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1 Introduction

In statistics, regression is a useful technique for modelling the relationship
between two or more variables. The regression analysis allows you to build
a regression equation and make a prediction [7]. In this paper, we will only
focus on predicting the linear relationship between response (output) variable

and predictor (input) variable.

The earliest form of regression is the method of least square [7]. Legendre
proposed the first elaborate exposition of the least square method in 1805.
This is the most natural approach to investigate the effects of one variable
to another. The procedure can help to find the best fit of the given data
by minimizing the sum of squared residuals. Besides that, a best-fitted line
can determine whether or not our data has a linear relationship. Moreover,
if we receive data sequentially, we do not need to resolve our least square
estimates every time. Alternatively, we can try to apply the recursive least
square algorithms, and this algorithm was discovered by Gauss(1821). Tt
updates an estimator recursively of the given measurement at the current
stage. Recently, the distributed algorithms over the network has been widely
used in various practical application. We will propose a distributed least

square algorithm over a network for multi-agent|[1][3].

This paper is summarized as follows, in section 2, I will introduce the back-

ground of the regression model, the non-recursive least square analysis, and
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recursive least square analysis. In section 3, we define the autoregressive
model and conduct a least square estimation with the model[4]. The remain-
ing part of the section will demonstrate the distributed least square algorithm

over a network.

2 Non-recursive and Recursive Least Square

Estimation

2.1 Basic Regression Model

The regression model usually has the form:

Y, = b() + blxil + bgl’ig + ...+ bp$ip + GZ',Z' = ]_, 27 N (2].].)
n Iz T2 -+ Ty bo €1
Y2 1 291 wao -+ Iy by €2
—~ -
Yn 1 Tn1 Tp2 -+ Tnp bp €n

h response variable; x; is i*" predictor variable; b, is an estimated

where y; is i’
coefficient of the independent variable; ¢; is a random error term, with mean

zero and variance o2.
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The equation(2.1.1) can be written in a matrix form:

Y =XB+e (2.1.2)

where X € RM®+tD*(®P+) ig the predictor vector; Y € IR™*! is the response
vector; 3 € IRP*! is the unknown parameter vector to be estimated; e € IR**!

is the random error vector.

2.2 Non-Recursive Least Square(LS)

simple linear regression in reqular form

The parameter vector § can be estimated by the non-recursive least square

method. Let us consider the simple linear regression model (2.1.2)

The simple linear regression has the form:

Yi = by + biz; + ¢ (2.2.1)

where by and b; are the parameters of the model; y; is the 7" response from

subject; z; is the i*" predicted value from subject.

3
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In simple linear regression, our goal is to predict y; from the knowledge of z;
based on the model (2.1.2). The simplest method is the non-recursive least

squares method, and the approach will minimize

e = min||ly; — (bo + biz;)|| (2.2.2)

Suppose we have n pairs of data (z1,41), (z2,y2) ...(Tn,yn) and unknown

parameter by, b;.

We can use non-recursive least square method to obtain parameters by and
b1. Based on the fitted line by + by x;, we can define a function called “residual

sum of squares” (RSS).

The least squares method obtains by and b;, so that residual sum of squares
is minimized. by and b; can be obtained by taking derivatives of residual sum

of squares.

n

ORSS
ORSS .
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After some calculations, the least squares estimators 130 and b; are

7 Z?:l TiY; — TLZZ’@ . Sxy

by = = 2.2.6
! Yo w2 — nx? Sz ( )

b > i1 Yi — by D i Ti
n n (2.2.7)

=§— b
The estimated least squares fitted line g; becomes:
Ui = bo + bi;

(2.2.8)

=z7+131(;1:1 —1_3)

Multiple regression in matrix form

The parameters [ can be estimated by establishing the strong consistency of

least squares. Let’s solve the least squares for the multiple regression model.

Y; = blxil + bgl’ig + ...+ bpl‘ip + & (Z = 1, 2, ) (229)

Remark: The basic regression model has the general form (2.2.9), but usually
x;1 18 1. Let’s consider the general form, and the 8 can also be estimated by

using matrix form.

B =(X'X)"' XY (2.2.10)
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with the estimate of variance Bj:

v(B) = o*(cii)’ (2.2.10)

where c;; is the i value of the diagonal element on (X*X)~!; o is the variance

of the noise.

