CARLETON UNIVERSITY
SCHOOL OF
MATHEMATICS AND STATISTICS
HONOURS PROJECT

TITLE: Analysis of COVID-19 Confirmed Cases
based on Poisson Loglinear Regression Model

AUTHOR: Junpu Xie

SUPERVISOR: Patrick Farrell
DATE: Dec.28th , 2020
1

Table of Contents

Abstract
Chapter 1 – Introduction to GLMs with Poisson Log-Linear Model
1.1 GLMs’ Basic Model Structure
1.2 Estimate Unknown Parameters – Maximum Likelihood Estimation
1.3 Determine the Best Maximum Likelihood Estimates – Newton-Raphson
Iterative Method & Fisher Scoring Method
1.4 Examine the Mean Value – Deviance and Goodness of Fit Test
1.5 Poisson Log-linear Model
1.6 Overdispersion – Quasi-likelihood Poisson Model
1.7 Overdispersion – Negative Binomial Distribution
Chapter 2 – Understanding COVID-19 Data
2.1 Data Provider and Data Description
2.2 Experimental Data Analysis
2.3 Create the Contingency Table
Chapter 3 – Interpreting Poisson Log-linear Model with COVID-19 Data
3.1 Fit the Poisson Log-Linear Regression Model with COVID-19 Count Data
3.2 Improve the Model - Covariate
3.3 Improve the Model – Interactions
3.4 Improve the Model - Overdispersion
3.5 Improve the Model – Reweight Variables
Chapter 4 – Summary
Conclusion
References
Appendix: R Code

2

Abstract

Nowadays, COVID-19 is a severe health threat for individuals all over the
world. Its appearance has dramatically changed people’s daily lifestyle, and its
extended social problems are also evolving daily.
This paper aims to analyze a COVID-19 confirmed case dataset released by
Ontario Open Data Portal; this governmental website has updated several
physical variables, such as gender, age group, the city lived, and spread method
of every new daily confirmed patient to the dataset. Because these explanatory
variables are all categorial data and we can summarize the case counts based on
different physical variable combinations, the paper chooses the Poisson LogLinear regression model from the Generalized Linear Model to investigate,
identify, and evaluate those significant physical variables for the coronavirus
disease diagnosis. Then, we apply several statistical techniques to improve the
fitted regression and use it to estimate the COVID-19 confirmed case counts
under different physical variable combinations.
The following paper will introduce the GLM distribution, Poisson Log-Linear
Regression Model, and its overdispersion. Then we use R software to visualize
the original data resource, further develop the fitted Poisson regression model to
estimate the confirmed patient count data. At the end of the paper, we conclude
the findings to empower people understanding what physical variables have the
greater probabilities of diagnosing COVID-19.
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Chapter1. Introduction to GLMs with Poisson Log-Linear Model

1.1 GLMs’ Basic Model Structure
There are many methods to investigate the relationship and dependence
among different variables in a dataset in statistics. We usually use linear
predictors and multiple regression models to analyze those continuous data.
There are also diverse methods to manipulate categorical data, such as the twoway contingency table and the Generalized linear models (GLMs), a standard
statistical regression model.
The most remarkable feature of GLMs is investigating a definite relationship
between the response variables' mean values and the continuous or categorical
explanatory independent variables via a link function. Based on the above
description, it is easy to see that the three main components outline GLMs. They
are the probability distribution function of response variables, linear predictor
based on explanatory variables, and the link function between independent
variables' linear combinations and dependent variables' expectations. Because
GLMs only has three main components, it is a very flexible and generalized
regression model so that many standard distributions, such as ANOVA,
regression, logistic regression, Poisson distribution, and the binomial
distribution, all belong to GLMs. We can see that it is easy to convert their
probability density distributions into exponential forms and also GLM’s
probability distribution functions in the next paragraph.
The probability distributions of the response variable y in GLMs describes
the response variables' features; we often select different distribution types
based on the original dataset resources' conditions and features. Two standard
statistical distributions from GLMs are Poisson distribution and Binomial
distribution. When the response variables are binary, we can quickly assign it as
the binomial distribution because its output only contains two outcomes. While
the response variables are the count of a specific event with the same probability
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in a particular time, we classify them as Poisson distribution. Two functions in
the below block's represent the general GLM's distribution expressions in the
exponential forms for one or two unknown parameters separately：
𝑓(𝑦𝑖 , 𝜃𝑖 ) = 𝑎(𝜃𝑖 )𝑏(𝑦𝑖 )exp[𝑦𝑖 𝑄(𝜃𝑖 )]
𝑦𝑖 𝜃𝑖 − 𝑏(𝜃𝑖 )
+ 𝑐(𝑦𝑖 , 𝜃)]
𝑎(Φ)

𝑓(𝑦𝑖 ; 𝜃𝑖 , Φ) = exp[

where i = 1…, N, N is the total number of observations, yi is the ith response
variable, 𝜃𝑖 is the ith natural parameter, and Φ is the dispersion parameter,
representing the under-dispersion or over-dispersion situation for the meanresponse relationship in the fitted model.
Secondly, the linear predictor function is a general linear combination of all
significant independent variables and their corresponding estimated coefficients
values which can predict the dependent variables’ outcome. Its expression
function can be written as: η𝑖 = ∑𝑝𝑗=0 𝛽𝑗 𝑥𝑖𝑗 , where i=1..., N, j = 1…, p, N is the total
number of observations, p is the total number of variables, xij is the jth variable
with respect to (w.r.t.) its ith observation, βj is the regression parameter based
on its jth observed explanatory variable xij, and ηi refers to its ith linear
predictor w.r.t. its jth observation.
Link function indicates the association between the overall mean of
dependent variables and the linear predictor of independent variables; its
expression can be written as 𝑔(𝜇𝑖 ) = η𝑖 = ∑𝑝𝑗=0 𝛽𝑗 𝑥𝑖𝑗 . Like the first component
in GLMs of response variables' distribution expression, link function expression
also has many different expression forms. The most well-known link function
would be an identity link function 𝜇𝑖 = η𝑖 = ∑𝑝𝑗=0 𝛽𝑗 𝑥𝑖𝑗 ; it implies that the
response variable's expected value is precisely equal to the linear predictor
about independent variables. The canonical link function of 𝑔(𝜇𝑖 ) =
Q(𝜃𝑖 ) = η𝑖 = ∑𝑝𝑗=0 𝛽𝑗 𝑥𝑖𝑗 suggests a transformation between the mean response
function 𝑔(𝜇𝑖 ) and the natural parameter function 𝑄(𝜃𝑖 ). Based on various
5

format changes among different statistical distributions, the link function can
also be quickly turned to inverse squared, logarithm, logistic and other forms to
present the relationships between dependent variables’ mean response 𝜇𝑖 and
the estimated linear predictors η𝑖 of the GLM.
After introducing GLM’s basic structure, the following paper will show how
to interpret the most probable GLM. The first step of demonstrating fitted GLM is
to identify the specific model of observed response based on the dataset's
feature; then, we will use two general techniques to discover the most probable
estimators in the next subsection. One is the Maximum Likelihood Estimation
(MLE), the standard method to find the feasible parameter estimators. Other
statistical techniques are the iterative reweighted least square of NewtonRaphson and Fisher Scoring Method, which are often used to solve nonlinear
likelihood equations. After examining the estimated parameters, our next
interest is to investigate the deviance value between the predicted and the
observed response variable w.r.t. degree of freedom. In the end, we can strongly
define whether the fitted model's adaptation to the original data based on
hypothesis testing and test statistic of observed deviance. After interpreting the
most probable GLMs, the following paper indicates the Poisson Log-linear
regression model and its overdispersion situation due to unequal mean-response
relationship.
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1.2 Estimate Unknown Parameters – Maximum Likelihood Estimation
The parameter estimation based on the sample data can demonstrate a
corresponding fitted model. It shows the relationship between dependent
variables and independent variables and infers the population data further
predicts the future outcome. So, the process of estimating the unknown
parameters is one of the most fundamental but critical aspects of data modeling.
The maximum likelihood estimation (MLE) statistical technique is commonly
employed to interpret the parameter estimation based on sample data. The basic
idea of finding MLE is to calculate its log-likelihood functions’ derivatives w.r.t.
the corresponding parameter, then apply two MLE properties to it so that we can
interpret the best MLE.
In the following block, we have investigated GLM’s likelihood function L, a
joint probability distribution of a sample of N observations. This expression
shows the likelihood function of GLM’s probability distribution with two
unknown parameters.
𝑁

𝑁

𝑁

𝐿 = ∏ 𝐿𝑖 = ∏ 𝑓(𝑦𝑖 ; 𝜃𝑖 , Φ) = ∏[
𝑖=1

𝑖=1

𝑖=1

𝑦𝑖 𝜃𝑖 − 𝑏(𝜃𝑖 )
+ 𝑐(𝑦𝑖 , Φ)]
𝑎(Φ)

where i represents the ith observation, θi is the ith natural parameter for ith
observation, and Φ is the dispersion parameter.
By looking at the likelihood function expression, our first objective of
demonstrating GLMs is to find MLE for natural parameter θi, located at its
exponential term. The dispersion parameter is unnecessary to estimate as it only
represents the mean-variance relationship.
Because the likelihood function is in the cross-product form, it is hard to
interpret its MLE because of its derivative w.r.t. the unknown parameter θi is in
mixed-parameters form. The most convenient way to get the function’s
derivative in the additive form is to convert the likelihood functions to their
transformed forms, such as a log, square roots, reciprocal, etc. As we all know,
the log-likelihood function is always continuously differentiable and monotone
7

increasing; so, it can be used to interpret the unknown parameter and examine
the global ML estimator. Thus, the log-likelihood function is a standard
transformed method to investigate the most probable ML estimates. The latter
equation shows the log-likelihood function's general expression w.r.t. the
exponential family with two unknown parameters.
𝑁

