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Abstract

In this project, I do an experience study on the mortality of Canadians from 1991-2018. Leveraging the
machine learning algorithms of linear regression, gradient boosting regression and support vector
regression, I forecast the one-year death rates in the year 2018 by using the mortality experienced from
1991-2017.
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1. Introduction
Machine Learning has been a rapidly growing field in today’s world. Many of the latest and greatest
innovations in the technology industry have some artificial intelligence component and every business is
trying to figure out a way to leverage the power of data science to advance their products.
One industry where the application of data science is being integrated is life insurance. When life
insurers perform the underwriting process to evaluate a person’s level of risk, they collect a lot of
personal data. The data is used in actuarial models to calculate the premiums and the reserves. Another
purpose for collecting personal data is for predicting a person’s mortality rate. Mortality rates measure
the rate of death in a population over time. Mortality rates are a critical component that is inputted into
the pricing and valuation models.
Deriving an accurate mortality curve is complicated and requires analysis of the mortality experience,
the rate of deaths that have been experienced recently in time. In practice, there is no distribution that
completely defines the mortality rate of a population. Everybody is unique. However, there are
similarities that are shared between groups of people that can help define a distribution of best fit.
Machine learning methods can be used to uncover the distribution of best fit.
The second problem with mortality experience is that the best fit distribution is constantly changing
over time. For example, the mortality of the global population has heavily declined since the start of the
20th century because of technological advancements. To take this into consideration, actuaries typically
do mortality improvement studies. The purpose of this study is to update the old mortality rates in the
valuation models to a “better” set of mortality rates.
In general, Insurance companies store massive amounts of data. With this data, they can use machine
learning and data science to solve many problems. In this report, we investigate mortality rates for the
Canadian population in 2018 by conducting a mortality experience study using three (3) machine
learning methods.

2. Mortality Experience for Life Insurers
At the heart of any life insurer’s business are life contingent risk models. A life insurer sells life insurance
products. The cost of the life insurance products depends on the life expectancy of the insured. To buy
an insurance policy, one typically agrees to pay a sequence of cash flows (CF) over a period of time in
exchange to have their beneficiary receive a lump sum of money on the occurrence of their death. The
cashflow payments made from the policyholder are called premiums and the lump sum paid out by the
insurer is typically called the death benefit. There are many different payment structures and products
for different coverage periods. Figure 1 is a basic diagram of the cash flows from the perspective of the
insurer.
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Figure 1. Example of cash flows (CF) from perspective of insurer. +CF is a premium received by the
insurer, -DB is the death benefit paid out by the insurer.
It is critical that the actuarial models for mortality are accurate as the profitability of the business
strongly depends on them. One of the simplest ways to verify the validity of the models is to compare
the actual claim amounts to the expected claim amounts. The expected claim amounts are produced
using actuarial assumptions and known data inputted into the model. Mortality is one of the key
assumptions needed to produce the expected claim amount for a given policy.
The age at death of a person is a random variable whose cumulative distribution function (cdf) must
satisfy three (3) properties:
Let 𝑋 be a random variable for the age at death.
1. 𝐹(0) = 0
2. 𝐹(𝑋) is a non decreasing function
3. lim 𝐹(𝑥) = 1
𝑥→∞

Every person has a unique mortality distribution. To simplify things, actuaries classify people into
different risk classes. For example, smokers and non-smokers would have significantly different
mortality distributions, therefore it is appropriate to have different mortality rates for these groups of
people. Other variables that are commonly used for distinguishing risk classes are:
•
•
•
•

Sex
Face amount of the Policy
Age
Country where they live

The objective is to then create a probability mass function (pmf) for the age at death given these input
variables.
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𝑃𝑋 (𝑥|𝑣1 , 𝑣2 , … , 𝑣𝑛 ), 𝑥 = 0, 1, 2, …
where x is the age at death and 𝑣1 , . . 𝑣𝑛 are the n input variables.
In practice, the distribution of the age at death is discrete. Actuaries record the distribution in the form
of a table. Below is an example of a mortality table, where lx represents the number of survivors at age
𝑙

x. Table 1 directly gives the survival function 𝑃(𝑋 ≥ 𝑥) = 𝑙𝑥
0

of the life random variable.

Table 1. Mortality table 2000CM taken from Link
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3. Machine Learning Algorithms for Regression
This chapter will explore three (3) machine learning algorithms that will be implemented in the analysis
section to follow. The algorithms that will be introduced are:
1. Linear Model
2. Gradient Boosting Decision Tree
3. SVM (Support Vector Model Regression)

3.1 Linear Model
Linear regression is a statistical technique that is commonly used to construct machine learning models.
The estimated model is of the form:
̂0 + 𝛽
̂1 𝑥1 + ⋯ + 𝛽
̂𝑝 𝑥𝑝
𝑦̂ = 𝛽
-

𝑦̂ is the response variable
𝑥𝑖 ’s are the features, i=1,…,p
p is the number of features
𝛽̂𝑖 ’s are the estimators for the coefficients