To establish the strong consistency of least squares of multiple regression

model, the following assumptions should be satisfied|[5]:

1. 70, ciei converges as. for all real sequences ci s.t > ) ¢;? < 00
2. X' is non-singular and &; < NID(0, 0?)

Remark: NID stands for normally and independently distributed.

If we calculate the parameter 5 using Equation 2.2.9:

B=(X'X)XY

T11 T2 o Tip
Ti1 To1 - Tl T11 T21 -+ Tnl
( To1 X2 - Typ )_1
xlp 3;'2p PR xnp a;'lp x2p . .. a;‘np
Tp1 Tp2 -~ Tpp

N

Y2

Yp
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Example of non-recursive least square estimation

Suppose we are given the following data

0 1 1
2 0 2
30 4
X = Y = :
2 0 1
40 4
10 5

Find the least square regression line that indicates the relationship between

Xand Y.
Solution:

The parameter [ can be estimated by

T RS
p= (ﬁ szifzt) 1(5 szt?/z)
i=1 i=1

1.1471

—1.0000

The fitted line is
1.1471

—1.0000
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However, Y can not be calculated from the fitted line.

The predicted values are

Ui = b1y + baxio

The " residual ¢; is defined as

Using MATLAB

0.2948
0.4422
0.2948
0.5884

0.1471

Finally, Y can be produced by the following equation

1.1471 0.4422
—1.0000 0.2948
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2.3 Recursive Least Square(RLS)

In reality, suppose we have already calculated t-1 sets of data, but new data
is coming in, and we have to recalculate the data over and over. In this
situation, if we still use least square algorithms, it would be time-consuming.
We want to know how to recursively update the least squares estimate of an
estimator. Refer to Simon’s book [2], he introduces a method of so-called
Recursive Least Square algorithm. Under this algorithm, we can update
estimate recursively with each new measurement, so we do not waste time
on recomputing everything each time a new data comes in. We first express

the relation:

= Hpyoi+ ...+ Hypx, + 01

Ym = Hp1Tp + ... + Hmnxn + vy

where v, is the a'" element noisy measurement; x; is the b** unknown element
to be estimated; v, is the c¢'* element of some measurement noise. Our goal
is to find the best estimate Z of x. This system of linear equations can be

represented in matrix form:

Y =HX+V (2.3.1)
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where X € IR*! is an unknown constant vector; Y € IR™*! is the noisy
measurement vector; V € IR™*! is a measurement noise vector; H € IR™**® is

a m X n matrix.

Suppose we have k — 1 sets of data and a new measurement ¥, comes in, we
want to find the best estimate Z; on the basis of the previous estimate Zj_1.

We shall define a linear recursive estimator as [2]

{i‘k = i'k_l + Kk<yk — Hki‘k—l) (233)

where K € IR*™™ is a estimator gain matrix; y, — H,Zp_1 is a correlation

term.

Method A

Recursive least squares estimation can be summarized as follows [2]:

1. Initial the estimator

Zi‘() = E(I)
po = El(x — 2o)(x — £o)"]

If we do not have any information about x, set Py = ool. If we have

perfectly knowledge about x, then set Fy = 0.

10
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2. Tteratively improve our estimate by doing the following:

a) obtain the new measurement y; by assuming it has the form

where vy, is a random vector with zero mean with covariance Rj.

Assume the measurement noise at each time step k is independent, that is,

E(viv) = Rglg_i-
where ¢, is the dirac function.
b) Update the estimate 2 and estimation error recursively by:
Ky, = Po1H," (Hp P H" + Ry) ™"
Py =1— KyHyPo1(I — KiHy)" + KR K"
Xi = Xjo1 + Kiyp(yx — Hyi Xi—1)
Method B

For the recursive least square algorithm that we stated above, there is another
way of estimating the best estimate of #. We shall introduce the stochastic
regression model:

Y :xtT(g + €n
(2.3.5)

:$191+$2+"'+$n9n+6t

11
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where Y € R ™! is the output vector sequence; z; € R ™" is the input
vector sequence; § € R™'is an unknown parameter to be estimated; ¢, is the

disturbance vector sequence.

The best estimate of § can be updated recursively by [6]:

ét = ét—l + Ptxt(ét—lxt)a

T
Pz Py

14+ 2Py

(2.3.6)
Pr=F_1—

In this method, R has been eliminated and algorithm is shorter than method

A.

