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1 Introduction

Hilbert’s 10th problem is the 10th of 23 problems proposed by David Hilbert
in 1900 [4] [3]. Titled “Determination of the Solvability of a Diophantine

Equation”, it asks:

Given a Diophantine Equation with any number of unknown
quantities and with rational integral numerical coefficients: To
devise a process according to which it can be determined by a
finite number of operations whether the equation is solvable in

rational integers

Much work was done on this problem from 1949 onwards by many mathe-
maticians including Martin Davis, Julia Robinson and Hilary Putnam. This
culminated in 1970 with the work of Yuri Matiyasevich |10], who finished
off the proof that it is unsolvable by showing the existence of an Ordinary
Diophantine Equation that exhibits exponential growth. Since then, there
have been efforts to find an upper bound on the degree and dimension for
which the problem is unsolvable. Here degree simply means the highest
power present in a polynomial, whereas dimension is the number of indeter-
minates. In 1938, Thoralf Skolem proved that any Ordinary Diophnatine
Equation could be reduced to an equivalent equation of degree at most 4
[11). He did this by repeatedly replacing indeterminates with a new inde-
terminate equal to their product. For example, any instance of X'¢ in a
polynomial could be replaced by a new indeterminate defined as follows:
Y =227 = W? W = X? then Y? could replace X6 and there would be
no instance of a power greater than 2. With this new system of quadratic
Diophantine Equations, one could combine them into a single equation by
summing the square of the difference of each equation and equating it to 0,
resulting in an equation with degree at most 4. For the dimension, Matiya-
sevich has reduced the upper bound to 9 indeterminates [9] [5].

In this write-up, I will go about showing the unsolvability of Hilbert’s



10th problem by demonstrating a surprising equivalence: one between Reg-
ister Machines and Exponential Diophantine Equations. The distinction
between Ordinary and Exponential Diophantine Equations will be made
clear in the next section. I will be using modified versions of techniques
used by Gregory J. Chaitin [1] in arithmetising a lisp-interpreting register
machine and the work of Jones and Matiyasevich [6]. The former formulates
a register machine that operates on natural numbers which are implicitly
interpreted as 8-bit character strings. Operations on registers consist of con-
catenating and deleting characters from said strings as well as comparing
the last character in one string to the last character in another. Chaitin con-
siders a Diophantine Equation to be equivalent to a given register machine
if the equation has a solution if and only if the register machine halts on
a given input. Jones and Matiyasevich formulate a more basic machine in
which operations consist of addition and subtraction of the number 1. They
consider a Diophantine Equation to be equivalent to a register machine if the
parameter values that yield a single solution to the equation are precisely
the input values which the register machine “accepts”. They say a register
machine “accepts” an input if it eventually halts with a 0 in every register
when given that input. The formulation in this write-up is more similar
to the latter, but perhaps even more basic. It consists of only three types
of instructions: an increment instruction, a decrement instruction, and a
conditional jump instruction.

In the cited works, implications of conditions and equations generated
by the conversion procedure are simply stated as fact. This write-up seeks
to provide a concrete procedure for turning an arbitrary register machine
into an “equivalent” Exponential Diophantine Equation and to prove the
validity of such a procedure. Equivalent here simply means the resulting
Diophantine Equation has a solution if and only if the Register Machine
it was constructed from halts. Furthermore, within the solution lies the

output of said Register Machine. For certain basic functionality relevant to



all Register Machine formulations such as forcing one instruction to directly
follow another, equations from the cited works are reproduced here. In
addition, the “trick” of summing indeterminates which represent when the
value in a register changes is taken from Chaitin [1]. Other equations and

conditions are of my own creation.

2 Definitions

For the purposes of this construction we use the following definitions.

2.1 Register Machine

A Register Machine (RM) consists of an unbounded number of registers
— labelled Ry, R1, R, ... — each of which may contain a natural number
(including 0) of any size. A RM program consists of a finite sequence of
instructions — labelled Iy, Iy, Io,...,I,—1 — which determine the process
taken by the RM. Unless otherwise stated, each instruction I; is followed
immediately by instruction ;1. Each instruction is of one of the following

3 forms:

1. I(k) — Add one to the number in register Rj.

2. D(k) — Subtract one from the number in register Ry. If Ry contains

0 already, then the number remains unchanged.

3. G(k,i) — If the number in register Ry is not equal to 0, then “goto”
instruction ;. i.e. Execute instruction I; as the next instruction in

the sequence.

A RM halts when it tries to execute an instruction that does not exist. This
can happen when it reaches the end of the list or when it attempts to “goto”
an index ¢ such that instruction I; does not exist. In either case, we call this

the implicit “halting” instruction and label it I,,. A particular RM program



may take a fixed number k of inputs, which will be the initial contents of
the first k registers (Rp, R1, ..., Rx—1). All registers that are not inputs to
the RM initially contain the number 0. Note that since a given RM program
only has finitely many instructions and finitely many inputs, only a finite
amount of registers are actually used. Let M be 1 4+ the maximum index of
either an input or a register referred to by an instruction. Then the output
of the RM consists of the contents of the first M registers Rg, Rq, ..., Ryr—1
when it halts.

2.2 Example

Take for example the following Register Machine that takes two inputs:

I: G(1,3)
L: I(2)
I, : G(2,6)
Is: D(1)
Iy: 1(0)
Is: G(1,3)

The two inputs for this register machine are the initial contents of reg-
isters Ry and Ry. Suppose Ry contains x and R; contains y. Then the

computation would proceed as follows:

1. The first instruction is G(1,3), in other words, if R; does not contain
zero then goto instruction I3. Suppose R; does contain zero. Then

the next instruction should be I3

(a) Instruction I; is I(2) which means register Ry will be incremented
by 1. Since Rs is not an input to this machine, it should now

contain the number 1.

(b) The next instruction is I, or G(2,6). Since Ry does not contain
zero, the next instruction should be Ig, but I does not exist, so
we halt. In this case, the final contents of Ry is x, the same as

the initial contents.



