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Abstract

In this project, we consider the smoothness penalty approach to find the
smoothing spline estimator for the regression curve in nonparametric regres-
sion analysis, and investigate its mathematical and statistical properties.
Also, we discuss the smoothing parameter selection criteria and examine
the algorithms for smoothing spline computation. This project presents the
theory of smoothing spline estimators in detail and is supplemented by the
solutions to selected problems posed in the book Nonparametric Regression

and Spline Smoothing, by Eubank [2].
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1 Introduction

In regression analysis, we build mathematical models to estimate the rela-
tionship between the independent variable (often referred to as ‘predictor’)
and the dependent variable (often referred to as ‘response’); these models

may be used to draw statistical inferences and make predictions.

To begin, consider the case where the independent variables t;,2 =1, ...,
n, are predetermined values on the interval [0, 1] and the dependent variables
Y;,i=1,...,n, are independent continuous random variables defined at dif-
ferent values of t;s. Now, for pairs (¢;,Y;),i = 1,...,n, assume that ¢; and Y;

are related through:
Y;:,u(tl)—i—El, 1= 1,...,71,, (11)

where ¢; are zero mean independent and identically distributed (iid) random
variables with common variance o2, and p : [0,1] — R is the regression

function which is unknown and needs to be estimated.

In a parametric regression framework, we often approximate such regres-

sion function by a straight line:

p(t) = Bo + But

or, for a nonlinear regression function, by a polynomial of order m:

w(t) = Bo+ it + -+ Bt™ . (1.2)

That is, the parametric regression model assumes that the regression function

u(t) has a known explicit form with a finite number of unknown parameters.

6



These forms of regression functions may be deduced from scientific theories
and therefore provide valid inferences in some fields, but such assumptions
can be restrictive or even invalid for many applications where the relation

between the variables is not clearly explained by some theories.

In contrast, the nonparametric model does not assume that the regression
function has a particular parametric form, instead it only assumes that u be-
longs to some infinite-dimensional collection of functions. The choice usually
depends on the qualitative properties of p such as the ‘smoothness’ of p.
The basic idea of nonparametric regression is to let the data speak for itself
rather than make restrictive assumptions when there are little prior informa-
tion available. That is, let the data decide the best form of the regression
function p. It is also important to note that, in nonparametric regression
analysis, we do not assume a particular form for p, but this does not mean

we cannot estimate p by some linear combination of basis functions.

Typically, it is only assumed that y belongs to some function space. There
are many choices for the function space, depending on the prior beliefs of the
smoothness of a regression function x. One reasonable choice is all continuous
functions on the interval [0, 1] (or any other finite interval [a, b]; there is no
loss of generality since we can always find a continuous mapping function to
scale the interval), or, more generally, all functions that has m continuous
derivatives on [0, 1]. We will focus on the mth order Sobolev space denoted

by W30, 1] and defined as follows:



Wi0,1] = {f:[0,1] =R | £, f,..., f™ Y are absolutely continuous,

/l(f(m)(t))Qdf < 0o}
’ (1.3)

In connection with the nonparametric regression model (1.1), the stan-

dard measure of goodness of fit is the average residual sum of squares (RSS):

n

LRSS =~ S (Y~ ) (1.4)

i=1
If p € W30, 1], then a direct fit to minimize (1.4) will be the dependent
vector Y = (Yi,...,Y,)" resulting RSS to be 0 and the regression function
i to be an interpolation of data points. Interpolation is typically not the
goal of regression analysis, instead the goal is to come up with some function
that represents the process that could have generated the data. Therefore
some penalty term of smoothness needs to be added. A natural measure of
smoothness in space W3[0, 1] is fol (u™(t))2dt. (We will comment on this in
detail below.) Thus, the overall assessment of the regression function could

be provided by the Penalized Least Squares (PLS), which is defined as

SRSy RO (1.5

for some A > 0. As we will see later on, the minimizer to (1.5) is the

smoothing spline.

1.1 Splines

Out of many techniques used in nonparametric regression analysis, splines

are widely used. In general, a spline is a special function defined piecewisely
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by polynomials. More formally, let 0 < t; < --- < t, < 1 be fixed points
called knots with tg = 0 and ¢,.; = 1. A spline of order r (or degree r — 1)
with knots at (¢y,...,t,) is any real-valued function S defined on [0, 1] of the

form .
S(H) =D 0t + Y it —t;)7 ", (1.6)
§=0 j=1
where
. x”, x>0,
($)+ =
0, x <0,
and 6y, ...,0, 1,11, ...,n are some coefficients. This definition is equivalent

to saying that:
1) Sisa piece-wise polynomial of order r on any subintervals [¢;,¢;1]; hence
by (1.6),

Z;;(l) 0;t) +m(t — 1), t <t <ty

| Sso 07 + 2 (e =) <t <,

2) S has r — 2 continuous derivative, namely, S @ for j =1,...,r — 2 with

S'(t7)=8'(th),...,8C D7) =S, for i=1,...,n—1,

7

where §'(t;7) = lim, -~ 5(x), that is, the limit as x approaches #; from the
left side. And S'(t]) = lim g+ S (x), which means the limit as x approaches
t; from the right side.



