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1 Introduction

We start with the basic definition of Discrete time Markov Chain. Then
move to the hidden Markov Models(HMM).

1.1 Discrete time Markov Chain

Definition 1.1.1 (Discrete time Markov Chain) Let S be a countable
set. Fach element s € S is the state and S is the state-space.

1) The distribution of X is so called initial distribution v

2) for k = 0, P(Xk+1 :j|Xk = ’i,...Xo = SL’Q) = P(Xk+1 :]|Xk = Z) =
pij, where (p;; : j € S) is a probability distribution.

For short, we called (X)r>o as Markov (v, P). P is a transition matrix

Definition 1.1.2 (Irreducible)

If P(Xyg =14,X,, = j for some n € N)>0 for all 7,5 € S, we say P is
irreducible. That is, we can always reach the state j, starting from state .

(Vi,j € S)
Definition 1.1.3 (Stationary distribution)

Let 7 be a probability distribution. 7 is a stationary distribution of P if
and only if 7P = 7 and 7 is strictly positive.

For instance, let S = (0, 1)

3/4 1/4
s

is a transition matrix on S and 7 = (16/21,5/21). Moreover, P is irre-
ducible.



1.2 Definition of HMM

Definition 1.2.1 We define the hidden Markov Model (X, Yi)r=0 as
1)(Xk)k=0 follows Markov(v, P)

2) The observation process (Y})x>o is conditionally independent given the
hidden chain (Xj)gs0. The distribution of Y, depends on X} only for any
given k.

If Y is a discrete random variables, the distribution of Y} given (X )0
can be written as P(Y; = y|(Xi)i=0 = (20,21, 29,...)) = P(Yy = y| Xy =
ry) = Poa) (Y = y). () is the parameter of the distribution. Also P(Yy =
Yos - - Yo = Ynl(Xi)kso = (20, 21,22, ...)) = [[1—g P(Ye = y| X = xp). Y
is a continuous random variables, we should replace the P(Yy = yi| Xy = x)
with the probability density function g(yx| Xy = xx).

Such relationship between X, and Yj can be described in the following
graph
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Figure 1.1: (Xj)r = 0 is the unobservable Markov Chain and (Yj), = 0 is
the observable time series

Example 1. Let (Xj)i>o follow a two state (0,1) Markov chain with tran-
sition probability pog; = P(Xy = 1| X1 = 0) = 1/4 and pyg = P(X) =
0| X1 = 1) = 4/5 for k > 1. Therefore, pog = 1 — po1 = 3/4 and
pn1 = 1 — pip = 1/5, the transition probabilities do not depend on time
k.

3/4 1/4
s s

We also set the initial distribution of X, to vg = P(Xy = 0) = 1/2 and
vy = P(Xo =1) = 1/2. Let (Yi)r=0 have the exponential distribution with

parameter \, with
1, Xx=0
Ak/, — Y k}
2a Xk = ]-7
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Figure 1.2: (Xj)r = 0 is the unobservable Markov Chain and (Yj), > 0 is
the observable time series

As in figure 1.2, suppose we obtain the Xy =1, X; = 0, and Xy = 1, then
Yy, Y1, Y, are independent exponential variables with parameters 2,1 and 2.

A

In this project, we are interested in 2 targets.

1) Use recursive method to find the condition distribution of X; given the
observation process (Yy)o<k<n fori =0,1,...,n.

2) Apply the simulation to estimate the E(f(Xo,..., X,)|(Yx)o<k<n) for
arbitrary bounded real value function f : S™*Y) — R, where S is the state
space of Xi, k=0,...,n

We will assume the hidden chain is discrete time finite state
Markov Chain in our project. This implies the X} takes value from a
finite set and k is an integer.



1.3 Likelihood for HMM

Example 2. Before talking about the HMM, we start with a bivariate distri-
bution (X,Y) and assume the joint distribution is f(x,y) with (z,y) belong
to some set A. So f(x,y)eA f(z,y)dzdy = 1. We further assume Y is ob-
servable and X is unobservable. Thus, the likelihood of Y equal to y is the
marginal probability density function f(y) = [ f(z,y)dz.

For any bounded function i : A — R, the expected value E(h(X,Y)|Y =

y) = [ hz,y)f(zly)de = [ h(z,y)f(z,y)/f(y)dx. Therefore, in order to
find the conditional expected value of E(h(X,Y)|Y = y), we need to find

the f(y), which is the likelihood of y. A

Now, let go back to the conditional expectation of HMM. We assume the
observable process Y follows the discrete distribution and (Yp, Y1,...Y,) =

(Yo, Y1 - - - yn) is given.

E(h((Xk)ask<o)| (Ye)oshen = Youm)
= Z h(2ap) - P((Xk)ask<t = Ton|(Yi)o<k<n = Yon))

Tg€S...xpES
= Z h(x b) . P(<Xk>a<k<b = ZL0:n, (Yk)ogkgn = yo:n))
zq€S...xpES " P((Yk)ogkgn = yO:n)
Whel"e La:b = (aj‘a’ Taily--- x())

If the observable process Y follows the continuous distribution, there is a
slight difference. Let f be the joint probability density of Yy, Y;,...Y,. For
any bounded function h, we have

E(h(Xo,Yo,... X\, Yy)) =

/ Z h(xo, Yo, - - - Tny Yn) P(Xo = 2o, ... Xyy = xp)
Yo,..Yn

(Xo,...Xn)=(z0,...xn)

X f(yO? N yTL|X0 = o, . - Xn - xn)dyodyl e dyn

Meanwhile, marginalizing the part of the hidden Markov Chain Xy, ... X,
we obtain the expectation of any bounded function h with observation pro-
cess 1s



E(h(Yy,...Y,)) =
/Y y h(yo, .- Yn) Z P(Xo = x0,... Xp = 2,)

(X0,--Xn)=(x0,...n)

X f(y07 - yn‘XO = To, - - Xn = xn)dyodyl R dyn

= / h(Yo, - - Yn) X L(yo, - - Yn)dyody; - . . dy,
Yo,...Yn

L(yo, - - - yn) is the probability density function of (Yp, Y, ...Y},). Finally,

E(h(Xo, ... Xo)|(Yo, ... Y) = (Yo, - - - Yn))
= L(yo,...yn) " X Z h(zo,...xn) X P(Xog=z0,... X, = xy,)

(X0, Xn)=(x0,...n)
X f(Yo, - Yn|Xo = xo,... Xpy = )

Now, let us explore some details of L(yo, ... ¥n).

Definition of Likelihood 1.3.1 a) Let the (Xj)i>o be the finite state
Markov(v, P) with state space S. The likelihood of the observable process
(Yi)k=o for Y(yo, . ..,yn,) is the probability density function L(yo,...y,). We
will simply set the conditional probability density of Y}, given Xy, as g(y| Xy =
xy). If the value y has been fixed earlier, then we write g(y|Xr = zx) as
gr(xy) for short. Since the probability density function g is now a function
of xy, given y. By the conditional independency assumption, we can express
TWos -yl Xo = 20,... Xy = x) as [[1_y gr(zx). We will further require
SUD_ o <y< oo xpes Ik (Th) < 0o for all k > 0.

L(yo,...,yn):Z...ZP(onxo,...Xn:xn)

zoES TR €S (1.1)
X f(Wo, - yn| Xo = zo,... Xy = x3)

As we have described earlier, we can write this relation with a slight abuse
of notation, omitting the values of y.

— Z,,,ZP(onxo,...Xn:xn)XHgk(l‘k) (1.2)

€S Tn €S



n

=3 ) (o) x [[ P(Xk = 2l Ximr = wmt) x [ [ onlz)  (1.3)

x9S €S k=1 k=0

- Z Z v(wo) X prk_lzk X Hgk($k) (1.4)

zo€ES Tn€S

We use the conditional independent property of (Yi)r=o at (1.2) and
Markov property of (Xj)r=o at (1.3). We will simply write L(yo,...,¥yn) =
L,, since once the (yo,...,y,) is observed, it is just a constant under our
assumption.

Definition of Likelihood 1.3.1 b) We also define L, (z,,) as the marginal
probability density of (o, ..Yn, Z,) with L,(z,) = L(yo,---,Yn,x,) for
n =0,1,2.... It is marginal probability density of the observable process
(Yo, Y1,...Y.) = (Yo, y1, - - - yn) and X,, = xy,.

L(yOw-'ayn)xn): Z Z P(X0:$07---Xn—1::En—laXn:'In)

zo€ES Tp—1E€S

X f(Yo, - yn| Xo = o, ... Xy = z3)

n—1 n—1

= Z Z v(xg) X prk—lwk X Hgk(l’k) X Pap_1zn X Gn(Tn)

zo€ES Tp—1ES k=1 k=0

(1.5)

The difference between L,, and L, (z,) is we fixed the last state. It is not

difficult to show that

Tn€S

The introduction of L, (z,) is to develop the recursive method.

Theorem 1.3.3 let L,, defined as above for all positive integer n, we have
such recursive relationship

Ln("”ﬂ) = Z Ln—l(xn—1> *Prn_qzn 'gn(xn) (1-7>

Tn_1€S

Proof. Since sup_ ., <00 x,es 9k (Xk) < 0o for all & > 0 by assumption. It is
safe to interchange the order of summation

7



n—1 n—1

L,(z,) = Z Z v(xg) X prk_lxk X Hgk(xk) X Day_yan X Gn(Tn)

zToES Tp_1ES k=1 k=0
n—1 n—1
= Z gn(xn) *Prp_izn Z Z U($0> X szkfwk X Hgk($k)
Tp_1E€S ToES Tp_2€ES k=1 k=0
= Z Ly 1(%p-1) * Pap_r2y - Gn(Tn)
Tn_1€S

Therefore, we can compute L,, recursively by (1.6) and (1.7).

1.4 Marginal Distribution and Joint distribution in HMM

Definition 1.4.1 Suppose the information of (Y)o<k<n is observed as
Yom- For 0 < a < b < n and Vg, € Sb—atl) = for any bounded function
h: St-etD) 5 R We define

Gapin(h) = E(h((Xk)a<k<s) | (Yr)o<k<n = Yom) (1.8)
For example, if we let h = I,_,, the indicator function of Xy, = 4.

¢a:b|n([:pa;b) = P((Xk)agkgb = xa:b‘(Yk>0<k<n = yO:n) (19>

Ga:bjn(Lz,,, ) is the conditional probability of (Xy)a<k<s = Tap, given (Yi)o<r<n =
Yon- If @ = b, we write (1.9) as @qjn(1y,) for short. ¢gn(ly,) is the marginal
distribution of X,, given (Y;)o<k<n = Yon-

Now, we are going to develop a recursive method of ¢y, (h) for
any k = 0,1,...,n. We will decompose ¢y,,(h) into forward part oy and
backward part SBjp,. Such recursive method can find the ¢y, (h) without
computing the joint probability density. It is costly to compute the joint
probability density when the size of observation is large. Since there have r"
states for P(Xo = zo,... X, = 2,|(Yo,...Yn) = (vo,---vyn)). We will show
the efficiency of recursive method in Example 5.



Moreover, the recursive method plays an important role in simulating
the conditional joint distribution P(Xy = zg,... X,y = z,|(Yo,...Y,) =
(Yo, - - - yn)). We will show it in Theorem 1.5.1(Markovian Backward Sam-

pling).
Defination 1.4.2 Let us define some notation first. For £k =0,1,...,n
given the observation process. Let h be any bounded function from S — R.

k (Yo, P Z ZPXO—3307---XI<::$I€)

ToES TRES

< fWo, - yel Xo = o, ... Xig = i) X h(wy,) (1.10)

_Z Z v(xo) Xprllxleg,:lehxk

ToES TEES

and

5k\n(yk+1 n Zli'k Z Z P Xk+1 = Tpq1,.. . Xp = xn’Xk = xk)

Tpy1E€S €S

X f(Ykats - Yn| Xps1 = Tpar, - - - X = Tp)

Z Z H Daiqz; X H 9i(x)

Tpr1E€S Tn€S i=k+1 i=k+1
(1.11)
Then
Pupn(h) = L, " - Z h(zy) - Yok Lay)  Brjn (Yrt15 Th) (1.12)
€S
where

The yo, in ag(yo.x, h) represent the dependence relationship. We omit
the writing of o, in the rest of project. That is, we will regard ay(h) as
(Yo, ) and By (k) as Brjn(Ykt1:m, x) for short. To verify (1.12), we can
use changing the order of summation and the Markov property.

Now let us show how to compute a;(h) and Sy,(r;) recursively.
Once we obtain ay(h) and By, (xx) for k= 0,...n, we are able to compute
Gk (h) for all k = 0,...n immediately by (1.12).