𝑁

𝑁

𝑦𝑖 𝜃𝑖 − 𝑏(𝜃𝑖 )
+ 𝑐(𝑦𝑖 , Φ)]
𝑎(Φ)

𝑙𝑛𝐿 = ln(∏ 𝐿𝑖 ) = ∑ ln[𝑓(𝑦𝑖 ; 𝜃𝑖 , Φ)] = ∑[
𝑖=1

𝑖=1

𝑖=1

After converting the function into the log-transformed form, it is easy to find
the most probable parameter estimation by calculating its new-transformed
derivative and further applying two MLE properties. The first property is that
the expected value of its first derivative is equal to zero; another one is that the
second derivative of a log-likelihood function is the same as the negative double
square of its first derivative. So, we can use these two properties to investigate
the most probable parameter estimation.
In summary, using the log-likelihood derivative function can evaluate all
possible solutions for parameter estimation. Moreover, applying MLE principles
can effectively maximize the log-likelihood function at a boundary of parameter
space to conclude the most probable estimates by using the MLE technique.
The following function expression block explains the method of investigating
the MLE w.r.t. the natural parameter 𝜃𝑖 , which includes interpreting the first and
second derivatives, two expected value equations according to MLE properties
and the parameter estimation results.
𝑦𝑖 𝜃𝑖 − 𝑏(𝜃𝑖 )
+ 𝑐(𝑦𝑖 , Φ)] 𝑦 − 𝑏′(𝜃 )
𝜕𝑙𝑛𝐿𝑖 𝜕𝑙𝑛[𝑓(𝑦𝑖 ; 𝜃𝑖 , Φ)] 𝜕𝑙𝑛[ 𝑎(Φ)
𝑖
𝑖
=
=
=
𝜕𝜃𝑖
𝜕𝜃𝑖
𝜕𝜃𝑖
𝑎(Φ)
𝑦𝑖 − 𝑏′(𝜃𝑖 )
𝜕 2 𝑙𝑛𝐿𝑖 𝜕[ 𝑎(Φ) ]
𝑏′′(𝜃𝑖 )
=−
2 =
𝜕𝜃𝑖
𝑎(Φ)
𝜕𝜃𝑖
𝜕𝑙𝑛𝐿𝑖
𝑦𝑖 − 𝑏 ′ (𝜃𝑖 )
) = 𝐸(
𝐸(
) = 𝐸(𝑦𝑖 − 𝑏 ′ (𝜃𝑖 )) = 0
𝜕𝜃𝑖
𝑎(Φ)
−𝐸 (

𝜕 2 𝑙𝑛𝐿𝑖
𝑏 ′′ (𝜃𝑖 )
𝑉𝑎𝑟𝜃 (𝑌𝑖 )
𝑌𝑖 − 𝑏 ′ (𝜃𝑖 ) 2
𝑉𝑎𝑟(𝑌𝑖 )
𝜕𝐿
)
=
𝐸
(
)
=
=
𝐸[(
) ]=
𝐸[( )2 ]
2
2
2
𝑎(Φ)
[𝑎(Φ) ]
𝑎(Φ)
[𝑎(Φ)]
𝜕𝜃𝑖
𝜕𝜃𝑖
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𝜇𝑖 = 𝐸(𝑌𝑖 ) = 𝑏 ′ (𝜃𝑖 ),

𝑉𝑎𝑟(𝑌𝑖 ) = 𝑏 ′′ (𝜃𝑖 )𝑎(Φ)

After getting the natural parameter estimation, we can demonstrate the
fitted distribution function w.r.t. response variable y; however, the complete
GLM requires three components. Except for the probability distribution about y,
we also need to interpret the link function 𝑔(𝜇𝑖 ) = η𝑖 and linear predictor η𝑖 =
∑𝑝𝑗=0 𝛽𝑗 𝑥𝑖𝑗 , which leads us to estimate another important unknown coefficient
parameter 𝛽𝑗 in both link function and linear predictor.
Because the best estimation for natural parameter Θ is already determined,
the following block shows several functions about the unknown parameter β.
They are the derivative of log-linear regression function w.r.t. parameter β based
on known parameter 𝜃𝑖 , the linear predictor and the link function. The last two
functions are the expressions which follow the MLE properties. We can use these
equations to investigate the most probable estimates of the second parameter β
w.r.t. the explanatory variable.
x𝑖𝑗 (𝑦𝑖 − 𝜇𝑖 ) 𝜕𝜇𝑖
𝜕𝐿𝑖 𝜕𝐿𝑖 𝜕𝜃𝑖 𝜕𝜇𝑖 𝜕η𝑖
𝑦𝑖 − 𝜇𝑖
𝑎(Φ)
𝜕𝜇𝑖
)(
=
=(
) ( ) x𝑖𝑗 =
𝜕𝛽𝑗 𝜕𝜃𝑗 𝜕𝜇𝑖 𝜕η𝑖 𝜕𝛽𝑗
𝑎(Φ)
𝑉𝑎𝑟𝜃 (𝑌𝑖 ) 𝜕η𝑖
𝑉𝑎𝑟𝜃 (𝑌𝑖 ) 𝜕η𝑖
𝑁

𝑁

𝑖=1

𝑖=1

x𝑖𝑗 (𝑦𝑖 − 𝜇𝑖 ) 𝜕𝜇𝑖
𝜕𝑙𝑛𝐿(𝛽)
𝜕𝐿𝑖
𝐸(
) = 𝐸(∑
) = ∑(
)=0
𝜕𝛽𝑗
𝜕𝛽𝑗
𝑉𝑎𝑟𝜃 (𝑌𝑖 ) 𝜕η𝑖
𝜕2 𝑙𝑛𝐿(𝛽)

𝜕𝑙𝑛𝐿 𝜕𝑙𝑛𝐿

E( 𝜕𝛽 𝜕𝛽 ) = −𝐸 [ 𝜕𝛽
𝑗

ℎ

𝑗 𝜕𝛽ℎ

x (𝑦 −𝜇 ) 𝜕𝜇𝑖 x𝑖ℎ (𝑦𝑖 −𝜇𝑖 ) 𝜕𝜇𝑖

𝑖𝑗 𝑖
𝑖
] = −𝐸 [ 𝑉𝑎𝑟
(𝑌 )
𝜃

𝑖

𝜕η𝑖 𝑉𝑎𝑟𝜃 (𝑌𝑖 ) 𝜕η𝑖

x x

𝜕𝜇

𝑖𝑗
] = − 𝑉𝑎𝑟𝑖ℎ (𝑌
( 𝑖 )2
) 𝜕η
𝜃

𝑖

𝑖

It is easy to see that the likelihood equations are based on corresponding
response variables' variance. Different distribution functional form results in
different variances, such as Poisson's variance is its mean response. Thus, it is
hard to interpret the coefficient parameter 𝛽𝑗 based on different link functions
and different distribution functions. To solve the nonlinear likelihood function
and interpret the best parameter, we will introduce two general iterative
algorithms: The Newton-Raphson and Fisher Scoring methods.
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1.3 Determine the Best Maximum Likelihood Estimates –
Newton-Raphson Iterative Method & Fisher Scoring Method
To solve the non-linear likelihood function, it implies that there might exist
many probable estimates. So, we are going to use the vector and matrix forms to
present the likelihood function.
According to the definition of MLE, the first derivative of the log-likelihood
function w.r.t. its first unknown parameter θ is named as score function U(θ),
where θ is the vector of an ordered parameter for the selected distribution.
When the function estimates more than one unknown parameter, the
information matrix J(β) based on the estimated score functions U(Θ), another
critical statistical syntax for MLE, is introduced. Its expression is
𝐽(𝛽) = −

𝜕 2 𝑙𝑛𝐿
𝑈(𝜃) 𝜕𝑈(𝜃) 𝜕𝜇
=−
=
𝜕𝛽𝜕𝜃
𝜕𝛽
𝜕𝜇 𝜕𝛽

The information matrix J(β) represents the negative expected value of the
second derivatives of the log-likelihood function and the desired information
matrix I(β). So, two MLE properties can also apply to the information matrix J(β),
which are the score vector's expected value is zero, and the variance of the score
function U(Θ) is equal to the expected value of the score times its inverse matrix.
After understanding the vector forms of likelihood functions and their
parameter estimations, our next step is to apply these two iterative techniques to
further interpret the most probable parameters. The Newton-Raphson iterative
method, which is based on linear approximation, is one of the most simple but
powerful techniques to investigate the globally optimized maxima. It takes the
initial assumption of the unknown parameter estimator and applies the iterative
function to generate the most reasonable parameter, which is the closest to the
real root r. At the beginning of the iteration, the distance between the initial
assumption for the parameter estimator x0 and its real root r,ℎ = 𝑟 − 𝑥0 , is
significantly closed but not equal. Since the value of h between two values is
𝑓(𝑥 )

remarkably small so that h can also be written as − 𝑓′(𝑥0 ). Thus, we can conclude
0

that the related functions about the root r as
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0 = 𝑓(𝑥) = 𝑓(𝑥0 + ℎ) = 𝑓(𝑥0 ) + ℎ𝑓′(𝑥),
𝑟 = 𝑥0 + ℎ ≈ 𝑥0 −