3) S has a discontinuous (r — 1)st derivative with jumps at knots ¢4,...,t,,

since it follows from (1.6) that
SUD(=)y £ 80 V(h), for i=1,...,n—1,
and we can see that the (r — 1)st derivative at t; satisfies
(r =110, = ST70(t7) # SUVET) = (r = 1) (01 +m0);

the other cases are treated analogously.

Now, consider a spline of even order r = 2m. A spline of even order 2m
is a natural spline of order 2m with knots at (¢1,...,t,) if in addition to 1),

2) and 3), it also satisfies the natural boundary conditions
4) SU0)=8U(1)=0, j=m,...,2m— 1.

The natural boundary conditions imply that S is a polynomial of order
m (or degree m — 1) outside of [ty,t,]. Specifically, using (1.6),

S ot, 0<t<t,
S(t): 7=0 "I

SOt Y it — )™, <t <L
Natural splines are particular important for our study because, as will be
demonstrated later on, the natural spline estimator of i tends to display a
smoother behavior at the boundaries of the observation interval than spline

estimator.

From the above definitions, we can also deduce that the set of splines of
order r with knots (¢y,...,t,) has dimension n + r, since the basis functions

Lt "L (t =)t ..., (t — t,) " are linearly independent. And the
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subset of natural splines has dimension n. Indeed, initially there are n + 2m

basis functions, but from (1.7) and (1.8) we have:
Op=-=09,.1=0, for 0<t<t; and t,<t <1,

that is, all functions that have the order greater than m outside of the in-
terval [t1,t,] must be excluded from the basis functions. These additional
constraints reduce the number of basis functions by r = 2m, giving that the
dimension of the set of natural splines is n. This is an important property:
the dimension of the set of natural splines of order r with knots (¢1,...,t,)

only depends on the number of knots.
Example 1: Cubic Splines.

Cubic splines (or splines of order 2m = 4) are commonly used in appli-
cations. One of the reasons is that cubic spline overcomes the overfitting

problem, as shown in Figure 1 taken from page 18 of [11].

Y Y Y
[ ] [ ] [ ]
(] o .
[+ BB ] =] B
LI a® ™ a® ] ]
e
a ¥ ] s * 0 a s\ v o
LN [ ] [ ]
x‘ x> >
Underfitting Balanced Overfitting

Figure 1: Overfitting can occur since higher order spline allows more flexi-

bility and will follow the data points more closely.

It is worth noting, there might be situations where higher order spline fit

the data better than cubic splines. But often for data that contains noise,
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higher order splines could mistakenly take noise as signal, thus, as a rule of
thumb, we recommend not to go higher than cubic splines in applications.

The explicit form of such spline is:

S(t) =00+ 01t + 0ot® + 05> + it — )2 + - +ma(t —t,)%, te(0,1].

1.2 Regression Splines

Return to the nonparametric regression model (1.1). For pairs (¢;,Y;),i =
1,...,n, we can estimate the regression function p by spline of order r with
chosen knots (&,...,&,) with 0 < & < -+ < &, < 1. The change of
notation here is due to the special design of regression spline in which the
knots do not necessarily coincide with the design points. Rewriting equation

(1.6) as

m—+r

S(t) = Zﬁjl"j(t),

where the functions z;,j7 = 1,...,m+r, form the truncated power basis and

are defined as follows:
ri(t) =1, x(t)=t, x3(t)=1%... 2, =t""1,
errl(t) = (t - 51)7;;17 cee 7xr+m(t) = (t - gn)irla

we can estimate the coefficients 5,7 = 1,...,m + r, by the least squares

(LS) method. This method prescribes to minimize the following function:

S -s))r=Y (n - ﬁjxj(t)> (1.9)

i=1 i=1

with respect to B8 = (81, ..., Bmir) | € R,
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Let us define the matrix X = {z;(t;,)};j, i =1,...,n,j=1,... ., m+r,
and the vector Y as follows:
z1(t1) ... Tgae(ty) Y1
: . : Y=
1(tn) o Tmgr(tn) Y,
Then, in matrix notation, (1.9) takes the form: (Y —X3)T(Y —X03). Tak-

X =

ing the derivative with respect to (w.r.t) B and setting it equals to 0, we

obtain the solution B = (5’1, . ,BmM)T in the form
B=(X"X)'XTY.

It should be mentioned that it is necessary to have the knots different than

the data points, so there is no a column of zeros in the matrix X, in order

for X " X to be invertible.