9



Theorem 1.4.3(The forward and backward recursive method)

1) For k = 1,2,...n and any bounded real valued function h. The forward
method is described as below

ar(h) = k) > ara(le,,) - Doy, - 9r(2) (1.13)

€S Tp_1E€S

and initial value is

an(h) = > h(xo) - v(wo) - golao) (1.14)

ToES

2) For k =n—1,n—2,...0 The backward method is described as below

Brjn (Tr) = Z Papzrss * et (Thr1) * Brgijn (Trs1) (1.15)

Th41 es

and initial value is

Proof. 1) For forward method, using (1.10) and changing the order of sum-
mation, we have

Oék<h):ZZP(X0:ZE0,Xk:I'k)

xo€S TRLES
X f(yo, - yk| Xo = o, ... Xi = x1) X h(xy)

k k
=) ) w(wo) x Hpmi_lxi X Hgi(ﬂci) x h(xy)

ToES Tp_1E€S

> h(mw{ DEND BIRTEES | (A ngxi)} <P % 91(0)

:L‘kES onS xk,1€S
= Z h(xk) Z ak—l(lﬂvk_1) *Pzp_yay, 'gk(xk)
€S TEp_1E€S

The proof of the backward method follow the same logic, so we omit the
detail proof. O

10



Proposition 1.4.4 For k =0,1,...n

Lk = Ozk(l)

Lo = a0(1) = e (Bu (). ¥ = 0, (117)

Proof. We regard i, (xx) as a function from S into R and use (1.10), (1.11),
and (1.4).

k
6k|n a;k Z Z xO X szz 125 H ($z> X 6k|n(xk) = Ln
1=0

zoES TR €S

]

In conclusion, we start from ay(h) and compute the oy (h), as(h), ..., a,(h)
recursively. Similarly, we start from (3,,(x,,) and compute 5, _1(Z,_1), -Bo(x0).
For any given k, we can obtain ¢, (h) by (1.10), where L,, = o (Bgjn (1))

Here is the algorithm for (1.13)

Algorithm 1: Forward Recursion

Input: Initial distribution v; Markov transition Matrix
P = (p;; : 1,7 € S); Conditional probability density
gx(x) 1= g(y|s); Observation you,

Output: Probability matrix o = (ax(l;) : i€ S,k €0,1,...n)

1 Initialize & = n 4+ 1 X r matrix;

2 (a)o; = ao(L;)=v(i)go(i) for i =1,...7;
sfork=1:ndo

4 fori=1:rdo

5 ‘ @)k = an(l;) = 3751 (A1 - pji - gr(7)
6 end

7 end

The following is the algorithm for (1.15).

However, if some outlier y; occurs, then the value of g(yx| Xy = z1) =
gr(zk) is close to 0. As a consequence, oy and [y will decrease to 0. The
following theorem give a normalized method to adjust the ay as a probability

11



Algorithm 2: Backward Recursion
Input: Initial distribution v; Markov transition Matrix
P = (pi; : 1,7 € 5); Conditional probability density
gr(xr) := g(y|xy); Observation yq.,
Output: Probability matrix 5 = (B, (1) :i € S,k €0,1,...n)

1 Initialize 8 = n + 1 X r matrix;

2 (B)ni = Bapu(i) =1fori=1,...r;
sfork=n—-1:0do

4 fori=1:rdo

5 | Bk = Buin() = 225 Bkt - pig - g1 (4)
6 end

7 end

distribution, in order to avoid the numerical issue and reduce the storage cost
for some extremely small oy and (.

Proposition 1.4.5 For any bounded function h: S — R.

where ¢k|k(h) = E(h(Xk”(Y;)ongk = yO:k); we will write gbk(h) as gﬁk‘k(h)
for short. Applying (1.13) we have

Or(h) = L /Li- Y ban) Y Sr1llay_,) - Doy - gi(wn)  (1.19)

Th—1
Now combing (1.12) and (1.18) together, we have

Dun(h) = 3 hew) - (L) - {Lnl Ly 5k|n(96k)} (1.20)

rRES

We could define Bk‘n(yxk) =L, Li - Bin(ys,) and derived the recursive
method based on (1.15). The interested readers are refer to [Inference in
HMM, p63]. Since we cannot regard Bkm(yxk) as a probability distribution,
we are not able to normalize this part obviously. Thus, we will introduce the

12



new method called backward decomposition By to replace the Sy, in finding
®kjn(h). The construction of By, is built on ¢, and P entirely.

Let us give an example to show how to update the ¢, by hand.

4/5 1/5

Observation process Y follows exponential distribution with parameter

1, X, =1
AL =
2a Xk = 27

Example 3. Let initial distribution v = (1/2,1/2), P = {1/4 3/4}

Ak

The observation we obtain is (yo, y1,y2) = (1,2, 3)

Hence,

- Y — 1) — v(1)go(1)
Pollaom) = P = I =D =500 + @i
B 1/2 % exp(—1)
C1/2%exp(—1) +1/2% 2% exp(—2 % 1)
S0 ¢o(Iyyes) = P(Xo = 2]V = 1) = 1 — ¢(Lpy_r) ~ 0.424

Note that it is unnecessary to compute Lj_1/Lg. We only need to nor-
malized the ¢ as above.

~ (0.576

For convenience, we define the symbol o as following: the function f « g
if and only if f(z) = K - g(z) for all z € S and some constant K

By (1.19), we have

61(Ln21) = P(X1 = 1Yy = 1Y) = 2) < g1 (1) {do(Lapm) P11+ b (Tp—s):
por} = exp(—2) - {0.576 - 1/4 + 0.424 - 4/5} ~ 0.0654

and

¢1([zlz2) = P(Xl = 2’Yo =1Y = 2) X 91(2)'{¢0([zozl)'p12+¢0([x0=2)'
Pz} = 2exp(—2-2)-{0.576 - 3/4+0.424 - 1/5} ~ 0.0189

Hence,

¢1(1,=1) = 0.0654/(0.0654 + 0.0189) =~ 0.776
and ¢ ([;,—2) ~ 0.224

Finally,

13



Po(Lyy=1) = P(Xo=11Y0=1,Y1 =2,Y5 =3) x ¢2(1) - {¢1(Lpy=1) - p11 +
61 (Lizz) - por} = eap(—3) - (0.776 - 1/4 + 0.224 - 4/5) ~ 0.01858

and

Go(Ipy=2) == P(Xo =2|Yy = 1,Y1 =2,Y5 = 3) x ¢2(2) - {¢1(Lay=1) - P12 +
61 (Loi—z) - as} = 2exp(—3-2) - (0.776 - 3/4 + 0.224 - 1/5) ~ 0.003107

Hence,
0.01858
I, = 0.8567 and I, —1) ~ 0.14328
¢2(Le1=1) ~ 557558 1 0.003107 and ¢a(lz=1)
AN
Proposition 1.4.6 (Backward Decomposition) fork =12 ... n
Gr—1in(h) = Gun(Ls,) - Broi (i, ) (1.21)
TEES
where
Bk 1 l’k, Z ¢k 1 ack 1 *Pzy_qzp xk 1 Z Qbk 1 a:k 1 * P11z
TR_1€S Tp_1E€S
(1.22)

Since ¢y, (h) = ¢, (h) by definition, we can obtain ¢, (h) by (1.19). Then
applying Backward Decomposition to get ¢,_1jn(h), . .. ¢ojn(h). The following
proof can be omit, as we can apply the next theorem 1.5.1 to show (1.21).

Proof. Using (1.10), (1,13) and (1.15)

Gr—1pn(h) = L' - Z h(xi—1) - c—1(Lzy ) - Br—1jn(Tr—1)

TE_1E€S

L S o) o) % { X e ) o) |
T _1ES TLES

=L, Z Brjn (k) Z L1+ d1(Luy ) * Puy oy~ 9e(T) - P(Tp1)
TEES TE_1ES

= LT_LI ’ Z Bk|n(xk) : Lk—l . ¢k(]zk) . Bk_l(l’k7 h)
TEES

TEES

14



UJ
By_1(zk, I, _,) can be viewed as probability distribution of Xj_; with
parameter . [Inference in HMM, p71] pointed out that By_y(zg, I, ,) in
the form of (1.22) can also be viewed as the Bayesian posterior, where ¢ _1

is the prior distribution and p,, ,,, is the condition distribution of xj given
Tl—1-

Example 4. Maintaining all condition in Example 3. Recall that we already
obtain all the value of ¢y. ¢o(lzy=1) = 0.576, Ppo(Izo=2) = 0.424, 1 (I;,=1) =
0.776, ¢1 (1,—2) = 0.224, ¢po(1,,—1) = 0.8567 ,and ¢o(l,,—2) = 0.14328.

Hence,
I, _1)- . -1/4
By L) = ¢1(Ly=1) - P11 0.776 - 1/

= 01(Loymt) P11+ 01 (L) - P 0.776 - 1/4+0.224 - 4/5
= 0.5198 and Bi(1, I,,_s) = 1-0.5198=0.48017.

Similarly,

_ ¢1(Lzy=1) - P12 B 0.776 - 3/4
31(27 Im:l) - =
O1(I=1) P12 + o1(Loy=2) - P22 0.776-3/4 +0.224 - 1/5
= 0.9285 and Bi(1, I,,—2) = 1-0.9285=0.0715.

Finally,

P112(Lzy=1) == P(X1 = 1]Yp = 1,Y1 = 2,Y5 = 3) = ¢a(Lap=1)-B1(1, Lo,=1)+
¢o(Ipy—2) - By(2, Iy,—1) = 0.8567 - 0.5198 + 0.14328 - 0.9285 = 0.57834 and
d12((I—2)) = P(X; = 2[Yy = 1,Y; = 2,Y, = 3) = 1 — 0.57834 = 0.42165

JAN

Now let us give the algorithm form of (1.19) and (1.21). Assume the state
space of hidden chain is S = {1,2,...,7}.

For algorithm 3, we further assume the cost of computing g(z, yx) for
different y; is C'. The cost of multiplication, summation, and division are 1.
For example, the cost of computing 4 x 2 + 5 is 2. The cost of computing
S 1/iis 9: 5 for division and 4 for summation.

In Algorithm 3, the computational cost for step 2 is »C' for computing
g(x, yx), r for multiplication, r — 1 for summation, and r for division. Total
computational cost at step 2 is (C'+ 3) - r — 1. Computational cost for the
For Loop is r - C' for computing g(zy, yx), 2r for multiplication, r — 1 for

15



Algorithm 3: Normalized Forward Recursion
Input: Initial distribution v; Markov transition Matrix
P = (pi; : 1,7 € 5); Conditional probability density
gr(xr) := g(y|xy); Observation yq.,
Output: Probability matrix ¢ = (¢p(L;) : 7 € S,k €0,1,...n)

1 Initialize ¢ = n + 1 x r matrix;

2 (@)o = do(Li)=v(1)go()/ 325, v(i)go(i) for i =1,...7;

3 for k=1:ndo

4 for:=1:rdo

5 (Qb)kr,i = ¢r(li) = ' . . .
D it (D15 - pji - ge (1) /32021 3251 (D15~ Dji - r(9)

6 end

7 end

the numerator summation, » — 1 for the numerator summation, » — 1 for
the denominator summation, and r for the division. Thus, the total cost is
[(C' +4)r — 2] x rn+ (C' + 3)r — 1, which is proportional to r? x n.

The computational cost for Algorithm 4 is 72 for step 3 to step 7, the cost
of step 8 is r(r — 1) + r and the cost of step 9 is (r +r — 1) x . Thus, the
total computational cost is n(4r? — r), which is also proportional to 7? x n.

let us show why the forward and backward algorithm is effective. Recall
the natural way to compute the marginal distribution ¢, (15, ) is

¢k|n(1xk) = Z ¢0:n\n(Ixo,...xk_l,xk,:vk+1 ..... xn)

Ty Ll 1, Thg 15, Zn €SP TT

Let us give a example to explain why we need the forward and backward
algorithm

e _[1/4 3/4
Example 5. Let initial distribution v = (1/2,1/2), P = {4/5 1/5]

Observation process Y, follows exponential distribution with parameter
Ak
1, X,=1
Ak — Y k
2, Xp=2,

16



Algorithm 4: Backward Decomposition
Input: Probability matrix ¢; Markov transition Matrix
P = (py:i,j €5)
Output: ® = (¢yn(L;) 11 € 5,k€0,1,...n)

1 Initialize ® = n + 1 x r matrix and (®),; = (¢)ns, fori =1,...7;
2 for k=n:1do

3 fori=1:rdo

4 for j=1:rdo

5 ‘ (qu)m = kal(iyfﬂ = ((b)kfl,i " Dij

6 end

7 end

8 Normalized each row of Bj_1;

9 Update the (k-1)th row of ®: (®)4_1,) = (P)k,) X Br-1

10 end

The observation we obtain is (yo, y1,42) = (1,2, 3)

Suppose we don’t know the forward and backward algorithm. We need
to find the joint distribution first. There have 23 outcomes. We assume the
cost of computing exp(x) for different z is C. The cost of multiplication,
summation, and division are 1.

bo33(L1,1,1)) < v(1) - go(1) - p11 - g1(1) - pu1 - go(1) = exp(=1 + =2+ —3) -
(1/2) - (1/3)* = 0.0001377 Therefore, the cost of computing ¢o.33(1(1,1,1)) =
3C+5: 3C for exp(—1),exp(—2),exp(—3) and 5 for multiplication. We still
need to normalized the distribution at the final step, so the cost > 3C' + 5

We have 23 joint distribution need to compute. The total cost > 8 -
(3C' +5) = 24C + 40. It is clear that for general observation size n and
state size r. The total cost of computing joint distribution is proportion to
™ x (nC' 4+ mn —1) < ™ x n. However, using the compute cost formula for
Algorithm 3 and Algorithm 4, the total cost for the forward and backward
method is proportion to 2 x n. Such lager difference is due to the cost of
computing the joint distribution.

Finally, we are able to compute the marginal distribution as following

$0:313(L(z0=1)) = G0:33(L(1,1,1)) + Po33(L(1,1,2)) + Po:313(L1,2.1)) + Po:3i3(L1,2,2))-
A
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1.5 Monte Carlo Simulation

[Chib(1996)] gives a very important interpretation of By_i(zy, I, ,) for

Tp—1
the Monte Carlo Simulation.

Theorem 1.5.1(Markovian Backward Sampling), Given yo,...y,
and xg,...x,

¢O:n|n(Ixo ..... zn) = gbn(xn) X H Bk—l(xh ka_1) (12?))
k=1

Therefore, we can simulate the Hidden Markov Chain xy,...x,, given
Yo, - - - Yn. We first simulate x, according to distribution ¢, (x,), and then
simulate the z,,_; according to the transition matrix B,,_1(z,, I, _,), ... ,until
ZIo.

Proof.