𝑓(𝑥0 )
𝑓′(𝑥0 )

Based on the initial assumption of 𝑥0 and the iterative function of 𝑥𝑛+1 =
𝑓(𝑥 )

𝑥𝑛 − 𝑓′(𝑥𝑛 ), it is easy to set the iterative function about the next closed estimate to
𝑛

the root of 𝑥𝑛+1 according to the former variable 𝑥𝑛 . The only thing needs to
notice is that L(β) has many local maxima at which the derivative of L(β) equals
to 0, so the assumption of initial guess should be careful.
Thus, all the above functions can also be written in the matrix form, which
are shown in the following block to better review the results. Iterations will stop
until the changes in 𝐿(𝛽 (𝑡) ) between steps are sufficiently small.
𝑢′ = [

𝜕𝐿(𝛽) 𝜕𝐿(𝛽)
𝜕𝛽0

𝐿(𝛽) ≈ 𝐿(𝛽 (𝑡) ) + 𝑢′

(𝑡)

,

𝜕𝛽1

,…,

𝜕𝐿(𝛽)
𝜕𝛽𝑝

𝜕2 𝐿(𝛽)

], ℎ𝑎𝑏 = 𝜕𝛽

𝑎 𝜕𝛽𝑏

1
(𝛽 − 𝛽 (𝑡) ) + (𝛽 − 𝛽 (𝑡) )′𝐻 (𝑡) (𝛽 − 𝛽 (𝑡) )
2

𝜕𝐿(𝛽)
≈ 𝑢(𝑡) + 𝐻 𝑡 (𝛽 − 𝛽 (𝑡) ) = 0
𝜕𝛽
→ 𝛽 (𝑡+1) = 𝛽 (𝑡) − (𝐻 (𝑡) )−1 𝑢(𝑡)

Fisher Scoring is another iterative method for solving likelihood equations
which has a similar idea foundation as the Newton-Raphson method. The only
difference between them is the Hessian matrix term. Fisher scoring method uses
the expected value of the Hessian matrix, which is also called the expected
information J(β), as the iterative distance measure, and the Newton-Raphson
method applies the Hessian matrix itself. The reason that the Fisher Scoring
method uses the expected information rather than the practical information
because the expected (Fisher) information matrix J(β) has a more
straightforward expression form than the experimental information matrix.
Moreover, it contains sufficient information about β, so J(β) is usually applied for
the general iteration.
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So, in Fisher Scoring method, we let

𝐽(𝑡) denotes the expected information

matrix at the t-th iteration and its element, the formula of Hessian matrix, can be
written as ℎ𝑎𝑏 =

𝜕2 𝑙𝑛𝐿(𝛽)
𝜕𝛽𝑎 𝜕𝛽𝑏

. Its expression is similar as the Newton-Raphson

iterative method, which is 𝛽 (𝑡+1) = 𝛽 (𝑡) + (𝐽(𝑡) )−1 𝑢(𝑡) , where 𝛽 (𝑡) implies the tth iteration about β estimator, 𝐽(𝑡) is the t-th iteration about the expected
information matrix, and 𝑢(𝑡) denotes the vector about the t-th likelihood
derivatives. Hence, Fisher Scoring also can be used to do iteration until the value
of 𝛽 (𝑡+1) reaches the closest point to the real root r for solving the non-linear
derivative equations for the likelihood function.

1.4 Examine the Mean Value – Deviance and Goodness of Fit Test
After interpreting the best ML estimators about natural parameter Θ in the
response variable distribution and coefficient tetrameter β in the linear
predictor, we can easily demonstrate a fitted model based on sample data;
however, we are still unsure about the mean response variable μ. We examine
the best estimate's position for the mean response value by calculating its
residual deviance; it is the difference of response variable between the fitted
model and the ideal model, which shows how closely the desired model fits the
original data resource by interpreting the statistical hypothesis.
In GLM, there are two deviances between the three models. They are the
residual deviance between the saturated model and the fitted model and the null
deviance between the saturated model and the fitted model. For these three
different types of models, the saturated model is a theoretical model with many
parameters for each observation, which results in the perfect fit from the sample
data. The fitted model has several estimated parameters of β and Θ, and the null
model assumes that the response variable can be calculated by only one null
parameter.
Since the residual deviance calculates the difference between the fitted
model and the saturated one, we will apply it to examine the fitness between
12

predicted response values and the actual dependent values. The method of
interpreting the residual deviance is similar to investigating the natural
parameter Θ and linear parameter β. We apply the likelihood functions in terms
of corresponding outcome variables, the actual dependent variable of y and
predicted mean response variable of 𝜇̂ for the models, so that the residual
deviance is the difference between L (y, y) and L (y,𝜇̂ ), its formula can be
expressed as 𝐷(𝑦, 𝜇̂ ) = 2[𝐿(𝑦, 𝑦) − 𝐿(𝑦, 𝜇̂ )].
Because the most probable estimator about 𝜇̂ shows that the fitted model
based on 𝜇̂ s the most closed to the observed values, we try to minimize the
residual deviance to obtain the better-fitted model to maximize the loglikelihood function of the fitted model. This idea tells us that we can obtain the
minimum value of residual deviances while computing the most probable
estimates of the parameters and calculating the fitted value 𝜇̂ at each the
specific iteration.
Since residual deviance measures how closely fitted model's predictions are
to the observed outcomes, it presents how much variation we would expect in
the observed outcomes around the predicted means. Therefore, we might
consider using it as the basis for the goodness of fit test to test the statistical
hypothesis that the GLM holds against the alternative that a more general model
holds. According to the definition of Chi-square distribution, we understand it is
a measure of the difference between the observed and expected frequencies of
the outcomes. So, it can examine the variables' independences and test the
goodness-of-fit between the observed distribution and the theoretical
distribution. Because Chi-square distribution also depends on the model's
parameter sizes, the residual deviance has approximately a Chi-square null
distribution with the degree of freedom of (n – p) under regularity conditions,
where n is the total number of independent variables and p is the number of
estimated parameters.
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After understanding that the residual deviance with the degree of freedom
follows the Chi-square distribution, our next step is to investigate the goodness
of fit test for the fitted model. So, we can use the residual goodness-of-fit test to
examine whether the residual deviance ratio to the degree of freedom, number
of unknown parameters, is equal to one. Hence, we can set the null hypothesis as
the fitted model M0 does hold, which is equivalent to all estimated coefficients
βh's equal to zero, where h is the difference between the fitted model and the
saturated model. Zero value indicates that the fitting of the model of interest is
substantially like that of the most completed model that can be built; the
alternative hypothesis is that the fitted model does not hold, suggesting that the
model we built might not have good fitness to the sample data.

1.5 Poisson Log-Linear Model
The Poisson distribution is one of the Generalized Linear Model and the best
model to interpret the counts data. By following the Poisson identification and
GLM modeling processes, we can easily set the following functions and
investigate the Poisson log-linear model by applying the canonical link function.
Poisson distribution in Exponential Natural Family:
𝑒 −𝑚 𝑚𝑦
𝑓(𝑦; 𝑚) =
= exp(−𝑚)(𝑦!)−1 exp(𝑦𝑙𝑛𝑚)
𝑦!
Poisson Loglinear model is distributed by using the canonical link function:
𝑝

𝑔(𝜇𝑖 ) = 𝑄(𝑚𝑖 ) = 𝑙𝑛(𝑚𝑖 ) = η𝑖 = ∑ 𝛽𝑗 𝑥𝑖𝑗
𝑖=1

The likelihood function of Poisson distribution:
𝑁

𝑁

𝑁

𝑖=1

𝑖=1

𝑖=1

𝑦𝑖 − 𝑏 ′ (𝜃𝑖 )
𝐿 = ∑ 𝐿𝑖 = ∑[
+ 𝑐(𝑦𝑖 , Φ)] = ∑[𝑦𝑖 − exp(𝑚𝑖 ) − ln(𝑦𝑖 !)]
𝑎 (Φ)
Two MLE equations related to Poisson distribution:
𝜇𝑖 = 𝐸(𝑌𝑖 ) = 𝑏 ′ (𝜃𝑖 ) = exp(𝑚𝑖 ) = 𝑚𝑖
𝜇𝑖 = 𝑉𝑎𝑟(𝑌𝑖 ) = 𝑏 ′ ′(𝜃𝑖 )𝑎(Φ) = exp(𝑚𝑖 ) = 𝑚𝑖
Deviance from the Poisson loglinear model with 𝑦𝑖 = 𝑚
̂ 𝑖:
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𝑁