2. Suppose Ry contains y > 0, then the next instruction is I3.
3. I3 is D(1) so Ry is replaced with y — 1 and the next instruction is Iy
4. I, is I1(0) so Ry is replaced with = + 1 and the next instruction is I

5. I5 is G(1,3). If R; contains zero at this point, the Machine halts with
x + 1 in register Ry. If not, the process repeats from instruction I3

and continues until we have y —y =0 in R; and x +y in Ry

From this we can conclude that this Register Machine takes 2 inputs and

results in their sum being placed in register Ry.

2.3 Diophantine Equation

A Diophantine Equation is an equation of the form L = R where L and R are
Diophantine Expressions. Diophantine Expressions consist of finitely many
additions, multiplications, and exponentiations of natural number constants
and indeterminates Xy, X1, ..., X,, which take on natural number values. In
particular these are usually referred to as “Exponential Diophantine Equa-
tions”. A Diophantine Equation without any exponentiation is referred to
as an “Ordinary Diophantine Equation”. A solution to a Diophantine Equa-
tion is a tuple (xq, x1, ..., ¥, ) of natural numbers which satisfies the condition
L=R.

2.4 Examples

The equation
X3¢+ X1 X = 2% 4+ X[

is Exponential Diophantine. Note, however, that it is not an Ordinary Dio-
phantine Equation because it makes use of an indeterminate as an exponent.

On the other hand, the equation

X2 =4X,



is an Ordinary Diophantine Equation.

This write-up will make use of Exponential Diophantine Equations be-
cause it makes much of the construction involved less cumbersome and allows
the result to yield a unique solution. Using techniques by Davis, Matiya-
sevich, Robinson, and Putnam [2], any Exponential Diophantine Equation
can be converted into an Ordinary Diophantine Equation. This is done by
introducing a system of Ordinary Diophantine Equations with parameters
a,b, and ¢ which has at least one solution if and only if a = b°. See
for a more detailed explanation. The result is a system of strictly
Ordinary Diophantine Equations. However, this system may have more than

one solution, so we cannot guarantee uniqueness when using this method.

2.5 Combining Diophantine Equations

Any number of Diophantine Equations can be combined into a single equa-
tion by using the following method. A tuple (xq,z1, ..., ;) is a solution to

the system of equations

Lo = Ry,
Ly = Ry,
Lm:Rm

if and only if it is a solution to the single equation
L3+ RE4+ L3+ RI+ ...+ L2 + R2 =2LgRy + 2L Ry + ... + 2L, Ry,

This is proven in
For example, the famous “Fermat’s last theorem” states that the equa-
tion

xn_i_ynzz



has no natural number solutions for n > 2, z,y,z > 0. This would be

equivalent to claiming the system of Diophantine Equations

"yt =2",
a+3=n,
b+1=n=x,
c+1=y,
d+1=z

has no solutions. Using the technique defined above this is equivalent to

claiming that the single equation
a2 +6a+b%+2b+2+2c4+d2+2d+n 4+ 2+ 22"y +y 2+ 22 a4y P 422 12

= 2an + 2bx + 2cx + 2dx + 22" 2" 4+ 2y" 2" + 6n + 22 + 2y + 22

has no solutions.

2.6 Notation
L=R

The notation L = R should be understood as follows: let L and R be Dio-
phantine expressions which resolve to natural numbers and let L =), 1,2k
and R =), r:2F be the binary expansions of L and R respectively. This
notation asserts that each bit [ is less than or equal to the corresponding
bit 7, including leading zeros if necessary. In other words, each bit in the
binary expansion of L “implies” the corresponding bit in the binary expan-
sion of R. For example, 9 = 27 would be true since each bit in 010015 is less
than or equal to the corresponding bit in 110115. However, 13 = 27 would
be false since the 22 bit in 011015 is greater than the 22 bit in 110115. See

Figure 1 for an illustration.



J 9=27 X 13=27
27=11011 27=11011

9=01001 13=01101
SIS LS S IXL A

Figure 1: Example of L = R

Base-q digit notation

The notation X[j] is meant to refer to the q’ coefficient of the base q ex-

pansion of X. In other words, X =377 (X [j]¢’ for some n.

2.7 Lucas’ theorem

Lucas’ theorem states the following: let n =", ngp' and k = > kip* be the
base-p expansions of n and k, where p is prime. Then
(Z) = 1:[ <ZZ> (mod p).

We use the convention (}) = 0 if k > n. In particular, (}) is divisible by p
if and only if at least one base-p digit of & is larger than the corresponding
base-p digit of n. [§]

In the special case of the above theorem where p = 2, it can be restated
as (Z) is even if and only if at least one digit of the base-2 expansion of k
is greater than the corresponding digit of the base-2 expansion of n. Con-
versely, (Z) is odd if and only if each base-2 digit of k is less than or equal

to the corresponding base-2 digit of n. i.e. if and only if & = n.

3 The construction

With these definitions out of the way we can begin outlining the construction

of an equivalent Diophantine Equation given an arbitrary Register Machine.

10



The entire construction will be laid out in this section and the following sec-
tion will prove that each piece of the construction is valid. Suppose we have
a Register Machine RM. Let RM consist of n instructions {Ip, I1, ..., [n—1},
and m inputs located in registers Ry, R1, ..., R;n—1. Let M be the maximum
between m and 1 + the largest index of a register referred to by an in-
struction. If M > m, we say the registers R,,, Ryn+1, ..., Ra—1 are “implicit
inputs”, all equal to zero.