One assumption of the model is that the features need to be numerical variables. To handle categorical
features with n layers, that is, a feature that is one of n possibilities, dummy variables are created.
Dummy variables are indicator variables, they indicate whether an element is in a set or not. For a
categorical feature with n layers, a transformation will be applied so that there are n-1indicator
variables each with two layers. This will create a regression model in the form:
̂0 + 𝛽
̂1 𝑥1 + ⋯ + 𝛽̂
̂
̂
𝑦̂ = 𝛽
𝑚 𝑥𝑚 + 𝜃1 𝑞1 + ⋯ + 𝜃𝑛−1 𝑞𝑛−1

-

𝑦̂ is the response variable
𝑥𝑖 ’s are the numerical features, i=1,….,m
m is the number of numerical features
𝛽̂𝑖 ’s are the estimators for coefficients, i=1,…,m
𝑞𝑗 ’s are indicator variables, j=1,…,n-1
𝜃𝑗 ′𝑠 are estimators for the coefficients of the indicator variables
n-1 is the number of indicator variables needed to represent one categorical variable having
categories
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3.1.1 Ordinary Least Squares (OLS)
Ordinary least squares is a method used to find the best estimators for the coefficient vector. The best
coefficients for the model are the ones that minimize ||𝑦̂𝑖 − 𝑦𝑖 ||2

In matrix notation:
𝑇

||𝑦̂𝑖 − 𝑦𝑖 ||2 = ∑𝑛𝑖=1(𝒙𝑖 𝜷 − 𝑦𝑖 )2 = (𝒚 − 𝑋𝜷)𝑇 (𝒚 − 𝑋𝜷)

where
1
𝑋 = (⋮
1

𝑋11
⋮
𝑋1𝑛

⋯ 𝑋𝑝1
⋱
⋮ ),
⋯ 𝑋𝑝𝑛

𝛽0
𝛽
𝜷 = [ 1 ],
⋮
𝜃𝑛−1

𝑦1
𝑦2
𝒚=[ ⋮ ]
𝑦𝑚

If the columns of matrix 𝑋 are linearly independent, there is a unique solution to the minimization
problem, given by the explicit formula:
𝛽̂ =

𝑎𝑟𝑔𝑚𝑖𝑛
(𝒚 − 𝑋𝜷)𝑇 (𝒚 − 𝑋𝜷) = (𝑋 𝑇 𝑋)−1 𝑋 𝑇 𝒚
𝜷 ∈ ℝ𝑛+1

Therefore, given the matrix 𝑋 of the features and the respective response variable values 𝒚, a linear
regression model can be created by the above formula.

3.2 Gradient Boosting Decision Tree
3.2.1. Decision Trees
A decision tree is a visual tool to break down a dataset into smaller groups. A decision tree consists of
leaves and decision nodes. Each leaf is made up of points from the data with similar parameters. The
decisions nodes show how the data is split apart. Figure 2 below is an example of a decision tree:
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Figure 2. Example of a Decision Tree
There are four (4) leaves at the first layer of the tree, one for each university. The decision node is the
university the person attends. At the second layer there are two (2) leaves for each branch. The decision
node is whether they passed or not. From the tree, the data is partitioned into eight (8) different groups
since the tree has eight (8) leaves.

There are certain machine learning algorithms that are implemented on decision trees. The optimal
number of decision nodes and leaves depends on the dataset, the machine learning algorithm and the
criterion used to measure purity or error at a node.

3.2.2. Random forests (RF)
Random forests is a machine learning technique that uses multiple decision trees. Decision trees are
created from random samples of the data. A machine learning algorithm is then implemented on each
tree, to try and predict the result for a case. Finally, weightings are given to each tree based on the
accuracy of its model prediction. A final formula that maps the feature set of variables to the response
variable using the weightings is then produced.

3.2.3. The following is a general procedure for the Gradient Boost algorithm. X represents the
predictors and y represents the response variable.
1. Fit a decision tree 𝑓1 so that 𝑓1 (𝑥) = 𝑦
9

2. Fit a decision tree 𝑟1 to the residuals of the model in (1), so that 𝑟1 (𝑥) = 𝑦 – 𝑓1 (𝑥), the
residuals of the model 𝑓1
3. Refine the model to be 𝑓2 (𝑥) = 𝑓1 (𝑥) + 𝑟1 (𝑥)
4. Fit decision tree 𝑟2 to the residuals of the model in (3) so that 𝑟2 (𝑥) = 𝑦 – 𝑓2 (𝑥), the residuals
of the model 𝑓2
5. Refine the model to be 𝑓3 (𝑥) = 𝑓2 (𝑥) + 𝑟2 (𝑥)
6. Repeat this process until a desired stopping condition(s) is met

The following is an in-depth example of using the gradient boost algorithm.
1. Start with a root node that has a single value. It represents the initial estimate for the response,
y, of any given sample. The first estimate is the average of all the responses in the data.
i.e. calculate 𝑦
̂1 =

