 1

li

)
q−ili

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiq−ijiJ

∑
i∈T

i(li + ji) ≤ mK.

If p | m and p | li for each i, then

N∗(m,
∏
i∈T

I lii , 〈x+ α〉)

= qm−1 ∏
i∈T

(
|Ii|+ li − 1

li

)
q−ili

|Ii|∑
ji=0

(
|Ii|
ji

)
(−1)jiq−ijiJ

∑
i∈T

i(li + ji) ≤ mK

+ v(α)
q

∏
i∈T

(
|Ii|/p+ li/p− 1

li/p

) |Ii|/p∑
ki=0

(
|Ii|/p
ki

)
(−1)pkiJ

∑
i∈T

i(li/p+ ki) = m/pK

where v(α) = qJα = 0K− 1.

Proof The result follows from Theorem 16 by setting bi = 0 for each i, using

(28) and (29), and noting that qai = |Ii| for p - i.

From this corollary, we can obtain the number of degree m monic poly-

nomials f(x) with a given number of roots counting multiplicity, with a fixed

coefficient of xm−1. The result is new and is similar in style to the distinct

root case. The result is provided below.

Corollary 18 The number of monic polynomials over Fq of the form xm +

αxm−1 + g(x) for fixed α ∈ Fq, where g(x) ∈ Fq[x] has degree at most m− 2

that have l linear factors counting multiplicity is given as follows:
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If p - m or p - l, then

N∗(m, I l1, 〈x+ α〉) = qm−l−1
(
q + l − 1

l

)
m−l∑
j=0

(
q

j

)
(−1)jq−j

If p | m and p | l, then

N∗(m, I l1, 〈x+ α〉) = qm−l−1
(
q + l − 1

l

)
m−l∑
j=0

(
q

j

)
(−1)jq−j

+ v(α)
q

(
q/p+ l/p− 1

l/p

)(
q/p

(m− l)/p

)
(−1)m−l

where v(α) = qJα = 0K− 1.

Proof The result follows from Corollary 17 by taking T = {1}, and using

|I1| = q.

Using Theorem 16, we obtain another formula for the number of n-smooth

degree m monic polynomials with a prescribed coefficient in front of the term

of degree m − 1. The result looks different from Theorem 15 and is useful

when n is small.

Corollary 19 The number of monic n-smooth polynomials over Fq of the

form xm +αxm−1 + g(x) for fixed α ∈ Fq, where g ∈ Fq[x] has degree at most

m− 2 is

∑
l1+2l2+···+nln=m

N∗(m,
n∏
i=1

I lii , 〈x+ α〉) = 1
q

n∏
i=1

∑
li≥0

(
|Ii|+ li − 1

li

)
J
n∑
i=1

ili = mK

+v(α)
q

n∏
i=1

∑
li≥0

Bli(ai, bi)J
n∑
i=1

ili = mK,

where v(α) = qJα = 0K− 1.

Proof A degree m monic polynomial is n-smooth if it contains no factors

above degree n. Hence, summing over all cases with T = {1, . . . , n} with
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Theorem 16, where the polynomials are products of factors with degrees in

T , we obtain the result.

As a result of Corollaries 15 and 19, we have the following identity for the

number of degree m monic n-smooth polynomials of the form xm +αxm−1 +

g(x), where α ∈ Fq is fixed and g(x) ∈ Fq[x] has degree at most m− 2. This

number is given by

qm−1
m∏

i=n+1

|Ii|∑
ji=0

q−iji
(
|Ii|
ji

)
(−1)jiJ

m∑
i=n+1

iji ≤ mK

+ v(α)
q

m∏
i=n+1

∑
ki≥0

Aki
(ai, bi)(−1)kiJ

m∑
i=n+1

iki = mK

= 1
q

n∏
i=1

∑
li≥0

(
|Ii|+ li − 1

li

)
J
n∑
i=1

ili = mK

+ v(α)
q

n∏
i=1

∑
li≥0

Bli(ai, bi)J
n∑
i=1

ili = mK

where v(α) = qJα = 0K− 1.

This result can be verified directly using generating functions in a similar

way to the case w = 0. From generating functions, the number of degree m

n-smooth polynomials of the form xm + αxm−1 + g(x), where α ∈ Fq is fixed

and g(x) ∈ Fq[x] has degree at most m− 2, is given by

[〈x+ α〉zm]
n∏
i=1

∏
f∈Ii

(1− 〈f〉zi)−1.

