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1 Introduction

In this paper, we provide a rigorous proof of Bowen’s theorem, a result in the study of a particular class of
dynamical systems called Smale spaces. Dynamical systems model time evolution through the iteration of a
self-map on a set, particularly a metric space. For example, one can form a metric space out of all bi-infinite
sequences (¥, )nez wWhere each x,, belongs to some fixed set A, then consider the ”evolution” function o that
shifts the sequence forwards: o(x); = x;11. This shift space is a simple example of a dynamical system but
others can be more complicated. Given a dynamical system (X, f), partitioning X into finitely many pieces
and following point’s trajectories through the partition relates (X, f) to a subshift (related to shift spaces)
on the partition. Then one can study the subshift and sometimes deduce properties of (X, f) from it. One
of the strongest types of partitions is called a Markov partition. Given a Markov partition, one always has a
finite-to-one semiconjugacy from the subshift to (X, f), which is furthermore one-to-one almost everywhere.
Semiconjugacy is a map between dynamical systems that preserves a lot of topological information. A
conjugacy on the other hand is an equivalence of dynamical systems. Smale spaces are dynamical systems
that have local hyperbolic coordinates. Bowen’s theorem says that all Smale spaces have Markov partitions.

2 Preliminaries

We begin with a review of some definitions regarding metric spaces and dynamical systems.

Definition 2.1. Metric space
A metric space (X, d) is a set X together with a function d : X x X — [0,00) called the metric, satisfying
the following properties for all z,y, z € X:

1. d(z,y) =0 < z=y

2. d(z,y) = d(y,x)

3. d(z,y) <d(z,z) +d(z,y)
Definition 2.2. Open balls

Let (X,d) be a metric space. For z in X, and ¢ > 0, let B(z,¢) = {y € X | d(z,y) < €}. These sets are
called open balls.

Definition 2.3. Compactness
A metric space (X,d) is compact if for every collection of open sets {U;}icr of X such that (J,.,; U = X,
then X can be covered by finitely many of them: there exists i1, ...4, € I such that U?:l Uy, = X.

Definition 2.4. ~-dense set
Let (X,d) be a compact metric space. For all v > 0 there exists a finite set {z1,...2,} such that
U;L:1 B(z;,7) = X. Such a set is called a y-dense set.

Definition 2.5. Dynamical system

Let (X,d) be a metric space. Let f : X — X be a continuous function. Then the pair (X, f) is called a
topological dynamical system. d will always be used to denote the metric, so it is omitted, and we usually
drop the ”topological” as well.



In most of our cases, f will be a homeomorphism, and X will be compact.

Definition 2.6. Orbits
Let (X, f) be a dynamical system, and let z be a point in X. We define the following sets:

1. Ot (z) = {f™(x) | n > 0} (Forward orbit)
2. O (x) ={f"(z) | n <0} (backward orbit)
3. O(z) = {f™(z) | n € Z} (Full orbit)

Definition 2.7. Expansive

Let (X, f) be a dynamical system, with f a homeomorphism. If there exists some € > 0 such that for any
two distinct x,y in X, there is an n € Z such that d(f"™(x), f"(y)) > €, we say that X is e-expansive. Here, €
is called an expansiveness constant for X. (not *the*, since it is not unique: anything between 0 and e will
work just as easily.)

Definition 2.8. Semiconjugacy

Let (X, f) and (Y, g) be dynamical systems. A topological semiconjugacy from g to f is a surjective contin-
uous map h : Y — X such that foh = hog. If h is a homeomorphism, it is called a topological conjugacy,
and f and g are said to be topologically conjugate.

Topologically conjugate dynamical systems have identical topological properties.

We have everything we need to now go ahead and define what a Smale space is.

3 Smale Spaces

First, we begin with a heuristic definition of a Smale space. The technical example is a bit opaque, while
the heuristic definition is clearer. It says that X has "local hyperbolic coordinates.”

Definition 3.1. Heuristic definition of a Smale space.

Let X be a compact metric space, and f : X — X be a homeomorphism. For each x € X we’ll have two sets
E, 7"local stable set” and F, ”local unstable set” corresponding to it. These sets will satisfy the following
properties (approximately):

Pl: E,NF, = {z}

P2: E, x F, ~V for some neighborhood V of z.

P3: f(E.)NV = Epy NV and f(F,) NV = Fy,) NV (approximately)

And there exists some constant A with 0 < A < 1 such that:

P4: For all y,z € E,, d(f(y), f(2)) < Ad(y, z) ”contracting, stable”

P5: For all y,z € Fy, d(f~(y), f~1(2)) < Md(y, z) "stretching, unstable”

Let us give an example of a space satisfying these properties.

Example 3.1. Hyperbolic toral automorphism (Our prototypical example)
Consider the linear transformation A : R? — R?, given by the matrix

2 1
A= < 2 1 ) |
A is an integer matrix with det(A) = 1, thus A~! is also an integer matrix. Thus AZ? C Z? and A~17Z2 C Z2.
Therefore, they both induce well-defined maps on the quotient space R?/Z2. These two induced maps are

inverses of each other, and thus are homeomorphisms of the quotient space. Let 7 : R? — R2/Z? be the
quotient map. We define the metric d on X = T? by d(n(z), 7(y)) = min{|a — b| : 7(z) = 7(a), 7(y) = 7(b)}

Note that the matrix in question has two real eigenvalues, the first being A\ = 3_7\/5 € (0,1) the other
being A\7! = 3+T‘/5 v = ((1-+/5)/2,1)T and vy = (1, (1+/5)/2)T are eigenvectors corresponding to these



eigenvalues.

Now, where are these properties in the Hyperbolic toral automorphism example? Let € > 0 such that
€ < \/2, so that d(z,y) <e = d(f(z), f(y)) < 1/2.

Let B, = {z + ﬁvl :t| < €} and let Fy = {x + HT';HUQ : |t] < €}. Then we have:

Pl: E, N F, = {x}, since x + cv; = x + dvy = c¢=d =0, as vy, vy are linearly independent

P2 E, x F, ~ (x —e,x+¢€) X (x — e,z +€). E,,F, are like intervals, their product homeomorphic to an
open square neighborhood of x.

P3: f(E,) ={f(x)+ ”f}‘—fuvl | |t| < €} € Efy and f(F,) = {f(z) + Hvl | [t] < €} 2 Fy(a).

For the last two parts, we already have A = # € (0,1). These are the axioms that talk about the specifics
of the ”contracting, stableness” and ”stretching, unstableness”

P4: For all y, z € E,, indeed, d(f(y), f(2)) < Ad(y, 2)

P5: For all y, 2z € Fy, indeed, d(f~(y), f~1(2)) < A\d(y, 2).