∑𝑛
𝑖=1 𝑦𝑖
𝑛

2. Determine the residuals from all observations and the estimator 𝑦̂1
i.e. calculate 𝑟𝑖 = 𝑦𝑖 − 𝑦
̂1 ∀ 𝑖 = 1, … , 𝑛
3. Partition the sets of predictor variables into groups. For example, assume each response 𝑦 has
three predictor sets A, B, C, such that 𝑦̂ = 𝑓(𝑎, 𝑏, 𝑐) 𝑤ℎ𝑒𝑟𝑒 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶 . We partition
each predictor set A, B, C into a group of k mutually exclusive sets such that for each set:
a. ⋃𝑘𝑖=1 𝐴𝑖 = 𝐴 , ⋃𝑘𝑖=1 𝐵𝑖 = 𝐵, ⋃𝑘𝑖=1 𝐶𝑖 = 𝐶
b. ⋂𝑘𝑖=1 𝐴𝑖 = ∅ , ⋂𝑘𝑖=1 𝐵𝑖 = ∅, ⋂𝑘𝑖=1 𝐶𝑖 = ∅
This will create 𝑗 sets of residuals. Each set of residuals 𝑃𝑗 are derived from the observations that
share the same predictor variable partition sets, i.e.,
𝑃𝑗 = {𝑟𝑖𝑗 |𝑎 ∈ 𝐴𝑙 , 𝑏 ∈ 𝐵𝑚 , 𝑐 ∈ 𝐶𝑛 }, j=1,…,k3
where 𝑎, 𝑏, 𝑐 are the predictor variables for response observation 𝑦𝑖𝑗 in prediction partition j
and 𝐴𝑙 , 𝐵𝑚 𝑎𝑛𝑑 𝐶𝑛 are the individual partition sets corresponding to partition j.
4. Take the average of the residuals in each set 𝑃𝑗 , i.e.,
𝑛

̅𝑗 = ∑
𝑅𝑗 = 𝑃
𝑖=1

𝑟𝑖𝑗
𝑛

5. An estimator for y can then be created from its set of predictor variables {𝑎, 𝑏, 𝑐, . . } by the
formula:
𝑦
̂2 = 𝑦
̂1 + 𝑅𝑗
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Figure 3 below presents a visualization of the partitioning with k = 2.

Figure 3. Visual representation of partitioning

3.3 Support Vector Regression Model (SVM)
Just like other regression techniques, SVM produces a function 𝑓(𝒙) = 𝑦, where x is the vector of
predictor features and y is the response. This is a convex optimization problem that tries to minimize:
𝑛

1
2
||𝒘|| + 𝐶 ∑(𝜉𝑖 + 𝜉𝑖 ∗ )
2
𝑖=1

under the constraints:
|𝑦𝑖 − 𝑥𝑖𝑇 𝒘| ≤ 𝜀 + 𝜉𝑖
{
𝜉𝑖 and 𝜉𝑖∗ ≥ 0, 𝑖 = 1, … , 𝑛

where 𝒘 are the weights, 𝜀 is a threshold that is set, 𝜉𝑖 and 𝜉𝑖 ∗ , are distances to outliers beyond the
threshold 𝜀 and 𝐶 is a constant.
A visual representation for the linear case is given in Figure 4 below:
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Figure 4. Diagram of a linear case for Support Vector Regression
This minimization problem can also be extended to other continuous functions besides a linear function.
Then the optimization problem is minimizing:

𝑛

1
2
||𝒘|| + 𝐶 ∑(𝜉𝑖 + 𝜉𝑖 ∗ )
2
𝑖=1

Under the constraints:
|𝑦 − (𝜙(𝒙𝒊 ) )𝑇 𝒘| ≤ 𝜀 + 𝜉𝑖
{ 𝑖
𝜉𝑖 , 𝜉𝑖∗ ≥ 0, 𝑖 = 1, … , 𝑛
where 𝜙 is a transformation applied to the predictor variable space.

4. Introducing The Data
The data (see Table 2 below) was constructed by combing data from GoC (Government of Canada) and
UW (University of Waterloo). It shows the number of deaths in Canada from 1991-2018.
In total there are eight (8) fields:
1. Year – Year of the deaths
2. GEO – Province/Territory in Canada where people died
3. Age – The age at death. This is split into 6 buckets:
o “<15”
12

o “15-44”
o “45-64”
o “65-74”
o “75-84”
o “85+”
4. Sex – Sex of the deceased.
o Male
o Female
5. Marital Status – Marital status of the deceased, this is split into 6 buckets:
o “Divorced”
o “Married”
o “Separated”
o “Single”
o “Widowed”
o “Unknown”
6. Deaths – Number of deaths
7. Population – This is the population in Canada grouped by sex and age
8. Percent of smokers – percent of people in Canada that are smokers grouped by sex only

Table 2: Example of the Data collected for analysis
Year

GEO

Age

Sex

Marital_Status Deaths

Population Smoking_percent

1991

Alberta

<15

Female

Divorced

0

2826334

30

1991

Alberta

<15

Female

Married

0

2826334

30

1991

Alberta

<15

Female

Separated

0

2826334

30

1991

Alberta

<15

Female

Single

200

2826334

30

1991

Alberta

<15

Female

Widowed

0

2826334

30

1991

Alberta

<15

Male

Divorced

0

2969226

32

From Table 2, the number of deaths are grouped into different risk classes. The attributes that make up
each risk class are:
•
•
•
•