Po:nin(To, - - - Tn) = P(Xom = Ton| Yo = Youn)

P(Xn = xn‘YOn = yO:ﬂ) ’ P(Xn—l = xn—1|Xn = Tp, Yo = yO:n)
oo X P(Xg = 2| Xip1 = Tpg1 - X = T, Yoo = Youn)

XP(X021‘0|X1 :fxl--'Xn:InaYb:n:yO:n)

X X

We may further assume the observation Y follows the discrete distribution.
The proof for the continuous case follows the same line.

For k=0,1,... n

P(Xy = 2| X1 = Thg1 - Xon = 2, Youu = Youn)
P(Xy =k, ... X0 = 2n, Yo = Youn)
" P(Xpg1 = Tpsts - - X = T, You = Youn)
B Zzoes . Zxk,leSP<Yb = Yo, Yn =Yn|Xo =T0,... Xp = x,) X P(Xo = 20,... X,y = )
Zxoes...zxkesP(YO:yo,...Yn:yn|X0:xo,...Xn:xn) X P(Xo = xg,... X,y = 2p)

Now, using the conditional independent property of Y given X and the
Markov property of X, the numerator of above probability can be written as

18



ToES T _1€S 170

x { H P(Y: = 4| Xi = ) - Puyerss } X P(Yo = 4] Xoo = )
i=k+1

i=k+1
k
zo€S TEp_1E€S =0

Similarly, the denominator can be written as

i=k+1

X Z Z 1’0 H = yz|Xz = l’z) : pl‘il'i+1}

ToES €S

Thus, the part of

{ [I PO =0l Xi = 2) - Daasr } ¥ P(Yo = | Xy = )

i=k+1

could be cancelled out

Finally,
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P(Xk = xk’lX’H—l = Tp41--- Xn = Tnp, YE):n = y():n)
Zxoes cee sz_les”(%) Hf:O P(Y; = yilXi = :E,) *Paizigq
ZJCOES T ZxkeS U(xo) Hf:o P(YZ = yZ|Xl = $z) * Pz
ZIQGS T Zxk71€s P<)/b = Yo, Yk = yk|X0 = Zo, - - - Xk = xk)P<XO = Ty,

X = l'k))pxk:vkﬂ

ZxQES e kaes P(Yo =vyo, ... Yr = yr|Xo = x0, ... X = 2x) P(Xo = o, .
_ Ou(Ley,) - Paparn
kaes ¢k(‘[$k> ‘Pz
= Bi(Tk41, Iz,

For the continuous case, we need to replace the P(Yy = yi| Xy = zx)
as the probability density of Yy := ¢(y|Xx = xx) = grx(zx) in the above
proof. O]

By the strong law of large numbers, we have

N
AMO(h) = 1/N - bz, .. al) = E(h(Xo, ... X0)[Yo = o, .. Yo = yn)
=1

(1.24)

for any bounded function h, where (zj,...z") is simulated according to
theorem 1.5.1

20
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2 Markov Chain Monte Carlo(MCMC)

Given the observation, simulating the i.i.d hidden chain according to
Theorem 1.5.1 is not the only way to approximate E(f(Xy...X,)|[Yo =
Yo, - - - Yn = yn). Reader may be interested in the approach that are based on
the Ergodic theorem. That is, instead of simulating from P(Xy = xq, ... X, =
Yo = vo, - .. Yo = y,) directly, we want to simluate a Markov Chain whose
stationary distribution will be P(Xy = g, ... X, = 2,|Yo = yo, . - . Yo = Yn)-

2.1 Stationary distribution and limiting probability of
Markov Chain

Definition 2.1.1 (Aperiodic) Let X be a finite state discrete time
Markov Chain Markov(v, P). We call a state i aperiodic if pl(?) = (P");; >0
for all n > N,, where N, is some constant. It can be show that this statement
is equivalent to the statement that the common divisor of the set {n > 1 :
pz(zn ) > 0} = 1. If the common divisor is not equal to 1, we call the state i
periodic.

Definition 2.1.2 (Limiting probability) The Markov(v, P) has a lim-
iting distribution if lim,, ., P(X, = j|Xo = i) exist for all i,57 € S. Also,
Zjes lim,, ,» P(X,, = j|Xo = i) = 1 Moreover, the limit is independent of
the initial state 7.

Theorem 2.1.3 Suppose X is a finite state discrete time Markov Chain
Markov(v, P). Then lim, ,,, P(X, = j|Xo = i) exists and is unique for
1,7 € S if X is aperiodic and irreducible.

Recll that the 7 = (m,...m,) is the stationary distribution of P if and
onlyif r=7-P, Y " m=1and 7 is strictly positive.

Proposition 2.1.4 let 7; := lim,,_,o P(X,, = j|Xo =1). 7 := (7m0, ...7n)
is the stationary distribution of P if 7 is the limiting distribution of Markov (v, P).

Theorem 2.1.5 The stationary distribution is unique.

Interested reader can refer to [Markov Chain(Norris), Chapter 1, Section
7] for the proof.
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Therefore, if a finite state discrete time Markov(v, P) is aperiodic and
irreducible, then the stationary distribution is equal to its limiting probability

Theorem 2.1.6 Ergodic theorem Recall that in this project, we only
dealing with finite state discrete time Markov Chain: (Xj)o<k<n follows
Markov(v, P). If P is irreducible and v be arbitrary distribution. For any
bounded function f : S — R, we have

=

f(Xp) == Y m - f(a) (2.1)

1
N
0 zeSsS

B
Il

as N goes to infinity, where 7 = (7, : € S) is the stationary distribution
of X.

The proof of above theorem is based on the Strong Law of large num-
ber(SLLN). Interested reader can find the detail proof in [Markov Chain(Norris),
Chapter 1, Section 10]

Therefore, if we aim to estimate the F(f(X)), we can construct a Markov(v, P)

whose stationary distribution is 7 and X follow the distribution 7. Thus,
7 will automatically be the unique stationary distribution of such artificial
Markov Chain. If we simulated such Chain in the long run, the relation(2.1)
will guarantee the convergence to E(f(X)). The reason why we apply such
simulation method(MCMC), rather than simulating by 7 directly is that it
costs less to find the p;; in (2.2) than to find the exact distribution 7. In
some case, computing the 7 is impossible and we do not need to know the
exact expression of 7 to perform MCMC.

We use detailed balance to construct such Markov(v, P)
Definition 2.1.7 Detailed balance The transition matrix P and dis-
tribution 7 is in detail balance if
VIV pij = 7Tj pﬂ (22)
forall 7,5 € S.

Thus, we have Y .o - pij = > _jeg ™+ Pji by (2.2). This implies m; =
Zjes mj-p;i foralle € Sand m = wP. If P isirreducible, then the distribution
7 is the stationary distribution of P. The part of proving 7 is strictly positive
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is not trivial so is omit. Such stationary distribution is unique by Theorem
2.1.5.

2.2 Metropolis-Hastings Method

In this section, we will talk about how to construct the transition prob-
ability p;; in (2.2) by the Metropolis-Hastings Method. We start with a one
dimensional distribution X. Suppose 7 := P(X = z),z € S is the target dis-
tribution. () is some probability transition matrix we need to be defined by
ourselves. We use ) to construct the transition probability, by introducing
certain ”corrections” «. That is, we want to find the a(x, ) such that

P(X =x)-q(z,2) a(z,z) =P(X =%) - q(2,2) - a(z, x) (2.3)

where ¢(i,j) is the row i, column j element of matrix ). For example, if
the state space of X is finite with size r, we could define ¢(z,%) = 1/r for
(z,%) € S%. Hence, all the elements of @ are equal to 1/r.

PX =1)-q(,x)
will be satisfied. The equation (2.3) constructs a new Markov Chain whose

stationary distribution is P(X = z). If the new Markoc Chain is irreducibe,
the theorem 2.1.1(Ergodic theorem) will guarantee the equation (2.1).

If we take a(x,2) = min ( 1). The above equation

There have two main advantages of applying (2.3):

PX=1)
P(X =x)
2) we can first simulate the z by ¢(z,Z), then deciding the update result

with probability «(z,z). Therefore, we can choose some simple transition
matrix ) and compute the a(z, &) later.

1) we only require the information of the ¢ and the ratio of

Now let us move to the case when the target distribution is multivariate
distribution. That is, X will become a vector is the equation (2.3). We write

T = (.1'0,...1'”)
and
T = (%o, ..., Th—1, Thg1, - - - Tp)
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We let (xg, Z_;) = . When we express Z as (xy, T_x), it means we will
focus on the kth state of the vector 7.

Then we have

where a((zg, T_1), (Tp, T_1)) = mun — — — )
(T8, (s 7)) P(X = (6. % 19) - 0((01. 1), (. 7-0))
That is, we fixed all the value of & except x;. We will only update the value

of kth state of Z in (2.4). Then P(X = (zy,%_x)) can be regarded as a one
dimension probability distribution. We could updated the state X accord-
ing to the order £ = 0,1,...n. This is so called systematic scan strategy.
Moreover, P(X = ) is still the stationary distribution under the systematic
scan strategy. Interested reader can find the proof in [Chapter 6, Inference
in HMM].

P(X = (X1, X 1)) - ¢((Th, T 1), (T, T 1)) 1)

~

(I07$1,...l‘n) — (i’o,l’l,...l'n) —><£'0,Zi‘1,...l'n) — ... —)(foo,jl,...fbn)

The reason why we transform only one state at a time is that the simula-
tion of multivariate distribution is more complex than the simulation of one
dimensional distribution.

We will illustrate two well-known choices of ¢ in Metropolis-Hastings
method.

2.3 Systematic-Scan Gibbs Sampling

One of well-known choices of q is use the conditional distribution P(X}, =
i‘k|X_k = ZINT_k) = P(Xk = i?k|X0 =29y Xk—l = l‘k—lan;—&-l = Tky1--- Xn =
x,,). Such choice is called Systematic-Scan Gibbs Sampling. Systematic-Scan
Gibbs Sampling is popular in simulating the multivariate distribution whose
conditional distribution is easy to find.

Let us show how to construct the (2.4) for multivariate distribution X :=

(Xo, -y X3)
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P(X = (x1,% 1)) - P(Xx = 81| Xk = 7)) - (wx, p), (Bk, T-1)

=P(X = (R, X_x)) - P(Xp = 23| X = Zp) - (&, T—p), (T, T—p))
(2.5)

A ~

where a((zg, k), (Tg, T—k)) =

([ P(X = (R X)) P(Xp = @[ X g =7y) ) _
min — - 1) =1
P(X = (Xkax—k) . P(Xk = 1’]@|X_]€ = fE_k)

Therefore, a always equal to one in Systematic-Scan Gibbs sampler. For
k =0,1...n, we can update the state of X} according to P(Xy = Tx|X_x =
Z_y) then such construction is so called systematic-scan Gibbs Sampler.

For regular Gibbs Sampling, we need to choose an index ¢ with probability

Then updating the state X; according to the conditional distribution

. 1 -
P(X; = 2;|X_; = 2_;). So the q((z;,2_;), (2, 7_;) = — - P(X; = 24| X_; =
n
Z_;). But for the Systematic-Scan Gibbs Sampling as we discussed above,
we require updating the state X, according to some fixed order such as
E=0,1,2,...n.

S |-

2.4 Application in HMM (Systematic-Scan Gibbs Sam-
pling)

In this section, we are interested in using Systematic-Scan Gibbs Sam-
pler to simulate the hidden chain (xy,...x,) according to the distribution
Gonjn(Lzo,...z,, ). Such simulation allows us to estimate the value of
E(f(Xo, X1, ..., X0)|(Yi)ock<n = Yon) for arbitrary f.

We want to apply the idea of previous section to the target distribution
Go:njn(Lzo,...z,, ), the difference is that now we also have the conditioning on
Y’s, and we need to recalculate all our transition probability () values taking
into account conditioning on Y’s. This is what’s done in Theorem 2.4.1. The
detail balance equation for X, is
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for k=0,1,...,n

This is the detail balance equation for updating the state of X;. Where
x and Ty represent the state value of X,. For k = 0,1,...,n. We should
then apply the systematic scan strategy to update the state of Xy, X;... X,
one at a time according to the conditional distribution P(X; = £k|)~(_k =

Tty (Yi)osken = Yon) -

That is
(zf, 2%, ... 2t) — (méﬂ,x’i,...,xfm) — (a:é“,xi“,...,xfl) — .. —
(xé“, :Elfrl, )

If we further assume the irreducibility of this systematic scan method |,
then we have

N
%Zf(.rg, 2t) BB B(f(Xos - Xo)|[Yo = o, - Yo = yn) (2.7)
=1

as N goes to infinite. Where x% represents the ith update on the Xj.

Now let us find the condition distribution of X}, given all the information
of other X and Y : P(Xy = &1 X 1 = &1, (Vi)oken = Youm) =
P(Xy = 2| Xo = 20, .- Xpo1 = 21, Xip1 = Tpyr - Xy = Ty (Yi)oskan =
Youn)

Theorem 2.4.1

Fork=1,... n—1

P(X) = 25| Xo = zo, ... Xim1 = Tp—1, X1 = Tig1 - - - Xon = T, (Yi)ohcn = Youn)

= P(Xk = ik|Xk—1 = $k—1,Xk+1 = Tk41, (Yk)ogkgn = y(]:n)
DPiy_qdy - Gk (iik) *Pirayia

- ZiES Day_qay - gk’(jk’) *Pigagiq

(2.8)
For k=0
P(Xo = 20| X1 =21, ... Xp = ny, Yi)o<k<n = Yon)
= P(Xo = fo‘Xl = T, (Yk)ogkgn = yo:n)
v(Zo) - go(Zo) * Pagay
Y sees 0(E0) - go(E0) - Pag

(2.9)
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For k=n
P(Xn - £n|X1 = jjl; .. Xn—l = i'n—la (Yk)OékSn = yD:n)
- P(Xn = i‘n|Xn 1= C(A:n—lu (Yk)Oékén - yO:n)
Pin 1in " Yn(Zn)
anespl’n 1Zn gn(j} )

(2.10)

That is, conditionally on the previous state and the next state value. the
distribution of z is independent of all the other state. This theorem actually
reflect the Markov property of hidden Chain.