Now we come to the precise formulation of a Smale space.
Let (X,d) be a compact metric space. Let f : X — X be a homeomorphism. Let ex > 0, and let
Ay = {(z,y) € X? | d(z,y) < ex} be the fat diagonal, the set of all pairs of points whose distance is at
most €x. Suppose we have a (jointly) continuous map [,] : A, — X satisfying the following properties:

L [z,2] =

2: [z, [y, ]] [x, z] whenever both sides are defined,
3: [z, ] z] = [z, z] whenever both sides are defined,
B4 [f( ), f(y)] = f([z,y]) whenever both sides are defined.
Furthermore suppose there is a constant A € (0,1) such that for all x € X the following two conditions hold:
C1: For all y, z such that d(z,y),d(z,z) < ex and [y, z] = = = [z, ], we have

d(f(y), f(2)) < Ad(y, 2),
C2: For all y, z such that d(x,y),d(x, 2) < €, and [z,y] = = = [z, 2], we have

d(f = (y), 7 (2)) < Md(y, 2)

Definition 3.2. Precise definition of a Smale space
If a quadruple (X,d, f,[,]) satisfies all the above axioms B1l, B2, B3, B4, C1, and C2, then it is called a
Smale space.

Axioms B1, B2 and B3 effectively ensure that the bracket will function like a coordinate system, while
axiom B4 is ensuring the bracket’s compatibility with the map f.

Theorem 3.1. Let (X,d, f,[,]) be a Smale space. Define [,]71: Ay — X by [z,y]7! = [y, ] for all z,y in
X such that d(x,y) < ex. Then (X,d, f~1,[,]71) is a Smale space.

Proof. Since [,]7! is defined from [,] and has the same domain; we get its continuity and satisfying axioms
B1 to B3 for free. Similarly, C1 and C2 come for free; they re just swapped. For B4, suppose x and
y are points in X such that [y, ], [f~(z), f~ )]_ and f~!([x,y]~1) are all defined. By definition of
[,]7! these are equal to [f~1(y), f! ( )] and f~([y, z]) respectlvely Then f(f~(ly,z])) = [y,z] and
Ff ), 7Y @) = [f(f~1 ), fF(fH(x))] = [y, ]. Since f is a homeomorphlsm it is aneCthG and thus
M) S @)] = £ (g, 2]). Therefore [f~1(2), f @) = £~ ([e,5] ™). (X,d, £~ [,]) satisfies al
the axioms, so it is a Smale space. O

Definition 3.3. Local stable and unstable sets
For each x € X and 0 < € < ex, we define

Wo(z,e) ={y € X | d(z,y) <¢[y,z] ==}
Wu(x7€) = {y €X ‘ d(m,y) <¢ [xvy] = l‘}

The former will be referred to as local stable sets, and the latter as local unstable sets.



Observation 3.3.1. From Theorem 3.1 we see that W]‘? = W}tl and W}‘ = W}tl.

It turns out that these sets will correspond to the FE, and F, sets from the heuristic definition. Some
properties:

Lemma 3.2. Suppose x,y € X are such that d(z,y) < ex. Then

1. [zyyl =2 <= [y,z] =y
2. v,y =y = [y,2] =2

]
[y, 2] =y = [z,y] = [z,[y,2
2. [yl =y = [y,z] =
[yvx]:x = [1‘, }:[[%x}v

Lemma 3.3. Suppose x,y € X are such that d(z,y),d(z, [z,y]),d(y, [z,y]) < e < ex. Then
[z,y] € W*(x,e) N W"(y,¢€)

Proof. We check: [[z,y],z] = [z,z] = z. Thus [z,y] € W5(z,¢).
On the other hand, [y, [z,y]] = [y,y] = y. Thus [z,y] € W*(y,€). We are done.
O

The following theorem corresponds to heuristic axiom P2, that products of the local stable and unstable
sets of points form neighborhoods around the points.

Theorem 3.4. There is a constant 0 < €y < ex /2 such that, for every 0 < e < €’y and for every x € X the
map
[]: W"(z,e) x W*(z,e) > X

is a homeomorphism onto its image, which is an open set containing x.

Proof. First note that the function is well-defined, as for any y € W*(z, €) and any z € W*(z, ¢), we’ll have
d(y,z) <d(x,y) + d(z,z) < e + € < ex. Moreover, since [,] is jointly continuous and [z, z] = z, there exists
0 < § < ex such that for all y with d(x,y) < 0, we have d(z, [z,y]) < ex/2 and d([y,z],z) < ex/2. We
choose 0 < €y < ex/2 so that for all y, z with d(z,y),d(z,2) < €, we have d(z,[y, 2]) < J. Then we can
define a map h on a neighborhood of = by h(y) = ([y, ], [z, y]). By the choice of €'y, this map is defined on
the range of [,]. The map is continuous since [, ] itself is continuous. Next, we verify that h is the inverse of
the map in the definition. For y with d(x,y) < €y, we have

[1oh(y) = [y, 2], [z, y]]
= [y, [z, y]], since y € W"(z,€), thus [y,z] = y by Lemma 3.2
= [y, 9]
=Y

where we have used Lemma 3.2 and axioms B2 and B1.
Moreover, if we begin with y € W*(z,¢) and z € W*(z, €), then we have

h([y 2]) = ([[y, 2], =], [=, [y, 2]])
= (ly, ], [z, 2]) by Axioms B2 and B3
= (y,z by Lemma 3.2

Finally, we must check that the image of our map, W*(x,€), W*(z,¢€)], is open. Let y € W"(z,€) and let
z € W*(z,€). Since the bracket is jointly continuous, we can choose §; > 0 such that d(w,[y,z]) < &



implies d(z, [w,z]) < € — d(z,y). Similarly, we can choose d2 > 0 such that d(w,[z,z]) < d2 implies
d(z, [z, w]) < e —d(z,z). Pick 6’ = min(d1,d2). Then

h(B(ly,2],0")) € B(x,€ — d(z,y)) x B(x,e — d(z,2))

From this, it follows that h(B([y, 2], ¢')) actually lies in the domain of [,] and so B([y, z], ") lies in the range
of [,]. Thus, for point [y, 2] in [W"(z,¢€), W*(z,€)] we have an open ball B([y, z],d") around it contained in
(W (z,€), W*(x,€)], so this set is open. This completes the proof. O

Corollary 3.4.1. For every € > 0 there exists some v > 0 such that [W"(x,~), W*(x,~)] is contained in
B(z,¢€).

Proof. In the proof of theorem 3.4, we can choose 0 < § < ¢ and €’ > 0 small enough so that for all y, z
with d(z,y),d(x,z) < €y, we have d(z,[y,2]) < § < e. Choose v = ¢x. Then for all y € W*(z,v) and
z € W#(x,7), we'll have d(z, [y, 2]) < e. Thus [W"(z,v), W*(z,v)] C B(z,e¢). O

Lemma 3.5. Suppose that (X,d, f,[,]) is a Smale space. Then there exists a constant 0 < €1 < ex such
that for all 0 < € < €1, we have:

1. Forz,y € X, d(f™(x), f*(y)) < e for alln >0 if and only if y € W*(x,¢€)

2. Forx,z € X, d(f~™(x), f"(2)) <€ for alln >0 if and only if z € W"(z,¢)

Proof. First, choose 0 < €1 < ex such that for all z,y € X, d(z,y) < ¢ implies d([y, ], ) < ex. Now first of
all, y € W8(xz,¢) = d(y,x) < € and thus for all n > 0 we have d(f"(y), f*(z)) < /\"d( ,a:) < e. Similarly
for part 2, z € W¥%(x,e) = d(z,z) < € and thus for all n > 0 we have d(f~"(z), f"(x)) < A"d(z,z) <.
Conversely, suppose z,y are in X such that d(f™(z), f*"(y)) < € < ¢ for all n > 0. It follows that
[f™(y), f™(x)] is defined for all n > 0. By axioms B1 and B2 of Smale spaces, we see that [f™(z), [f"(v), [™(x)]]
f™(x) and thus [f™(y), f*(x)] € W*(f™(z),ex) for all n > 0. Now we apply axiom B4 (perhaps, together
with the fact that (X,d, f~1,[,]71) forms a Smale space, with [z,y] ™! = [y, z]) to note that for all n > 0 we
have f=1[f"(y), f*(z)] = [f* (y), f*'(x)]. We apply axiom C2 to assert that

d(f" M), [N y) S @) = AT @) T () (@)
< M(f" (@), [f"(y), [ (2)])

Thus d(z, [y, z]) < A"d(f™(z), [f"(y), f"(x)]) < A\"ex for all n > 0. Since 0 < A < 1, we get that x = [y, z],
thus y € W9 (x,€). This completes the proof of part 1.