GEO
Age
Sex
Marital Status

Let 𝑆𝐺 , 𝑆𝐴 , 𝑆𝑆 , 𝑎𝑛𝑑 𝑆𝑀 be the sample spaces for GEO, Age, Sex, and Marital Status respectively.
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|𝑆𝐺 | = 13, |𝑆𝐴 | = 6, |𝑆𝑠 | = 2, 𝑎𝑛𝑑 |𝑆𝑀 | = 6.
Then, for a death, the total number of risk classes it can be placed in is:
|𝑆𝐺 | × |𝑆𝐴 | × |𝑆𝑠 | × |𝑆𝑀 | = 13 × 6 × 2 × 6 = 936
It is important to note that, from Table 2, the percentage of female smokers in 1991 in Alberta under
age 15 was 30% and the percentage of similar male smokers in 1991 was 32%. In Table 2, smoking
percentages do not change based on age, geographical region or marital status. It is also important to
note that in Table 2, the female population in this partition does not change based on marital status and
province.

Assumptions
Data for the “Smoking_percent” column initially had missing values for both males and females in the
years 1992, 1993, 1997, 1998, 2012, 2013, and 2014. Linear interpolation was used to fill in the missing
values. That is, if n is a year with known smoking percentage and n + m is a year with known smoking
percentage, where 𝑚 > 1 and 𝑛 + 𝑖 are years with unknown smoking percentages, ∀𝑖, 0 < 𝑖 < 𝑚
then:
𝑠𝑛+𝑖 = 𝑠𝑛 +

𝑖 (𝑠𝑛+𝑚 − 𝑠𝑛 )
𝑚
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5. Data Visualizations
1. Number of Canadian deaths on average out of 100,000 people from the population of
Canada

Figure 5. Death per 100k population in Canada, 1991-2018. Lines 202-219 of Code.
Figure 5 shows that over time there has been an upward trend in death rates. The average number of
deaths per 100,000 people of the Canadian population from 1991-2018 has been 715 deaths. (This rate
has shown a significant increase between the years of 2013-2018.) The maximum death rate over this
period is 760 deaths per 100,000 people and is seen in the year 2018. The minimum death rate over this
period is 689 deaths per 100,000 people and is seen in the year 1992.
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2. Average number of Canadian deaths per 100,000 people by sex

Figure 6. Deaths per 100k population In Canada 1991-2018, by sex. Lines 228-242 of Code.
Figure 6 takes figure 5 and breaks deaths down by gender. For the period 1991-2018, in Canada male
death rates have consistently been higher than female death rates over time. This supports the fact that
Canadian females have a longer life expectancy.
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3. Average number of Canadian Deaths by Age group per 100,000 People from the population of Canada

Figure 7. Average number of deaths in Canada 1991-2018 by age groups. Lines 255-293 of Code.
Figure 7 above shows Canadian death rates have been decreasing over time for all age groups except for
15-44 year-olds. From 2013-2018 the death rate of 15-44 year-olds has been increasing. Since the size of
the population that falls into the 15-44 age group is large, it is the driving force of why Canadian
mortality rates have overall been increasing from 2013-2018. This is shown in Figure 5.
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4. Total number of Canadian Deaths by Marital Status out of the total population of Canada

Figure 8. Deaths in Canada 1991-2019 by marital status. Lines 306-341 of Code.
Of all the deaths that occurred in Canada from 1991-2018, Figure 8 shows most were from people that
were married. On average, 95,254 married people died every year. The total number of deaths across all
six marital status groups has been increasing over time. The total number of deaths in the “Single”
group has been exponentially increasing over the last few years. Other marital status groups have had
total deaths linearly increasing over this period of time.
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5. Population of Canada by Age over time

Figure 9. Population of Canada 1991-2018 by age groups. Lines 181-195 of Code.
Figure 9 shows that the population for the older age groups have increased by a greater percentage
than the younger age groups since 1991. The number of people under 15 years old has been fluctuating
between 5.7 million and 6 million people. This is the only age group that does not have a clear upward
trend since 1991; in fact its curve is decidedly nonlinear..
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6. Total Canadian Deaths over time by Marital Status and Age

Figure 10. Canadian deaths 1991-2018 by marital status and age group. Lines 346-357 in Code.

Figure 10 shows the total number of deaths over time by age group and marital status. One thing that
stands out is the decreasing number of deaths for people 45-64 years old and married. This stands out
because the population of the 45-64 year old age group has increased from 1991-2018 (see Figure 9).
This could imply two things:
a.

That mortality rates for married people between the ages of 45 and 64 have decreased
since 1991.
b. That the number of married 45-64 year-olds has decreased since 1991.
The data does not contain the population of Canadians for each marital status so no conclusion can be
made about either of these statements.
The second thing that stands out is the increase in number of deaths in singles aged 45-64. Some of this
increase is explained by the doubling in population for this age group since 1991, but the deaths for this
group has increased a staggering 2.8 times since 1991.
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7. Percent of the Canadian population that smokes by gender

Figure 11. Percentage of smokers by sex in Canada, 1991-2018. Lines 365-377 in Code.
From Figure 11 above we see the percentage of Canadians that smoke has been decreasing over this
time period. Also, the percentage of males that smoke has been consistently higher than the percentage
of females that smoke.