Inputs to a Register Machine can affect the computation path taken by
said machine and thus, affect its output or even whether it halts or not. For
this reason, we want the inputs to affect the solution of the Diophantine

Equation as well. Define parameters for each input of RM as follows:
No

Nq

Nar—1

which should be equal to the initial contents of registers Ry, R1, ..., Ryr—1.
We will want to encode the contents of each register at each step of
the computation. To do this we can use indeterminates X; encoded in a
sufficiently high base which we will call q and have the j** digit in this base
represent the contents of a register following the %" step of the computation.
So the q° digit would be the initial contents of the register, the q! digit would
be the content of the register following step 1 and so on. This base needs to
be large enough so that no register can ever contain a number greater than

the base itself. We can define this base q as follows:

M—-1
E=T+n+1+ ) Ny (1)
k=0
q=2x2F (2)

11



*

000...1

000...1

000...1

000...1,

I*_

1q

Figure 2: Illustration of I* in base 2 (top) and base q (bottom)

where T is an indeterminate representing the number of steps taken by
RM and n is the number of instructions. If a Register Machine halts on a
given input, it must halt in a finite number of steps. In addition, since the
only instructions are I(k), D(k), and G(k,i), a register can only increase its
contents by 1 per step and so it is not possible for the contents to be greater
than the initial contents plus the number of steps. Thus our choice of base
is sufficient for encoding the contents of a register over time.

We will need a way to assert which instruction is being executed at a

given time. Define an indeterminate I* as follows

(a-DI"=q" — 1. (3)

Note that this forces I* to be T 1’s in base q i.e. I = 11111...1,. See Figure
2 for an illustration. Let |; be an indeterminate which represents whether
or not an instruction I; is executed following the ;" step. We want I;[j] to

be a 1 if it is being executed and a 0 if it is not. Conditions of the form

l; = I* (4)
force each base-q digit of |; to be a zero or a one. To ensure that the first
instruction executed is Iy simply use the condition

1= lo. (5)

The final step taken by RM is the implicit halting instruction. Call this

instruction I, and use the equation

q = In- (6)



This assures us that 1,[T — 1] = 1 and the rest of the base-q coefficients are
0’s.

Since a register machine only executes one instruction at a time, we
need an additional equation to make sure only one indeterminate has a 1 in

a particular coefficient. The following equation accomplishes this:

=30 U
=0

(see . This only works because we made sure the base q was larger
than the number of instructions, so the only way for the equality to hold
is for one and only one indeterminate I; to have a 1 in a particular base-q
coefficient.

In order to encode the order of instructions, we need a way to encode
whether or not each register contains a 0 over time. We will use indetermi-
nates of the form X; to encode the contents of register Ry over time. The
following condition is necessary to make sure that each base-q digit of X, is

less than half of q and that Xj consists of no more than T base-q digits:

Xp = (2 — 1)I". (8)

With this condition asserted, we will define a new indeterminate Z; for
each register such that Zy[j] = 1 if Xj[j] = 0 and Z[j] = 0 otherwise. These

conditions force this to happen:

Z, = I (9)
287, = 281" — X, (10)
2B1* — Xy = 257, + (2F — 1)1, (11)

See for a proof and Figure 3 for an example.

We need a way to encode when the contents of a register are about
to change, and what they are about to change to. For each register Ry,
define a set Sx C {lo,I1,...,In—1} where I; € Sy <= I, is I(k) or I;

13



Xk=|....../000...000??...7.......
Z =l
Zk=|......000...2.000...72......
2EZ, =2E1" X,

...... 200...0200...0...... = ......100...0100...0 ......

« v, 000...00?72...2......

...... 200...0200...0...... =|......1100...0/0?2...2|......
. |Zk=......000...2/000...0.......
2EI" X =2EZ +(2E-1)I"

...... 100...0/0?2...7....... =|......200...0/000...0......

L 011...1/011...1|......

...... 100...0/0?72...2|.....| = |.....]?211...1}011..1.......
s Zk=......000...1000...0......

Figure 3: Example solution to Z; where ‘7’ is a wild-card (either 1 or 0)




is D(k). For each I; € Si we will make an indeterminate S(k,7). If I; is
the next instruction to be executed after j steps, the ¢/ coefficient should
be the number it is about to change to. If I; is not the next instruction,
this coefficient should be 0. If I; is the increment instruction I(k) which

increments register Ry we would use

S(k,i) = (q— 1)k (12)
S(k, i) = X, + I* (13)
Xp, + 1 = S(k, i) + (q — 1)(I" = 1;). (14)

A proof of this is given in Note the first condition forces
S(k,i)[j] to be 0 whenever I;[j] is 0. In other words, when instruction I; is
not about to be executed. Similarly, for instructions of the form D(k) we

would use

S(k,i) = (g = 1)k (15)
S(k, i) = Xy, — I* + Zy (16)
Xp — 1" +7Z = S(k,i) + (q — 1)(|* — ;). (17)

We also need to encode when register Ry is not being changed by any
instruction over time. For this we will use indeterminates of the form C(k).
In this case, if none of the instructions that would change Rj is next to
be executed following the j* step, C(k)[j] should be the same as X[j].
Otherwise, it should be 0. The following conditions accomplish this:

Ch) = (-1 = 3 1) (18)

1,€S

Clk) = X (19)

Xi = Ck) + (a—1)( Y ). (20)
I1,,€5)

15



qli=li+1

l =0010001001

qli = 0100010010
i1 =XIXXXTXX 1 X

Figure 4: gl; = l;11 Example

Note that the ¢ digit of the right hand side of the third condition is precisely
C(k)[j] if none of the instructions that change Ry is the next to be executed
following the j** step. See for a proof.

Before we get to the final encoding of Xi, we need a way to encode
the order of instructions. If an instruction I; is of the form I(k), D(k), or
G(k,i+1) then the next instruction is definitely instruction I;1. Therefore,
every time we have |;[j] = 1 we want l;11[j+ 1] = 1. The following condition
accomplishes this:

qlz = |i+1 (21)

See Figure 4 for an illustration. If instruction I; is of the form G(k,i)
where ¢’ # (i 4+ 1), it should be read as “if register Rj does not contain 0,
goto instruction I;;”. Therefore the next instruction will be ;4 if register
Ry, contains 0 and I; if it does not contain 0. We can make use of the
Z;. indeterminate from earlier since it encodes whether register Ry contains
0 over time. The following conditions assure us that the right instruction
comes next:

qli = liy1 + 1y (22)
ql; = 1y + qZ. (23)
Note that the first condition assures us that one (and only one) of the inde-

terminates l;41 and | will have a 1 in the coefficient immediately following

16



a coefficient in which the indeterminate I; has a 1. The second condition
forces said coeflicient of I;; to be 0 if the coefficient of Z;, is 1. In other words,
if register Ry, contains 0.