For part 2, suppose z,z are in X such that d(f~"(z), f~"(2)) < € < ¢ for al n >
a similar argument as above that [f~"(x), f~"(z)] is defined and [f~"(z), f~"(2)] €
n > 0. Using C1 this time, we get that for all n > 0 we have

d(f' " (@), [fF (@), f17 (@) = d(F(F (@) fF T (@), f 7 ()
A(f" (), [ (), f7(2)])

Thus d([z, 2], ) < X*d([f " (x), f™(2)], f~"(z)) < A"ex for alln > 0so we get = [z, 2], thus z € W"(z,¢).
This completes the proof of part 2. O

0. It follows through
We(f™(x),ex) for all

IA

The following theorem strengthens the previous lemma, and also confirms the heuristic property P1 of
Smale spaces: that E, N F, = {z}.

Theorem 3.6. Let (X,d, f,[,]) be a Smale space, and let €1 be as in Lemma 3.5. If v,y € X such that
d(z,y) < ex and d(x,[z,y]),d(y, [z,y]) < €1, then we have
{lz,y]} = W*(z,e1) N W (x,€1)
= ({z 1" (@), [M(2) < e, d(f (), f"(2) < e1}

n>0



Proof. By the previous lemma, we have:

({2 1d(f" (@), ["(2)) < e, d(f (), f"(2)) < e}

n>0
={z | d(f"(x), f"(2)) < e and d(f~"(y), f7"(2)) < €1, for all n > 0}
={z|d(f"(x), f"(2)) < e, forallm >0} N {z | d(f"(y), f"(2)) < €1, for all n > 0}

=W?(x,e1) " W*(y, 1)

We already know that [z,y] is in this intersection by Lemma 3.3. If z is any point in it, then [z,2] = x and
[y, 2] = y. By Lemma 3.2 these imply [z, z] = z and [z, y] = z. Thus z = [z, 2] = [z, [2,y]] = [z, y] by axiom
B2. O

Theorem 3.7. Let (X, f) be a Smale space, and let €1 be as in Lemma 3.5. Then the map f is €1-expansive.

Proof. Suppose z,y are in X such that d(f™(z), f"*(y)) < € for all n € Z. Then by Theorem 3.6, x,y are in

(L= 1d(f" (@), f(2) < erd(f " (y), f7"(2)) < e1}

n>0

and hence z = [z,y] = y. O

4 Examples of Smale Spaces

Example 4.1. Hyperbolic Toral Automorphism

We saw earlier in Example 3.1 that this particular space satisfies the heuristic axioms of a Smale space. Here
we see that it indeed satisfies the precise formulation as well, and this does in fact form a Smale space. First,
choose ex = A/2. For 0 < € < ex, define E,(¢) = {z + HTtlHUI |t] < €} and Fy(e) = {x + mW st < €}
For z,y such that d(x,y) < ex, define the bracket to be [x,y] = z, where z is the unique element in E, N F,.
Uniqueness follows from the eigenvectors vy, ve being linearly independent. Then we see:

Bl: E.NF, ={z},as x € E, and z € F,, and vy, v are linearly independent. Thus [z, x] = z.

B2: Suppose E, N (E, NF,) and E, NF, are both nonempty. Then, since E, N E, N F, C E, N F, and both

are singletons, they must be equal. Thus [z, [y, z]] = [z, 2] whenever both sides are defined.
B3: Suppose (E; N F,)NF, and E; N F, are both nonempty. Then, since £, N F,NF, C E; N F, and both
are singletons, they must be equal. Thus [[z,y], z] = [z, z] whenever both sides are defined.

B4: Suppose Ej() N Fy,) and E, N F, are both nonempty. If z is the unique element in E, N Fy,
then z = z + ”f}—lll‘vl =y+ ﬁvg for some unique t1,t3 € (—€,€). Then f(z) = f(x) + /\ﬁvl =
fly) + X 2wy € By N Fyyy. Thus [f(2), f(y)] = f([z,y]) provided both sides are defined.

(o]
Now, [y,z] = « implies y = x + mi& for some t € (—¢,€). Thus W*5(z,e) = E,(¢). Similarly, [z,y] = =
implies y = = + ﬁvl for some t € (—¢,€). Thus WH(x,€) = Fy(e).

Therefore C1 is identical to P4 and C2 is identical to P5. Thus, HTA forms a Smale space.

Example 4.2. Subshifts of Finite Type (SFT)

Here will we introduce an important class of examples of Smale spaces, called the shifts of finite type. We
will need these for the proof of Bowen’s theorem.

Let A denote a finite non-empty set, sometimes called the alphabet. We consider the space

AP = {(an)nez | an € A, for all n € Z}

and give it the metric
da(a,b) =inf{1,27" | n > 1,a; = b;, for |i| <n}

where a = (a,,),b = (b,) are in A%



That is, d 4(a,b) = 0 precisely when a; = b; for all i, d4(a,b) = 1 when ag # bg. Otherwise, d4(a,b) = 27"
when a; = b; for all —n < i < n, but a; # b; at either ¢ = n or i = —n. It turns out that this is more than a
metric, it is an ultrametric: it satisfies the stronger condition

d4(a,b) < max{da(a,c),da(c,b)}
Fact: (A%, d4) is a compact metric space.
Definition 4.1. We define a shift map o 4 : A — A% by
(ca(@))n = ans1

for any a in A% and n in Z. Sometimes for emphasis, we call o 4 the (italic) left shift.
Fact: o4 is a homeomorphism of AZ. Thus (AZ, o) is a dynamical system.

Definition 4.2. If w = (wy,...,w,) is a finite sequence of elements of A, we say that w is a word in A and
that n is the length of the word w. Given an element a in A%, we say that w appears in a if, for some k € Z,

(Qht1y- ey Qpn) = (W1, ... wy).
If F is a finite (possibly empty) collection of words in A, we define
X7 ={a € A% | no word in F appears in a}
Fact: Xz is a closed subset of A%. Moreover, it is invariant under o : a is in X if and only if o(a) is.

Definition 4.3. Let F be a finite collection of words in A. The restriction of o to X is denoted by ox.
Any non-empty system obtained as (Xrz,o0x) is called a shift of finite type.