Example of Recursive least square:

Suppose the measurement noise v, has a zero mean and a variance R, =

0.02. The measurement equation is given as follows

yp = [k 0.79% (k — )]z + vy

and the true estimates are x; = 30, x5 = 20.
Solution:

H can be obtained from the measurement equation:

12
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_1.0000 0

2.0000 0.7900
3.0000 1.5800
4.0000 2.3700
5.0000 3.1600

6.0000 9.9500

If we solve the question using method A:
1. we know the true value of x before measurement, take Py, = 0.
2. update our estimate recursively using equation (2.b)

when k=1

0.9804
K, = P1H1T(H1PK—1H1T + Rl)_l =
0

& = 2o+ Ki(y1 — HiZo) = {30‘577 19.000}

0.0196 0
Plz(]—K1H1>P0:
0 1

13
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0.0543
1.0934

when k=2
Ky = PQHQT(HlpK—2H2T + RQ)_1 =
R R X 30.0875
To =21 + Ki(y2 — HoZy) =
19.6003
0.0175 —0.0429
Py = (I — KyHy) P, =
—0.0429 0.1362
when k=3

Ks = P3H3T(H2PK—3H3T + R3)_1 =

o 30,0305
T3 = 21 + Ka(ys — H3Zo) =

19.8995

—0.1380
0.7808

0.0154 —0.0309

PgZ(I—KgHg)PQZ

—0.0309  0.0686

14
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when k=4
. . . —0.1823
Ky = PsHy (HyPg_sHy + Ry)” =
0.5995
) A R 30.0305
Ty = 23+ Ko(ys — HyZs) =

19.9131

0.0132  —0.0238
Py=(I— K4H,)P; =
—0.0238  0.0453

when k=5
. . | -0.1879
K5 :P4H5 (H5P4H5 +R5) —
0.4854
) 29.9994
Ty = T4 —+ K5(y5 — H5LU4 =
19.9933

0.0115 —0.0193
P5: ([—K5H5)P4:

—0.0193  0.0337

After 5 updates, the final estimates

o [29.9994
Ty =
19.9933

15
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is getting close to

On the simulation below around time step 12, the final estimate z;(blue
line) converge to the true estimates x1= 20, and the final estimate Zs(red

line) converge to the true estimate x.

0 —m—

S

28 ¢/
D26}
o
£}
un
€

21

2':' _| l‘\---_ _ I — I —

0 10 20 30 40

time step

3 Distributed Least Square Algorithm

3.1 Autoregressive model

As discussed in the last section about the recursive least squares algorithm,
the RLS algorithm recursively updates the estimate of a parameter. In this
section, we will compare the autoregressive model with the distributed least

square algorithm. The autoregressive model is a time series model that uses

16

50
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observation from previous time steps to predict the value at the present stage.
In general, an autoregressive model can predicts current value of the series,
x; , based on a function of past values p, x;_1,¢_9,...24—p. Where p is the

order of the AR model.

An AR(P) model can be defined as [4]:
Ty = Q1T 1+ G2y o+ oo+ QT p + Wy (3.1.1)

where w, is a white noise with mean zero and variance o2
Remark: w; is independent form the future.

We can investigate the simplest form of the AR model AR(1), as the follow-

ing:

Ty = ¢1$t71 + Wy, |¢1‘ <1 (312)

If we iterate backwards k times, we get

Ty = Q1741 + Wy
= ¢1(P1T—0 + wWi—1) + Wy

= ¢12 + lewtfl + Wy (313)

k—1

= ¢1k513't7k + Z ¢1jwtfj

J=0

17
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when k is huge ¢1*z,_, = 0, we can represent an AR(1) model as a linear

process:

k—1
Ty = Z ¢1jwt_j (314)
7=0

The equation (3.1.4) is known as stationary AR(1), and the mean of the

model can be defined as

B(w) =) Blw5)é =0 (3.1.5)

=0

<

and the variance is

2 (3.1.6)

Example of LS estimation in AR(2) process

Suppose we want to simulate AR(2) process in order to find least square

estimate 6.

where

0 (d1d2)" = (XTX)'XTY

We specify the AR(2) model as:

Y(t)=0,Y(t—1) = 0,Y(t —2) +&(t) where e(t) € (0,07)

Suppose we have 5 data: y; = 1.2,y = 3.2,y3 = 2.4,y, = 2.2,y5 = 2.3

18
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0 can be estimated using equation [8]:

) e (¢ ¢o)" = (XTX)'XTY
Z?;; YV, z“ 21/-2 zn 2w

Find the best estimate of 6.