From unique factorization of monic polynomials, we have

F (z) =
∏
i≥1

∏
f∈Ii

(1− 〈f〉zi)−1 = 1 +
∑
k≥1

∑
f∈Mk

〈f〉zk. (32)

Using E〈f〉 = E and E2 = E, we have

EF (z) = E
∏
i≥1

(1− zi)−|Ii| = E
∑
k≥0

qkzk. (33)
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Using J∑f∈Mk
〈f〉 = 0 for k ≥ w = 1, we have

JF (z) = J
∏
i≥1

∏
f∈Ii

(1− 〈f〉zi)−1 = J. (34)

Applying F (z) = ∏
i≥1

∏
f∈Ii

(1 − 〈f〉zi)−1 to equations (33) and (34), we

obtain

E
n∏
i=1

∏
f∈Ii

(1− 〈f〉zi)−1 = E
n∏
i=1

(1− zi)−|Ii| = E
∑
k≥0

qkzk
∏

i≥n+1
(1− zi)|Ii|,

J
n∏
i=1

∏
f∈Ii

(1− 〈f〉zi)−1 = J
∏

i≥n+1

∏
f∈Ii

(1− 〈f〉zi).

From Proposition 10, we have

J
n∏
i=1

∏
f∈Ii

(1− 〈f〉zi)−1 = J
∏
i≥1

∑
k≥0

Bk(ai, bi)zik,

J
∏

i≥n+1

∏
f∈Ii

(1− 〈f〉zi) =
∏

i≥n+1

∑
k≥0

Ak(ai, bi)(−1)kzik.

Hence, using E + J = 1, we obtain
n∏
i=1

∏
f∈Ii

(1− 〈f〉zi)−1

= E
n∏
i=1

(1− zi)−|Ii| + J
∏
i≥1

∑
k≥0

Bk(ai, bi)zik

= E
∑
k≥0

qkzk
∏

i≥n+1
(1− zi)|Ii| + J

∏
i≥n+1

∑
k≥0

Ak(ai, bi)(−1)kzik.
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Using E = 1
q

∑
α∈Fq
〈x+ α〉 and J = 1−E = 1

q

∑
α∈Fq

v(α)〈x+ α〉, we obtain

[〈x+ α〉zm]
n∏
i=1

∏
f∈Ii

(1− 〈f〉zi)−1

= 1
q

n∏
i=1

∑
li≥0

(
|Ii|+ li − 1

li

)
J
n∑
i=1

ili = mK

+ v(α)
q

n∏
i=1

∑
li≥0

Bli(ai, bi)J
n∑
i=1

ili = mK

= qm−1
m∏

i=n+1

|Ii|∑
ji=0

q−iji
(
|Ii|
ji

)
(−1)jiJ

m∑
i=n+1

iji ≤ mK

+ v(α)
q

m∏
i=n+1

∑
ki≥0

Aki
(ai, bi)(−1)kiJ

m∑
i=n+1

iki = mK,

as desired.
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8 Conclusion

In this project, we adapted the generating functions method from [6, 7] in

order to find the number of degree m monic polynomials f whose first w

coefficients are fixed, when f has a given distribution of irreducible factors

from different degrees. From our general results, we were able to recover and

extend formulas from numerous research papers, such as [2, 7, 8, 9, 20]. For

polynomials of sufficiently large degree, we extended the known results to

allow for any number of consecutive prescribed leading coefficients w given

any factorization pattern. For polynomials of arbitrary degree, we found

general formulas when w ≤ 1 for any factorization. For the case w = 0, we

recovered known results from several papers. For the case w = 1, we obtained

some new results, including two formulas for the number of n-smooth monic

degree m polynomials with the first coefficient fixed.

In the future, it could be interesting to try to extend the results from the

case w = 1 to the case w = 2. This could help further develop our generating

functions method in order to address coding theory applications. The case

w = 2 is known in general for irreducible degree m monic polynomials, and in

special cases for degree m monic polynomials with a given number of distinct

linear factors. Given that the case w = 1 harder than the case w = 0, we

expect the case w = 2 to be more difficult than than the case w = 1. However,

given the known results on the case w = 2, we expect this case to be feasible

for a future project. Polynomials used in Reed-Solomon codes have degree

less than the size of the field. Thus, we plan to study the case w = 2 for low

degree polynomials in the future.
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