Now we get to the Smale space part.
Definition 4.4. Let F be a finite collection of words in A. Let N be the maximum length of the words in
F (or N = 1if F is empty). For a,b in X with d4(a,b) <27, define [a, b] in A% by

b, n<0
a, n>1

([a; b 7)n = {

Theorem 4.1. If F is a finite collection of words in A, then (Xx,0x,d4,],]F) is a Smale space.

Proof. We go through the axioms above. For all z,y, z in X such that d(z,y),d(y, 2),d(z, z) < ex, = 27:
B1:

(f 2]7)n = {j T

Thus [z, z]F = =.
B2:

(1 #ll7)n = {Sy’z]f)" nee {x "2 = )
Thus [z, [y, 2]] = [z, 2].
B3:

Zn nSO_ Zn nSO_ -
(.31, 17)n = {([Lym nel- {x "2 = el



Thus [[z,y], 2] = [z, 2].
B4:

(o7 @), 07 (@)]F)n = {‘””(y)” nsl_ {y”“ "0 ()

or(x), n>1 Tpr1 n>1

Now, let A =1/2. We have:

Cl: If [y,x] = = [z, 2], then y, = x, = 2, for n > 0. Thus d(y,2) = 27" where i is the least positive
integer such that y_; # z_;. This implies that d(o(y),o(z)) = 270+ = X277 as i + 1 will be the least
positive integer such that y_ ;1) # 2_(;41). Therefore we have d(o(y),o(2) < Ad(y, z) as desired. ‘

C2: An identical argument. If [z,y] = z = [z, 2], then y, = z, = 2z, for n < 0. Thus d(y,z) = 27" where ¢
is the least positive integer such that y; # z;. This implies that d(o=1(y),071(2)) = 2iFt = X\27¢ as i + 1
will be the least positive integer such that y;11 # z;41. There fore we have d(oc=(y),o " 1(2)) < M\d(y, 2) as
desired.

Lastly, we need to check that [,] is (jointly) continuous! That is, continuous in each argument when
the other is fixed. Let @ € X be given. Need to prove that for all y such that d(x,y) < ex, and for all
0 < € < ex there exists § > 0 such that d(y, z) <6 = d([z,y], [, 2]) < e. This would prove that the map
[, —] is continuous at y for every y. The proof for [—, y] would be similar. It suffices to choose § = €. Indeed,
let N be the least positive integer such that 2=~ < € = §. then d(y, z) < § implies d(y, z) < 27, which
implies y; = z; for all =N < ¢ < N, and possibly (but not necessarily) disagree at i = £N. Since § < ex, the
bracket is defined on all pairs of z,y, z. By the definition of the bracket, we have ([, y]7)n = zn = ([z, 2]F)n
for all n > 1. On the other side, we have ([z,y]7)n = yn = 2n = ([2,2]5)n for all —N < n < 0. Thus

d([z,y], [x,2]) <27V < € as desired. The proof for the continuity of [, y] is nearly identical and is omitted.
O

Example 4.3. Edge shift

Let E = (E',E° r,s) be a finite directed graph, where E! denotes the edges, E° denotes the vertices, and
r,s: B — E° denote the range and source maps, respectively. We assume here that r~!(v) and s~!(v) are
both nonempty for all v € E°. The corresponding (italic) edge shift is

(3.1) g = {(xi)iez : ; € E' and r(z;) = s(x;11) for all i € Z}
Then the product topology on Y is generated by the metric d(z,y) = 2~ N=v where

14 max{k:x; =y, forall [j| <k} x0=1yo
0 To 7# Yo

So sequences that don’t agree at 0 are distance 1 apart, sequences that agree at 0 but not at £1 are
distance 1/2 apart, and so on. The shift map ¢ : ¥ g — X g defined by

O’(.Z‘)z = 131;+1

is a homeomorphism.
Take ex, = 3 and for d(z,y) < 3 define [z,y] € T by

[myy]’i = {

yi 1 <0

Then (X g, o) is a Smale space with this bracket map.
Fact: Every shift of finite type is conjugate to an edge shift. [BS02, Corollary 3.2.2]

5 Shadowing

In this section, we prove that every Smale space satisfies the shadowing property, which roughly says that
every pseudo-orbit, a sequence that’s almost an orbit within some margin of error, is close to an actual orbit.



Definition 5.1. Pseudo orbit
Let (x,) be a sequence in a Smale space (X, d, f). We say (z,) is an e-pseudo orbit over an interval I C Z
if for every n in I, d(f(zy), n41) < €. Observation: a 0-pseudo orbit over Z is precisely a full orbit.

Definition 5.2. Shadowing

Let € > 0 and 6 > 0. If (x,) and (y,) are e-pseudo-orbits over the same interval I, then we say that one
d-shadows the other if d(z,,y,) < d for all n in I. If z is in X, we also say that x,, is d-shadowed by (the
orbit of) x, if d(zp, f*(x)) < 6 for all n in I.

Lemma 5.1. Suppose that 0 < 61 < ex. Then there is an € > 0 such that, if d(f(z),2") < €, then for all z
in Wo(z,61), d(a, f(2)) < ex and [2', f(2)] is in W*(a',d1).

Proof. Consider the set

A= {(xaya Z) | d(l’,y),d(y, Z) < GX/27 [:%Z} = Z}
in X x X x X. Consider a sequence (zn,yn,2,) in A that converges to some (z,y,z) in X x X x X. Then
d(xp, yn) and d(yn, z,) are convergent sequences in [0, ex /2], and so d(z, y), d(y, z) < ex/2. Since the bracket
[,] is continuous, we have that lim,, o [yn, 2n] = [y,2] = 2, and thus (z,y,2) is in A. Thus A is a closed

subset of a compact space, and therefore A is compact.
Consider the function h : A — R, defined by

h(z,y, z) = d(z, [z, 2]) — d(y, )

which is continuous on A and hence uniformly continuous. On the set B = {(z,y,%) € A | v = y} which is
compact by a similar argument, we have

h(z,y,2) = h(y,y, 2)

d(y, [y, z]) — d(y, 2)
d(y, z) — d(y, 2)
0

Therefore, there is some € > 0 such that, if d(x,y) < € and (x,y,z) € A, then
|h(z,y,2)] < d1(1 —N).

Choose € such that € < d1(1 — A\). Now consider x,2’, z as in the statement. First we have d(z, z) < € and
hence

(@', f(2)) < d(@', f(x)) + d(f(2), f(2))

< e+ Ad(z, 2)
<8 (1—=X)+68
<d

<ex

Also, we have that (2/, f(z), f(2)) is in A and so we can conclude that

(@', [f(z), f(2)]) < h(z'f(z), f(2)) +d(f(2), [(2))
<8 (1=X)+ (z,2)
< (51(1 — )\) + Aoy
— 5

This completes the proof.
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We say that a dynamical system (X, f) satisfies the shadowing property if every e-pseudo orbit is 6-
shadowed by an orbit. Now we can prove that every Smale space has the shadowing property.

Lemma 5.2. Let (X,d, f) be a Smale space. For any 6 > 0, there is an € > 0 such that every e-pseudo-orbit
in X is §-shadowed by an orbit of X.