Solution:

we have observation y; = 1.2,y = 3.2,y3 =2.4,y4 = 2.2,y5 = 2.3

and
X=|-ys —p| =1]-24 -32
—Ys —Y3 —2.2 =23

19
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Using MATLAB we have the result:

b1

b= | =X"X)"'X"y
P2
z;:; VY Z” 2Y2 2" QYYH

<20.84 16.8 )1 —18.02
16.8 17.44 —15.44

—0.6757
—0.2344

Therefore, our AR(2) model has the form:

X(t) = —0.6757X (t — 1)0.2344X (t — 2) + (t) where (t) € (0,07)

3.2 The distribution of the LS algorithm over a net-

work

In this section, we will express the distributed least square estimation over a
sensor network [1][3]. The difference between the standard and distributed
least square algorithms is distributed algorithms can break complicated com-
putation problem into many small clusters and then solve it in a distributed

manner. The algorithm allows one to reach the corresponding solution to

20
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the overall set cooperatively. Let’s consider a network of N agents, and each
agent can communicate with a specific agent with the same information. If
each agent wants to achieve the same least-squares solution, the problem is

equivalent to find the minimization of the cost function:

J = (z — HO) (z — HO) (3.3.1)

where x is a p x 1 observation vector; H is a p X ¢ observation matrix; 6 is a

g X 1 unknown parameter vector to be estimated.

If we set the gradient of equation (3.3.1) to zero, our linear least square

estimator can be obtained as[1]:

Opps = (HTH) " (H")z. (3.3.2)
-(hl)T- -1’1-

H= <h2>T , T = 2
()] e

where (h;)T is the i row vector of the matrix H.

We want to take advantage of distributed linear least square estimation to
obtain an optimal result over multi-agent networks, we first introduce some

basic concepts of algebraic graph theory [1].

21
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The graph G = (N, ¢) consists a finite set of nodes N =1,2,3, ..., and a set

of edges ¢.

Definition: The adjacency matrix A, is an N x N binary matrix defined as

following

1, if vertex i is adjacent to vertex j
Aij =

0, otherwise

Definition: An arc (i, j) is said to be incident to each of the nodes i and j

if the incidence matrix B;. follows:

1, if node i and arc (i, k) are incident
Bie =

0, otherwise

Definition: The Laplacian matrix is an /N x N matrix defined as:

L=D—-A

where D is a diagonal matrix; L is a symmetric positive semi-definite matrix.

To obtain an updated algorithm for our distributed least square estimator,

we should introduce symmetric weighted matrix W. For an undirected graph,

22
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(1) W is a diagonal £ x E edge-weight matrix s.t W, > 0 associated with
the undirected graph G.
(2) The weighted Laplacian matrix is denoted by L with the relation of W

as L = BWBT

Method A

Considered the following iteration for the i*" sensor [1]:

vk +1) =az;(k) +6 > Weelw;(k) — 2:(k)),6 € (0,1) (3.3.3)

jie=(i,j)€e

where z;(k + 1) is the state of node k+1 at iteration i.

We can express the equation (3.3.3) in a matrix form[1]:

z(k+1) = 2(k) — A(BWB")z(k)
= (Iy — Ai)x(k) (3.3.4)
= My(k)
where Iy is N X N identity matrix; M is a symmetric matrix.

Method B

We can solve the distributed least square algorithm over an undirected net-
work in a different method. To distinguish these two methods, we use differ-

ent notation:

Ops = (H'H) 'H” 2

23
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Three assumptions[3] need to be satisfied before using the distributed least
square algorithm for updating each agent of the information from its neigh-

boring agent.

Assumption 1 : Assume matrix H has full column rank i.e rank(H) = m

where H € RNxm,

Assumption 2 : Assume the interaction graph G is undirected and con-

nected.

Assumption 3 : Assume the mixing weighted N x N matrix W has the

following two properties:
(a) For any (i,j)€ e, w;; > 0. Besides, w;; > 0 for all i € N.

(b) The matrix W is symmetric and doubly stochastic, which means W7 = W

and the sum of each row and each column all equal to 1.