Note: if there are any instructions of the form G(k,i") where i’ > n, then
the result is always the same: RM halts. Because of this all instructions
of this form should be treated as if the instruction were G(k,n). In other
words, replace | with |, in equations 22 and 23.

Finally, we need a way to tie all of this together and make sure X; does
in fact encode the contents of register Ry, over time. We know that each digit
of one of C(k), S(k, ) for some 7 correspond to what the contents of register
Ry should be after executing the next step in the computation, and the rest
are equal to 0, so their sum should be precisely what the next coefficient
of Xi is equal to. We also know that Nj is the initial contents of register
Ry, so that should be X;[0]. Lastly, we know that C(k)[T — 1] corresponds
to the value of register Ry just before executing the final step, the implicit
halting instruction. In other words, it corresponds to the output of register
Ry. Let the indeterminate Oy represent the output of register R;. Then the

equation

Ora" +Xp = Np+q(Clk) + > S(k,i")) (24)
1,,€S)

uniquely determines X as the contents of register Ry over time and Oy as

the final contents of register Ry. This is proven in [Lemma 13| and [Lemmal

T4

To write conditions of the form L = R in Diophantine Equation form,

we simply need to expand them into the following 7 equations:

=1L
r=R
t=2"

17



1+t =at"™™ 4ot + ¢

c+d+1="+¢
b+e+1=t
b=2f+1,

relabelling indeterminates so that there are no collisions. This system asserts

that the binomial coefficient (f) is odd (see . By using Lucas’

theorem with p = 2, we have that this system has a solution if and only
if the condition L = R is satisfied (by [Lemma 2)). Once we have all these

equations and have converted all the conditions into Diophantine Equation

systems, simply use the sum of squared differences technique to combine

them all into one single equation.

Tables 1-4 offer a summary of the procedure.

Table 1: Register Content Encoding Summary

Xk

Zy

X, = (2E — 1)I*

Orq" + X = Nj + q(C(k) + Zli/esk S(k,1"))

Zp = I*
287, = 2FI* — X,
2B1* — X, = 2BZ; + (2F - 1)I*

Table 2: Instruction Encoding Summary

l;

Increment (S(k, 1))

l; = I

I* = Z?:o li

1= |0,qT_1 =1,

S(k,i) = (q — L)I*
S(k, i) = Xy, + I*
Xp, + 1¥ = S(k, i) + (q — D)(I* — 1)

Decrement (S(k,1))

Ry, unchanged (C(k))

S(k,i) = (q— 1)I"
S(k,i) = X — I* + Z
X — 1" +2Z = S(k,i)+ (q—1)(I" = 1I;)

Ck) = (g =" = X 1w
C(k‘) = X

Xe = C(k) + (9 =131, e, 1)

18




Table 3: Instruction Sequence Encoding Summary

Increment/Decrement /G (k, i + 1) G(k,i)
ql; = 11 ql; = 1; + 1
- ql; = 1y + qZy,

Table 4: Misc. Encoding Summary

q I*
E=T+n+1+3M N, -
q=2x2F (q—DIF=q" —1

3.1 Example construction

Recall the example of a register machine RM given earlier which adds the

numbers in the first two registers and ends with the result placed in register

Ry.

Iy :
I :
I :
I3 :
Iy

15'

G(1,3)
1(2)
G(2,6)
D(1)
1(0)
G(1,3)

This example will use the procedure outlined in to convert this

register machine — which we will call RM — into a Diophantine Equation

that has a solution if and only if RM halts, and whose O indeterminates

correspond to the output of register Ry for all k.

19



First note that RM takes 2 inputs, but the highest register referred to
in the instructions is Ry. Since Ry is not an explicit input, we call it an
implicit input and set it equal to 0. With that being said we define the
parameters

No = initial contents of Ry
Ny = initial contents of R

No =0

Now note the number of instructions (including the implicit halting in-

struction) is 7. We determine E and q as follows:
E:T+8+N0—|—N1—|—N2
q=2x2E

We then define I* as follows. Note that this portion of the construction is

the same regardless of RM
(q—DI*=q" —1.

For each instruction I; we then define:

o = I

L =1

l, = I*

I3 = I*

ly = I*

l5 = I*

|6:>|*

20



Note that here lg refers to the implicit halting instruction Ig. Now we make
sure execution starts at Ij.

1=y

Similarly, we make sure the final instruction executed is the implicit halting

instruction Ig:

We now ensure that one and only one instruction is being executed at any

given step of the computation:
|*:|0+|1—|—|2—|—|3—|—|4+|5+|6.

We then make sure that each indeterminate Xj consists of precisely T base-q

digits, with each digit being less than half of q.

Xo = (2F —1)I*
X1 = (2F - 1)1
Xo = (2F — 1)1

Now we set up the conditions for encoding Zg, i.e. whether or not register
Ry, contains 0 over time.

Zy = 1"
2870 = 281 — X,
2B — Xo = 2875 + 2B —1)I¥
Z1 = 1I*
287, = 2F1F — X4
261 — Xy = 287, + (2F — 1)1
Zy = I*

287, = 2F1* — X,

21



2B — Xy = 287, + (2F — 1)1

We will now set up conditions for indeterminates corresponding to when
register Rj changes and does not change. Consider register Ry. The only
instruction that changes the contents of this register is instruction I, which is

1(0), so Sop = {I4}. We define the indeterminate S(0,4) using the conditions
5(0,4) = (g —1)ly
S(0,4) = Xo + I
Xo+1"=5S(0,4) + (g —1)(I" = 1y)
and the indeterminate C(0) using the conditions
C0) = (q—1)(I" =1y
C(0) = Xo
Xo = C(0) + (q — 1)l4.