Proof. We will only prove the case for k = 1,...n — 1. The proof for £k =0
and k = n follow the same logic.

We further assume the observation process Y follows the discrete distri-
bution, the proof of the continuous case follow the same line.

P(Xy = 24| Xo =0, ... Xpm1 = Tp1, Xpg1 = Tpogr -+ - Xon = T, (Yi)oken = Youn)
 PXp =k, Xo =0, Xp1 = Tp1, Xip1 = Togr -+ - Xpp = T, (Ya)oskan = Youn)
Yoses P(Xk = 3p, Xo = w0, ... X1 = 21, Xpp1 = Tpir -+ Xy = Ty (Yi)o<han = Youn)

The numerator of the above probability is
v(@0) X [ [ Porcsar - P(Vi = wi| Xi = ) x {pxk_lik X P(Yy, = yp| Xi = 25) X pikwk_H}

i=k+1

27



Similarly, the denominator is

1=k+1

= v(7o) X pri,m - P(Y; = yil Xi = m;) x

x H Daiziis - P(Y; = yil X = z) X P(Y, = yo| Xy = )
i=k+1

X Z {pwk 12 (Yk - yk|X/€ - xk) X pwk$k+1}
TRES

The part of U(ZEO) X H i=1 pxz 1% P( yz|X - xz) X X Hz k+1 Priziiq
P(Y; = yi| X; = ;) X P(Y, = yn| X\, = n) could be cancelled out.

Finally,

P<Xk = 92‘k|X0 =20, .. Xk—1 = Th—1, Xpt1 = Theil --- Xp = Tp, (Yk)ogkgn = yO:n)
_ P X PV = 9al Xh = 2) X Pagay
Zi-kesp.rk_lfk X P(Yk - yk|Xk: - j\jk) X psﬁkwk+1

If the observation follows the continuous distribution, we could replace the
P(Y) = yx| X = xx) by the probability density function gx(xy) := g(yx| X =

]

For algorithm 5, we assume the cost to simulate a r state discrete proba-
bility distribution is h(r) and the cost to compute gi(xy) is C. The compu-
tational cost for step 3 is Cr + 2r + h(r). The computation cost for step 4
to 61is (n—1) X (Cr+2r+r+ h(r)). The cost for step 7 is the same as step
3. Thus, the total cost is (n — 1)(3 + C)r +2(2 + C)r + (n+ 1)h(r).

Here is one small example of the Systematic-Scan Gibbs Sampler in HMM.
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Algorithm 5: Systematic-Scan Gibbs Sampler in HMM

Input: P = (p;; : 4,5 € S); Conditional probability density
gr(xr) = g(y|xy); Observation yg.,; The sample size N; The
initial hidden chain (29,29, ...22).
Output: N sample of (xg, z1,...2,)
Initialize M = N x n matrix , to store the simulation chain.
fori=1: N do
3 Simulate the ) according to discrete probability distribution
p(zo) = 0(5170)‘90(%0)‘171:09551/Ezoes U(CUO)'90($0)'Px0x§*1(equat10n
(2.8));
4 fork=1:n—-1do
Simulate the z% according to discrete probability distribution
P(28) = P 9(00) Pl 8 2 Pri o KT8] P
(equation (2.9))
end
Simulate the ¢, according to discrete probability distribution
p(n) = Dzt iz, 9n(@n)/ 3 es Dai  an gn(zn) (equation (2.10));
8 | Store the simulated chain (xf,z¢,...z%) into the ith row of
matrix M

[

9 end
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Example 6. Let the state size r = 3, v be the initial distribution and p;;
is the transition probability from state i to state j. Suppose we start at the
initial chain (2,2,2,2,2)

P b

Choosing (2,2,2,2,2) as the initial hidden chain. Applying the Algorithm
5. Here is one possible path to update the chain in Algorithm 5.

1) - go(1) -
(2,2,2,2,2) = (1,2,2,2,2),p = v(1) - go(1) - pr2
v(1) - g0(1) - pr2 + v(2) - go(2) - P22 + v(3) - 9o (3) - P32
(1,2,2,2,2) = (1,2,2,2,2),p = P12 1(2) - Pas

P11 1(1) - pr2 + 12 - 91(2) - pa2 + P13 - 91(3) - 32

P33 - 94(3)

1,2,3,3.2) — (1,2,3.3,3),p =
( )= )P P33 - 94(3) + pa1 - 9a(1) + ps2 - 94(2)

Then above transition is the one step transition in the sense of Systematic-
Scan Gibbs Sample.

A

Let us start with a simple example.

Example 7. Let (X)o<k<n be a hidden Markov(v, P) with state space {1, 2},
where probability transition matrix P is

i 3
203/4 1/4

The initial distribution v is (1/5,4/5).

and

1/2, p=1/2

Yy = Xp +
* * { _1/27 p:l/z,

For instance, P(Y, =5/2|X; =1) =0 and P(Y, =3/2| X, =1)=1/2
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The observed value (Y, Y1,Ys) = (3/2,3/2,3/2) and the original values
of the hidden chain X were (2,1,2). Let us try to recover them.

We will also use the true marginal distribution of ¢, (s, ) to verify the
result of MCMC simulation.

Recall in Chapter 1. To compute the exact ¢, (I, ). We need to apply
the Algorithm 3 and Algorithm 4 together. We first apply the Algorithm 3
to compute the ¢y (1,, ) with k£ from 0 to n. After we obtained the ¢, (I, ) for
z, € {1,2}, we implemented the Algorithm 4 to compute the ¢y, (I, ) with
k from n to 0. Don’t forget that ¢y (15, ) := drr(ls,) = P(Xie = x| (Y:)o<ick)-

Now let us apply the Systematic-Scan Gibbs Sampler(Algorithm 3). Choos-
ing (2,1,2) as the initial hidden chain.

After we simulated 1000 hidden chains. Choosing f = I, —; for j = 1,2
and k£ = 0,1,2. Computing

1000

Onpp(Loy—j) = 1/1000 Y Ly (ko)

=1

We have

[1] "Mmarginal distribution”
.11 [,2]

[1,] ©0.200 0.800

[2,] 0.650 0.350

[3,] 0.425 0.575

[1] "Mmarginal distribution estimator under Gibbs sampling”
.11 [,2]

[1,] 0.187 0.813

[2,] 0.663 0.337

[3,] 0.428 0.572

Figure 2.1: The row i, column j element of the first matrix represents the
conditional distribution of ¢;_12(/;) := P(X;-1 = j|Yo = 3/2,Y1 = 3/2,Y5 =
3/2). The second matrix represent the Systematic-Scan Gibbs Sampler es-
timator of (¢);; = ¢i—1)2(;) = P(Xim1 = j|Yo = 3/2,Y1 = 3/2,Y, = 3/2)
based on 1000 sample.

Thus, the Algorithm 5 did a very good estimator for the conditional
marginal distribution.
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A

Example 8. Let (Xj)ock<n be a hidden Markov(v, P) with state space
{1, 2, 3}, where probability transition matrix P is

1 2 3

11/8 5/8 2/8
P= 2119 7/9 1/9
312/5 1/5 2/5

The initial distribution v is (1/3,1/3,1/3).
Let Y be defined as

Yi = p(Xe) + V/s(Xi) - Vi

where p(X) and s(X) represent the parameters of the distribution of Y.
Assume p({1,2,3}) = {-5,0,5} and s({1,2,3}) = {2,4,2}. (Vk)o<k<n i8
the independent N(0,1) sequence. For example, if X; = 1, then Y} follows
N(-5,2).

Again, let us using the true marginal distribution of ¢y, (1;,) to verify
the result of MCMC simulation.

To do this, we first simulate the (X, Y:)o<k<s by above model. Let
the (Yi)o<k<s we simulated be the observed process. (Yo, Y:,Ys, Y3, Y)) ~
(—4.445,2.024, —6.553, 3.838, —2.044) and the hidden Markov Chain is (1,2,1,2,2)

= himm

X A
[1,] 1 -4.445142
[2,] 2 2.024224
[3,] 1 -6.552508
[4,] 2 3.837976
[5,] 2 -2.044038

Figure 2.2: The above matrix represent the (X, Yx)o<k<s We simulated, the
first column is the state of hidden chain and the second column is the value
of observation. The random seed is 1234 in this R example, interested reader
can verify this result by themselves.
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Now let us apply the Systematic-Scan Gibbs Sampler(Algorithm 5). Choos-
ing (2,2,2,2,2) as the initial hidden chain.

After we simulated 1000 hidden chains. Choosing f = I, —; for j = 1,2,3
and k£ =0,1,2,3,4. Computing

1000
¢k|4(]90k:j) - 1/1000 ) Z ka:j(xéa ZL‘Zi, ZL“%, l‘é, xfl)

i=1

We have

= round(phi_x,4)
[,1] [.2] [.3]

[1,] 0.9098 0.0902 0.0000
[2,] 0.0000 0.8108 0.1892
[3,] 0.9563 0.0437 0.0000
[4,] 0.0000 0.6256 0.3744
[5,] 0.1195 0.8805 0.0000

= round{phi_mcmc, 47

.11 [,2] [.3]

[1,] 0.9108 0.0892 0.0000
[2,] 0.0000 0.8093 0.1907
[3,] 0.9571 0.0429 0.0000
[4,] 0.0000 0.6278 0.3722
5.1 0.1167 0.8833 0.0000

Figure 2.3: The row ¢, column j element of the first matrix represents the
conditional distribution of ¢;_1j4(1;) = P(X;—1 = j|Yo = vo,... Y1 = ya).
The second matrix represent the Systematic-Scan Gibbs Sampler estimator
of (¢)i; = ggi_1|4(]j) based on 1000 sample.

We can see that the MCMC estimator did a very good approximation
of the real marginal distribution ¢,. However, the using of MCMC to
estimate ¢, will cost more than finding the real distribution by Algo-
rithm 3 and 4. Thus, the chain we simulated should be used to estimate
E(f(Xo, X1, ..., X0)|(Ye)o<k<n = Yon) for some complex function f. Also,
we simulated the X, condition on the information X;_; and X;.;. This ap-
proach will make the simulated samples dependent on each other in general
case.

We may use the auto correlation function(ACF) to discover the such
dependence of MCMC simulation. The ACF is a function to estimate y(h) =
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Cor(zy, Tryp). In realistic, we always use the sample auto corrletaiony(h) to
approximate ACF.

1 _ _ _
N_} VMG = Xicien—n) (Xisn — Xisncien)
W) = N—h > 5 ~~N_h > 5
m\/zizl (X = Xacien—n)? - 2051 (Xin — Xipncicn)

(2.11)
where Xj<i<ny_p is the sample mean of (X;);<;cn_p, and 4(0) = 1.

If the sample ACF decrease with h very slowly, then this result suggested
such MCMC simulation is not efficient. We may either increase the sample
size or use different initial hidden chain to simulate.

For this example, the size of each sample is 5, so we can determine the
sample ACF for the state with time index k =0, 1,2, 3, 4.
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Figure 2.4: The sample ACF plot for (X, ... Xy). There have small peak at
X3 and Xy. Overall, the sample ACF of this MCMC simulation suggests the
lower dependency between each sample.

Therefore, we do not need to increase the sample size or choose different
initial hidden chain in this example. A

2.5 Random Walk Metropolis-Hastings(RWMH)

In this section, we will talk about another choice of ¢q. Recall in the
previous section, we let the ¢ become the conditional distribution. Now we
set the ¢ become the discrete uniform distribution.

Let 7 be the state size of X and S = {1,2,...7}. Set ¢(z,2)=1/r. Then
P(X =12
a(z,#) = min <H 1) in (2.3).
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That is

P(X =x)
P(X @,1)

P(X = x)-1/r-min (%,1) ~P(X :&)-1/T-min<

Let us show how to construct the (2.4) for multivariate distribution X :=
(Xo, ..., Xpn). We first assume the size of the state X is 7.

P(X = (xi, %X k) - q((xr, Tr), (T, Tr))((Th, T), (Th, T))

~

=P(X = R, i) - ¢((&, Tp), (@r, Top)) (g, T—p), (T, Ti)) (2.12)

where q((zx, T_¢), (Tg, T_x)) = 1/7

P(X = (Tg,2_x)) - 1)1 1)

and a((wx, T—k), (Tx, T-x)) = min (P(X = (03, 7)) - 1/

C(P(Xy = ] X = dy))
= min = — 1
P(Xk = l’k|X_k = l’_k))

Hence

(2.13)

Example 9. Now, let us consider the bivariate distribution example (X,Y)
with X takes value in {1,2...r} and Y takes value in {1,2...¢t}. r and t
are some positive integer value. Define ¢x(x,2) = 1/r and ¢y (y,9) = 1/t.

v ). L (PX =Y =y)
eyl
) 1 P(X = 2|V =) '
:P(X::U,Y:y)-;-mm(P(X:ﬂY:y),l)



Similarly, we have

t P(Y =
) (2.15)
) 1 PY =y|X =&
=PX=z,Y=9) - mm(PEY:Q:X::i’;’Ll)

Again, we should apply the Systematic-Scan strategy. We first choose
a state of X according to probability 1/r and accept this new value with

P X = T Y =
PEX _ i:Y — z;, 1). Then we do the same thing with Y.

probability min (

A A

(z,y) — (T,y) — (2,9)

P(X=2,Y =y) as P(X =z|Y =y)
P(X =z,Y =y) P(X =z|Y =y)
Z|Y = y) is easier to obtain in the case we will deal with.