6. Modelling
This section will analyze the applications of the three (3) machine learning algorithms presented in
chapter 2. The algorithms are applied to the data (excluding 2018) with the goal of developing unique
mortality tables for each risk class. The models are scored based on the accuracy of their prediction for
the total number of deaths seen in Canada in 2018.

6.1. Problem
In order to construct a mortality table, we need an approximate distribution for a person’s age at death.
Specifically, we ask is: How many deaths can we expect in one (1) year for a certain risk class. In
mathematical terms, this problem can be written in the form of a function.
𝑓: {𝐴, 𝐺, 𝑆, 𝑀, 𝑆𝑝 , 𝑌, 𝑃} → ℤ≥0

(1)
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where 𝐴 𝐺, 𝑆, 𝑀 𝑆𝑝 , 𝑌 and 𝑃 are the sample spaces for age, geography, sex, marital status, smoking
percent, year and population, respectively.
This is a fundamental question in actuarial science because it is directly related to the one year survival
probability, 𝑝𝑥 . If the survival function is known, then the one year force of mortality can be estimated
using the formula:
µ𝑡 =

𝑓0 (𝑡)
− 𝑆0′ (𝑡)
=
𝑆0 (𝑡)
𝑆0 (𝑡)

Where
𝜇𝑡 = the force of mortality at time t
𝑆0 (𝑡) = the survival function for a person age 0
𝑓0(t) = the pdf of the age at death for a person age 0

The one year survival rate is also a critical component to the construction of a mortality table. A
mortality table shows the exhaustion of a population. Below is the mortality table for an initial
population of 1000 people. As age (x) → ∞, 𝑙𝑥 → 0.
Table 3. Mortality Table example

where
𝑑𝑥 = the number of deaths at age (x)
𝑝𝑥 = the probability of a person age (x) surviving the next year
𝑙𝑥 = the size of the population at age (x)
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6.2. Linear model as a solution
The data introduced in section 4 was used to construct a set of linear models that each predict the
number of deaths in a risk class for the year 2018. The training data used to construct the models were
all numbers from 1991-2017 that belonged to the same risk class.
Training data for risk class 𝐶 = {𝑥 ∶ 𝐴 = 𝑎, 𝐺 = 𝑔, 𝑆 = 𝑠, 𝑀 = 𝑚, 1991 ≤ 𝑌 ≤ 2017}. That is, the
training data for a risk class consists of all cases with the same age, gender, sex, marital status and are
from 1991-2017.
The training data for each risk class was used to construct a linear model for the number of deaths. The
total number of deaths for the year 2018 was predicted using the invariance property as the sum of the
predicted deaths for each risk class. That is:
̂𝑐
𝑦̂ = ∑ 𝐷
𝑐

̂𝑐 is the expected number of Canadian
where 𝑦̂ is the expected total number of Canadian deaths and 𝐷
deaths in risk class 𝑐.
Recall policy holders in the same risk class share the same age group, sex, marital status and geo. After
filtering the data for these criteria, a linear model can be created based on the predictors “Year”,
“Population” and “Smoking_percent”. This creates the model:
̂
̂
̂
̂𝑐 = 𝛽̂
𝐷
0𝑐 + 𝛽1𝑐 𝑥1 + 𝛽2𝑐 𝑥2 + 𝛽3𝑐 𝑥3

(2)

where 𝑥1 , 𝑥2 𝑎𝑛𝑑 𝑥3 are “year”, “population” and “Smoking_percent” respectively.
Table 4 below is an example of the filtered data, so that all deaths are from the same risk class. The risk
class is Canadians that are:
1. In Ontario
2. 15-44 years old
3. Male
4. Single
Table 4. Example of deaths for risk class (single, male, 15-44, Ontario). Line 409 in Code.
Year

GEO

Age

Sex

Marital_Status Deaths

Population Smoking_percent

1991

Ontario

15-44

Male

Single

1792

6871290

32

1992

Ontario

15-44

Male

Single

1835

6862997

31.7

1993

Ontario

15-44

Male

Single

1826

6867523

31.3

1994

Ontario

15-44

Male

Single

1774

6884694

31

1995

Ontario

15-44

Male

Single

1831

6905900

28

23

1996

Ontario

15-44

Male

Single

1669

6928486
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Expanding off of expression (1), the model that predicts the number of deaths for a risk class can be
decomposed into two functions:
𝑓: {𝐴, 𝐺, 𝑆, 𝑀, 𝑆𝑝 , 𝑌, 𝑃} → ℤ≥0 = 𝑔: {𝐴, 𝐺, 𝑆, 𝑀; 𝑆𝑝 , 𝑌, 𝑃} → ℎ: {𝑆𝑝 , 𝑌, 𝑃} → ℤ≥0 (3)

where 𝑔 is a function that takes age, gender, sex and marital status and maps it to another function ℎ, ℎ
is the linear function shown in expression 3. It takes the population, year and smoking percent and maps
it to the number of deaths in the risk class.