The estimated regression function is then as follows:

m—+r
alt) = Bizy(t), teo1].
j=1
The regression spline method can work well provided we choose good knots
&1,...,&n- One way to obtain these knots is by visually check the data
scatter plot, and look for the ‘turning points’. But, in general, choosing
knots is tricky and it may be preferable to use some data driven methods.

This is the beauty of smoothing splines, we don’t have to choose the knots.

1.3 Smoothing Splines

Smoothing spline techniques are interesting because they places the knots

at each data point and overcome the problem of overfitting by integrating a
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smoothness penalty into the measure of goodness of fit. Now, recall regression
model (1.1) and assume that p € W3"[0,1]. Taylor’s theorem implies that
fori=1,...,n, (see Theorem 3.4 on page 121 of [2])

m-l () , g _ gym—1
) = 3 P o+ MO o gyae

Note that
' -1 ' m—1 t
[e—ena= [a-grag=L
0 0 m
The polynomial model (1.1) — (1.2) ignores the remainder term
1 m—1
(t; = &) (m)
WS+ m)eyd
| e
while model (1.1) with p € W3[0, 1] takes this term into consideration and
let the data decide how large the remainder should be. Indeed, from the
Cauchy-Schwartz inequality we have

L= T ) < o @) dE
(A (m— 1 " @MO STm o @mo1)

and, by taking the maximum value of ¢;, we obtain

o ([T ) o ™€) e

This result implies that if we knew that

1
/ (u™(t))%dt < p for some p >0, (1.10)
0

then we would have a bound on how far apart is ¢ from a polynomial model.

We could add this information in the estimation process, by minimizing the

14



average RSS as in (1.4) with the constraint (1.10) using the Lagrange multi-

plier method, that is, by minimizing

Lress)+ ([ o) p) (L)

In the view of Theorem 1 below, this constrained minimization problem is

equivalent to minimizing the PLS as defined in (1.5):
1 ¢ !
S ut)? A [ )
i=1 0
This result was proved in [8].

Theorem 1 (Theorem 5.1 on page 229 of [2]). Assume that n > m and let
a(+; p) be the minimizer of (1.11) in W3*0,1]. Let fix denote the minimizer
of (1.5) in WJ'0,1]. Then there is a computable constant py such that the
sets {f1(;0):0 < p < po} and {fin(-):0 < X < oo} are identical in that for
any value of \ there is a unique p such that fix(-) = i(-; p) and conversely.

If p < po. then [ (ji(; p) "™ (t))%dt = p.

The minimizer of (1.5), denoted by fiy, is a smoothing spline that over-
comes the problem of knot selection and for a given value of A\ the data will

decide the distance i) departs from the polynomial model.

Another way to look at PLS is to think of fol(u(m) (t))%dt as a measure
of smoothness. Looking at the penalty term in (1.5), we would want u to
have a small mth derivative, that is, a less ‘wiggly’ u, provided it also has
good fit to the data. The integration part in (1.5) gives an overall measure
and the square part accounts for the negative derivatives. Smoothing spline
takes data points as knots, and by adding the penalty term that accounts for

smoothness, it allows the data to decide the suitable regression function.
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Figure 2: The dashed line is a cubic spline, the solid line is the cubic smooth-
ing spline. Notice that the cubic splines interpolates the data while the
smoothing spline do not fit the data exactly and has less up and down move-
ment, this is because of the added smoothness penalty (see Figure 3 on page

307 of [7]).

The parameter A is often refereed to as the smoothing parameter. It
governs the trade off between the smoothness and goodness of fit. If A is
large, then the main component of (1.5) will be the penalty term, hence the
minimizer ) will have little curvature. When A\ = oo, i) is the mth order
polynomial, since the infinity term will be forced to 0 and i) will approach
the linear regression fit. And if A is small, then the main component of (1.5)
will be the RSS, and the curve will track the data closely. When A = 0,
[y interpolates the data points. Figure 3 taken from pages 6 and 7 of [4]

illustrates this point.
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Figure 3: Effects of smoothing parameter

2 Form of the Estimator

2.1 PLS Estimator

In this section, we obtain the explicit expression for the smoothing spline
estimator as a minimizer of (1.5) assuming the value of A is predetermined.
This is an infinite-dimensional minimization problem over all p € WJ*[0, 1].
Remarkably, such minimizer is unique and is a natural spline of order 2m
with knots at ¢1,...,%,. Here are the theorem and its proof in the cubic case

(2m = 4) as stated on page 17 of [4].