We express is because P(X =

A

Let us discuss a little bit of the difference between the single state tran-
sition probability Q((z,y) — (2,9)) = q((z,y) = (2,v)) - a((z,y) — (2,y))
under Gibbs sampler and Random walk Metropolis-Hastings method. r is a
finite number and P(X = z|Y = y) is the discrete distribution for z € S.
We are gonna show the computation cost of applying the RWMH is less
than Gibbs sampler when state size is large, However, the state with high
condition probability is less likely to jump when we implement the RWMH.

Gibbs sampler Random walk Metropolis-Hastings method

Qz.y) = (&,y) | P(X = 2|y =) %.mm (igzilizgl)

P(X =z|Y =
Case 1: Suppose P(X = z|Y = y) > 2res P 7| y) = 1/r

and we start with (z,y). That is, we start with a state with conditional
probability higher than average.
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If P(X =2|Y =y) > P(X = z|Y = y), then the transition probability
from (z,y) to (z,y) is 1/r < P(X = z|Y = y). Hence, it is less likely to
transform (x,y) to (Z,y) under RWMH.

If P(X =2|Y =y) < P(X = z|Y = y), then the transition probability

PX =2]Y =y) A
< P(X = zlY = b
r- P(X =z|Y =vy) ( g y) by our
assumption. That is, if P(X = z|Y = y) > 1/r, it is more likely to stay at
the (z,y) in RWMH, comparing to Gibbs Sampling.

Case 2: Suppose P(X = z|Y =y) < 1/r and we start with (z,y). That

is, we start with a state with conditional probability lower than average.

If P(X =2|Y =y) > P(X = z|Y = y), then the transition probability
from (z,y) to (z,y) is 1/r. If P(X = z|Y =y) < P(X = z|Y = y) then the
1 P(X=zY =y)

PP —ay =y

from (z,y) to (z,y) is

transition probability for RWMH equal to
Y =y).

The situation in case 2 is not as clear as it in case 1. When the chain reach
the state with high probability, it will stay there for a long time in RWMH,
comparing to the Gibbs Sampling. Such feature may affect the converge
speed significantly in practice.

The above table also implies the compute cost of RWMH method less
than the Gibbs Sampler. For the Gibbs Sampler, we need to compute the
distribution P(X = z|Y = y) first. When the state size of X is large, the
advantage of applying the discrete uniform distribution is significant. The
RWMH choose the & according to the discrete uniform discrete distribution.
P(X =z|Y =y)
P(X =z|Y =y)’
P(X =z|Y =y)
P(X = z]Y =y)
the entire condition distribution P(X = z|Y =y),z € S.

Then accept it with probability min 1) . Hence, we only

for fixd x and z, rather than

require the computation of

Notice that all the argument in this section is no difficult to extent to the
multivariate distribution.
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2.6 Application in HMM (RWMH)

Let us talk about the construction of the single site detail balance equa-
tion when we let the ¢ = 1/r. We should build the detail balance equation
as

=P(X = (Xi,X_1)|(Yk)o<k<n = Yom) X - X min

( (

( (

1 (P(Xk = | Xy = g (
( X =T, (

)

for k=0,1,...,n
Now applying the Theorem 2.4.1 to simplify the (2.15). We have

P(Xo =20, .., Xpe1 = Tp—1, Xp = Ty - .., Xy = $n|Yb<k<n = yO:n)
1 . (pi«k@k - 9k(Th) - Dayay, )

C— - nun 1
r Piy_qzy - gk(xk) *Parap_y

= P(XO = ii’o, C. ,Xk,1 = Si'kfl, Xk = ik; Ce ,Xn = mn’%ékén = yO:n>
1 . (pi"klffk ’ gk(xk) * Pzpwr_q )

C— - nun - 1
T k()

DPiy iy, - ( *Pigay_

(2.17)

for k = 0,1,...n. Recall that we need to adjust the above equation for
k=0 and k =n.

Here is a simple example about how to simulate the hidden chain under

RWMH method.

Example 10. Let the state size r = 3, v be the initial distribution and p;;
is the transition probability from state i to state j. Suppose we start at the
initial chain (2,2,2,2,2)

Here is one possible path to update the chain in Algorithm 6.
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1 . U(l) '90(1) * P12 )
2,2,2,2,2) = (1,2,2,2,2),p = ~ - min 1
( ) = hP=3 (v<2>-go<2>~p22

1 . 2) - 1
(1,2,2,2,2) = (1,2,2,2,2),p = ; - min (p“ 91(2) p”,l) =
3 P12 91(2) * P22 3

1 . (D33 92(3) )
1,2,3,3,2) =+ (1,2,3,3,3),p= - -min | ————=,1
( ) ( ) b 3 (P32'92(2)

Example 11. We maintain all the condition in Example 8.

Let (Xg)o<k<n is Markov(v, P) with

1 2 3
11/8 5/8 2/8
P= 2119 7/9 1/9
312/5 1/5 2/5

The initial distribution v is (1/3,1/3,1/3).
Let Y be defined as

Yi = pu(Xe) +V/5(Xk) - Vi

w({1,2,3}) = {-5,0,5} and s({1,2,3}) = {2,4,2}. (Vk)o<k<n is the
independent N(0,1) sequence.

Again, let us using the true marginal distribution of ¢, (15, ) := P(Xi =
kYo = vo, - - . Yi = yx) to verify the result of MCMC simulation.
To do this, we first simulate the (X, Yx)o<k<s by above model. Let

the (Yi)o<k<a we simulated be the observed process. (Yp, Y7, Y5, V3, Y)) ~
(—4.445,2.024, —6.553, 3.838, —2.044) and the hidden Markov Chain is (1,2,1,2,2)

We will compare the algorithm 5 with algorithm 6 in the sense of section
2.5. Let the simulation size N = 1000. We have the following output.
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Algorithm 6: Random Walk Metropolis-Hastings in HMM

Input: P=(p;; : i,j € S); Conditional probability density
grx(zx) = g(y|xk); Observation yg.,; The sample size N; The
initial hidden chain (20,29, ...22).
Output: N sample of (zg,z1,...2,)
1 Initialize M = N X n matrix , to store the information of simulation
chain.
2 fori=1:N do
3 Simulate the zy with probability 1/r. Compute
v(2o) - go(xo) “Proai-?

U(:ljé_l) ) 90(1'6_1) " Pyictgict

p(zo) = min ,1) (equation (2.17)) ;

4 Simulating a uniform(0,1) random variable u;
5 if u < p(zx) then
6 T} = xo
7 else
8 | ah =t
9 end
10 fork=1:n—-1do
11 Simulate the x; with probability 1/r. Compute
i : TL) - i—1
p(xk) — min < prkfﬁﬂk gk(zkz pxkxk+1 ,1> (equation
pxi71x271 ’ gk(‘rk ) ’ pzzflx;jrll
(2.17)) ;
12 Simulating a uniform(0,1) random variable u;
13 if v < p(zy) then
14 ‘ T = 1)
15 else
16 ‘ Tl = mZ_l
17 end
18 end

19 Simulate the z,, with probability 1/r. Compute
p:):il_lxn ' gn(xn)

p(x,) = min( ,1) (equation (2.17)) ;

px;_lazifl ' gn(iC%*l)
20 Simulating a uniform(0,1) random variable u;
21 | if u < p(z,) then
22 |2l =,
23 else
24 ‘ x; = xib_l
25 end 41

26 end




[1] "Running time of Gibbs sampling”

Time difference of 1.011295 secs

[1] "rRunning time of Metropolis-Hastings"”
Time difference of 0.5335729 secs

[1] "Mmarginal

[1,] 0
[2,] 0.
[3,] 0.
[4,] 0.
[5,] 0.

[1] "Margina

[1,] 0
[2,] 0.
[3,] 0.
[4,] 0.
[5,] 0.

[1] "Margina

[,1]

. 9098

00a0
9563
00a0
1195

[,1]

. 9108

00a0
9571
00a0
1167

[,1]

. 8945
. 0000
L9601
. 000
.1181

0.
0.
0.
0.
0.
1

0.
0.
0.
0.
0.
1

o e e s

distribution”

(21 [,3]

0902 0.0000

8108 0.1892

0437 0.0000

6256 0.3744

8805 0.0000

distribution estimator under Gibbs sampling”
[,z [,3]

0892 0.0000

8093 0.1907

0429 0,0000

6278 0.3722

8833 0.0000

distribution estimator under Metropolis-Hastings"
(21 [,3]
L1055 0, 0000
. 8085 0.1915
. 0399 0, 0000
.B236 0.3763
. 8818 0.0001

Figure 2.5: The running time of Metropolis-Hastings is significantly less than
the running time of Gibbs Sampling. As the size of state increases, such gap
will become bigger. Both algorithm achieve very accurate result.
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Figure 2.6: The sample ACF suggests the high dependency.

Since the running time of Metropolis-Hastings is small, comparing to
Gibbs Sampling. We can increase the simulation size. Also, to reduce the
dependency, we should start with several different hidden chain in Metropolis-
Hastings Method. A

2.7 Hierarchical Hidden Markov Models

Now let us move to a more complex method which is so called Hierar-
chical Hidden Markov Model. The Metropolis-Hastings Method plays a very
important role in sampling the hidden chain of Hierarchical Hidden Markov

Model.
In general, the Hierarchical Hidden Markov Model are defined as follow-
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ing:
Defination 2.7.1 (Hierarchical Hidden Markov Model)
1)(Xk)k=0 follows Markov(v, P)

2)Conditionally on (X )k=0, (Zk)k=0 is a non-homogeneous Markov Chain.
That is, the transition probability distribution of Z; depends on the value of
Zk,1 and Xk

P(Zk = Zk’(Zo, c. Zk,1> == (Zo, c. Zkfl); (Xo, .. Xk) = (.To, .. $k>>

2.18
= P(Zy = 24| Zr—1 = i1y Xoo = ) =2 p2F_ (2.18)

The initial distribution of Zy is v*(2g) := P(Zy = 20| X0 = )

3)(Yx)r=0 are conditionally independent given (Xj)k>o and (Zx)g=o. The
conditional distribution of Y} depends on (Xj, Z;) only.

If Y follows a discrete probability distribution, we have

PYo=vyo,... Yo =yn|Xo=20,... Xpn = xp; 20 = 20, ... Zp = 2p)

= HlD(Yi = yi|Xz‘ =X 2 = Zz)
i=0

If Y follows a continuous probability distribution, we can replace the
P, = yi|Xi = xi; Z; = z) as gi(xi, z) = g(yi| Xi = x4 Z; = z;) as before,
where g is the probability density of Y.
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Figure 2.7: Y is the observation, (X, Z) is the hidden chain

We assume the state spaces of X and Z are finite in our project. If YV
follows a discrete distribution, we have

P<XO:an“-Xn:xn;ZO:ZOa---Zn:Zn;Yb:y0a---Yn:yn)
:P(X():[L‘(),...Xn:l’n)XP(ZO:Zo,...Zn:Zn|X0:Jio,...Xn:In)
X P(Yo=yo,...Yn=yn|Xo=20,... Xpn=2p; 20 = 20, ... Zpn = 2p)

= v(@o) [ [ Paoe ¥ 0(z0)™ [ [ 02, x [T PO = wil X = 235 Zi = =)
i=1 =1 =0

(2.19)
We are interesting in estimating the P(Xy, = zo,... X,, = z,;%y =

20y .- Zn = 2n|Yo = Yo, .. Yn = yn) as before. Then we can get ¢g.,,(h) =
E(hMXo, .. - Xn, Zo, - Z0)|Yo = Yo, - - - Yo = Yn)-

One way to solve the above problem is make a new Markov Chain(X, 7).
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Since

P(( Xk, Zi) = (wr, 2)|(Xo, Z0) = (0, 20), - - - (Xk—1, Zi—1) = (Tp—1, 2k—1))
= P(Xk = xk\(Xo, Zo) (5170, %), - (qu, Zkfl) = (xkszkfl))

X P(Zy = 2| Xi = zx; (Xo, Zo) = (:vo,zo), e (X1, Zi1) = (-1, 26-1))
= P(X), = 2| X1 = 1) X P(Zi = 2| Zj—1 = 2115 Xk = 1)

= Paj_qzp X p;:lf—lzk
which only depends on the values of xy,x,_1 and 2z, 2,_1. Then this

model again becomes a HMM(Y is the observation process and (X, Z) is the
hidden chain). we can use all the previous method to estimate the ¢g.,,, ()

But with the help of the Metropolis-Hastings Method , we don’t need to
construct any new Markov chain. This will be very useful when the state
space of X and Z are particularly large.

We could use the Systematic-Scan strategy to update the state(X, Z) as
following:

(@t 2) - (@, 2)) = (2™ 2) - (2, 20)) = (w6 ™) - (ah, 22)

n»Tn n’Tn

— ... ((x%Jrl 8+ ) (22t ZJH))

where the transition probability is based on (2.20) and (2.22)
First, let us define some notation .