6.2.1. Results
Table 5. Predicted results in Canada for 2018 using linear model
Canada
Year

Actual Deaths

Expected Deaths

Percent Error

2018

283,706

275,406

3.0%

Overall, the results from this model were good. From Table 5 we see the total number of deaths in 2018
predicted by the model was 275,406, while the actual number of deaths was 283,706. This gives a
percent error of 3%.
The square root of the average squared deviations was 58.2.

Table 6. Predicted results for Ontario for 2018 using linear model
Ontario
Year

Actual Deaths

Expected Deaths

Percent Error

2018

106,991

102,297

4.6%

The total number of deaths in Ontario in 2018 predicted by the model was 102,297, while the actual
number of deaths was 106,991. This gives a percent error of 4.6%.
The square root of the average squared deviations was 156.8.
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6.2.2. Visualization of Results
Below are some visualizations that display the accuracy of the linear models across all the risk class
categories.

Figure 12. Actual vs. Expected Deaths in Canada in 2018 by Geographical Location, using linear models.
Lines 523-533 in Code.
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Figure. 13. Actual vs. Expected Deaths in Canada in 2018 by Age, using linear models. Lines 540-550 in
Code.
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Figure. 14. Actual vs. Expected Deaths in Canada in 2018 by Marital Status, using linear models. Lines
554-564 in Code.

Figure. 15. Actual vs. Expected Deaths in Canada in 2018 by Sex, using linear models. Lines 569-579 in
Code.

From figures 12 and 13, the discrepancy between the predicted amount of deaths and actual amount of
deaths in 2018 are consistent across the location and age categories. From figure 14, the model did not
perform as well for people that are single. From figure 15, predictions are more accurate for females
than males. Below are some graphs that display the accuracy of the linear model for specific risk classes.
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e.g., the risk class for males aged 15-44, from Ontario and Single.
RED - Actual Deaths 2018, BLUE - Predicted Deaths 2018, BLACK - Historical Deaths from 1991-2017

Figure. 16. Predicted amount of deaths vs. actual amount of deaths for males aged 15-44, from Ontario
and Single, 2018. From linear model. Line 450 in Code.
For this risk class the model performed poorly. The predicted amount of deaths is 1,665 and the actual
amount of deaths is 1,903. This gives a percent error of 14.3%.
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e.g., the risk class for females aged 85+, from Ontario and widowed.
RED - Actual Deaths 2018, BLUE - Predicted Deaths 2018, BLACK - Historical Deaths from 1991-2017

Figure. 17. Predicted amount of deaths vs. actual amount of deaths for females aged 85+, from Ontario
and widowed, 2018. From linear model. Line 463 in Code.
For this risk class the model performed well. The predicted amount of deaths is 18,865 and the actual
amount of deaths is 19,564. This gives a percent error of 3.7%.

6.3. Gradient Boosting as a solution
The gradient boosting machine learning algorithm was applied next to the dataset. Once again the
dataset was partitioned into its risk classes. The gradient boosting algorithm in R was applied to
construct a unique model for each risk class that would predict the number of deaths in 2018. The total
number of deaths for the year 2018 again is predicted as the sum of the predicted deaths for each risk
class. That is:
𝑛

̂𝑐
𝑦̂ = ∑ 𝐷
𝑐=1

Since the gradient boosting machine algorithm requires many trees, it is computationally expensive,
requiring a lot of memory and time. For this reason, to demonstrate its use, the algorithm was applied
only to risk classes for people living in Ontario.
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The mapping process of the model is:
𝑔: {𝐴, 𝐺, 𝑆, 𝑀; 𝑆𝑝 , 𝑌, 𝑃} → ℎ: {𝑆𝑝 , 𝑌, 𝑃} → ℤ≥0

where 𝑔 is a function that takes the age, gender, sex and marital status and maps it to another function
ℎ; ℎ is a function produced by the gradient boosting algorithm. It takes the population, year and
smoking percent and maps it to the number of deaths in the risk class.

6.3.1. Training the model
The training data was all data from 1991-2017. The model for every risk class was trained using the same
sets as the linear model in section 6.2 .
Training data for risk class 𝐶 = {𝑥 ∶ 𝐴 = 𝑎, 𝐺 = 𝑔, 𝑆 = 𝑠, 𝑀 = 𝑚, 1991 ≤ 𝑌 ≤ 2017}
i.e., the training data for a risk class consists of observations with the same age, gender, sex, marital
status and are from 2017 or earlier.
To train each model, the cross validation method was used to assess performance. After testing values
for the number of folds from the set {3, 5, 8, 10, 12}, 10 folds seemed to give the best accuracy with a
computation time of 25 seconds for each risk class.
A fold is another name for a split of the data. 10-fold cross-validation is training on 90% of the data and
validating on the other 10%; 9 folds make up the training set and 1 fold makes up the validation set. It
repeats the training and validation process 10 times by rotating the folds through the training set and
the validation set so that there are different results each time. The average of the errors from the 10
trials is computed.