Consider the following iteration, each node i can update its state vectors at

each stage t as[3]:

Z Wijxi(t) — av;(t),

JEN;

vi(t+1) Z Wijvi(t) + 7 fi(xi(t + 1)) — v fi(zi(2))

JEN;

(3.3.5)

where o > 0 is the step size; v/ f;() is the gradient of the local object function
i0).

24
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The initial condition x;(0) can be chosen arbitrarily, and v;(0) = </ fi(z;(0)),

and

V filwi(t)) = hibi"xi(t) — zihs (3.3.6)
where z; is the observation vector; h! is the 1" row vector of the observation
matrix H. Let’s rewrite the algorithm (3.3.5 and 3.3.6) in a matrix form [3]:

z(t+1) =W ® L,)z(t) — av(t),
(3.3.7)

vt +1) =W I,)v(t) + VF(zt+ 1)) — v F(z(t))

Remark: “®” is called the tensor product. If we have two vectors space

V € RN and W € RM, then the tensor product of two V @ W € RV*M je

U1 wy njwy nwz - V1Wny

V2 W2 VW1 VWao ~--+ VW
V= W = VoW =

Un Wm VW1 UVpWo -+ UpWhy

The initial condition v(0) = 7 F(x(0)), @ > 0 is the step size, and

v F(z(t)) = Hz(t) — zn (3.3.8)

25
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where
z(t) = [z, (Da " (1), -+ an" ()]

v(t) = o (), v (1), on" ()]
H = diag(hihy ", hahy", -+ hyha™)
RH = [Z1h1T, Zzh2T, T ,ZNhNT]T
The solution of distributed least square algorithm will exponentially converge

to the least square solution if and only if @ < @, where[3]

G = ! _ (3.3.9)
2Amae [(In + W) 2 @ I, | H

where \az [L} means the largest eigenvalue of the Laplacian matrix L.

26
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Example of distributed LS algorithm of six-node network

Suppose we have an undirected graph G with six nodes(agents) with the

following information:

0.2 0.3
%

0.3/(\02S 0.15

3 0.25

E 5 E ? 6 ;
0.3 0.75

figure 1
0 1 -1
2 0 2
30 4
H = , 2= ,
2 0 1
4 0 4
10 )

The initial condition x(0)=[1,5,4,—5,1,5,4,2,4,9, 1, 3]"
Find the optimal solution in the sense of the whole network.

Solution:

Let’s verify the three assumptions of method B

1. His a 4 x 2 matrix with full rank = 2,

27
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2. Based on figurel, it is obvious that graph G is undirected and connected .

3. W is symmetric and W x 1y = 1y

Since three assumptions hold, we can calculate the unique least square solu-

tion by:

éLLS :(HTH)_I(HT)Z

-1 2 3 2 41
1 20000

1.1471
—1.0000

o223 240
*

100 00O

Based on the figure, we can get the mixing weight matrix:

04 02 04

0
02 02 03 03 O 0
0

0.4 03 0.15

0
0
0

03 0
0 0.15
0 0

28
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04 03 0
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The initial condition v(0) and x(0):

v(0) = Hz(t) — zg = [0,6,12,0,—3,0, 14,0, 48,0, —4, 0]"

x(0) = [1,5,4,-5,1,5,4,2,4,9,1,3]"

1
a = — = (0.02827
2\ max [(IN + W)_2 ® Im] H

By equation 3.3.9, the solution of distributed least square will exponentially
converge to the least square solution if and only if o < a. If we set a =
0.0280, I can update node i=1, 2, 3, 4, 5, 6 and its state vector at stage t =

1 using equation 3.3.5 and 3.3.6.

29
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Node 1 at stage t = 0:

o Oy

Node 1 receives information from node 2, 3, and itself.

Z Wija;(t) — avi(t),

JEN;

= Wllxl (O) -+ Wml’g(O) + W13.T3(0) — QU1 (0)

1 4 1
=04 +0.2 +0.4 — 0.0280
3 ) 5 6
1.6
2.832

State of its neighbor’s node and itself.

Z W’L]U] + sz(l‘z@ + 1)) - sz(xz<t))

JEN;

= Wi1v1(0) + Wipv2(0) 4+ Wisvs(0) + hyhT 121 (1) — 21hy + hihT121(0) — 21k

1.2
0.232

30
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Node 2 at stage t = 0:

0.4 0.4 0.15
0.2 0.3
%\{9}

0.3/CT;§

o

Node 2 receives information from node 1, 3, 4 ;and itself.