As before
T = (Io,...xn)

and
Tp = (Toy .oy Thety Tl - - - Tp)

We let (g, T_p) =7
Similarly,

zZ= (Zo,...Zn)
and
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Z k= (20, 2kt Zhils- - 2n)

Again, let (z2x,2_) = 2

We want to construct a new Markov Chain whose stationary distribution
is P(X =%,7Z = Z|Yo = %o, ... Y = yn). Applying the same idea as in (2.4)

We have

P(X = (2, -k); 2 = Z|(Yo, .- Ya) = (Y0, - - ¥n)))

(2.20)

— in (P(X = (&1, 71); Z = Z[(Yo, - .- Yo) = (Yo - - - Yn))) - ax((Fr, i), (¥4, T—4)) 1)
P(X = (2, 8-k); Z = Z|(Yo, .- Ya) = Yo, - - ¥n))) - ax ((zk, 1), (Tk, T—1))
2.21)
Now we replace the X with Z in (2.20), we have
P(Z = (2, 2-); X = Z[(Yo, ... Ya) = (Yo, - - - Un)))
“qz((2k, Z-k), (Be, Z2k)) - 0z (20, Z), (Bs 2-1)) (2.29)

=P(Z = (2, 72.4); X = (Yo, ... Yn) = (Yo, - - Yn)))

qz((Zk, Z-1), (20, Z-1) - @z ((Zks 2k), (28, 2-))

— in (P(X = (%, 21); X = Z[(Yo, - - - Ya) = (Yo, - - - Yn))) - a2(CGi, Z), (25, Z-1)) 1)
(o0 21 X = 7Y, V) = (0r- - 9))) - 42((21 24> s E1))
(2.23)
One choice of qz((x,Z_1), (Zp, 7p)) is P(Xy = &u|X_p = &2 =
Z; (Yo, ... Yn) = (o, - - - Yn)). This is exactly the Systematic-Scan Gibbs sam-
pler, so ax((zx, T_k), (Tk, T_x)) =1
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Similarly, we can let ¢z ((zx, 5-1), (ks 2-1)) a8 P(Z = 24| Zp = 34 X =
53; (Yb, Ce Yn) = (yo, . yn)) and az((zk, 2,]6), (ZA’k, ,g,k ) =1
Theorem 2.7.2 Let S be the state space of X.

fork=1,...,n—1

PXp=inX =0 Z =52 ,...Y) = Yo, -Un))
p$k_1i’k . gk(i‘k7 Zk) ' pf:—lzk ' pi’kxkﬁ—l (224>

N Zr
kaesx Pzy_q2y - gk(xka Zk) *Dzpizk P

fork=0

P(Xo = i‘o’)zfo =T 0,4 =2 (Yo, .- -Yn) = (y0> .- -yn))
_ v(Z0) - go(Zo, 20) - V(20) * Pioas (2.25)
Z@oesx U(@k) '90(500, 20) 'U(Zo)i" * Pioxy

fork=n

P(Xy =ip|Xn=Fn; Z =% Yo,...Y,) = (Yo, .. yn))
pxn—ljn ' gn('fjﬂd Zn) ' pf:_lzn (226)

Z;ﬁnGSX pxn—ljn : gn('{t'nd zn) : pi::;—lzn

Theorem 2.7.3 Let SZ be the state space of Z.
for k=1,..., n-1

o s Gk(Tk, 2k) ~p§:jk1+l (2.27)

Lk . ) . TE+1
Zékeszpzk,lék gk<xkazk) Dzpziia

fork =0
P(ZO = ,7:'0|Z_() = 5_0; X = i’, (3/0, e Yn) = (y07 e yn>>
_ v(20)™ - go(o, 20) - Py, (2.28)

o Zéoesz v(zo)””o . go(ﬂl?o, 20) -pﬁézl
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fork=n
P(Zy=%p|Z =50 X =7 (Yo,...Y2) = (o -- - Un))

ZinESZ pi:,lén ’ gn(-TTH én)

The proof of the theorem 2.7.2 and 2.7.3 are similar to the proof of the-
orem 2.4.1. Let us give an intuitive explanation. In the theorem 2.7.2, we
replace the gi(zy) as gz, 2x) - p2t ... In the theorem 2.7.3, since condi-
tionally on the X, Z is a non-homogeneous Markov chain, we replace the
Pzp_1z, @S pik . Actually, in the proof of Theorem 2.4.1, we do not use
the property of homogeneous Markov Chain, so there is no problem when we
focus on the non-homogeneous Markov chain.

Once the theorem 2.7.2 and theorem 2.7.3 are done, there is no difficult
to apply the idea of RWMH.

3 Importance Sampling

In the previous Chapter, we are dealing with the sampling of hidden chain
(xg,...x,) with fixed length n + 1 given the observation. When the new
observation occurs, we need to give up all the previous sampling result and
implement the whole algorithm again. But we can avoid such tedious action
in the sampling method based on Importance sampling. We will also talking
about how to use resampling to solve the weight degeneracy phenomenon in
Importance sampling method.

3.1 Introduction of Importance Sampling
Theorem 3.1.1 Strong Law of Large Number let (X, Xi,... Xy)

be independent identical random variables. f be the probability density of
X. Then

Zi]\il Xi a8

N E¢(Xy) = /x - f(z)dx
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as N goes to infinity. E(X;) means the expect value of X respect to
probability density f.

Let f(x) be some probability density function. Notice that E;(X) =
f(z) ( f (90)) .
- fr)de = [x-—= - ¢g(x) de = E, | x - ——= ] for other probability
Jo-fo)de = o L8 ga) de = B, (2 22
density g(z) where g(x) > 0 if f(x) > 0.

Thus, if we simulate the X according to the probability density g(x),
rather than f(z) itself. We have

s, h@;)' s g (h(X) - m)

as N goes to infinity. But

B, (h(X) - %) = [ @) % gw)dz = Eyh(X)]

Hence,

Zi]\il h(x;) -

=% Ey[h(X))]

The idea of the importance sampling is that the probability density g(x)
is more appropriate to simulate in some situation.

Theorem 3.1.2 Let f(x) be a probability density, and g(z) be another
probability density which satisfied g(z) > 0 if f(z) > 0. We want to estimate
E¢[h(X)] by simulating X according to probability density g.

) = ——— A2 2 ) 1)
Zi:l g(x:)



Proof. We have

Zij\il h(x;) -

20 2 gy ao)

and replacing the function h(x) with constant 1, we obtain

IR
i () I 22 By [h(x)
i=1 g($z)
We may regard
f(zi)

S gl
izle = Zzl Z (l’z) =1
=1 (xz)

Q

(3.5)

We can simplify 147 (h) = Zfil h(z;)-wh. Hence, ui?(h) can be regarded
as the expectation E,,(h(X)) of the following discrete probability distribution
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— 1
Zy, p_wN

_ 2
X: T, p_wN

_ N
TN, p_wN

This method is so called Sampling Importance Resamping.

Let us give an example to explain why we need pl?(h) rather than the
general Importance sampling estimator.

Example 12. Suppose the probability density function of random variable
1

Xis K- f(x) and K = ————

@ Tz

to compute. We want to estimate E(h(X)) by sampling X according to
another probability density g.

is some unknown constant that is hard

The constant K makes it hard to construct the general Importance esti-

mator v But the
i) SIS Sy 2
S v K- f(SCz)Z - N Sflzi Z
Ei:l W Zi:l g(a:z)

and p47(h) == E¢(h(X)). Hence, we don’t need to evaluate the K in
py (h).
A
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3.2 Application in HMM

We want to estimate
®o- n‘n( (Xo, ..., Xp)) = Er(h(Xo, ... X0)|Yo =y0,... Yo = un)
—Z thg,.. ) fo, - yn] Xo = 20, ... Xy = 23)

zo€ES Tn€S

x P(Xo = x0,... X, Zl‘n) f(yg,...y)‘1 (3.6)

_Z Z :I:o,... mo Hp% 1% ng :1;‘2

ToES Tn €S

for some bounded function h. L, := f(yo, ... y,) is the likelihood of Yy, ... Y},

Lt v(xo) [T Pas_yan - [1img 9i(x:) is the conditional probability of chain
(xg,...2,). We can construct another distribution Q(Xy = x¢,... X, =
z,) such that Q(Xo = x¢,... X, = x,) > 0 if L' - v(2o) [112) Posras
[T gi(z;) > 0 for any n. We will talk about the choices for @, later,
in section 3.3, and right now we can concentrate on the mathematics of the
estimation, We have

¢0:n\n(h(X07 ce 7 Z Z an — l’o prl 1% ng xz

roES Tn€S

. Lr_zl ’ U(l‘o) Hi:l Pai_1a; Hi: gl('rl)
T B T

zo€ES Tn€S
Q(X() :ZL‘(),‘..X,-L :fL’n)
(3.7)

Thus, we can first simulate the (zo,...z,) according to the joint distri-
bution Q(Xy = xo, ... X, = z,) and then evaluate the function h(xo, ...z,)-
Lgl ' U(x()) H?:l Pz qa; - H?:O gz(x,)

Q(Xo = X, - - Xn = SL’n)
rithm(Theorem 1.3.3) to evaluate L,, we can avoid this as in example 12,
using as constant K.

We regard LZI‘U(%) H?:l Pxi,lxi'H?:o gi(x;) as f and Q(Xo = wg, ... Xy, =
x,) as g in (3.4).

. Recall that we needed a recursive algo-

Therefore
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() v(zp) [Timy Pyi_ 2l - [ Lm0 9i(x7)

—

N N J j
- h(xy) - Dz, .. 7)) - . ,
2imy h(@:) ;) 2 Mo ) Q(Xo =x),... X, =)

N

py (h) = - : :
v I o) T py o Ty o)
2y R g

QXo=21),... X, = x})
ﬂ} Ef(h(XO, . Xn)D/O = Yo, - - - Yn = yn)

(3.8)

as N goes to infinity.

Such expression do not require the estimation of L,. Since L, is the
constant K in example 12 which will be canceled out. If we set

Q(onxé,...Xn:xJ) | (3.9)

v (@) v VE) Lo vy o TTig 9i(27)
gla) 2= QXo=2a),... X, =z})

~ Notice that Zjvzl w) = 1. Then we could regard (3.8) as Zjvzl h(z), - )
w), ,where w/ is the weight of each sample. We related the symbol w/ with
n is because, when we obtain the new observation Y, 1 = y,+1. We could

update the w’ recursively.

Theorem 3.2.1 If f(z) = K - g(x) for any x and given constant K, we
write f o< g. For j =1,... N, we have

Q(Xnp1 =2, 1| X0 = 2),... X, = 1)

J J .
wn—l—l X wy,

N
and Zj Wy =1
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Proof. ' " » .
’U(LU%) Hz 1 p ] xz ' Hl 0 gl( )
i Q(XO = $07 o X1 = xn—i—l)
Wyt1 = 7 n+1 n+1 j
N /U(x()) Hz 1 p:vj 1:1: ’ HZ 0 gl( )

T Q(Xo=ah, . X =

n+1)
= . - . 1" - _ ,
QXo=x),... X, =) i Q(Xni1 =2, 4| Xo=2a),... X\, = 27,
. . . .
N ’U(CC%) H'Ln—‘rl p ] xi ’ HZH_O gZ( )
where K, 1 = ijl )
Q(XO = QZO, Ce XnJrl = an)
Hence,
J J pziwzﬁl ' gn+1(xi+1) Kn
Why1 = Wy - b J iy K
QX =2, 1| Xo=2],... X, =21) Knnr
. Paiai | “Gn1(Th41)
o wy, - J j j
Q(Xn+1 = xn+1|X0 = Ty, - - - X, = xn)
forj=1,...N
]

Thus, we simulate the new state of the jth chain according to Q (X, 11 =

x) 11Xy =1},... X, =a)). Updating the wn+1 by (3 10) and estimating the
¢0:n+1\n+1(h<X07 s 7Xn7 Xn—l—l)) by ZJ 1 (‘IO’ .

J
-7y, xn+1> Wnt1-

We define
N ‘ ‘
¢éi—]§1|n+1( ) :Zh(x{) .ZU xn+1) w]+1 (3].].)
j=1

This is a very important advantage, comparing to MCMC method. Since
the new observation will change the stationary distribution: ¢o.pjn — @on41jnt1
We need to reset the MCMC simulation entirely. However, under the Im-
portance sampling, we only need to update the new weight w;_ ;. Moreover
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if the conditional distribution of the hidden chain is not strictly positive, so
it cannot be the stationary distribution. We are still able to estimate the

(bO:n\n(f(XO; cee

, X)) by importance sampling. This is because the estimator

of Importance sampling is constructed on SLLN, but the estimator of MCMC
is constructed on Theorem 2.1.1 Ergodic theorem.

Algorithm 7: Importance Sampling in HMM

=

© 000 N & oA W N

10

11
12

Input: P=(p;; : i,j € S); Conditional probability density

gk(xr) = g(y|xk); Observation yo.,; The sample size N; The

joint distribution Q.
Output: N sample of
(w0, 1, 2 );W=((W)iy = w],1 < j < N,0<i <)
Initialize M = N X n + 1 matrix , to store the simulation chain;
W = N x n + 1 matrix , to store the w/

for j=1: N do
Simulate the 27, according to distribution Q(Xy = zo);
wy = v(x3) - o)/ Q(Xo = x7)
end
Normalized wg
fori=1:ndo
for j=1: N do
Simulate the xf according to the probability distribution
Q(X; = a4 X1 = a:f_l, . Xo =)
wl =i, - el el ) A
’ QX =l Xo=2a), .. Xi =] ))
end
Normalized w! and saved in the matrix W
end

Finally, we can use Z;VZI h(z}, . .. x})-w] to estimate the ¢o.xk (h(Xo, - .-

for any & € {0,1,...n} and bounded function h.
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3.3 Prior Kernel

The natural choice of () is P := transition matrix of X, without any
observation. That is Q(X¢ = wo,... X, = x,) = v(T0) * Paowy - - - Py 200+
Such @ is called prior kernel. Also, v(%0) * Prgay - - - Pay_yzn, > 0 if L1 -
v<x0) H?:l Dz ya; - H?:O 97,(%@) > 0.

We have

pm%rj * On+1 (‘r{"rkl) . .
i 2 ) ()
oty (3.12)

wfz+1 oc w, -
i oc 2L70) - 90(x0)
v(g)

Example 13. We maintain all the condition in Example 9 Applying the
Algorithm 7 with prior kernel. We have the following result.