Similarly, for register R;, the only instruction that changes it is Is which
is D(1), so S1 = {I3} and we define the indeterminate S(1,3) by using the
conditions

S(1,3) = (g —1)l3

5(1,3) =X —I"+27Z;
X1 —1"+7Z1 = 5(1,3) + (q - 1)(|* — |3)
and the indeterminate C(1) using the conditions
C(1) = (a—1)(" —1s)
C(l) = X1

Xy = C(1) + (q — 1)ls.

22



Finally, register Ry is only changed by instruction I; which is I(2), so Sy =
{I1}. Define S(2,1) by using

S$(2,1) = (q—1)
5(2, 1) = Xg + I*

Xo+1"=S5(2,1)+ (g —1)(I" = Ih)
and C(2) by using
C2)= (@a-1(* =)
C(2) = X
Xy = C(2) + (q — ).

No other instructions modify the contents of any register.

We now encode the order of instructions. Instructions I, I3, and I4 are
always followed by instructions I, I4, and I5, respectively, so we use the
following conditions:

qli = 1o

qlz = ls

qly = Is.
Instruction Ij is followed by instruction I3 if register R does not contain 0,
and is followed by I; otherwise, so we use the following conditions:

qlo =l +13

qlo = I3 + qZ;.

Similarly, instruction Is is followed by the implicit halting instruction [g if
register Ry does not contain 0, and is followed by I3 otherwise, so we use
the following conditions:

qlo =13+l

q|2 = lg + qZQ.
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Finally, instruction I5 is followed by instruction I3 if register R; does not
contain 0, and is followed by the implicit halting instruction Ig otherwise,

so we use the following conditions:
qls = ls + I3

q|5 =3 +qu.

We finally determine the indeterminates Og, Oy, and Os corresponding to
the final contents of registers Ry, Ri, and R, respectively, by using the

following equations:
0oq" + Xo = Ng + q(C(0) + S(0,4))
019" + Xy = N; +q(C(1) +5(1,3))
029" + Xo = N2 4+ q(C(2) + S(2,1)).

Now all that is left to do is expand each condition into a system of
Diophantine Equations and to combine all the equations into one. In the

interest of saving space, only one condition will be expanded here. Consider

the following condition:
Xi—=1"+2Z; = S(1,3) + (a = 1)(I" = I3).

This condition expands into the following 7 equations:

=X =1"+27,
r=5(1,3)+ (q—1)(I" —I3)
t=2"

(14+t)" =at"™ + bt + ¢

c+d+1="+¢
b+e+1=t
b=2f+1.
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3.2 Corollary: Hilbert’s 10th problem is unsolvable

Hilbert’s 10" problem asks for an algorithm that can decide, in a finite
amount of time, whether or not an arbitrary Diophantine Equation has
solutions. In contrast, the halting problem asks for an algorithm that can
decide, in a finite number of steps, whether or not an arbitrary Turing
Machine will halt on a given input. Since Register Machines and Turing
Machines are equivalent [7], the halting problem can be equivalently posed as
a question about arbitrary register machines. These two seemingly unrelated
problems are more closely related than one might expect. In fact, the halting
problem is solvable if and only if Hilbert’s 10" problem is solvable.

If the halting problem were solvable, then the algorithm in question
could be used to decide whether an arbitrary Diophantine Equation had
solutions. One way to do this would be to write a program that searches, in
some arbitrary order, for solutions to the Diophantine Equation and to halt
if it finds one. If the ordering is such that every n-tuple is guaranteed to be
checked after a finite number of steps, then the program halts if and only
if at least one solution exists. Simply asking the algorithm that solves the
halting problem whether or not this program halts would tell you whether
or not the Diophantine Equation had solutions.

Conversely, if Hilbert’s 10" problem were solvable, then the algorithm
could be used to decide if an arbitrary Register Machine halts. Simply con-
struct a Diophantine Equation from the Register Machine you are concerned
with as outlined in and ask the algorithm whether it has any so-
lutions. Since the equation has solutions if and only if the Register Machine
it was made from halts, the algorithm could be used to solve the halting
problem.

In 1936 [12], Turing showed that the halting problem was unsolvable.
Informally, suppose we have an algorithm that can decide in a finite amount
of time whether an arbitrary algorithm will halt given a particular input.

Call this algorithm H(k,n) where k is the number of the algorithm in ques-
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tion and n is the input to this algorithm. H(k,n) returns “true” if the
algorithm with number k£ halts when given input n, and returns “false” oth-
erwise. Now create a new algorithm H*(k) which simply runs H(k, k), and
if it returns “true” then H*(k) loops forever. If H(k, k) returns “false”, then
H*(k) halts. Let P be the number of the algorithm H*(k). What happens
when we run H*(P)? If H(P, P) returns “true” then H*(P) loops forever,
meaning it should have returned “false”. If H(P,P) returns “false” then
H*(P) will halt, meaning it should have returned “true”. Since H(k,n)
determines whether algorithm & halts on input n, we have that H*(P) halts
iff it does not halt, which is a contradiction. Hence H(k,n) cannot exist.*
Since the halting problem is unsolvable, we must conclude that Hilbert’s

10*" problem is also unsolvable.

4 Proofs for the validity of the construction

In this section I will prove the validity of the aforementioned procedure for
turning an arbitrary Register Machine into a Diophantine Equation. Start-
ing from onwards, results and equations from previous lemmas
are assumed. In addition, any recurrence of indeterminates from previous

lemmas are taken to be the same unless otherwise specified.

Theorem 1. Any Diophantine Equation constructed following the procedure
outlined in[Section 3 has a solution if and only if the Register Machine it was
derived from halts. Furthermore, the solution of Oy is precisely the output

of register Ry, for each k.