Proof. First choose 0 < ¢; < ex/2 such that
(W (xz,01), W?(z,01)] C X(x,0),

for all z in X. Next, we choose an € > 0 as in Lemma 5.1 which holds for both (X,d, f) and (X,d, f~1).
We will first show the conclusion holds for finite intervals I = (a,b) NZ, and a a negative integer, b a positive
integer. For each a < ¢ < b— 1, we define a map g; : W*(z;,01) — W?*(x;11,01) by gi(2) = [xit1, f(2)].
Theorem 3.1 proves that each g; is well defined, by substituting * = x; and ' = z;41. In an analogous
fashion, for a + 1 < i < b we may define maps h; : W¥(x;,81) — W¥(x;_1 given by h;(z) = [f~(2), zi—1].
Applying Theorem 3.1 to the Smale space (X, d, f~1) will show that each of these h; are also well defined.
For integers ¢, j such that a < ¢ < j < b, let g; j = gj_10gj_20---0g; denote the j —¢+ 1 fold composition of
successive g maps, and similarly let h;; = hijp1 0 hjpo0---h; be the j — i+ 1 fold composition of successive
h maps. Then we see that
Ja+1,i : Wi (Zat1,01) = W3 (w4, 01)

hy—1i: W (wp_1,61) — W" (x4, 61)

For every a < i < b, We define sets
Si = [hp—1,i(W"(2p—-1,61), Gat1,:(W?*(xqy1,01)]

Since §; was chosen so that [W*(z,d1), w®(z,d1)] C X(=,9) for all x in X, we have that S; C X(z;,9) for
all 4. If we can show that f(S;) = S;+1, then any orbit of an element in Sy will §-shadow our e-pseudo-orbit
on this interval I.

Choose y in W*(zq41,61) and z in W*(zp—1,d1). Let y = gat1,i(y) and 2’ = hy_1,i+1(2) so that [h;41(2'),y'] =
[ho-1.,i(2), gat+1,:(y)] € S; and [2', g:(¥')] = [hv—1,i+1(2), da+1.i+1(y)] € Sit1. This covers every element of S;
and S;y1. We will show that f([h(z'),y']) = [¢/, 9(¥')], proving that f(S;) = Siy1.

F([r). 9 = F(FHED, 2l v'))

= [f([F (), zi), f()], since d(h(z"),y") < d(h(2), z;) + d(wi,y') < 1+ 61 < ex
= [[¢/, f(x:)], f(%/)], since both d(f ('), z;),d(2, f(z;)) < ex by our choice of ¢
= [7/, f(y")] by axiom B3 of Smale spaces
[ [wir, F(W)]], as f(y') € WP (@iga, 61)
[

as desired. Thus f(S;) = S; 41 for all relevant i and so any orbit of some s € Sy will 6-shadow our e-pseudo-
orbit (x,) on L.

Now, suppose I = Z. We begin by considering I, = (—n,n) NZ for any positive integer n. Notice that the
choice of 47 is independent of n. This also means that every point of

S®) = [hy_1,0(W*(@n-1,61))s 9—nt1,0(W* (2 _nt1,01))]

will 6-shadow the pseudo-orbit over the interval I,,. The same is true of the closure of S = S It follows
directly from the definitions that S O S(+1) for all n. By Cantor’s intersection theorem, (), -, S is
non-empty. Any point in this intersection will d-shadow the pseudo-orbit over all of Z. A similar argument
will work for half open intervals U = [a,00) NZ and L = (—o0,b] NZ for a,b € Z. If U,, = [a,a + n] and
L,, = [b—n,b] for positive integer n, then if we define

Sl(Jn) = [ha+n,a(Wu (xa-&-na 51))a we (xaa 51)]
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S = (W™ (@5, 61), Gy s (W* (2, 61))]

and work with the closures of these sets, it follows by definition of these sets that S(Un) B} S(UnH) and

Sén) ) Sl(;n) for all n. By cantor’s intersection theorem, both (<, S[(Jn) and (),,>1 Sl(;n) are non-empty. Any
point in these intersections will J-shadow the pseudo-orbit over U or L respectively.
O

Corollary 5.2.1. If I = Z, and § < €1/2, where €1 is the expansiveness constant of X, then there is an
€ > 0 such that every e-pseudo-orbit in X is §-shadowed by a unique orbit of X.

Proof. By Lemma 5.2, every point in the intersection S =1, ~, S will §-shadow the pseudo-orbit over all
of Z. Suppose z,y are two distinct points in S. Then there exists some m € Z such that d(f™(z), f™(y)) >
€1 > 24. But d(f™(x), f™(y)) < d(f™(x), xm)+d(@m, f™(y)) < 25. This is a contradiction. Thus S consists
of a single point, making the shadowing orbit unique.

O

Before leaving the section, I would remark that the Shadowing Theorem can also help prove other powerful
results about Smale spaces: for instance, one can show that in a non-wandering Smale space, the periodic
points are dense. [Pulb, Theorem 4.4.1]

6 Rectangles and Markov Partitions

Bowen’s theorem says that every Smale space has a Markov partition. Having a Markov partition gives you
a nice semiconjugacy from a shift of finite type into the your Smale space. In this section, we prove results
about rectangles and Markov partitions that we’ll need for the proof of the main theorem.

Definition 6.1. Rectangle
A subset of R is called a rectangle if diam(R) < ex and [R, R] = R.

Definition 6.2. Proper rectangle and more
R is called proper if R is closed and R = int(R).
For z € R, let

Wz, R) ={y € R| [y, ] = x}
W@, R)={y € R|[x,y] =z}
Lemma 6.1. Let R be a closed rectangle. As a subset of X, R has boundary
OR=0°RUJ"R
where
O°R={x € R|W*x,0) L R for all 6 > 0}
O“R={z € R:W?%x,0) L R for all 6 > 0}

Proof. Suppose = € R.

If x ¢ OR, then x € int(R). By Corollary 3.4.1 there’s some 6 > 0 such that [W*(z,d), W*(z,0)] C R.
Recall that by Lemma 3.2, y € W*(x,d) implies [y, z] = y, and so W¥(z,d) = [W*(z,d),«] C R. Similarly,
y € W¥(x,d) implies [z,y] =y, and so W*(x,0) = [z, W?*(x,d)] C R. Thus z ¢ 9°RU 9" R. Conversely if
x ¢ 0°RUO"R, then you can find § > 0 such that both W*(z,d) and W?(x, d) are subsets of R, and since
R is a rectangle, [W"(x,0), W#(z, )] is a subset of R as well. Hence z is in the interior of R. O

Lemma 6.2. Suppose x,y € X with d(z,y) < ex and that [z,y] = x. then there exists a,6 > 0 such
that the map z — [y, 2] restricts to a homeomorphism of W*(x, ) onto a relatively open subset of W*(y, §)
containing y.
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Proof. Let § = (ex —d(z,y)). Then using the triangle inequality, one gets that [y, z] and [z, w] are defined
for all z € W*(x,0) and all w € W*(y, ). The map

FiWe(,8) > X

f(z) = [y, 7]

is continuous, and since f(z) = y we can find « > 0 such that z € W*(z, «) implies f(z) = [y, z] € B(y,9).
Since [[y, z],y] = [y,y] for all such z, the range of this map is contained in W*(y,d). Note also that f is
injective, for if [y, z1] = [y, z2] we have

z1 = [z, 1] = [2, [y, z1]] = [, [y, 22]] = [, 22] = 20.
Likewise, the map
g:W?(y,0) - X
g(w) = [z, w]

is continuous and injective. Note that g o f is defined on W¥(x, ) and g o f(2) = [z, [y, 2]] = [z, 2] = z for
all z € W*(z,a). Since W*(z,a) is an open set in the range of g, g~ (W?*(z,a)) is open in W*(y, ), and
since f is injective this is f(W*(z,«)). Since g is continous and the inverse map of f on W*(z,a), f is a
homeomorphism there. O

Lemma 6.3. Let R be a closed rectangle with diam R < ex, and let x,y € R. Then
1. If [z,y] =z, thenz € "R < y € O"R
2. If [x,y| =y, then x € 0°R <— y € O°R

Proof. We prove the first statement; the argument to prove the second is similar. Let z,y € R. Since
diam R < ex, we can apply Lemma 6.2 to find a,§ > 0 such that z — [y, 2] restricts to a homeomorphism
of W*(z, «) onto a relatively open subset of W#(y, §) containing y.