6.3.2. Results
Table 7. Comparing actual and predicted deaths in Ontario in 2018 using Gradient Boosting
Ontario
Year

Actual Deaths

Expected Deaths

Percent Error

2018

106,991

101,882

5.1%
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Overall, Table 7 shows this model gave a prediction for the total number of deaths in Ontario for the
year 2018 to be 101,882 whereas the actual number of deaths was 106,991. This is a percent error of
5.1%
The square root of the average squared deviations was 174.3.

6.3.3. Visualization on Results
Below are some visualizations that display the accuracy of the gradient boosting models across all the
risk class categories.

Figure 18. Actual vs. Expected deaths in Ontario in 2018, using gradient boosting. Lines 707-717 in Code.
Figure 18 shows the gradient boosting method did a poor job predicting the number of deaths for
people in the age group 85+. Since a large proportion of the total number of deaths in Canada come
from people 85 or older, the large discrepancy in the actual and expected number of deaths among
people 85+ has a significant negative impact on the accuracy of the model. This difference explains from
where most of the percent error of 5.1% comes.
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Figure 19. Actual vs. Expected deaths in Ontario in 2018 by marital status, using gradient boosting. Lines
722-732 in Code.
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Figure 20. Actual vs. Expected deaths in Ontario in 2018 by sex, using gradient boosting. Lines 737-747 in
Code.
In figures 18-20, results are consistent across all three categories age, marital status and sex. Percentage
error for each of the six marital statuses are roughly the same as shown in figure 19. Percentage error
for females and males are also similar with females being slightly less as shown in figure 20.
Below are some graphs that display the accuracy of the gradient boosting model for specific risk classes.

e.g., the risk class for males aged 15-44, from Ontario and Single.
RED - Actual Deaths 2018, BLUE - Predicted Deaths 2018, BLACK - Historical Deaths from 1991-2017

Figure. 21. Predicted amount of deaths vs. actual amount of deaths for males aged 15-44, from Ontario
and Single, 2018. From gradient boosting model. Line 776 in Code.

The Gradient Boost model had a much better prediction than the linear model for the number of deaths
in the risk class of males aged 15-44 from Ontario and Single. The predicted amount of deaths is 1,844
and the actual amount of deaths is 1,903. This gives a percent error of 3.2%.
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e.g., the risk class for females aged 85+, from Ontario and widowed.
RED - Actual Deaths 2018, BLUE - Predicted Deaths 2018, BLACK - Historical Deaths from 1991-2017

Figure. 22. Predicted amount of deaths vs. actual amount of deaths for females aged 85+, from Ontario
and widowed, 2018. From gradient boosting model. Line 781 in Code.

The Gradient Boost model had a slightly worse prediction than the linear model for the number of
deaths in the risk class of females aged 85+, from Ontario and widowed. The predicted amount of
deaths is 18,719 and the actual amount of deaths is 19,564. This gives a percent error of 4.5%.

6.4. Support Vector Machines Regression as a solution
Lastly, the support vector machines algorithm was applied to the dataset. Once again the dataset was
partitioned into its risk classes. The support vector machines algorithm in R was applied to construct a
unique model for each risk class that would predict the number of deaths in 2018. The total number of
deaths for the year 2018 is predicted as the sum of the predicted deaths for each risk class. That is:
𝑛

̂𝑐
𝑦̂ = ∑ 𝐷
𝑐=1

̂𝑐 is the expected number of deaths in risk class 𝑐.
where 𝑦̂ is the total expected number of deaths and 𝐷
̂𝑐 is estimated by fitting a support vector regression model.
𝐷
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̂𝑐 = ℎ𝑐 : {𝑆𝑝 , 𝑌, 𝑃} → ℤ≥0
𝐷
6.4.1.Training the model
The models for each risk class 𝑐 were fit using the historical results from 1991-2017. The training data is
partitioned the exact same way as the other two previous models with training data for risk class
𝐶 = {𝑥 ∶ 𝐴 = 𝑎, 𝐺 = 𝑔,

𝑆 = 𝑠,

𝑀 = 𝑚,

1991 ≤ 𝑌 ≤ 2017}

i.e., the training data for a risk class consists of observations with the same age, gender, sex, marital
status and are from 2017 or earlier.

6.4.2. Predictions
Table 8. Comparing actual and predicted deaths in Canada in 2018 using SVM
Canada
Year

Actual Deaths

Expected Deaths

Percent Error

2018

283706

265446.6

6.9%

The Support vector machine model gave a prediction for the total number of deaths in Canada for the
year 2018 to be 265,447. The actual number of deaths was 283,706. This is a percent error of 6.9%. The
square root of the average squared deviations was 105.9.

Table 9. Comparing actual and predicted deaths in Ontario in 2018 using SVM
Ontario
Year

Actual Deaths

Expected Deaths

Percent Error

2018

106991

98831.64

8.3%

The predicition for the total number of deaths in Ontario for the year 2018 is 98,832. The actual number
of deaths was 106,991. This is a percent error of 8.3%. The square root of the average squared
deviations is 298.4 .
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6.4.3. Visualizations

Figure 23. Actual vs expected deaths in Canada in 2018 by geographical region, using SVM. Lines 923933 in Code.
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Figure 24. Actual vs expected deaths in Canada in 2018 by age group, using SVM. Lines 938-948 in Code.