Before proving this theorem at the end of this section (see
Theorem 1)), several lemmas need to be taken care of first.
4.1 Lemmas

Lemma 1 (Combining Diophantine Equations). Let L; and R; be Diophan-

tine Expressions, 0 < i < m. Then a tuple (xg,x1,...,x,) is a solution to
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the equation
L3+ RE4+ L3+ RI+ ...+ L2 + R2 =2LgRy + 2L Ry + ... + 2L, Ry,

if and only if it is a solution to the system of equations

Lo = Ry
L1 =R
L,, =R,

Proof. Suppose (zg, 1, ..., Tn) is a solution to the system of equations above.
Then we have
Li=R;, 0<1<m

<~ Li—RiZO, 0<:<m

— (Li—R)?*=0,0<i<m

— i(LZ — RZ‘)Q =0
1=0

= LA+ RA+ILI+RI+..+L2 +R: ~2LgRy—2L 1Ry +...— 2L, Ry, = 0
— L3+ RS+ LI+ R+ ...+ L% + R2 =2LgRo +2L1Ry + ... + 2L, Ry,

O]

Lemma 2. The binomial coefficient (]LD‘) is odd if and only if the following

system has a solution

=1L
r=R
t=2"



ctd+1=t
bt+te+1l=t
b=2f+1

Proof. By the Binomial Theorem (1 + z)" = > 7 (7)z'. If we let z = 1

i
we have (1+1)" = >, ()14, and so Y1 (}) = 2", meaning (7}) < 2"
for all 7. In particular, we have (?) < t in the above Diophantine system.
Since ¢ < ! and b < ¢, we must have that b is precisely the ¢ coefficient in
the base-t expansion of (1+t)". That is, b = (}). The final equation asserts
that b is odd. Therefore, the above system of equations has a solution if and

only if the binomial coefficient (IL%) is odd. O

Note that due to Lucas’ theorem with p = 2, we conclude that (f) is
odd if and only if each bit in the binary expansion of L is less than or equal
to the corresponding bit in the binary expansion of R. In other words, if
and only if L = R. Each instance of conditions of the form L = R can be
converted into a similar Diophantine system as long as we make sure there
are no naming conflicts. That is, that each indeterminate is only present in
one of these systems (other than the indeterminates that appear in the L or

R expressions).

Lemma 3. The equations

M-1
E=T+n+1+ > N
k=0
q=2x2F

assert that q > T, q > Ny, for all k, and q > (n+1).

Proof. 2% > k Vk € N O

Lemma 4. Let q = 2% for some k, and let L = L[0] + L[1]q+ L[2]q>+ ... +
L[n]q™ and R = R[0]+ R[1]q+ R[2]q? + ...+ R[n]q™ be the base-q expansions
of L and R, respectively. Then L = R if and only if L[j| = R][j] for all j.
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Proof. Let I;; and 7; ; be the 2! digit of L[j] and R[j], respectively.
We have that

The same is true for R. Since the binary digits of L and R are the same as
the binary expansions of their base-q digits, the statements in the lemma

are equivalent. O
Lemma 5. The equation
(g-Drr=q"—1
determines I* to be ZJT;()l q’, d.e 1*=1111...11,.
Proof. Consider the base-q expansion of the above equation:
@=-DF=(a-1a" ' +(@-1a" *+..+(@-a+(@q-1)
@-DFr=@-1@Q ' +q" 2+..+q+1)

F=q" '4q"2+..+q+1

Hence
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Lemma 6. Conditions of the form
Ii = I*
assert that each base-q digit of |; is either 0 or 1.

Proof. Since the condition must hold for each base-q digit, if any digit were
greater than 1 then |; would have a 1 bit somewhere to the left of the 2°
bit. Since all base-q digits of I* are 1’s, the condition fails to hold, so the
condition I; = I* fails to hold as well. Therefore each base-q digit of |; must
be either 0 or 1. O

Lemma 7. The equation

asserts that for each j, one, and only one, of {lg,1,...,1n} has a 1 in the ¢’

place of their base-q expansion, and the rest have a 0.

Proof. The left hand side of the equation has a 1 for every base-q digit, so
the right hand side must have all 1’s as well. Since each digit of I; is either
a 1l or a0 and since q > (n + 1), the only way for this to happen is if one

and only one I; has a 1 in each digit place. O

Corollary 1. The condition
1= |0

asserts that 19[0] is a 1. Additionally, the equation

asserts that 1,[T — 1] is a 1. Since this is a strict equality, we can also

conclude that 1,[j] = 0 whenever j # (T —1).

Observation 1. The condition
X = (2F — 1)I*

asserts that each base-q digit of Xy, is less than 2F
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Lemma 8. Suppose the following three conditions hold:
Z, = 1"
287, = 281" — X,
281 — X, = 287, 4+ (2F — 1)1,
Then we have that Z[j] = 1 if Xg[j] = 0, and otherwise Zj[j] = 0.

Proof. First, note that the first condition forces each digit of Z; to be 1 or

0 (by [Lemma 6). Suppose Xi[j] = 0. Then the ¢’ digit of the left hand
side of the third condition has a 1-bit in the 2F place, so there must be

a 1 in the 2F place of the right hand side as well. The only way for this
condition to be fulfilled is if Z;[j] = 1. Now suppose Xj[j] > 0. Recall that

2F = %q. By |Observation 1} each base-q digit Xz[j] is less than 2E, and so

(2E1)[j] —Xx[5] > O for all j. Additionally, the q7 digit of the right hand side
of the second condition is less than 2F meaning its 2F bit is a 0. Therefore,
the 2F bit of the g7 digit of the left hand side must be a 0 as well, forcing
Zi[7] to be 0. O

Observation 2. Given a condition of the form
L=(q-1)R

such that R = 1*, it follows that if R[j] = 0 then L[j] = 0, and if L[j] > 0
then R[j] = 1.

Lemma 9. Consider the following conditions
S(k,1) = (@ =1k
S(k,i) = Xi + I

X+ 1"=S(k,i)+ (q—1)(I" = 1;).