If we suppose that z ¢ 0" R, then WLOG we can assume that W*(z,a) C R. Then [y, W*(z, )] contains a
relatively open subset of W*(y, ¢), and since R is a rectangle, [y, W*(z,a)] C R. Every relatively open subset
of W#(y,d) containing y contains a set of the form W#(y, §) for some 5 > 0, and so we have W*(y, 5) C R.
Thus, y ¢ 0“R.

This argument is symmetric, so z ¢ 9“R <= y ¢ 0“R. This is equivalent to first statement. O

Lemma 6.4. Let ¥ = {T1,...T;} be a finite covering of X by closed rectangles with diameters less than ex .
Then for pairs (j, k) such that T; N'Ty, # 0, the sets

CU(j, k) = {x € Ty : W¥(z, ) N Ty, # 0}
C°(j, k) ={z € Tj : W*(z,e) NO°T}, # 0}
are closed and have empty interior.
Proof. We first show closed. We claim that
C“(j, k) = [T},0"T, N Tj]. (1)

First note that the above set is well defined because we are taking the bracket of two sets which are con-
tained in the rectangle T;. First suppose x € C*(j,k). Let y € T; N T}, and z € W"(x,€) N 0"Tg. Then
ly, 2] = [y, [2,2]] = [y, ] since [z,z2] = = [z,2] = x. Since y,z € Tk, we must have [y, z] = [y, z] € Tk.
Let w = [y, 2] = [y, ] which must be in T; N Tj. Since [z,w] = [z, [y, 2]] = [z, 2] = z and z € 0T}, Lemma
6.3 implies w € 9"Ty. Thenw € 0"TNT}, and so z = [z, w] € [T}, 0“T,NT;]. Thus C*(j, k) C [T}, 0"TNT}].

On the other hand, suppose = = [a, b] with a € Tj and b € 0"T,NT;. Then, since a,b € T}, so is = [a, ],
as T} is a rectangle. Then [z, b] = [[a, b],b] = [a,b] = x, so b € W*(z,€) N 0"T}. Thus = € C*(j, k). Equality
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is established.

Since the bracket and equation (1) shows that C"(j, k) is the image of a compact set under [,], we have
that C*(j, k) is closed. We also note that equation (1) implies that C"(j, k) is a subrectangle of T; and that
T, NT; C C*(4, k).

We now show that C*(j,k) has empty interior. Suppose that z € int(C*“(j,k)), so that Lemma 6.1
implies there exists 6 > 0 such that W*(z,d) C C*%(4,k). Use (1) to write z = [z,w] for w € 9"Ty N T}.
Lemma 6.2 implies that [w, W?*(z,d)] contains a relatively open subset of W#*(z,§) containing w. We also
have that [w, W?(x, )] C C*%(j,k) by (1).

Find 0 < a < € such that W*(z,a) C C"(j, k). For each z € W?*(z, o) we can find w, € 0“T} NT; such that
z = [z,w,] and so [w,, z] = w,. Since T} is a rectangle, we have
T 3 [w,w,] = [w, [wy, 2]] = [w, 2] = 2 (2)

Hence W#(z, ) C T}, which contradicts w € 0“T}. This shows that C*(j, k) has empty interior.
An almost identical argument shows that C*(j, k) is closed and has empty interior as well. O

Lemma 6.5. Let (X, f) be a Smale space, let T = {T,...T;} be a covering of X by closed rectangles with
diameters less than ex. For v € X write ¥ (z) = {T, € T: T; N Ty # 0. Then the set

ZF={zxe X :W"z,e)N"Ty, =0 and W*(z,e) N0°Ty, = 0 for all T}, € T"(x)}
is open and dense in X.

Proof. Referring to Lemma 6.4, one sees that

77 =X\( |J c'U.ruciik)
T;NT#0

so Z* is the complement of a finite union of closed sets with empty interior. The Baire category theorem
then implies that Z* is open and dense. O

Definition 6.3. Markov partition
A Markov partition of X is a finite covering R = {Ry,..., Ry} by proper rectangles such that

1. int(R;) Nint(R;) = 0 for i # j,
2. fW*(z,R;)) 2 W*(f(z),R;) and
fW*(z,R;)) € W*(f(x), R;) when x € int(R;), f(x) € int(R;).
This second condition effectively means that f maps points in the interiors of rectangles to the interiors of
rectangles.

Examples of Markov partitions

Example 6.1. Hyperbolic toral automorphism

For the hyperbolic toral automorphism, we have A as given above in section 3. We have a Markov partition
consisting of five rectangles Ay, As, Az, Ay, As. Below is a nice diagram drawn to aid with visualization. In
it, points are labelled, such that pg is the origin, f(pg) = po. With respect to the origin, p1,p4 are in the
direction of the contracting eigenvector v, and po, ps are in the direction of the expanding eigenvector vs.
f(p1) = ps = Ap1 and f(p2) = p3 = A" !ps. The rectangles are such that A;, Az, A4 have the same width a
and Ay, As have the same smaller width b. It’s a bit messy to explicitly parametrize these rectangles, but it
can be done:

Ifa= arctan(\ﬂ), the slope of vy, then we can set up a system of equations:

—sina = —a — 2b
cosa —sina=a+b
cosa — 2sina = —b

2cosa— 3sina =a
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Figure 1: A hand-drawn sketch of the Markov partition for the hyperbolic toral automorphism

Where o = arctan(v/\), a = width of Ay, A5, and b = width of A;, Ag, Ay.
With this we can solve for a and b, and it turns out that we get:

2 -3V 1-2V\
4= ——= and b= —
VA+1 VA+1
It’s quite relieving to see that the dimensions of these literal rectangles can be expressed as elementary

functions of the eigenvalue A. So yeah, the parametrization is doable, but yucky.
One can form an adjacency matrix for the intersections of these rectangles:

Sy

I
O O =
= =0 OO
SO ===
OO =
_= =0 O O

Where B;; = 1if f(int(A;)) Nint(A;) # 0 and B;; = 0 otherwise.

Let’s verify this adjacency matrix.