To(1) = Z Wijz;(t) — awi(t),

JEN;

= ngxl(O) + WQQSCQ(O) + W23$3(0) + W24374(O) — Oé’UQ(O)

1 4 1 4 12
=0.2 +0.2 +0.3 +0.3 —0.0280
) -5 > 2 0
2.164
2.1

State of its neighbor’s node and itself.

(1) = Z Wijvi(t) + v fili(t + 1)) — 7 fi(:(t))

JEN;

= W21U1 (0) + WQQUQ(O) + ngvg(O) + WQ4U4(O) + thTQQTQ(l) — Zghg + thTQQTQ(O) — 22h2

—1.644
1.2

31
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Node 3 at stage t = 0:

0.3

Node 3 receives information from node 1, 2, 5 ;and itself.

r3(1) = 37 Wya(t) — awi(t),

JEN;

= ngl’l(()) + ngl’g(O) + ng%’g(O) + W35£E5<O) — 061)3(0)

2.434
2.6

State of its neighbor’s node and itself.

(1) = > Wius(t) + v filws(t + 1)) — v filwi(t))

JEN;

= W31U1 (0) + W32U2(0) + ngvg(O) + W35’U5(0) =+ hgth.%g(l) — 23h3 —+ hgth.%g(O) — Zghg

23.256
24

32
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Node 4 at stage t = 0:

Node 4 receives information from node 2, 5 , and itself.

ra(l) = Y Wia;(t) — avy(t),

JEN;

= W42.’132<0) + W44.T4(O) + W45LU5(0) — OéU4(O>

3.608
2

State of its neighbor’s node and itself.

vi(1) = Wivi(t) + vV filwi(t + 1)) — v filwi(t))

JEN;

= W421)2(0) + W44U4(0) + W45U5(0) + h4hT4£L’4(1) — Z4h4 + h4hT4£L’4(0) - Z4h4

22.032
0
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Node 5 at stage t = 0:

04 (4 5

Node 5 receives information from node 3, 4, 6, and itself.

w5(1) = > Wyai(t) — av(t),

JEN;
1.456

= Ws323(0) + Ws424(0) + Was25(0) + Waez6(0) — avg(0) =
4.8

State of its neighbor’s node and itself.

vs(1) = Z Wijvi(t) + v fili(t + 1)) — 7 fi(:(t))

JEN;

= W53U3(0) + W54U4(0) + W55?)5(0) + W56?J6<0) + h5hT5$5(1) — Z5h5 —+ h5hT5Q?5(O) — Z5h5

—23.554
0
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Node 6 at stage t = 0:

H ()
0.3 0.75

Node 5 receives information from node 6 and itself.
wo(1) = 3 Wiy (1) — (o),
JEN;
1.862

= Wes26(0) + Weezs(0) — avg(0) =
4.5

State of its neighbor’s node and itself.

ve(1) = Z Wijui(t) + v filzi(t + 1)) — v fi(w:(t))

JEN;

= W65U5(0) + W66U6(0) + hGhT6£L'6(1) — Z6h6 + hGhT6£L'6(O) — Z6h6

9.862
0

If we use the compact form of the distributed algorithm (3.3.7) to update all

nodes at stage 1, the result is the same as the above.
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z(1) = (W ® I)x(0) — av(0) =

v(1) = (W& I)v(0) + VF(2(1)) = vF(x(0)) =

36

1.6000
2.8320
2.1640
2.1000
2.4340
2.6000
3.6080
2.0000
1.4560
4.8000
1.8620

4.5000

1.2000
0.2320
—1.6440
1.2000
23.2560
2.4000
22.0320
0
—23.5540
0
9.8620
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If we repeat the above iteration plenty of times, all six nodes converge ex-
ponentially to the least square solution 0. As you can see the figure below,
all z;1(t) converge to 1.1471 and all z; 5(t) converge to -1. The result is the

same as the least square solution ¢ = [1.1471 — 1.OOO]T

2

x(t)