::gdx@

[1] "marginal distribution”

[,1] [,2] [.3]

[1,] 0.9098 0.0902 0.0000
[2,] 0.0000 0.8108 0.1892
[3,] 0.9563 0.0437 0.0000
[4,] 0.0000 0.6256 0.3744
[5,] 0.1195 0.8805 0.0000
[1] "Mmarginal distribution under Importance sampling”

[,1] [,2] [,3]

[1,] 0.9042 0.0958 0.0000
[2,] 0.0000 0.8494 0.1506
[2,] 0.9607 0.0393 0.0000
[4,] 0.0000 0.6922 0.3078
[5,] 0.0762 0.9238 0.0000

Figure 3.1: Let h=I;x,—;. Estimating ¢r4(l;) by Zﬁvzl I{xizi} . wf The
sample size N=1000

The result is not good, comparing to the MCMC method. After increas-
ing the sample size N to 10000. The importance sampling method converge
to the true marginal distribution. The intuitive reason to explain such slow
converge is that the simulation step didn’t consider the information of obser-
vation. But the MCMC method consider the observation in each simulation.
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In order to address this problem, we introduce another distribution @, called
Optimal Instrumental Kernel. A

3.4 Optimal Instrumental Kernel

Here, let’s consider another choice of (). We can start by setting

Q(Xn = xn|Xn—1 = Tn-1y--- XO = CEO) = Q(Xn = xann—l = xn—l)

= Danrzn " In(Tn)/ Z Pan_rzn * In(Tn)

Q(Xo = o) = v(0) - go(wo)/ > v(xo) - go(wo)

ToES

Thus, Q(X, = 3, Xpn1 = Tpo1,... Xo = 29) X v(zo) [11) Paorran -
[Ty gi(x;). Such @ is called Optimal Instrumental Kernel. If Q(X, =
Ty Xyt = Tty ... Xo = x0) > 01f Lt - v(wo) [Ty Do s - [L1mg 9i (i) > 0.
Therefore, the Optimal Instrumental Kernel kernel satisfies the minimal re-
quirement of Importance Sampling.

Since the state space of X is finite, Q(X,, = x,|X,,—1 = =,,_1) is a discrete
distribution. The transition probability () consider the value of observation.
So the converge speed should faster then the prior kernel.

We rewrite the (3.10) as following

; Pafoi,,  Int1(Tpi1) s o)
Wy O = wj, - Dai gy " Int1(Tnt
n+1 Doy gn(xn)/ZzneS D1z gn(xn) n ) Tpt1 n+ n+

zn+165

J x U(l’o) . go(.ilﬁo) _ (o) -
- v(®0) - 9o(20)/2spes V(o) - go(o) D vl@o) - golao) ox 1

ToES

(3.14)

Example 14. Applying the Algorithm 7 with Optimal Instrumental Kernel.
We have the following result.
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[1] "Mmarginal distribution”
(.11 [,21 [,3]

[1,] 0.9098 0.0902 0.0000

[2,] 0.0000 0.8108 0.1892

[3,] 0.9563 0.0437 0.0000

[4,] 0.0000 0.6256 0.3744

[5,] 0.1195 0.8805 0.0000

[1] "Mmarginal distribution under Importance sampling_prior kernel”
(.11 [,21 [,3]

[1,] 0.9097 0.0903 0.0000

[2,] 0.0000 0.7311 0.2689

[3,] 0.9421 0.057% 0.0000

[4,] 0.0000 0.803% 0.1961

[5,] 0.1670 0.8330 0.0000

[1] "Marginal distribution under Importance sampling_optimal Instrumental Kernel"”

[,1] [.2] [.3]

[1,] 0.9068 0.0932 0.0000
[2,] 0.0000 0.7739 0.2261
[3,] 0.9579 0.0421 0.0000
[4,] 0.0000 0.6171 0.3829
[5,] 0.1217 0.8783 0.0000

Figure 3.2: The sample size N = 1000. It is obvious that the Importance
Sampling with optimal instrumental kernel is more accurate than the Impor-
tance Sampling with prior kernel

As we can see, the Importance sampling estimator of ¢4(I;) didn’t con-
verge to the true probability in both method when simulation size N = 1000.
Figure 3.3 shows the result of 100 independent runs. Each runs contain N
particles.
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marginal probability of X_5=1
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Figure 3.3: The red line represent the true probability of ¢4(1;). The Impor-
tance sampling estimator with Optimal instrumental kernel provide a more
accurate result.

3.5 Weight Degeneracy

In the previous section, we have q@éia( f) = Zjvzl f(@d, ... xl)-wi where

w? is defined in (3.6) and f is the bounded function. We may write w) =

vl / Zjvzl v where

; U(l’é) H?:l pmz_lzz ’ H?:O gl<xi)
v, = -

" QXo=21),... X, = x})

We call such vJ as the importance weight and w! as the normalized

¢O.n|n‘( 050 ") — . Thus, the

importance weight. Notice that v/ o
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small importance weight implies that the simulated chain is far from the joint

distribution @o.pjn(lz,..z,) and will contribute a little to the qgéia If most

of the simulated chain have small importance weight, the Q@éia is ineffective.
This is because we put too much time on computing the importance weight
that are close to 0 and updating the chain that is irreverent to the main body.
As a consequence, only a few simulated chain will have w! = v / Zjvzl V) not
close to 0.

Such situation is call weight degeneracy and is very likely to happen as
the time index N increases. Let us introduce such phenomenon in a simple
example.

Example 15. Again, we maintain all the model condition in Example 9 We
choose the prior kernel as our ). The simulated simple size= 1000 and the
size of observation n = 10.

Importance weight for w_5(base 10 logarithm)

(=]
z o
o
g ©
: — N
L o I ' T
-40 -30 -20 -10 0
w_5
Importance weight for w_10(base 10 logarithm)
)
= Qo
L] (=]
3J —
o
2 ﬂ ————
oo [ T T T T T T |
70 60 -50 -40 -30 -20 10 0
w_10

Figure 3.4: The first plot represent the histogram of the base 10 logarithm of
normalized importance weight wl. The second plot represent the histogram
of the base 10 logarithm of normalized importance weight w?, .

Notice that log10(1/1000) = —3 and log1o(1/1000 % 1/1000) = —6. The
normalized importance weight are still reasonable when time index n = 5.
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However, most of the normalized importance weight less than 1/1000%1/1000
when time index n = 10. The exact marginal probability ¢1¢10(/2) ~ 0.9745.
There have 837 of 1000 simulated chain whose normalized importance weight
less than 1/1000%1/1000 and they only contribute 4.4613 x 107¢ to the
GLSI00(1, ) =0.9658087. That is, we spend over 80% time to update

0:10/10
the irrelevant chain. YA

There have several useful tool to check the weight degeneracy. A simple
test is used by Kong(1994), which is defined by

N
CVy = Z (wi — — (3.15)

N ieve its minimum 0 when w’ = —. N ieve its maximum
CVy achieve its 0 whe J N CVy achieve its ma

VN — 1 when w’ = 1 for some j.

Example 16. We maintain all the condition in example 9. The plot shows
that the C'Vly increase as the time index increase. Therefore, most of nor-
malized importance weight will decrease to 0 as time index increase.
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Figure 3.5: The value of C'Vyy. The model and data is the same in example
3.5.1

3.6 Resampling

Gordon(1993) provide the solution to reduce the weight degeneracy. The
basic idea is based on the resampling approach. It suggests that we could
resample the simulated chain (z7,...27) according to the multinomial dis-
tribution with probability eaqual to the normalized importance weight w .
Resampling allows the simulated chain with small importance weight disap-
pear. The chain with large importance weight are more likely to survive in
the resampling round.

Thus we can adjust the Algorithm 7 as the following algorithm 8.

Notice that once we apply the resampling approach, the simulated chain is

no lo.nger independent. This is because the resampling distribution P ((XO, LX) = (x%, oo

=w],j=1,2,...N depends on all the importance weight v],7 =1,2,... N.

Therefore, to proof that gbéiﬁN = Zjvzl f(xd,...2l)-wi is a consistent es-
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Algorithm 8: Importance Sampling with Resampling

[=2 BN~ SN VU ]

10
11
12
13
14
15

16
17

18

19

20
21
22
23

Input: P=(p;; :i,j € S); Conditional probability density
gr(zr) = g(y|xr); Observation yg.,; The sample size N; The
joint distribution @); C' the resampling constant.
Output: N sample of
(20,1, )W = (W)i; =w!, 1 <j < N,0<i < n)
Initialize M = N x n + 1 matrix , to store the simulation chain;
W = N x n + 1 matrix , to store the w]
for j=1:N do
Simulating the # according to distribution Q(Xy = zo);
wy = v(xp) - go(p)/Q(Xo = x7)
end

Normalized w};

if \/N Zj.v:l(wé — %)2 > (' then
Simulating N independent chain according to the
distribution P(Xy = xé) = wg,j =1,2,...N;
Replacing the old chain with the new one;
Set w) = 1/N
else

end
fori=1:ndo
for j=1: N do
Simulating the x{ according to the probability distribution
QXi =z X,y =a)_,,... Xg= 1))

Pai 0t~ 9i(27)
Q(Xz = $3|X0 = ZL‘%, R X’i—l = [[“j_l)

7

Wi = w;i_q -

end
Normalized w};

if \/sz.vzl(wg’ — %)2 > C' then
Simulating N independent chain according to the distribution
P((Xo,...,X;) = (x%,xi)) :wg,j =1,2,...N;
Replacing the old chain with the new one;
Set w/ = 1/N
else
end 64




timator of ¢, (f(Xo,...,Xy)) is no longer a trivial task. Moreover, the
resampling increase the variance of the original Importance sampling estima-
tor.

In this project, we will only prove a special case: Resampling at the final
round. Let us define one new notation first

& = (2g,...2})

That is (&) ,w?) represent the jth simulated chain and corresponding nor-
malized improtance weight, up to state x,,.

Theorem 3.6.1 Dominated Convergence Theorem(DOM) Sup-
pose (X,)n>0 is a sequence of random variables, and X is also a random
variable with X, converge to X with probability 1. If | X,,|< Y for all n and
Y is a random variable with finite expectation. Then

lim E(X,) = E(X) (3.16)

n—oo

The proof can be found in the Chapter 5 of Probability with Martin-
gale(Williams).

Theorem 3.6.2 If we only take the resampling approach in the final
round of Algorithm 6. f is any bounded function with sup f < B. The
importance sampling with resampling estimator

G (f) = % 3 F(@) (3.17)
j=1

where éj is the jth simulated chain after resampling.

Then
2) B (F)=Gumin(f (Xon . X)) = BN (F) =l f (Ko, .- X))
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Proof. 1) First notice that
E@gi(Nlen, - €))
—E(%Zlf(éj)\s;,...fﬁ)— E(f(EDeh... wa /(&)
—¢éf;|ﬁ<f])_

Since qbéia(f) — Ponin(f(Xo, ... X,)) with probability 1 as N goes to
infinity. Also, qﬁéia( f)<supf=B

Applying the Theorem 3.6.1 Dominated Convergence Theorem, we have
dim E(6gf,(5) = lim E(E(@G(N1& - &) = doapa(f(Xo, . X0))
—00 N—o0

2)

E(S5h(f) = Gowmin(f (X, - .. X0)))?

= B(GI(f) = Shun () + e (F) = Gouafn (F (X, - .. X))

- E(ég{”‘lfn(f) (béia(f)) + E(%ia(f) - ¢0;n\n(f(Xo, .. .Xn)))2
+ 2+ E{GSH () = (D) (@omm (F) = Goonin(F(Xo, - X))}

(3.18)

But

E{inft () = omm () (Sgoim () = Gompn (F (X0, - - X))}
= B{E(G5E () = b (IS (F) = boamn(F(Xo, .. X))IES €0}

= E{(E(G515.(NIEn - &) = Somin () (San () = Gommin (F (Xo, - X))}
=0

Therefore, E(Gf;gﬁn(f)—ﬁbomn(f()(oa e Xn)))2 > E(Qbéia(f)_QSOnm(f(XO? s

[]

It can be shown that the Importance Sampling with resampling estimator
under Algorithm 6 converge to ., (f(Xo, ... X, )) in probability. Interested
reader can refer to Chapter 9 of [Inference in HMM(Cappe)].
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Example 17. To illustrate the power of resampling, we maintain all the
condition in previous example. Applying the Algorithm 6 with prior kernel
and the resampling constant C' = 5.

Importance weight for w_5 (base 10 logarithm)

Frequency
0 200
I I

Frequency
0 300

Figure 3.6: The first plot represent the histogram of the base 10 logarithm of
normalized importance weight wj. The second plot represent the histogram
of the base 10 logarithm of normalized importance weight wy, .
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Figure 3.7: The value of C'Vy.

We apply the resampling method in algorithm 6 whenever the C'Vy > 5.
In figure 11, the normalized importance weight increased significantly, com-
paring to figure 9. Showing that the weight degeneracy phenomenon has
been controlled. There are 612 of 1000 simulated chain whose normal-
ized importance weight larger than 1/1000 and contribute 0.9721142 to the
GSTRA0(T ) := P(X10 = 2|Yp = Yo, ... Yio = y10) = 0.97211423. There-
fore, there have over 60% simulated chains that are significantly contributing
to the estimator. Such estimator is more effective than the method without
resampling.