They imply that if 1;[j] = 0 then S(k,4)[j] = 0. Furthermore, if l;[j] = 1 then
S(k, )[j] = Xi[j] + 1.
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Proof. For the first claim, simply note that if I;[j] = 0 then the g’ digit of
the left hand side must be 0 as well, by For the second claim,
suppose I;[j] = 1. This will make the ¢’ digit of the right hand side of the
third condition equal to S(k,4)[j]. Conditions 2 and 3 taken together now
state L[j] = R[j] and R[j] = L[j] so we must have L[j] = R[j]. In other
words, S(k,7)[j] = Xg[j] + 1 (recall I*[j] =1 for each j). O

Lemma 10. Suppose the following conditions hold:
S(k,i) = (a—1)k
S(k,i) = Xi — 1"+ Z
X — 1"+ 2Z = S(k,i) + (g —1)(I" = 1,).

Then we have that if 1;[j] = 0 then S(k,i)[j] = 0. Furthermore, if l;[j] = 1,
then S(k,1)[j] = X[j] — 1, unless Xg[j] = 0, in which case S(k,i)[j] = 0.

Proof. For a proof of the first claim see For the second claim
suppose l;[j] = 1 and Xi[j] = 0. We know from that Zg[j] = 1.
Using the same argument in on conditions 2 and 3 we have that
S(k,i)[j] =0—1+1=0. Now suppose Xi[j] > 0. Then we know Zy[j] = 0,
so S(k,i)[j] = Xk[j] — 1, as required. O

Lemma 11. Consider the following conditions:

Ck)y=(q-1)(1" = > )

I,,€S
C(k) = Xg
Xip = C(k) 4 (a — 1)( Z li)
1,,€S)

where Sk C {Io, 1, ..., In—1}. They imply have that C(k)[j] = 0 if ly[j] =
for any i'. Furthermore, if no ly[j] = 1, then C(k)[j] = Xk[j]-.
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Proof. As proven in one and only one of |;[j] =1 for a particular
4. If that |; is one of the |y included in the sum, then the g/ digit of the

right hand side of the first condition is 0, forcing the g’ digit of the left
hand side to be 0 as well. Since the left hand side is precisely C(k) we
must have C(k)[j] = 0. Now suppose that none of l;[j] = 0. Then the ¢’
digit of the right hand side of the third equation is simply C(k)[j]. Once
again we have Xi[j] = C(k)[j] and C(k)[j] = Xk[j], so we must conclude
CR) = Xuljl =

Lemma 12. Conditions of the form
ql; = 1y
assert that if 1;[] = 1, then ly[j + 1] = 1.

Proof. Suppose I;[j] = 1. Then the g/*! digit on the left hand side of the
condition is a 1, forcing the g/*! digit of the right hand side to be a 1 as
well. O

Observation 3. The condition
ql; = lig1 + 1y

asserts that one (and only one) of lix1[j+1] and |y [j+ 1] will be 1 whenever
li[j] = 1. Similarly, the condition

asserts that if 1;[j] = 1 and Xg[j] = 0 (meaning Z[j] = 1), then ly[j + 1] is
a 0.

Lemma 13. Given the equation

a0k + X, =N +q(C(k) + Y S(k, 7)),
1,,€S

the following hold:
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1. Xk [0] = Ny,
2. Ok = (C(R) + X1, es, Sk, ) ) [T = 1],

5. For j < (T=1), Xl +1] = (C(k) + X, e, Sk, 1)) [

Proof.

1. Since Ni < q (as in , the only q° digit on the right hand
side is N itself, so it must be equal to Xg[0].

2. Note that X;[T] = 0, so the only q" digit on the left hand side is Oy
itself. Similarly, the q7 digit on the right hand side is

D(k)+ > S(k,i’) | [T—1]
I €Sk
(since it is multiplied by q), so they must be equal.

3. First, note that at most one of C(k)[j] or S(k,')[j] for some i’ can
be non-zero. This is because at most one I;[j] can be 1 and if the I;[j] =0
then S(k,4)[j] = 0 (as in [Lemma 9| and [Lemma 10). For C(k), we have that
C(k)[j] = 0 unless every one of |[j] = 0 such that I, € Si (as in
[11). Since all but at most one of C(k)[j] or S(k,i")[j] for some i’ is 0, their
sum must be equal to the /! digit of the right hand side. Therefore, for
J < (T —1), this is equal to Xg[j + 1]. O

Lemma 14. For any Diophantine Equation generated from a Register Ma-
chine RM using the procedure outlined in[Section 3, the following statements
hold:

1. For any i and j, l;[j] = 1 if the next step to be executed by RM after

the jth step is instruction I; and 0 otherwise.

2. For any j and k, Xy[j] is equal to the content of register Ry, following
the j* step executed by RM.
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Proof. For statement 1, first, consider a special case where only instructions
I; of the form I(k), D(k), and G(k,i+ 1) are considered. For j =0 RM is
about to execute instruction Iy and by 1 = ly we are assured that lp[0] is
indeed 1. Additionally, I* = >7" /I; and assure us that all other
Iy, i # 0 have a 0 in the q° digit, as required.

Suppose the statement holds until j. Then RM is about to execute
instruction I; and l;[j] = 1. Since I; is of the form I(k), D(k), or G(k,i+ 1)
for some k, the next instruction to be executed by RM is instruction ;4.
ql; = li41 and assure us that the g/*! digit of the right hand
side is 1 whenever the g/ digit of the left hand side is 1. Thus l;1[j + 1] is
1 and RM is about to execute instruction ;. following the (5 + 1) step,
as required.

Now consider a special case of statement 2. For an arbitrary register
Ry, and variable X}, and for instructions I; of the form I(k), D(k),G(k,i +
1), I(K"),D(K'),G(K',i+ 1) for ¥’ # k. For j = 0, RM has executed 0 steps
and therefore the contents of each register are precisely the initial contents

i.e. the inputs. Indeed, the equation

q" Ok + Xp = Ng +q(C(k) + > S(k,i))
1,/€8),

and assure us that Xj[0] is equal to Ng, the initial contents of
register Ry, as required.

Suppose the statement holds until j. We know that |;[j] = 1 if and only
if RM is about to execute instruction I; following the j** step. Suppose I;
is I(k), then the content of register Ry following the (j + 1) step will be
1 more than the content of Ry, following the j** step. Since I;[j] = 1, the
conditions from assure us that S(k,7)[j] = Xg[j] + 1 (recall that
I*[j] = 1 V¥j). Since all but one of C(k)[j],S(k,0)[j],... must be zero, the
equation from forces Xi[j + 1] = S(k,4)[j]. In other words, equal
to 1 more than the content of register Ry, following the j** step executed

by RM, which is precisely the content of Ry following the (j + 1) step
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executed by RM, as required.