𝑁

𝑖=1

𝑖=1

𝑦𝑖
𝑦𝑖
𝐷(𝑦; 𝑚
̂ ) = 2 ∑ [𝑦𝑖 𝑙𝑛
− 𝑦𝑖 ] = 2 ∑ 𝑦𝑖 ln( )
𝑚
̂𝑖
𝑚
̂𝑖
The general function to connect the linear predictor of the explanatory
variables with the mean response variables:
𝑝

ln(𝑚𝑖 ) = ∑ 𝛽𝑗 𝑥𝑖𝑗 = 𝛽0 + 𝛽1 𝑥𝑖1 + ⋯ + 𝛽𝑝 𝑥𝑖𝑝
𝑗=0
𝑝

𝑚𝑖 = exp[∑ 𝛽𝑗 𝑥𝑖𝑗 ] = exp(𝛽0 ) exp(𝛽1 𝑥𝑖1 ) … exp(𝛽𝑝 𝑥𝑖𝑝 )
𝑗=0

After understanding the Poisson regression distribution's basic formulas, we
also need to know four fundamental assumptions. Firstly, the response variable
must be the count data, which presents in a fixed time. The observations are all
independent. The mean response variable must be identical to its variance, and
the log of the mean rates must be the linear function.
The assumption of an equal mean-variance relationship in the Poisson
regression distribution is ideal because the variation among the variables is
often more significant than the mean values in the real situation, which results in
overdispersion. So, there are two useful methods to avoid this situation. Firstly,
we demonstrate the Quasi-likelihood regression model based on the Poisson
regression model by estimating the dispersion parameter to adjust the response
variables' standard error. Another method is to fit the dataset into the negative
binomial regression model because it had similar fundamental assumptions
about the Poisson regression distribution. The following two subsections are
going to explain these two models.
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1.6 Overdispersion – Quasi-likelihood Poisson Model
Except for using residual deviance based on likelihood theory to test the
model's fitness, another common test statistic called Pearson Chi-squared
statistics can be employed. So we can apply this parameter to the Quasilikelihood Poisson Regression Model. According to the generalized Pearson
statistics, we have its formula: 𝑋 2 = ∑𝑁
𝑖=1

̂ 𝑖 )2
(𝑦𝑖− 𝜇
̂𝑖
𝜇

= ∑𝑁
𝑖=1

̂ 𝑖 )2
(𝑦𝑖− 𝑚
̂𝑖
𝑚

The Poisson assumption is often realistic for count data due to
overdispersion, where the variance exceeds the mean. So, in the Quasi-likelihood
regression model, we create the new expression form of 𝑉𝑎𝑟(𝜇𝑖 ) = Φ𝜇𝑖 = Φ𝑚𝑖
to adjust the unequal mean-variance relationship. In this formula, the dispersion
parameter Φ is a fixed value, and mi is the estimate for the response variable’s
mean value.
After we estimate the new unknown parameter Φ, we can apply it to the
standard error term and the generalized Pearson statistics formula from the
Poisson regression model. So, the estimated dispersion parameter Φ can inflate
2
standard errors, and we also obtain the new Pearson test statistics of 𝑥 ⁄Φ. It

also approximately follows Chi-square distribution w.r.t. to its degree of freedom
of n-(p+1). The (p+1) term appears that we have one more parameter estimation
of the dispersion parameter. Then, we can easily find the estimated value under
methods of moments estimation and calculate the dispersion parameter value
𝑋2

𝑋2

based on the following formula: Φ ≈ 𝐸[𝑛−(𝑝+1)] = 𝑛−(𝑝+1) =

∑𝑛
̂ 𝑖 )2
𝑖=1(𝑦𝑖 −𝜇
𝑛−(𝑝+1)

After getting the dispersion parameter Φ’s estimated value from its Pearson
test statistics, we can get new variance and standard error terms for the Quasilikelihood Poisson regression model by multiplying the original terms from the
̂ and √Φ
̂ separately. Thus, the new meanPoisson regression model with Φ
variance relationship expression in the Quasi-likelihood model can be shown as
𝑉𝑎𝑟(𝜇𝑖 ) = Φ𝜇𝑖 = Φ𝑚𝑖 .
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1.7 Overdispersion – Negative Binomial Distribution
Another approach to deal with overdispersion is to apply the negative
binomial regression model instead of the Poisson regression model. Its
distribution formula in original and exponential forms, the mean and variance
expressions are shown below:
𝛾(𝑦 + 𝑘)
𝜇 𝑦 𝑘 𝑘
(
) (
)
𝛾(𝑘)𝛾(𝑦 + 1) 𝜇 + 𝑘 𝜇 + 𝑘
𝜃
𝑦𝑖 𝑙𝑛 1 −𝑖 𝜃 − ln(1 − 𝜃𝑖 ) 𝑛
𝑖
𝑖
𝑓(𝑦𝑖 ; 𝜃𝑖 , Φ) = exp[
](𝑛 𝑦 )
1⁄
𝑖 𝑖
𝑛𝑖
𝜇2
𝐸(𝑌) = 𝜇𝑉𝑎𝑟(𝑌) = 𝜇 +
= 𝜇 + Φ𝜇 2
𝑘
There are two advantages that we utilize negative binomial distribution
𝑓(𝑦) =

rather than Poisson distribution. Firstly, the negative binomial distribution
requires more than one parameter to build a more flexible fitted model.
According to the negative binomial distribution's extended properties about the
mean-variance relationship, we can easily see that its variance of the response
value is equal to its mean value and mean value ratio to the second parameter k.
This feature strongly indicates that applying negative binomial distribution can
better fit the data with the unequal mean-variance relationship.
In this situation, 1/k becomes the dispersion parameter Φ in the GLM
exponential form. Hence, if k is fixed, the negative binomial distribution will
belong to its natural exponential family. According to its variance formula, we
can see that as the k value increases, the ratio term of its mean to k value is more
closed to zero, which leads the distribution gets more closed to the Poisson
distribution. Moreover, if k is unknown, we will find its estimated value by
applying the maximum likelihood function and the Newton-Raphson iterative
method, which is the same as interpreting the unknown parameter β in the
linear predictor.
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Chapter 2 – Understanding COVID-19 Data

2.1 Data Provider and Data Description
Nowadays, COVID-19 is a severe health threat for individuals, and its
extended social problems are evolving worldwide. Based on the number of new
daily cases in Canada, Canadians' risk is still considered high. In this situation,
recorded COVID-19 data plays a vital role in managing a pandemic because data
analysis and data modeling provides the public with insights about the
coronavirus-related forthcoming trends.
Canada's government has put reasonable effort to make sure the public gets
COVID-19 news and data updates on time. Many Canadian governmental
organizations offer open data portal about coronavirus-related and diversesubject data. So, people can easily understand the COVID-19 current situation
across Canada and even the world by reviewing the original dataset, visual data
gallery, and interactive data platform.
This case study chooses an open dataset about the daily COVID-19 confirmed
patient cases from Ontario Data Catalogue. It records personal background
information about the patients who have been tested as positive in Ontario. The
dataset updates the new patient information daily; this paper only uses the
dataset with the last updated date of November 15th to manipulate. The dataset
variables are the test reported date, age group, gender, case acquisition
information, patient's outcome, the reporting Public Health Unit (PHU), and the
city where the PHU is located. The following table shows all variable information
by using the summary() function in R. From the this simple summary table, we
can see that this dataset contains 92,761 patient observations and 16 different
measure variables. Except for variables of the reported data, PHU's websites, and
their geographic coordinates, the rest of the variables are all categorical data.
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By reviewing the above variable information, some variables in the dataset
contain the same information, such as the PHU location expressed in different
forms of the located city name, PHU's name, its postal code, longitude, and
latitude. The date variables are classified into four: accurate episode date, the
case reported date, test reported date, and specimen date. We only select several
essential variables and form a small but sufficient-information dataset based on
them; those variables are age group, gender, located city, and COVID-19 case
acquisition information.
After creating the new dataset from the original one and converting those
selected variables into the factorial data type, we can use levels() to see each
variable's factor levels.
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For these four variables, the age groups cluster the patient in 10-year
intervals, which are the 20s, 30s, 40s, etc. Patients who are less than 20 yearsold, who is recorded as "< 20s", and patients with ages not known or not
recorded, are listed as "Unknown".
For Case acquisition information, the value of "CC" refers to the people who
test positive by his or her closed contact, "No known Epi-link" represents for no
epidemiological link, like community spread, and "OB" refers to the outbreak.
There are some inadequate factor levels in the following table, such as
"missing information" and "Unspecified epi link" for case acquisition, the blank
cell and "unknown" factor levels for the age group, "gender diverse" and
"unspecified" for the gender group. To create a better dataset, we remove those
observations that contain those unimportant variables.
After finishing the data cleaning steps, we can start plotting simple statistical
charts about the COVID-19 patients' background information to perform
Exploratory data analysis (EDA); it is often used to summarize the variables'
main characteristics by interpreting data information based on simple charts.
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2.2 Exploratory Data Analysis
Because Exploratory data analysis (EDA) can investigate the variables' main
characteristics by using statistical visual methods, the findings from EDA are the
foundation of data analysis and data modelling all the time. After the process of
data cleaning, we create some charts by using ggplot() function to investigate the
variables' essential features. The following four charts are the frequency bar
plots about different variables: age group, gender, spread method, and city
location. From those plots, we can find the patients aged between the 20s and
30s occupies the greatest COVID-19 confirmed cases, and the confirmed
proportion of senior people is small. Moreover, people who test positive are
mainly from his/her closed contact; other significant spread methods are
outbreak and new epidemiological link. The proportion of positive cases grouped
by gender is considered almost identical; this implies that the gender variable
might not significantly impact COVID-19 cases. For the variable of the located
city, the top three cities which contain a large number of confirmed cases are
Toronto, Mississauga, and Ottawa, all three of them are the cities which have the
large population capicities.
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2.3 Create the Disjunctive Table with Dummy Variables
Binary variables, which are also called dummy variables, are commonly used
in descriptive statistics. In a dummy column of the dataset, each cell represents
the occurrence of a specific event. A zero value implies the event does not occur,
and the amount of one show that it happens. Therefore, we can use the
dummy_cols() function to shift the categorical factor levels to several dummy
variables so that each dummy variable indicates the absence or presence of a
specific factor level.
The new-formed dataset, based on the dummy variables, is called the
disjunctive table. It displays the multivariate indicator matrix, where each row
represents an individual patient observation, and each column is a dummy
variable which stands for a specific factor level from a categorical variable; the
value in each cell only shows 0 or 1, which refers to that whether a patient
possesses a specific recorded factor level.
By reviewing the above factor levels from the new-formed dataset, we find
that the variables of age group and city have 10-factor levels and 34-factor levels
separately. Dozens of factor levels in a variable might result in hundreds of
dummy variables and their corresponding variable combinations. So, before
creating the disjunctive table, we need to group those two variables further to
minimize their factor levels.
The best method to classify categorical data is grouped by its characteristics,
such as the city size based on the population capacity and age groups based on
the proportion of different age groups who test positive. Hence, we grouped
people under 30 as a youth-aged group; people aged between 30 and 60 are
adult, and people whose age is greater than 70 are classified as a senior.
According to the list of the city population in Ontario which we found in
Wikipedia (2016), we classify the city with a population size greater than
100,000 as large urban, city with a population between 30,000 and 100,000 are
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classified as medium suburban, and city that population less than 30,000 are
small rural.