A

68



4 Appendices

4.1 R code
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#Forward and backward Decompostion

#discrete distribution simulation(accept-reject)

ds<-function(x){
k=0
n=length (x)
C=max (x)
while (k==0){
u=runif(1,0,1)
y=floor (n*u)+1
if (runif(1,0,1)<=x[y]/C){k=1;final=y}
}

return(y)

#finding phi_ {k|n} by recursive method

phi<-function(obs,v,Q,g2){
N=length (obs)
r=ncol(Q)
forw=matrix(0,nrow=N,ncol=r)
phi=v

for(i in 1:N){
c=sum(phi*g2(c(1:r),obs[i]))
forw[i,]=phi*g2(c(1:r),obs[i])/c
phi=forw([i,]%*%Q

}

backw=matrix(0,nrow=N,ncol=r)

backw[N,]=forw[N,]

for (i in (N-1):1){
B=matrix(0,nrow=r,ncol=r)
for( j in 1:1){

Blj,]=forw[i,]*Q[,jl/sum(forwl[i,]1*Q[,j]1)
}
backw[i,]=backw[i+1,]%*%B
+

return(backw)

#MCMC_ Systematic-Scan_Gibbs_ Sampling

singlesite<-function(N,obs,initial,Q,v,g2){
n=length(initial)
r=ncol(Q)
chain=initial



store=matrix(0,nrow=N,ncol=n)
store[1,]=chain
new_chain=rep(0,n)

for( j in 1:NM){
x=chain[2]
p=v¥g2(c(1l:r),obs[1]1)*Q[,x]
p=p/sum(p)
new_chain[1]=ds(p)
for (i in 2:(n-1)){
x=new_chain[i-1]
y=chain[i+1]
p=Q[x,1*g2(c(1:r),obs[i]1)*Q[,y]
p=p/sumn(p)
new_chain[i]=ds(p)
¥
p=Q[new_chain[n-1],]1*g2(c(1:1),obs[n])
new_chain[n]=ds (p/sum(p))
store[j,]=new_chain
chain=new_chain
}

return(store)

#phi_ MCMC,to estimate the marginal distribution

phi_MCMC<-function(MCMC,r){

nrow=nrow (MCMC)

ncol=ncol (MCMC)

phi=matrix(0,nrow = ncol,ncol=r)

for (j in 1:1){
for(i in 1:ncol){

phili,jl=sum((MCMC[,i]==j))/nrow

}

}

return(phi)

#MCMC_RWMH

MH<-function(N,obs,initial,Q,v,g){
n=length(initial)
r=ncol (Q)
chain=initial
store=matrix(0,nrow=N,ncol=n)
store[1,]=chain
new_chain=rep(0,n)

for( j in 1:NM){

x=chain[2]

a=floor (r*runif(1,0,1))+1 #simulate new state

a_old=chain[1]#o0ld state
p=min(v[al*g(a,obs[1])*Q[a,x]/(v[a_old]*g(a_old,obs[1])*Q[a_old,x]),1)



new_chain[1]=ifelse(runif(1,0,1)<p,a,a_old)
for (i in 2:(n-1)){
x=new_chain[i-1]
y=chain[i+1]
a=floor (r*runif(1,0,1))+1
a_old=chain[i]
p=min(Q[x,al*g(a,obs[i])*Q[a,y]/(Q[x,a_old]l*g(a_old,obs[i])*Q[a_old,y]),1)
new_chain[i]=ifelse(runif(1,0,1)<p,a,a_old)
}
a=floor (r*runif(1,0,1))+1
a_old=chain[n]
p=min(Q[new_chain[n-1],al*g(a,obs[n])/(Q[new_chain[n-1],a_old]l*g(a_old,obs[n])),1)
new_chain[n]=ifelse(runif(1,0,1)<p,a,a_old)
store[j,]=new_chain
chain=new_chain
}

return(store)

#Importance Sampling_prior kernel

ISP<-function(N,obs,Q,v,g2,cv,C){
n=length(obs)
r=ncol (Q)
store=matrix (nrow=N,ncol=n)
W=store
for( j in 1:NM){
x=ds (v)
store[j,1]=x
Wlj,1]1=g2(x,0bs[1])
}
Wl,11=w[,1]/sum(W[,1])
if (cv(W[,11)>=C){
k=store
for(t in 1:N){ storel[t,]=k[ds(W[,11),]1}
wl,1]1=1/N
}
for(i in 2:n){
for(j in 1:N){
x=ds(Q[store[j,i-11,1)
store[j,il=x
Wlj,il=W[j,i-11%g2(x,obs[i])

W[,il=W[,i]/sum(W[,i])
if(ev(W[,1])>=C){
k=store
for(t in 1:N){ storel[t,]=k[ds(W[,i]),]}
Wl,i]l=1/N

}

}

A=list(store=store,w=W)

return(A)



#Importance Sampling  Optimal Instrumental Kernel

IS0<-function(N,obs,Q,v,g2){
n=length(obs)
r=ncol (Q)
store=matrix(nrow=N,ncol=n)
W=store
for( j in 1:N){
x=ds(v¥g2(c(1:r),obs[1]))
store[j,1]=x
Wlj,11=1/N
}
for(i in 2:n){
for(j in 1:N){
x=ds (Q[store[j,i-1],]1*g2(c(1:r),obs[i]))
store[j,il=x
Wlj,1i1=W[j,i-1]1*sum(Q[storel[j,i-1]1,]1*g2(c(1l:r),obs[i]))
}
WL,il=w[,i]/sum(W[,i])
}
A=list(store=store,w=W)
return(A)

#phi_ IS to estimate the marginal distribution

phi_IS<-function(IS,r){
store=IS$store
w=IS$w
nrow=nrow(store)
ncol=ncol(store)
phi=matrix(0,nrow = ncol,ncol=r)
for (j in 1:r){
for(i in 1:ncol){
phili,jl=sum((store[,i]l==j)*w[,ncol]/sum(w[,ncol]))
}
}
return(phi)

#CV_N

cv<-function (w){
N=length (w)
cv_N=(N*(sum((w-1/N)"2)))"0.5
return(cv_N)

3

#Weight Degeneracy

cv_wd<-function(w){
n=ncol (w)
N=nrow (w)



cv_N=vector()

for(i in 1:n){
cv_N[i]l=(N*sum((w[,i]-1/N)"2))"(1/2)

}

return(cv_N)

#Test Section #parameter

Q=matrix(c(1/8,5/8,2/8,1/9,7/9,1/9,2/5,1/5,2/5) ,byrow=TRUE, nrow=3)
v=c(1/3,1/3,1/3)
u=c(-5,0,5)
s=c(2,4,2)
g<- function(x,y){
z=exp (- (y-ulx]) "2/ (2*s[x]1))
return(z)
}
g2<-function(x,y){
n=length (x)
z=vector (length=n)
for( i in 1:n){
z[il=exp(-(y-ulx[il]) "2/ (2*s[x[i1]1))
}

return(z)

#Example 7

simb<-function(N,v,Q){
stat=matrix(0,nrow = N, ncol=2)
stat[1,1]=ds(v)
stat[1,2]=stat[1,1]+ifelse(runif(1,0,1)<1/2,1/2,-1/2)
for( i in 2:N){
stat[i,1]=ds(Q[stat[i-1,1],1)
stat[i,2]=stat[i,1]+ifelse(runif(1,0,1)<1/2,1/2,-1/2)
}
colnames(stat)<-c("X","Y")
return(stat)
}
#sim(100,v,Q,u, s)

Q=matrix(c(1/4,3/4,3/4,1/4) ,byrow=TRUE, nrow=2)
v=c(1/5,4/5)
g2<-function(x,y){
n=length (x)
z=vector (length=n)
for( i in 1:n){
if (y==5/2){z[i]=ifelse(x[1]==2,1/2,0)
Yelse if(y==3/2){z[i]=1/2
}Yelse{z[il=ifelse(x[i]l==1,1/2,0)}
}

return(z)



set.seed(1234)

N=3

#hmm=simb (N, v, )
obs=c(3/2,3/2,3/2)
phi_x=phi(obs,v,Q,g2)
N=1000

r=ncol(Q)

MCMC=singlesite(N,obs,c(1,1,1),Q,v,g2)
#MCMC_2=rbind (singlesite(N/3,0bs,c(1,1,1,1,1),0Q,v,92),singlesite(N/3,0bs,c(2,2,2,2,2),0,v,92),singlesit

phi_mcmc=phi_MCMC(MCMC,r)

print ("Marginal distribution")

round(phi_x,4)

print("Marginal distribution estimator under Gibbs Sampling")
round (phi_mcmc,4)

#Example 8
#simulate(X_k,Y_k)_for normal Y

sim<-function(N,v,Q,u,s){
stat=matrix(0,nrow = N, ncol=2)
stat[1,1]=ds(v)
stat[1,2]=rnorm(1,ulstat[1,1]],s[stat[1,1]])
for( i in 2:N){
stat[i,1]=ds(Q[stat[i-1,1]1,]1)
stat[i,2]=rnorm(1,ulstat[i,1]],s[stat[i,1]])
}
colnames(stat)<-c("X","Y")
return(stat)
+
#sim(100,v,Q,u, s)

set.seed(1234)

N=5
hmm=sim(N,v,Q,u,s)
obs=hmm [, 2]
phi_x=phi(obs,v,Q,g2)
N=1000

r=ncol(Q)

timestart1<-Sys.time();

MCMC=singlesite(N,obs,c(2,1,2,1,2),Q,v,g2)

timesend1<-Sys.time();
#MCMC_2=rbind(singlesite(N/3,0bs,c(1,1,1,1,1),Q,v,92),singlesite(N/3,0bs,c(2,2,2,2,2),Q,v,92),singlessit
timestart2<-Sys.time();

MCMC2=MH(N, obs,c(2,1,2,1,2),Q,v,g)

timesend2<-Sys.time() ;



print ("Running time of Gibbs Sampling")
timesendl-timestartl

print ("Running time of Metropolis-Hastings")
timesend2-timestart2

phi_mcmc=phi_MCMC(MCMC,r)
phi_mcmc2=phi_MCMC(MCMC2,r)

print ("Marginal distribution")

round (phi_x,4)

print("Marginal distribution estimator under Gibbs Sampling")

round (phi_mcmc,4)

print("Marginal distribution estimator under Metropolis-Hastings")
round (phi_mcmc2,4)

#Example 11

set.seed(1111)

N=5
hmm=sim(N,v,Q,u,s)
obs=hmm[, 2]

S0=100

S=vector()

for(i in 1:N){
S[il=exp(sum(obs[1:1]))*S0

}

phi_x=phi (obs,v,Q,g2)
N=1000
r=ncol(Q)

timestarti1<-Sys.time();

MCMC=singlesite(N,obs,c(2,1,2,1,2),Q,v,g2)

timesend1<-Sys.time();
#MCMC_2=rbind(singlesite(N/3,0bs,c(1,1,1,1,1),Q,v,92),singlesite(N/3,0bs,c(2,2,2,2,2),Q,v,92),singlessit
timestart2<-Sys.time();

MCMC2=MH(N,obs,c(2,1,2,1,2),Q,v,g2)

timesend2<-Sys.time() ;

print ("Running time of Gibbs Sampling")
timesendl-timestartil

print ("Running time of Metropolis-Hastings")
timesend2-timestart2

phi_mcmc=phi_MCMC(MCMC,r)
phi_mcmc2=phi_MCMC(MCMC2,r)

print ("Marginal distribution")
round(phi_x,4)
print ("Marginal distribution estimator under Gibbs Sampling")



round (phi_mcmc,4)
print ("Marginal distribution estimator under Metropolis-Hastings")
round (phi_mcmc2,4)

library(forecast)
x_0<-MCMC[, 1]
x_1<-MCMC[, 2]
x_2<-MCMC[, 3]
x_3<-MCMC[, 4]
x_4<-MCMC[, 5]

par (mfrow=c(3,2))
Acf(x_0)

Acf(x_1)

Acf(x_2)

Acf(x_3)

Acf(x_4)

#test for IS #Example 14

set.seed(1234)

N=5
hmm=sin(N,v,Q,u,s)
obs=hmm [, 2]

phi_x=phi (obs,v,Q,g2)
r=ncol(Q)

N=1000
IS1=ISP(N,obs,Q,v,g2)
phi_IS1=phi_IS(IS1,r)

IS82=IS0(N,obs,Q,v,g2)

phi_IS2=phi_IS(IS2,r)

print ("Marginal distribution")

round (phi_x,4)

print("Marginal distribution under Importance Sampling_ prior kernel")
round(phi_IS1,4)

print ("Marginal distribution under Importance Sampling Optimal Instrumental Kernel")
round (phi_IS2,4)

NO=100
N1=100
N2=500
x1=vector()
x2=vector ()
x3=vector ()
x4=vector ()

for(i in 1:NO){
IS1=ISP(N1,0bs,Q,v,g2)
x1[i]=phi_IS(IS1,r)[5,1]1 #prior,N=100
IS1=ISP(N2,0bs,Q,v,g2)



x3[i]=phi_IS(IS1,r)[5,1] #prior,N=500
IS2=IS0(N1,0bs,Q,v,g2)
x2[i]=phi_IS(IS2,r)[5,1] #optimal,N=100
IS2=IS0(N2,0bs,Q,v,g2)
x4[i]=phi_IS(IS2,r) [5,1] #optimal,N=500

x=cbind(x1,x3,x2,x4)

colnames(x)<-c("prior,N=100","optimal ,N=100","prior,N=500","optimal,N=500")
boxplot.matrix(x,main="marginal probability of X_5 = 1")
abline(a=phi_x[5,1],b=0,col="red")

#Example 15 & Example 17.

set.seed(1234)
N=10
hmm=sim(N,v,Q,u,s)
obs=hmm[, 2]
r=ncol(Q)

N=1000

IS1=ISP(N,obs,Q,v,g,cv,5) #C=5

w_5=1log(IS1%w[,5] ,base=10)

w_10=1log(IS1$w[,10] ,base=10)

par (mfrow=c(2,1))

hist(w_5,main="Importance weight for w_5 (base 10 logarithm)")
hist(w_10,main="Importance weight for w_10 (base 10 logarithm)")

sum((IS1$w[,10]<=1/1000000))
sum((IS1$w[,10]<=1/1000000)*IS1$w[,10]*(IS1$store[,10]1==2)) #contribute

#Example 16.

cv_N=cv_wd (IS1$w)
plot(cv_N,xlab="time index n")

sum((IS1$w[,10]1>=1/1000))
sum((IS1$w[,10]1>=1/1000)*IS1$w[,10]*(IS1$store[,10]==2)) #contribute
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