Note that p; is a vector in the direction of the eigenvector vy, and that f(p;) = ps. Also, ps is a vector in the
direction of the eigenvector vg, and that f(ps) = ps. Thus for all z € AJUAUA3, © = ¢1p1+cops and f(x) =
c1pateaps for cq, o € [0,1]. Thus f(A;UAA3) = AJUALUA). Since f is a homeomorphism, this also shows
that f((A1UAUA3))N(ATUALUAYL) = 0. It is easy to see that each of f(int Ay), f(int Ag), f(int Az) will
intersect each of int Aq,int A%, int A). Since int(Ay UA5) C (A1 UA2UA3)C, we get that the corresponding
individual intersections are empty as well. This verifies the first three rows of the adjacency matrix. Similarly,
taking complements will also help to verify the last two rows, using that f is a bijection.

The proof that {Aq, Ag, Az, Ay, As} satisfies the second Markov partition properties is omitted.

Example 6.2. Edge shift
Let E = (E', E° r,s) be a finite directed graph, and (Xg, o) the corresponding edge shift.

For e € E1, let
Cle):={z €Xp: 29 =ec}.
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Theorem 6.6. Each C(e) is a clopen (and hence regular) rectangle, and the set {C(e) : e € E'} is a Markov
partition for (Xg,o0).

Proof. The proof that each C(e) is clopen is standard. Since all elements of C(e) agree at the origin, the
diameter is at most 1/2. It is clear that C(e) is closed under the bracket, as ¢ = [z, y]o = yo = e. Thus
each C(e) is a clopen, regular rectangle. Each C(e) is therefore equal to its interior, and if e # f we have
C(e)NC(f) = 0. For the second part of the definition of a Markov partition, note that if x € C(e), we have

W*(z,C(e)) ={y € C(e) : y; = x; for all : <0}

We(z,C(e)) ={y € C(e) : y; = x; for all i > 0}
Now suppose that z € C(e) and o(z) € C(f), so that zo = e and z1 = f. We need to show that

o(W(x,C(e))) 2 W(a(x), C(f)) and o(W*(z, C(e))) € W*(o(2), C(f))

First suppose that y € W¥(o(z),C(f)). Then y; = o(x); = ;41 for all i < 0. Then o~ }(y;) = y;—1 = x for
all 4 < 1, which implies y € o(W*(x, C(e))).
The other inclusion is similar. O

7 Bowen’s Theorem

The main result all of this has been working towards.

Theorem 7.1. Bowen’s Theorem
Let (X,d, f) be a Smale space. Then X admits Markov partitions of arbitrarily small diameter. That is, for
all e >0, X admits a Markov partition R with diam(R) < € for all R € R.

Proof. Let 6 > 0 be small enough so that Corollary 5.2.1 applies, and choose an € > 0 so that every e-
pseudo-orbit in X is §-shadowed by a unique orbit of X. Choose 7 in (0,€/2) such that d(f(x), f(y)) < €/2
whenever d(z,y) < . Such a selection is possible by the continuity of f. Let P = {p1,...,p,} be a y-dense
subset of X. That is, J,_, X (p;,7) = X.

Our plan is to first make a not-quite-Markov partition based on P, with diameters bounded by e, then later
refine it to form an actual Markov partition.

Let
S(P) ={g € P"|d(f(¢;),qi+1) < € for all i € Z}

That is, ¥(P) consists of all e-pseudo-orbits of points in our y-cover P. For each ¢ € X(P) Let 6(¢q) € X
be the unique element whose orbit j-shadows g, whose existence and uniqueness is ensured by Corollary
5.2.1. This gives us a well-defined map 6 : 3(P) — X. Observe that X(P) is a shift of finite type:
F ={(pi,p;) | d(pi,pj) > €} is the set of banned words, which there are finitely many of by virtue of P being
finite. The maximum length of words in F is 2. By Theorem 4.1, (X(P),dp,or,[,]7) is a Smale space. We
will prove desirable properties of the # map and use them to form our initial not-quite-Markov partition.
If g,¢' € ¥(P) such that qo = qq, let ¢* = [g,¢']. Then d(f"(8(¢*)), f*(0(q))) < 26 for all n > 0 and
d(f™(0 (g)), f"(0(¢'))) < 26 for all n <0, ), by Lemma 3.5 and so 0(q* ) e W0 ( ),20) NW*(0(q'),26), i.e

0(lg, ¢'1) = [6(a, 6(<)]

Claim: 6 is continuous.
Suppose not. Then there is a v > 0 such that for every N > 0 one can find QN,QN € X(P) (it’s just more
indexing) with ¢} = pY for all j € [N, N] but d(0(¢"),0(p")) > ~. Form sequences (zy), (yn) in £(P) by
letting xny = G(QN ) and yny = G(QN ). Taking subsequences, we may assume (Compactness <= sequential
compactness) rx — x and yy — y. Then d(f7(z), f/(y)) < 26 for all j , but d(z,y) > v > 0. In particular,
x # y. This contradicts expansiveness. Hence 6 is continuous.

Claim: 6 is surjective.
For each x € X, choose g; such that f7(z) is in X(g;,7). Because of our choice of v, for all j € Z we have
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that d(f(q;), qj+1) < d(f(q;), f(f7(x))) +d(f7T(x),qj+1) < 27y < e. Thus the sequence ¢ = (gy,) is in (P),
and 0(q) = x. Hence 0 is surjective.

For all s such that 1 < s <, let Ts = {0(q) | ¢ € X(P),q0 = ps}. For z,y € T, we write z = ¢,y = ¢/,
with go = ps = ¢ Then

[z,y] = 0([g, ¢']) € T,

Each T} is closed under the bracket, so they are rectangles. Furthermore, as the sets ~1(T}) consist of pseudo
orbits in P with the Oth index fixed; these sets must be closed. But closed implies compact, the image of a
compact set under a continuous map is compact, and compact sets are closed. Thus 6(0~*(T)) = Ty is closed.

Now suppose = = #(q) with go = ps and ¢ = p;. Consider y € W*(x,Ts),y = 0(¢'), ¢y = ps. Then

y = [z,y] = 0(lg,¢]) and

fy)=0(o(lg, q])) € To

as 0([q,q']) has ¢ = p; in its zeroth position. It’s worth mentioning at this point that 6 is a continuous
surjection satisfying f o @ = § o o. Thus @ is actually a semiconjugacy from Lp to X.
Since f(y) € W*(f(z),¢€) and f(y) € T}, we have that f(y) € W*(f(x),T;). We have proved:
(i) FV*(2, 1)) C W*(f(x), Th):
Using a similar argument but replacing f with f~! will show that f=(W“(f(z),T;)) C W"(x,Ty), i.e.
(i) F(WH(2,T.)) > W(f(2), ).
So T ={T1,...,T,} is a covering by closed rectangles, and (i) and (ii) are like Markov partition property
(b), but these rectangles are likely not proper, and likely intersect. A refinement is needed. For each z € X
let

T(x)={T; €T |zeT;}and T*(x) ={Tx € T | T N Tj # 0 for some T; € T (x)}

Where T (z) is the set of rectangles in T containing the point x, and 7*(x) is the set of rectangles in 7 that
don’t necessarily contain x, but intersect a rectangle containing x. Let

ZF={xe X |W*z,e)N T, =0 and W"(z,e) N0"Ty, = 0 for all T, € T*(x)}.