The new variable table is shown below:

After simplifying all factor levels based on four categorical variables, we can
use the dummy_cols() function to create a disjunctive table that contains sixteen
different permutations based on four factorial variables along with their
frequency counts. The disjunctive dataset is shown below, and we will keep
using it to perform data modeling for our further data analysis.
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Chapter 3 – Interpreting Poisson Log-Linear Model with COVID-19 Data

3.1 Fit the Poisson Log-Linear Model with COVID-19 Dataset
The case study's main objective is to fit the Poisson log-linear model to the
COVID-19 confirmed patient cases dataset to better estimate the confirmed case
counts based on different physical variables' combinations and compare
different physical variables' significances for diagnosing the coronavirus. We can
develop the fitted model by applying several statistical techniques to use the
final developed model to estimate the patient counts based on the developed
model. The developing processes might include
•

testing the factor variable's hypothesis to determine the essential factor
level combinations.

•

modifying the overdispersion when the lack-of-fit exists in the model.

•

reweighting the observations to adjust the fitted model.

The first step of our data modeling would be generating the general Poisson
Loglinear regression model by using the glm() function, and we analyze the
model by applying the summary() function at the same time. The following R
code tests whether the age groups' three-factor levels significantly affect the
COVID-19 case counts using the Poisson Log-linear Model.
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The estimated regression coefficients for three-factor levels of age group
variable, along with their standard errors, z-values, and p-values, are all shown
in the above summary table. We can test their significances by setting the
hypothesis and looking at their p-values, where H0: At least one age group is not
a significant factor; H1: All three age groups are significant factors.
Since all three p-values for the age groups are less than 0.05, we can reject
the null hypothesis and conclude that all three-factor levels in the age groups
have critical effects for the COVID-19 confirmed case counts. Moreover, we can
substitute factors' coefficients into the link formula (The equation formula
between the mean response and the explanatory variables' linear predictor) and
discover different factor levels' association from the model expression:
2

ln[𝜇̂ (𝑥𝑖 )] = ∑ 𝛽̂𝑖 𝑥𝑖 = 7.712 − 1.832𝑥𝑠𝑒𝑛𝑖𝑜𝑟 − 0.6051𝑥𝑦𝑜𝑢𝑡ℎ
𝑖=0

The above model contains two independent dummy factor levels: senior and
youth groups; the adult group is included in the intercept term as a base
category. The model shows three different scenarios based on different values
from the dummy factor levels:
1. The mean confirmed COVID-19 case counts of a four-factor group which
contains the adult-aged group is 𝜇(𝑥̂𝑖 ) = exp(7.7124) ≈ 2236, where
𝑥𝑠𝑒𝑛𝑖𝑜𝑟 = 𝑥𝑦𝑜𝑢𝑡ℎ = 0 ;
2. The mean confirmed COVID-19 case counts of a four-factor group which
contains the senior-aged group is 𝜇(𝑥̂𝑖 ) = exp(7.7124 − 1.8317) ≈ 358,
where 𝑥𝑠𝑒𝑛𝑖𝑜𝑟 = 1, 𝑥𝑦𝑜𝑢𝑡ℎ = 0;
3. The mean confirmed COVID-19 case counts of a four-factor group which
contains the young-aged group is
𝜇(𝑥̂𝑖 ) = exp(7.7124 − 0.6051) ≈ 1221, where 𝑥𝑠𝑒𝑛𝑖𝑜𝑟 = 0, 𝑥𝑦𝑜𝑢𝑡ℎ = 1

The adult age-group factor does not appear in the coefficient summary table
and the fitted model because it has been made to the base category. If R
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calculates the estimated coefficients for all three-factor levels of the age group
variable while generating the model, we will create a 3*4 design matrix with an
intercept term and three variable terms; this form causes the variable's resulting
set linearly dependent and impossible to calculate the coefficients for all factor
level. Moreover, investigating coefficients for all factor levels might result in the
all-zero situation as dummy variables. The equation of mean counts value is
equivalent to the intercept, which is unintelligible. So, it is necessary to select one
factor as the base category.
Because the adult group is set as the baseline intercept, the intercept
coefficient represents the adult group's superimposed value subset from the
original dataset. Moreover, the corresponding coefficients for youth and senior
groups refer to the differences between age groups. Thus, we can calculate the
mean COVID-19 confirmed patient counts for each age-group and discover the
factor level's difference by only looking at their coefficient values. The mean
number of confirmed cases in the senior group is 𝑒 −1.8317 = 0.1601, which is
smaller than the adult group; The averaged confirmed case in the youth group is
almost half of the adult group, the difference is 𝑒 −0.6051 = 0.5215. Based on the
estimated mean counts and the comparisons among different age groups, we can
conclude that the adult groups have greater COVID-19 confirmed cases than
other aged groups.
The above summary table also shows other information, such as residual
deviance with respect to its degree of freedom, the number of Fisher iteration,
and AIC value. AIC (Akaike Information Criteria) evaluates the model's fit by
considering its maximum log-likelihood function and the number of parameters.
Zajic (2019) mentioned that the AIC value is often used for examining the timeseries models, and its formula is AIC=2k-2ln(L). According to its formula
expression, it is easy to see that a large likelihood function score in MLE can
receive a lower AIC score as it shows a good-of-fit model. Moreover, a penalty is
applied for over-fitting with a large number of parameters. So, a smaller AIC
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value indicates that the model is closer to the ideal one. From the summary table
for the age group model, an immense AIC value of 146,261 is shown; this might
indicate that the model does not fit well. Because AIC values are only useful for
comparisons among different models, we save this score and compare its value
with other models later.
By reviewing the residual deviance value of 145,723 and its corresponding
degree of freedom value of 69 from the summary table, we can use the goodness
of fit test to conclude that the model does not fit data well. In other words, the
three-factor levels of the age group in the fitted model are significant, but the
disappearance of other significant variables in the model results in the lack-offits. So, we consider other reasons like the covariates' associations, extreme
observations' effects, or model overdispersion to explain this situation.
There are a few ways to investigate a better-fitted model based on Poisson
log-linear regression. Firstly, we can examine covariate effects by comparing
their p-values to investigate the significant covariables. We could then validate
different factor levels' interaction effects to remove those extreme observations
that contain insignificant factor combinations. If the updated model still has an
unfitted residual deviance value with respect to its degree of freedom, it will
imply more variation in the response than the fitted model predicted. Then,
there are two methods to adjust the model. The first technique is that we can
apply other models like the quasi-Poisson regression model and negative
binomial distribution by adding an estimated dispersion factor to inflate
standard errors; Secondly, we can add the extra weights for all variables
according to their residuals, which is based on robust regression. The next few
subsections of this paper will improve the fitted model by following these
processes.
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3.3 Improve the Model –Covariate
The first step of developing the fitted model is to investigate the factor levels'
significances based on coefficient comparisons. We generate the Poisson loglinear regression models with factorial variables and covariate combinations at
first, then summarize the residual deviances of the model and correlated degree
of freedom values together as a table.

By reviewing the above table, we can quickly see different covariate
combinations' residual deviances and corresponding Degree of freedoms. After
comparing the models with the same number of covariates, we colored the
models with the best fitness in red. It is easy to see that the model with
covariates about the city, age, and case (spread method) have better fitness than
others (Residual deviance is 18,749.61, Degree of freedom is 64). We also
conclude that gender is not a significant factor in examining positive COVID-19
cases because the models containing gender variables generally receive larger
parameter values.
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3.3 Improve the Model – Interactions
Although comparing the covariate model's fitness helps us investigate the
crucial variables, the ratios between residual deviance and degree of freedom are
still considerably large; this suggests that the model might contain other extreme
observations. Therefore, we will investigate the models' variable interactions'
effects by following the same statistical analysis technique, such as the
significance test and goodness-of-fit test from subsection 3.1.
According to the conclusion in the 3.2 subsection, we understand that the
gender variable is not essential for this model due to its large correlated residual
deviance value. We remove this variable from the conjunctive dataset and only
examine the models with the other three variables' combinations. The rest
variables are
•

the age group with three-factor levels (youth, adult, senior),

•

city size with three-factor levels (small rural, medium suburban, large
urban), and

•

the spread method with four-factor levels (closed contact, outbreak,
travel, no known epidemiological link).