0 500 1000 1500
time step

3.3 The comparison of standard and distributed least
squares

Compare the example of standard (2.2) and distributed (3.2) least square, we

can find that standard least square algorithm is efficient when the dataset
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is accessible and small. As we stated the example on section 2.2, we can
conduct a standard least square algorithm if one observer can access all the
measurements. However, when the dataset is large and strictly private, this
becomes complicated to conduct a standard least square algorithm. In this
case, we can apply the distributed least square algorithm. The distributed
least square algorithm can solve a large amount of data by dividing data
into many small pieces of linear equations. The key idea of distributed least
square algorithm is each agent limits to update their states and reach a global

solution with its states and neighbour’s states.
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4 Conclusion

This paper aims to develop a distributed least square algorithms over a net-
work for colossal amounts of data. By doing so, we demonstrate the non-
recursive least squares and the recursive forms of least squares estimation. In
a distributed system, each agent of the system is connected through a com-
munication network. In the network, each agent exchanges their information
with neighbouring nodes, and all agents can collaboratively solve the same
least square solution. However, the result of distributed least square esti-
mation is valid for exponential convergence when we established a necessary

and sufficient condition (3.3.9) on the step-size.
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5 Matlab Code

AR(2) model:

X=1.2,3.2,2.4.2.2.2.3:
a=3.2%+24%+2.2%

a
b=1.2%3.242.4*%3.2+2.2%2.4+2.3%2.2;
b

¢ =122 4322 4242

c

xtx=[a b; b ¢];

xtx

d= -(2.4%3.2+2.2%2.4);

e= -(1.2%2.4+43.2%2.24+2.4%2.3);
xty=|[dse];

xty

theta=inv(xtx)*xty;

theta

Recursive least square example:

x = [30; 20];
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xhat = [27; 19];

P = eye(2);

R = 0.02;

fork=1:6

H = [k 0.79*(k-1)];

y = H * x + sqrt(R) * randn;
K=P*H *inv(H* P *H + R);
K

xhat = xhat + K * (y - H * xhat);
P—P-K*H*P:

p

end

xhat

OutPut:

0.0196 0
0 1.0000
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K =
0.0543

1.0934

P—

0.0175 -0.0429
-0.0429 0.1362
K =

-0.1380

0.7808

P=

0.0154 -0.0309
-0.0309 0.0686
K =

-0.1823
0.5995

P =

0.0132 -0.0238

-0.0238 0.0453 K =

-0.1879

0.4854

o

0.0115 -0.0193
-0.0193 0.0337
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X =
30
20
xhat =
30.0270
19.9705

Example of Distributed least square

I=eye(6);

I
H=[01;20;30;20;40;10];
z=[-1; 2; 4 1; 4; 5];

J=eye(2);
W=1[0.40.204000;
0.20.20.30.300;

0.4 0.3 0.150 0.15 0;
00300.40.30;

00 0.15 0.3 0.3 0.25;

0000 0.250.75]

A= (IT+W)(-2);
B=kron(A,J);
diatilH=1[0140904016 01 0;
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tilH = diag(diatilH);
tilH
C=B*tilH;

17.6865
8.4960
3.7131
1.4718
0.3187
0

0
0.7147

H=[01;20;30;20;40;10];

z=[-1; 2; 4 1; 4; 5];

theta = inv(transpose(H)*H) *transpose(H)*z ;

theta
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W=10.40.20.4000;
0.202030.300;

0.4 0.30.1500.15 0;
00.300.40.30;

00 0.15 0.3 0.3 0.25;

0000 0.25 0.75]

I =eye(2);

alpha = 0.0280;

x0 = [1; 5; 4; -5; 1; 5; 4; 2; 4, 9; 1; 3];
diatilH=1[0140904016 01 0;
tilH = diag(diatilH);

tilH

zh = [0;-1;4;0;12;0;2;0;16;0;5;0];

v0 = tilH*x0-zh;

v0

x1= kron(W,I)*x0-alpha*v0;

x1

vl = kron(W,I)*v0+ tilH*x1-tilH*x0;
x2= kron(W,I)*x1-alpha*v1;

x2

v2= kron(W I)*v1+ tilH*x2-tilH*x1;
[z, v] = deal(cell(3000, 1));

x1 = kron(W,I)*x0-alpha*v0 ;
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vl = kron(W,I)*v0+ tilH*x1-tilH*x0;

for k = 2:3000

xk = kron(W,I)*xk-1-alpha*vk-1 ;

vk= kron(W,I)*vk-1+ tilH*xk-tilH*xk-1 ;
end

celldisp(x)

y= [1:3000]

plot(y,[x: )

xlabel(“time step”)

ylabel(“x;”)
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