Similarly, suppose I; is D(k). Then the systems in assure
us that S(k,4)[j] is Xg[j] — 1 + Zg[j]. Suppose the content of register Ry, is
0 following the j** step. Then the content should still be 0 following the
(j + 1)*" step. Since the statement holds up to j, X[j] = 0. The conditions
from [Lemma 8| then assure us that Z[j] = 1, so S(k,4)[j] =0—1+1=0.
Again, this fact taken with the equation inasserts that Xg[j4+1] =
0, which is precisely the content of register Rj, following the (j + 1) step,
as required. Similarly, suppose the content of register Ry is greater than
0. Then the content following the (j + 1) step should be 1 less than it

was following the j* step. We have that Z;[j] = 0 so the conditions from

assure us that S(k,4)[j] is 1 less than Xj[j]. Again, the equation

in forces Xg[j + 1] to be 1 less than the Xg[j], which is precisely
the content of register Ry, following the (j 4+ 1) step, as required.

Finally, suppose I; is one of I(k’), D(k"),G(k',i+1), or G(k,i+ 1) where
k" # k. Then the content of register Rj should be the same following the
j™ step and the (j 4+ 1) step. Since I; is not I(k) or D(k), we know that
I; ¢ Sk, so S(k,i) is not an indeterminate in the Diophantine Equation.
We also have that S(k,i)[j] = 0 for all S(k,7) that are defined. Therefore,

the conditions in assure us that C(k)[j] = Xg[j]. Once again,

the equation in asserts that Xy[j + 1] is equal to Xg[j], which is
precisely the content of register Ry, following the (j 4 1)t step.

Returning to statement 1. If only instructions of the form I(k), D(k),
or G(k,i + 1) are considered, then I;[j] = 1 if and only if I; is the next
instruction to execute following the j** step taken by RM, and we know that
Xx[4] is equal to the content of register Ry following the ;" step for each k.
Consider the lowest j' such that RM is about to execute an instruction I;
of the form G(k,i'), i’ # i following the j'** step. We know that I;[j'] = 1.
Suppose the content of register Ry is 0 then the next instruction to execute
should be I;11. We know that Xi[j'] = 0 thus Zj[j’] = 1. This taken with
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the systems in |[Observation 3| assure us that l[j’ + 1] = 0, which in turn

forces l;11[j" + 1] = 1. So the statement holds when register Ry contains
0. Now suppose it does not contain 0, then the next instruction should be
instruction I;. Indeed, since Xi[j’] > 0, we have Zy[j’] = 0. This forces
l;:[5"+ 1] = 1, and instruction I; is precisely the next instruction to execute
following the (j/ + 1) step taken by RM, as required.

Finally, the case for statement 2 when [; is G(k',i’) or G(k,’) is similar.
In either case, I; ¢ Si and S(k, ) is not defined so the conditions in
assure us that C(k)[j] = Xg[j]. Once again, the equation in
forces Xi[j] = Xg[j + 1]. Indeed, the content of register Ry is unchanged
following the ;%" step and following the (j 4+ 1) step, as required. O

With all these lemmas out of the way, we can finally get to the main

result.

4.2 Proof of Main Theorem

Proof of[Theorem 1. From the equation q'~! = 1, we can see that the

last instruction executed is the implicit halting instruction, which does not
change the contents of any registers. Since Xi[T — 1] = Oy, Oy is equal to
the content of register Ry following the (T — 1) step taken by RM. i.e.
the output of register Ry.

Since a system constructed as outlined in[Section 3Juniquely determines I;
to encode whether or not I; is executed at each step of the computation, Xj to
encode the content of register Ry over time, Z; being uniquely determined by
Xk, I* being uniquely determined from q and T, T being uniquely determined
by the number of steps taken by RM, S(k,i) being uniquely determined by
I*,I;, Xg, and Z, and finally C(k) being uniquely determined by I*,X; and
I; for I; € Sk, it must be the case that this system has a unique solution
corresponding to the output of RM. Furthermore, if RM never halts then
T would not be able to be determined since the number of steps taken by
RM would be infinite.
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Taking the system constructed as specified in and using the
sum of squared differences technique yields a single (massive) equation which

has a solution in natural numbers if and only if RM halts. O
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Appendix

In this section I will briefly outline the method for converting Exponential
Diophantine Equations into Ordinary Diophantine Equations. For a proof
see the paper by M. Davis [2].

Davis showed that for positive integers a, b, and ¢, a = b¢ if and only

if the following system of Ordinary Diophantine Equations has at least one

solution in positive integers:

e=1+4py=d+qu
s=x+ fu
t=c+4(g—1)y
y=c+h-1
(x —y(d—b) —a)? = (i —1)%(2db — b* — 1)?
a+j=2db—b*—1
w=b+k=c+I
d?—(w?—1)(w—-1)722=1

Note some variable labels have been altered from the source cited. This
system uses Diophantine Equations which take positive integer values. A
system of equations can be constructed which has solutions in natural num-
bers if and only if the original system has solutions in positive integers by
simply adding one to each variable. For example the positive integer variable

a would be replaced by (a’ + 1) where o’ takes on natural number values.
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The above system can be used to convert any Exponential Diophantine
Equation into an ordinary one by replacing any instance of exponentiation
of indeterminates with a new indeterminate and equating it with the inde-
terminate a in the above system. For example, the Exponential Diophantine
Equation

Xo+ X5 =X,

could be replaced by the equations

Xo+Yy=Xo
Yo=a
Xo=0>
Xi=c

adjoined with the system of equations mentioned above. This results in a
system of strictly Ordinary Diophantine Equations which has one or more

solutions if and only if the original system of Exponential Diophantine Equa-

tions has one or more solutions.
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