To interpret the variables' interaction effect using the Poisson log-linear
model, we test the models with two-factor interactions at first. The following
chart demonstrates the fitted model's summary results with two factorial
variables of age group and PHC city, and their factor levels' interactions. The
significance tests for all variables can be easily performed by checking their pvalues. From the results, we can quickly find that the combined factor level of the
senior-aged people living in a medium suburban city does not significantly affect
getting COVID-19. The reason for this investigation is that its p-value is 0.651,
which is reasonably more significant than the default confidence level of 0.05. So,
we remove those patient observations whose independent variables include the
age group of seniors and the city of medium suburban.
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After generating the models with all possibilities of variable interactions, we
find three other uncorrelated variable combinations to the dependent variables.
Two extreme values appear in the model with three two-factor interaction do
not have significant effects, they are the spread method of no known
epidemiological link and the factor combination of youth people who live in
small rural cities. The reason for their insignificances is that their p-values are
0.08158 and 0.05033 separately, which are all greater than the default
significant levels of 0.05. Moreover, the patients who live in the medium
suburban cities test positive by traveling based on the covariate model with the
city and spread method variables do not have a significant effect due to its large
p-value of 0.121. Along with their p-values, three insignificant variables are all
marked in red, shown in the following charts. Therefore, we can drop those
patient observations which contain these two-factor combinations and one
variable.
By comparing to the initial summary result about the model based on the
single variable of age group, it is clear to see that our current models with the
covariates and factor level combinations have smaller values in not only the
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residual deviances but also the AIC values, but also the ratio of deviance to the
degree of freedom. Based on this observation, we may also conclude that the
model with three two-factor combinations has better fitness for the data.

After dropping those extreme observations, we generate the Poisson loglinear model with three two-factor interactions and use the summary results to
properly perform its significance test and goodness-of-fit test.
From the summary table below, we can see that all p-values for all 26 are smaller
than 0.05; the variables shown in the table indicate that they all significantly
affect COVID-19 confirmed patient case counts. Moreover, the ratio of residual
deviance to its degree of freedom is 7.5594/3 = 2.5198, which is very closed to 1.
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This measure illustrates that the Poisson log-linear model with three two-factor
combinations reasonably fits the saturated model.

Except for examining the AIC values and the residual deviance ratio, we also
can compare the predicted value from the fitted model to the actual counts to
test the model fitness. We create a simple comparison table to see the difference
between the actual count data from the original dataset and the predicted mean
count values from the Poisson log-linear model. By reviewing the tiny differences
between the two columns, we can strongly agree that our model fits the original
dataset well.
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3.4 Improve the Model - Overdispersion
Although the fitted Poisson log-linear model's predicted values provide an
inspired result by comparing with the actual data, the ratio between residual
deviance and degree of freedom of 2.5198 is still greater than one. According to
Legler and Roback's (2019) research, they suggest that the ratio value more
extensive than one indicates that the model may contain overdispersion, so there
is more variation in the response than the model expects.
Under the Poisson model, we assume that the mean value and variance of the
response are the same in various groups; however, the overdispersion indicates
unexpected standard errors happened in the fitted model. Our next step is to
adjust the overdispersion by applying other models; they are quasi-Poisson
likelihood regression and negative binomial regression model. The quasilikelihood model is based on the Poisson regression model; its development adds
the dispersion parameter Φ to inflate variables' standard errors and further
redescribe the mean-variance relationship. The negative binomial regression
model can also be applied to better fit the original dataset into its distribution
expression instead of the Poisson regression model. After interpreting these two
models with three two-factor interactions under these two developed models,
we can compare their results to the Poisson log-linear model based on the
factorial variables' p-values and residual deviances along with their degree of
freedom. Then, the most probable model is chosen as the result based on the
compared consequence.
The following summary tables illustrate two models' summaries and their
predicted mean responses' values compared to the actual COVID-19 patient
counts. The table in the left column represents the summary of the quasilikelihood Poisson model, and the one in the right column refers to the result of
the negative binomial regression model. The information marked in red indicates
the crucial parameters, such as the values of dispersion parameters, residual
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deviance with respect to its degree of freedoms, and the insignificant variables
with their coefficient values.

Although the negative binomial regression model in the right column
provides the acceptable residual deviance of 3.1053 to its degree of freedom of 3;
however, the corresponding variable coefficients are all reasonably larger than
the default 0.05 significance level. We can conclude that this model exhibited a
remarkable lack-of-fit based on three investigations that appeared in the
summary table: the large p-values for all variables, double larger AIC value than
the Poisson regression model unfitted predicted response value in the
comparison table. The dispersion parameter value of 0.7638353 can sufficiently
explain why the negative binomial model does not fit well. According to
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subsection 1.7 of this paper about negative binomial distribution, we understand
that the negative binomial distribution in the exponential dispersion family is
looked like 𝑓(𝑦𝑖 ; 𝜃𝑖 , Φ) = exp [

𝜃𝑖
)−ln(1−𝜃𝑖 )
1−𝜃𝑖

𝑦𝑖 ln(

1⁄
𝑛𝑖

𝑛𝑖
] + ln(𝑛 𝑦 ) , where Φ = 1⁄𝑛𝑖 =
𝑖 𝑖

0.7638 is the dispersion parameter value, so the dispersion parameter, which is
less than one, shows the greater value of the log-likelihood function; this results
in the more considerable AIC value. Moreover, the negative binomial regression
model's variance formula can be expressed as 𝑉𝑎𝑟(𝑌) = 𝜇 +

𝜇2
𝑘

= 𝜇 + Φ𝜇 2 ,

where k is the dispersion parameter in this formula. Its additional term of the
squared mean value times dispersion parameter of 0.7618 results in the
significant difference between the predicted mean response value and the
corresponding actual count value, also its larger standard error and p-value for
each variable.
By reviewing the Quasi-likelihood Poisson model in the left column, we can
see that different results. Several variable effects shown in red color represent
their insignificances at the 0.05 level. They are the factor combination of senioraged people who lives in small rural cities (Standard Error = 0.09003, p-value =
0.137410) and the senior-aged people who tests positive by travelling (Standard
Error = 0.20805, p-value = 0.271332). The p-values for all factorial variables and
their combinations increase, compared to the Poisson regression values. We can
also explain this observation by using the dispersion parameter value of 2.7461
in the summary table; it indicates that the dependent variables' variance is
2.7461 times larger than its mean values. By following the quasi-likelihood
regression model's mean-variance relationship formula 𝑉𝑎𝑟(𝜇𝑖 ) =
2.7461 × 𝜇̂𝑖 ≈ 2.7461𝑚𝑖 , we understand that the standard error for each
variable increases by √2.7416 ≈ 1.6558 times compared to the one in the
Poisson regression model. Thus, the greater standard errors result in the larger
p-values for all variables. Moreover, the residual deviance stays remain because
the dispersion parameter term is removed along with the process of
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differentiation about the maximum log-likelihood function. This investigation
about the same ratio of residual deviance to the degree of freedom also can
explain the same predicted values between the Quasi-likelihood Poisson model
and Poisson log-linear model.
By comparing several developed models' parameters, we can easily conclude
that the Quasi-Poisson regression model better fits our data. We remove those
extreme observations to develop the model, which contains two insignificant
factor combinations we mentioned in the last paragraph. After taking extreme
observations in the Quasi-likelihood regression model summary, we can
investigate the smaller deviance value and more accurate predicted values in the
Poisson log-linear regression model. The results are shown in the following
summary tables.
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3.5 Improve the Model – Weighted GLMs
By interpreting the Quasi-likelihood Poisson model, we can sufficiently
improve the Poisson regression model; however, the result of the residual
deviance value is still not right. This identification suggests that we add weights
for the different variables based on how well behaved these observations are so
that we can create a better-fitted model. Then our next interest is to apply the
reweighting methods in the model.
In statistics, there exist some residual terms in regression models. Residuals,
which we used in the Chi-square fitness test before, is a measure that calculates
the difference between the predicted mean count value and observed value.
Outlier with respect to its residual is the observation that has a large residual
value. Leverage is another measure used to compute the distance between the
independent variable and the actual dependent variable, and influence based on
the leverage is the observation that contains a considerable leverage value.
Moreover, the cook's distance is the measure that combines the leverage and
residuals. ("Robust regression | R data analysis examples", n.d.).
Since we have already determined the residual values, the next interest is to find
the leverage values about the observation; then, we can use the findings to
reweight the observations and develop the fitted model. At this time, we do not
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remove the unusual observations by investigating the large leverage values; as
we already know, all observations contain the essential factor level combination
for modeling. Moreover, sometimes removing a specific observation might cause
a great difference in the final result. So, we will reweight all variables based on
their performances to find a better-fitted model without losing any critical
variables.
In R, there exist several functions for calculating different types of residuals.
The following table shows different residual types and their corresponding
functions. The function of residuals(model," pearson") is used to manipulate
standardized Pearson residual values; the functions of residuals(model,
"deviance") are used to present the residual deviance about the fitted model.
Moreover, the hatvalues(model) can presents the observation leverages, and the
last function of residpstd() can express the corresponding standardized
residuals based on its hat value.

Since the weight term in the glm() function only allows positive values, we
substitute the hat values, which refer to the observation's leverage, into the
Poisson log-linear regression model. Then we summarize the findings and create
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the table of the predicted count value and observed response in the following
block.