By Lemma 6.5, Z* here is open and dense.
For T; NIy, # 0, let

T}, ={w € Tj | W"(2, Ty) N Tk # 0, W*(2,Ty) N T, # 0} = T; N T
TP ={z €T | W"(x,T;) N Ty, # 0, W*(x, Tj) N Tp, = 0}
TP ={z €Ty | W, Tj) N Ty = 0, W*(2,T;) N Ty, # 0}
Ty ={z € T; | W"(2,Tj) N T}, = 0,W*(2,T;) N Tj, = 0}

This is a partition of each T} into 4 ”quadrants” so-to-speak, of its intersections with T}.

To form Z*, we need to remove the boundaries of the 7Tj’s, but also we need to remove the dotted lines
of the edges of the T”k’s as well. This leaves just the interiors of the T”k’s Recall by Theorem 3.6, x,y
close enough implies {[x yl} = We(x,e) "N W"(y,€). Thus if z,y € T}, thien Wo([z,y], T;) = W*(, T) and
W([z,y], T;) = W*(y,T;) since the diameter of T} is small enough compared to €; ThlS implies that 77",
is a rectangle whose interior is an open rectangle in X, and each x € T; N Z* lies in int(Tj’fk) for some n
(because Z* removes the boundaries). For x € Z* define

ﬂ{mt W) | 2w €T;, TyNTe #0, and x € T} }
The intersection of a collection of rectangles is a rectangle, so each R(x) is an open rectangle. Suppose

y € R(xz) N Z*. Since R(z) C Tj(x) for all T; € T (z) and R(z) NT; = 0 for T; ¢ T (x), we have that y is in
precisely the same rectangles that x is in; that is, 7 (y) = 7 (x). Now for T; € T (z) = T (y) and T; N Ty, # 0,
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Figure 2: This figure is taken from [Bow08] on page 56
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y lies in the same 77" as x does, as T}, D R(z) > y; hence R(y) = R(x) (Since the R sets do not include
boundary). As there are only ﬁnltely many T7,’s, there are only finitely many R(z)’s. At this point, the set
R={R(z) | x € Z*} is a partition of Z* into open rectangles. Let

R={R(z):x€Z*}={Ry,...,Rn}

For x' € Z*, either R(z') = R(z) or R(z') N R(z) = 0; hence (R(z) \ R(x)) N Z* = §. Since Z* is dense,
R(z) \ R(x) has no interior.
Claim: R(z)=int(R(x)) -

We always have the C inclusion. So suppose y € int(R(x)), so that we can find an open set V with
y €V C R(x).
Going for a contradiction, suppose that y € R(x) \ R(z). Then y ¢ Z*. From our observation in Lemma
6.5, we see that y € C*(j, k) or y € C*(j, k) for some j, k with T; N T}, 75 (). We consider the case where
y € C"(j, k). By definition of C*(j, k), we must have that y is in elther T! ' or T2
Find § > 0 such that W#(y,d) C V. Then the same argument leading fo 2 and subsequent contradiction
show that W#(y,d) must contain points z such that W*(z,T;) N T} = 0. Hence W*(y,d) contains points in
both le and T?’k or it contains points in both T2k and T;lk

In either case, we must have that V intersects R(z’) for some R(2') # R(z). Since V is contained in R(z),
we have R(z) N R(2’) # 0. Since R(2’) is an open set which intersects R(x), it must intersect R(x), which
contradicts R(z’) # R(x). This contradiction implies y € R(x), giving us that R(x) = int(R(z)).

Thus R is a covering by proper rectangles satisfying property (a) of Markov partitions. The rest of this
proof is for verifying that it actually does satisfy property (b), and that R is our desired Markov partition.

Suppose z,y € Z* N f~4Z*), R(z) = R(y) and [y,x] = x. We will show that R(f(z)) = R(f(v)).
Suppose f(x) € Tj and f(y) ¢ T;. Write f(z) = 0(c(q)) with ¢1 = p; and qo = ps. Then 2 = 0(q) € T, and
by inclusion (i) from before in this proof we have that

fly) € W2 (2, Ts)) Cc W (f (), Tj) C T;

contradicting our assumption. Thus f(z) € T; = f(y) € T;. If we assume instead that f(y) € T;
and f(z) ¢ Tj, then we get the corresponding contradiction, proving f(y) € T; = f(x) € T;. Thus
T(z) = T(y). Now let f(z), f(y) € T; and T; N T}, # 0. We want to show that f(z), f(y) belong to the
same T7%. First, note that [y,x] = 2 = [f(y), f(z)] = f(z). Thus W*(f(2),T;) = W*(f(y),T}). Thus

f(z) and f(y) are both in T3, UT}; or both in T}, UT},. We show further that they are in the same T7.
Suppose that (for contradiction)

W (f(y). T;) N Ty, = 0, and f(z) € W*(f(x),T;) N Tj.
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Recall that f(x) = 6(o(q)) and ¢1 = p; and go = p,. Then by inclusion (ii),
f(Z) € Wu(f(x)vTJ) - f(Wu(vas)) or z € Wu(ajaTs)

Let f(2) =0(0(q')); ¢1 = pr and qo = p;. Then z € Ty and f(W?*(2,T3)) C W*(f(2),Tx). Now Ts € T(z) =
T(y) and z € T, N Ty # 0.
Now z € W*(x,Ts) N T; and so there is some 2z’ € W"(y, Ts) N T} as x,y are in the same T,,. Then

2= [Zvy] = [szl] € WS(Zth) N Wu(y,Ts),

and f(2") = [f(2), f(y)] € W*(f(2),Ti) N W*(f(y), T;) (using f(z), f(y) € T} a rectangle), a contradiction.
So R(f(x)) = R(f(y))-

For small 6 > 0 the sets

Y, = U{Ws(z,é) 1z € Uast} and Y = U{W“(z,é) 1z € U@“Rj}

are closed and nowhere dense, thus Z* D> X \ (Y3 UY2) is open and dense by Baire category theorem.
Furthermore if z ¢ (Y7 UY2) U f~1(Y; UYa) then z € Z* N f~1(Z*) and the set y € W*(x, R(x)) with
y € Z*N f~1(Z*) is open and dense in W*(z, R(z)) (as a subset of W¥(z,€)). By the previous paragraph
R(f(y)) = R(f(x)) for such y; by continuity

fW*(z, B(z))) C R(f())-
As f(W?(x, R(z))) C W*(f(x),€), f(W*(z, R(x))) C W*(f(x), R(f()))- _

If int(R;)Nf~ ! (int(R;) # 0, then this open subset contains some x satisfying the above conditions, R; = R(z)
and R; = R(f(z)). For any 2’ € R; N f~!(R;) one has W*(2', R;) = {[2/,y] : y € W*(x, R;)} and

fFWVe (@, Ry)) = {[f(2"), f(y)] : y € W (2, Ri)}
CH{lf ("), 2] : 2 € W2(f(2), R))}
C W*(f(2"), R;).-

This completes the proof of half of the Markov conditions (b). The other half is proved similarly by applying

the above to f~', noting that W} = W3,

O

One can find a shift of finite type ¥ and a semiconjugacy from ¥ to X which is one-to-one on an open
dense set and finite-to-one elsewhere. [Bow08, Theorem 3.18]
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