Figure 25. Actual vs expected deaths in Canada in 2018 by marital status, using SVM. Lines 953-963 in
Code.
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Figure 26. Actual vs expected deaths in Canada in 2018 by sex, using SVM. Lines 967-977 in Code.

From figures 23-26, the accuracy of the predicted number of deaths are consistent across locations and
sexes. The model did better at predicting the number of deaths of married people in Canada compared
to the other marital statuses, as shown in figure 25. The model did worse at predicting the number of
deaths of people age 85+ in Canada compared to the other age groups, as shown in figure 24.
Discrepancies between the actual number of deaths and the expected number of deaths using SVM are
clearly larger than those produced from the linear model and the gradient boosting model.
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Below are some graphs that display the accuracy of the gradient boosting model for specific risk classes.
e.g., the risk class for males aged 15-44, from Ontario and Single.
RED - Actual Deaths 2018, BLUE - Predicted Deaths 2018, BLACK - Historical Deaths from 1991-2017

Figure. 27. Predicted amount of deaths vs. actual amount of deaths for males aged 15-44, from Ontario
and Single, 2018. From SVM. Line 912 in Code.

SVM had the second best prediction out of the three models for the number of deaths in the risk class of
males aged 15-44 from Ontario and single. The predicted amount of deaths is 1689 and the actual
amount of deaths is 1,903. This gives a percent error of 12.7%.
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e.g., the risk class for males aged 15-44, from Ontario and Single.
RED - Actual Deaths 2018, BLUE - Predicted Deaths 2018, BLACK - Historical Deaths from 1991-2017

Figure. 28. Predicted amount of deaths vs. actual amount of deaths for females aged 85+, from Ontario
and widowed, 2018. From SVM. Line 916 in Code.
SVM had the worst prediction out of the three models for the number of deaths in the risk class of
females aged 85+, from Ontario and widowed. The predicted amount of deaths is 17,679 and the actual
amount of deaths is 19,564. This gives a percent error of 10.7%.
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6.5. Summary of Results
Table 10. Summary of actual and predicted deaths (Canada and Ontario, 2018) using linear model,
gradient boosting, and support vector machine models
Model

Location

Actual Deaths

Expected Deaths

RMSE

Linear

Canada

283,706

275,405.7

58.2

Linear

Ontario

106,991

102,296.8

156.8

Gradient Boost

Canada

283,706

NA

NA

Gradient Boost

Ontario

106,991

101,881.8

174.3

SVM

Canada

283,706

265,446.6

105.9

SVM

Ontario

106,991

98,831.6

298.4

Table 10 above shows that the best machine learning algorithm was the linear model. The linear model
gave the closest predictions to the actual number of deaths in 2018 for both Canada and Ontario. It also
had the best RMSE, which is the square root of the average deviations and is measured as:
̂ 2
∑𝑁
𝑐=1(𝐷𝑐 −𝐷𝑐 )

RMSE = √

𝑁

7. Constructing Mortality Tables
The results from one of the models can be used to construct mortality tables as follows:
1. Let state 0 be the age group for 15 and younger (<= 15)
Let state 1 be the age group for 15-44 year-olds
Let state 2 be the age group for 45-64 year-olds
Let state 3 be the age group for 65-74 year-olds
Let state 4 be the age group for 75-84 year-olds
Let state 5 be the age group for 85 and older (85+)
2. Fix the variables sex, marital status and geo so that 𝑆 = 𝑠, 𝑀𝑠 = 𝑚 𝑎𝑛𝑑 𝐺 = 𝑔.
3. Denote the population of state x as 𝑙𝑥 .
4. Then the construction of a mortality table can be done as per Table 11 below for all the people that
share this same sex, marital status and geo.
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Table 11. Example of calculations for mortality table
State (x)

𝑙𝑥

𝑙𝑥 ’ = 𝑙𝑥 − 𝑑𝑥

𝑑𝑥

𝑝𝑥

0

𝑙0

̂0
𝑙0 − 𝐷

̂0
𝐷

̂0
𝐷
𝑙0

1

𝑙1

̂1
𝑙1 − 𝐷

̂1
𝐷

̂1
𝐷
𝑙1

2

𝑙2

̂2
𝑙2 − 𝐷

̂2
𝐷

̂2
𝐷
𝑙2

3

𝑙3

̂3
𝑙3 − 𝐷

̂3
𝐷

̂3
𝐷
𝑙3

4

𝑙4

̂4
𝑙4 − 𝐷

̂4
𝐷

̂4
𝐷
𝑙4

5

𝑙5

̂5
𝑙5 − 𝐷

̂5
𝐷

̂5
𝐷
𝑙5

where 𝑑𝑥 , the number of deaths in the next year, is produced using the results of the model and 𝑙𝑥 ’ is
the number of Canadians in state x in the next year.
Note: 𝑙𝑥 is a decreasing sequence. Immigration and births are not considered. In actuarial terms, the
table does not adjust for any new business. It is only for the policies currently in force.
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