By looking at the p-values in the updated model, we can see all variables and
their corresponding covariates are statistically significant as the values are all
reasonably smaller than the default significance levels. This implies that all factor
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combinations and the main factor are essential for the mean COVID-19
confirmed case counts.
The goodness-of-fit test about examining the residual values ratio to the
degree of freedom reveals that the model is significantly fitted (Residual
deviance: 2.0687 with 2 degrees of freedom). We also can double-check the
model fitness by reviewing the AIC value, which is only 171.2. The above
comparison table about the observed value and predicted value also shows the
model's good fitness as the differences between the two values are small.
In conclusion, we can get our final model based on variable coefficients and
their expression shown in the next block.
ln(𝜇̂ 𝑖 ) = 9.6807
+ (−3.5411𝑥𝑎𝑠 − 0.2126𝑥𝑎𝑦 − 1.6659𝑥𝑐𝑚 − 3.1826𝑥𝑐𝑠
− 0.3735𝑥𝑠𝑜 − 2.2144𝑥𝑠𝑡 ) + (0.1794𝑥𝑎𝑦−𝑐𝑚 + 0.1510𝑥𝑎𝑠−𝑐𝑠
+ 2.8881𝑥𝑎𝑦−𝑠𝑜 − 0.8752𝑥𝑎𝑦−𝑠𝑡 − 0.4920𝑥𝑐𝑚−𝑠𝑜 + 0.6669𝑥𝑐𝑠−𝑠𝑜
+ 0.8102𝑥𝑐𝑠−𝑠𝑡 )

In this model expression, 'as' represents the senior age group, 'ay' represents
the youth age group, 'cm' represents the medium suburban city size, 'cs'
represents the small rural city size, 'so' represents the outbreak spread method,
'st' refers to the traveling spread method. The rest terms in the second block are
all factor-level combinations. The first intercept term represents the base
category of the three-factor level combinations about people in the adult group
who live in the large urban city and tests positive by the closed contact's spread
method.
The above link function expression shows the relationship between the
mean response value in the log form and the linear predictor among all factorial
variables. We can easily understand that each coefficient value refers to the
difference between the category base, and each variable is a dummy variable that
only contains the values of zero or one. So, we can easily get the estimated
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confirmed case counts under a specific physical variable or their variable
combinations by setting a variable as one and other variables as zero. An
example would be the estimated mean confirmed COVID-19 case counts of a
four-factor group which contains the traveling factor is 𝜇̂ 𝑖 = exp(9.6807 −
2.2144) = exp(7.4663) = 1748.1266 when 𝑥𝑠𝑡 = 1 and other variables are
zero, a four-factor group which contains the outbreak factor has the estimated
mean confirmed case count of 𝜇̂ 𝑖 = exp(9.6807 − 0.3735) = exp(9.3072) =
11,017.0571, where 𝑥𝑠𝑜 = 1 and other variables are zero. By reviewing their
difference, we can see that the which is almost 7 times larger than the one with
traveling factor. Thus, we can conclude that more people get COVID-19 by
outbreak rather than traveling between different cities.
Also, the positive estimated coefficient in this model indicates that as the
factor variable increases, the estimated mean count value of a four-factor group
that contains this specific factor variable also increases; the negative coefficient
represents the negative relationship between the estimated means count values
for a four-factor group and this specific factor variable or a factor combination.
Therefore, we can quickly summarize some critical factors from the above
model. A young patient who tests positive by the spread method of the outbreak
has a reasonably significant effect on the mean COVID-19 confirmed case counts
as its corresponding estimated coefficient is 2.8881, which shows that almost
𝜇̂ 𝑖 = exp(9.6807 + 2.8881) = exp(12.5688) = 287448 young patient who gets
COVID-19 because of the outbreak.
Three-factor variables of the senior age group, small rural city size, and
traveling spread method all negatively affect the mean confirmed case counts.
This finding implies that people who age in the senior, people who lived in a
small rural city, or traveling might not be considered a high-risk factor for
getting COVID-19 cases. The reason that traveling is not a significant factor for
coronavirus diagnosis is Canadian air transportation changes. According to Air
Canada's report (2020), it shows that the number of traveling passengers by air
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in the third quarter of 2020 was dropped by almost 90. The reason is the
traveling restrictions and coronavirus spread; however, the senior-aged group's
findings have the lower confirmed case counts in this paper have the opposite
conclusion to the well-known health organization. Centers for Disease Control
and Prevention (2020) claimed that the risk for diagnosing coronavirus
increases by age, which indicated that senior people are at the highest risk.
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Chapter 4 – Summary

This project aims to learn the generalized linear model for analyzing
categorical data and understanding the Poisson log-linear regression model's
basic concept for interpreting counts data. After studying the model's
fundamental knowledge and essential concepts, we fit the Poisson log-linear
model into the publicly reported data about Ontario's COVID-19 confirmed
patient cases with their several background patient information. According to
this dataset, we address an essential question about patients with what kind of
physical variables might significantly affect COVID-19 diagnose case counts. We
then solve this question by modeling the Poisson log-linear regression model and
estimating the COVID-19 confirmed case counts based on the estimated fitted
model.
In the first section of this paper, we introduced the generalized linear model,
which is commonly used in analyzing categorical data. We focused on learning
the GLMs' three essential model components. Then, the paper found several
methods for parameter estimation to demonstrate the fitted regression model.
We studied the most probable parameter estimations using Maximum Likelihood
Techniques of Newton-Raphson Interactive Methods and Fisher Scoring
Methods. Then, we learned how to do mean response value examination by
applying the goodness of fit test. After roughly understanding the basic concept
of GLMs, the paper bought in the Poisson log-linear regression model for
manipulating counts data along with their functions. Then the article talked
about two crucial advanced models for adjusting the overdispersion situation;
they are quasi-likelihood Poisson distribution and Negative Binomial regression
distribution.
In the second chapter, we cleaned the dataset by converting important
variables into factors and merging a few variables which contain many factor
levels. Then, we used the Exploratory Data Analysis technique to analyze the
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variables' characteristics by reviewing those simple plots, converting those
factorial variables into the dummy variables, and creating the contingency table.
In the third section, we started to interpret the Poisson log-linear regression
model with COVID-19 data. We performed the significance test by looking at
covariates' p-values to examine their main factor and interaction effects in the
beginning stage. We found that the residual variance values in the developed
model, which contain the variable interactions, was still great. This observation
implies an overdispersion in the Poisson regression model, so we tried different
models, such as the Quasi-Poisson Log-Linear regression model and the Negative
Binomial regression model applied the reweighted technique from the robust
model to adjust this variation. In the end, we found the reweighted leverage of
the Poisson log-linear regression model with three two-factor interactions about
age groups, spread methods, and city size provided the most fitted predicted
values. We summarized the result as a table and compared the expected value to
the actual COVID-19 confirmed case counts in the end.
By reviewing the findings, we understand that the senior age groups
occupied the least confirmed cases while identified as the most susceptible age
group. We also concluded that as the city size rises, the confirmed cases also
increase because of the city population. Traveling is also not a crucial factor for
getting COVID-19; the reason for this observation might be the strict travel
restriction in Canada. Moreover, we can see that the young patients who test
positive by the outbreak have a large proportion. This might because many
young people still hang out with friends and hold some parties to relax during
the COVID-19 pandemic.
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Appendix – R Code
### Load libraries
library(fastDummies)
library(dplyr)
library(ggplot2)
library(forcats)
library(MASS)
library(AICcmodavg)
library(ggplot2)
library(knitr)

### Load Datasets
canada <- read.csv("C:/Users/sunni/Desktop/2020
FALL/MATH4905/canada.csv", stringsAsFactors = FALSE, header = TRUE)
summary(canada)
canada <- canada[,c(6:8,13)]
canada$Age_Group<-as.factor(canada$Age_Group)
canada$Client_Gender<-as.factor(canada$Client_Gender)
canada$Case_AcquisitionInfo<-as.factor(canada$Case_AcquisitionInfo)
canada$Reporting_PHU_City<-as.factor(canada$Reporting_PHU_City)
levels(canada$Age_Group)
levels(canada$Client_Gender)
levels(canada$Case_AcquisitionInfo)
levels(canada$Reporting_PHU_City)

### Data Cleaning
canada <- read.csv("C:/Users/sunni/Desktop/2020
FALL/MATH4905/canada.csv", stringsAsFactors = FALSE, header = TRUE)
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canada <- canada[which(canada$Client_Gender=='FEMALE' |
canada$Client_Gender == "MALE"), ]
canada <- canada[-which(canada$Age_Group == "" | canada$Age_Group ==
"UNKNOWN"),]
canada <- canada[-which(canada$Case_AcquisitionInfo == "Missing Information"
| canada$Case_AcquisitionInfo == "Unspecified epi link"),]

### Explanatory Data Analysis
age <- as.data.frame(table(canada$Age_Group))
gender <- as.data.frame(table(canada$Client_Gender))
city <- as.data.frame(table(canada$Reporting_PHU_City))
case <- as.data.frame(table(canada$Case_AcquisitionInfo))

age %>%
mutate(name = fct_reorder(Var1, Freq)) %>%
ggplot( aes(x=name, y=Freq)) +
geom_bar(stat="identity", fill="#f68060", alpha=.6, width=.4) +
coord_flip() +
xlab("") +
theme_bw()

gender %>%
mutate(name = fct_reorder(Var1, Freq)) %>%
ggplot( aes(x=name, y=Freq)) +
geom_bar(stat="identity", fill="#f68060", alpha=.6, width=.4) +
coord_flip() +
xlab("") +
theme_bw()
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city %>%
mutate(name = fct_reorder(Var1, Freq)) %>%
ggplot(aes(x=name, y=Freq)) +
geom_bar(stat="identity", fill="#f68060", alpha=.6, width=.4) +
theme(axis.text.x = element_text(color = "grey20", size = 10)) +
coord_flip() +
xlab("") +
theme_bw()

case %>%
mutate(name = fct_reorder(Var1, Freq)) %>%
ggplot( aes(x=name, y=Freq)) +
geom_bar(stat="identity", fill="#f68060", alpha=.6, width=.4) +
coord_flip() +
xlab("") +
theme_bw()

### Data Cleaning
population <as.numeric(c("145614","67666","98179","21854","43550","45723","132397",
"693645", "10687", "117660", "383437", "828854", "9920",
"84224", "51553", "211382","994837","21341", "13882", "84230", "2037",
"16753", "73368", "13922", "38909", "31465", "164926", "18801", "110172",
"41788", "2930000", "113520", "135566", "233763"))
city <- cbind(city, population)
names(city) <- c("city", "cases", "population")
for (i in 1:nrow(city)){
if (city[i,3] > 100000){
city[i,4] = "Large Urban"
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} else if (city[i,3]<100000 & city[i,3]> 30000){
city[i,4] = "Medium Suburban"
} else {city[i,4] = "Small Rural"}}
names(city) <- c("city1", "cases", "population", "city")
canada$match <- match(canada$Reporting_PHU_City, city$city1)
canada$pop <- city[canada$match,3]

age$group <-c(rep("youth",2), rep("adult",5), rep("senior",2))
age$average <- c(10, 25, 35, 45, 55, 65, 75, 85, 95)
names(age) <- c("range", "freq", "group","average")

canada <- canada[,c(6:9,13,19)]
canada$match <- match(canada$Age_Group, age$range)
canada$Age_Group <- age[canada$match, 3]
canada$match <- match(canada$Reporting_PHU_City, city$city1)
canada$city <- city[canada$match,4]

canada <- canada[,-c(5:7)]
names(canada) <- c("age","gender","case","outcome","city")

df <- fastDummies::dummy_cols(canada[,-4]) %>% group_by_all() %>% count()
df <- as.data.frame(df[,c(1:4,17)])
names(df) <- c("age","gender","case","city","count")
df$age<-as.factor(df$age)
df$gender<-as.factor(df$gender)
df$case<-as.factor(df$case)
df$city<-as.factor(df$city)

### Poisson Log-linear Regression
50

age.mod <- glm(count~age, family = poisson(link=log), data = df)
summary(age.mod)
city.mod <- glm(count~city, family = poisson(link=log), data = df)
gender.mod <- glm(count~gender, family = poisson(link=log), data = df)
case.mod <- glm(count~case, family = poisson(link=log), data = df)
### Validate Dataset by Covariate
city.gender.mod <- glm(count~city+gender, family = poisson(link=log), data =
df)
city.age.mod <- glm(count~city+age, family = poisson(link=log), data = df)
city.gender.mod <- glm(count~city+gender, family = poisson(link=log), data =
df)
gender.age.mod <- glm(count~gender+age, family = poisson(link=log), data = df)
gender.case.mod <- glm(count~gender+case, family = poisson(link=log), data =
df)
case.age.mod <- glm(count~case+age, family = poisson(link=log), data = df)

city.age.gender.mod <- glm(count~city+age+gender, family = poisson(link=log),
data = df)
city.age.case.mod <- glm(count~city+age+case, family = poisson(link=log), data =
df)
city.gender.case.mod <- glm(count~city+gender+case, family =
poisson(link=log), data = df)
case.gender.age.mod <- glm(count~case+gender+age, family = poisson(link=log),
data = df)
mod <- glm(count~age+case+city+gender, family = poisson(link=log), data = df)

mod.list <- c(age.mod,city.mod,gender.mod,case.mod,

city.gender.mod,city.age.mod,city.gender.mod,gender.age.mod,gender.case.mod,c
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ase.age.mod, city.age.gender.mod, city.age.case.mod, city.gender.case.mod,
case.gender.age.mod,mod)

deviance.list <c(age.mod$deviance,city.mod$deviance,gender.mod$deviance,case.mod$devianc
e, city.gender.mod$deviance, city.age.mod$deviance, city.gender.mod$deviance,
gender.age.mod$deviance, gender.case.mod$deviance, case.age.mod$deviance,
city.age.gender.mod$deviance, city.age.case.mod$deviance,
gender.case.mod$deviance, case.gender.age.mod$deviance, mod$deviance)
df.list <c(age.mod$df.residual,city.mod$df.residual,gender.mod$df.residual,case.mod$df.
residual, city.gender.mod$df.residual, city.age.mod$df.residual,
city.gender.mod$df.residual, gender.age.mod$df.residual,
gender.case.mod$df.residual, case.age.mod$df.residual,
city.age.gender.mod$df.residual, city.age.case.mod$df.residual,
city.gender.case.mod$df.residual, case.gender.age.mod$df.residual,
mod$df.residual)
mod.name <- c("age.mod","city.mod","gender.mod","case.mod",
"city.gender.mod","city.age.mod","city.gender.mod",
"gender.age.mod","gender.case.mod","case.age.mod",
"city.age.gender.mod", “city.age.case.mod","city.gender.case.mod",
"case.gender.age.mod","mod")
(deviance.table <- cbind(mod.name,deviance.list,df.list))
summary(city.age.case.mod)
summary(mod)

### Validate the model with Interactions
age_city <- canada[,c(1,5)] %>% group_by(age,city)
age_city <- age_city %>% summarise(n=n())
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age_City <- as.data.frame(age_city)
summary(age_city.mod <- glm(n~age*city, family = poisson(link=log), data =
age_city))

age_case <- canada[,c(1,3)] %>% group_by(age,case)
age_case <- age_case %>% summarise(n=n())
age_Case <- as.data.frame(age_case)
summary(age_case.mod <- glm(n~age*case, family = poisson(link=log), data =
age_case))

city_case <- canada[,c(3,5)] %>% group_by(case,city)
city_case <- city_case %>% summarise(n=n())
city_case <- as.data.frame(city_case)
summary(city_case.mod <- glm(n~case*city, family = poisson(link=log), data =
city_case))

age_city_case <- canada[,c(1,3,5)] %>% group_by(age,case,city)
age_city_case <- age_city_case[!(age_city_case$age == "senior" &
age_city_case$city == "Medium Suburban"),]
age_city_case <- age_city_case[!(age_city_case$case == "Travel" &
age_city_case$city == "Medium Suburban"),]
age_city_case <- age_city_case %>% summarise(n=n())
age_city_case <- as.data.frame(age_city_case)

summary(age_city_case.mod <- glm(n~city+age*case, family = poisson(link=log),
data = age_city_case))
summary(age_city_case.mod <- glm(n~case+age*city, family = poisson(link=log),
data = age_city_case))
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summary(age_city_case.mod <- glm(n~age*city+age*case+case*city, family =
poisson(link=log), data = age_city_case))

age_city_case <- age_city_case[!(age_city_case$case=="No known epi link"),]
summary(age_city_case.mod <- glm(n~age*city+age*case+case*city, family =
poisson(link=log), data = age_city_case))

age_city_case <- age_city_case[!(age_city_case$age == "youth" &
age_city_case$city == "Small Rural"),]
summary(age_city_case.mod <- glm(n~age*city+age*case+case*city, family =
poisson(link=log), data = age_city_case))
(data.frame(age_city_case$n, pred=age_city_case.mod$fitted.values))

### Validate the model with Overdispersion
summary(age.city.case.quasi.mod <- glm(n~age*city+age*case+case*city,
family=quasipoisson(link=log), data=age_city_case))
(data.frame(age_city_case$n, pred=age.city.case.quasi.mod$fitted.values))
summary(age.city.case.nb.model <- glm(n~age*city+age*case+case*city,
family=negative.binomial(theta=1,link="identity"), data=age_city_case))
(data.frame(age_city_case$n, pred=age.city.case.nb.model$fitted.values))

quasi <- age_city_case[!(age_city_case$age == "senior" & age_city_case$case ==
"Travel"),]
summary(age.city.case.quasi.mod <- glm(n~age*city+age*case+case*city,
family=quasipoisson(link=log), data=quasi))
quasi <- quasi[!(quasi$age == "senior" & quasi$city == "Small Rural" ),]
summary(age.city.case.quasi.mod <- glm(n~age*city+age*case+case*city,
family=quasipoisson(link=log), data=quasi))
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summary(age.city.case.quasi.mod <- glm(n~age*city+age*case+case*city,
family=poisson(link=log), data=quasi))
(data.frame(age_city_case$n, pred=age.city.case.nb.model$fitted.values))

### Validate the Model with Weights
residp <- residuals(age_city_case.mod, "pearson")
round(residp, 4)
residd <- residuals(age_city_case.mod, "deviance")
round(residd, 4)
lev <- hatvalues(age_city_case.mod)
round(lev, 4)
residpstd <- residp / sqrt(1-lev)
round(residpstd, 4)

summary(age_city_case.mod <- glm(n~age*city+age*case+case*city, family =
poisson(link=log), weights = round(lev,4), data = age_city_case))
(data.frame(age_city_case$n, pred=age_city_case.mod$fitted.values))

age_city_case <- age_city_case[!(age_city_case$age == "senior" &
age_city_case$case == "Travel"),]
summary(age_city_case.mod <- glm(n~age*city+age*case+case*city, family =
poisson(link=log), data = age_city_case))
lev <- hatvalues(age_city_case.mod)
round(lev, 4)
summary(age_city_case.mod <- glm(n~age*city+age*case+case*city, family =
poisson(link=log), weights = round(lev,4), data = age_city_case))
(data.frame(age_city_case$n, pred=age_city_case.mod$fitted.values))
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