Theorem 2 . If i is any twice differentiable function on the interval [0, 1],

then there exists a natural cubic spline p with knots at ty,...,t, such that

a(t;) = p(t;) fori=1,...,n and
| wroras [ a2

17



qgiving,
LRSS0+ [ G0 i< LRSS+ [ )

Proof. First, for any fi(t;) = Y;,i = 1,...,n, we can always find a natural
cubic spline p with knots at ¢y,...,t¢, that also satisfies u(t;) = Y;,i =
1,...,n. This is by the design of natural splines. Now, let

() = i(t) — (o)
and consider,
[ e = onns - [ wono
__ / R

== anl + [ an o
== > Aty — hit)

=0,

where ¢; denotes a constant function p”(t) for t € (¢;,t;11).

In the first equality, we used integration by parts, in the second equality
we used the natural boundary conditions p”(0) = p”(1) = 0 and the fact that
" (t) = 0 for interval outside [¢,t,]. Using integration by parts again, we
obtain the third equality. In the fourth equality, we used the fact that p'”(¢)
is a constant and ™ (¢) = 0. Finally, h(t;41) — h(t;) = f(tjr1) — p(tje) —

18



fi(t;) + p(t;) = 0. Next, we have that
| era= [« a

1
:/ dt+/ (R (¢ dt+2/ w ()R (t)dt
0 0 0
1
:/ dt+/ (h" (¢
0 0

> / (" (£))* dt.

0

Equality holds if and only if fo ))2dt = 0 or b = 0. This implies that
h must be linear on [0, 1], and h(t j) =0,7 =1,...,n, which is equivalent to
h = 0. In other words, the equality holds only when g and p are the same
function. Thus, in the cubic spline case, the minimizer to the PLS criterion

(1.5) is a unique natural cubic spline with knots at the data inputs. O

This means that, unless p itself is a natural cubic spline, we can always
find a natural cubic spline which attains a smaller value of PLS criterion
(1.5) for m = 2, and the minimizer must also be a natural cubic spline. This
property also holds true in higher order cases, as stated in Theorem 6.6.8 on
page 170 of [6]. Therefore, if x1,...,z, are the basis functions of the space
of natural splines of order 2m with knots at ¢1,...,t,, then the smoothing
spline estimator jiy is a natural spline of order 2m with knots at ¢,...,,,

which is obtained by minimizing the following w.r.t p € W3[0, 1]:

LYW ue)? e [ o

This optimization problem is equivalent to minimizing the following w.r.t

19



b e R™
2

2
1 n n 1 n
- Y=Y bt A ba™ (1) ] dt. 2.1
nZ( E:MU>+A<Zﬂ5U) 2.1)
i=1 j=1 7j=1
Thus, the infinite-dimensional minimization problem is reduced to a finite-

dimensional problem of minimization over n dimensional basis of natural

splines, and the parameterized smoothing spline estimator can be expressed

as follows:
fia(t) = Z baja; (1), (2.2)
j=1
where by = (l;,\l, . ,I;,\n)T is an estimator of b = (by,...,b,)". Now, define

Y =(Y,...,Y,)",

z1(ty) ... mp(ty)
X ={z;(t))}ij=1,.n = . ;
71 (tn) T (th)
(«" ) A" ()24 (1)

-----

Then, we can express (2.1) as

Ly —xo v—xo) o [ 0 EODA

(Y—Xb)(Y—Xb) + \b' Qb (2.4)

Y'Y —2b" XY +b' X" Xb)+ \b' Qb.

S|I—=3|+

20



Before we solve the minimization problem (2.4). Recall the following rules of
differentiation: Let w = (uy,...,u,)" and v = (vy,...,v,)" be two vectors

and let A = (aij)nxn be a symmetric n x n matrix. Then, using the notation

d ([ d d\'
dv — \dv,’" dv,)

we have
%(u v) = %(’U u) = u, (2.5)
a%(vTA’v) = 2Av. (2.6)

Now, using rules (2.5) and (2.6) and taking the derivative of (2.4) w.r.t
b, we obtain

1
—(—2X"Y +2X T Xb) 4 2\Qb. (2.7)

n

Then, setting (2.7) equal to 0, we get the solution in the form
by= (XX +n\)'XTY (2.8)
and the vector of fitted values of fiy is
fiy = (fa(t), - ia(tn) " = S)Y, (2.9)
where S is the smoothing matrix given by
Sy =X(X"X +n\2)'X". (2.10)

Note: From Lemma 5.2 of [2], the matrix X has full rank n and thus is

invertable.
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2.2 The Demmler-Reinsch basis

To gain insights to how smoothing spline works, we will consider a special
basis which will result in X' X and € to be diagonalized. Consider the
case where we estimate p in model (1.1) by a natural spline of order 2 with

uniform designs knots,

The estimator /i) is a minimizer of
1 !
= (i () + A / (1 (t))dt,
i=1 0

which is a linear smoothing spline that has the parametric form (2.2).

Consider the basis {z;,7 = 1,...,n} of the space of natural splines of
order 2 with knots at ¢y, ..., t,, which is defined as follows: z;(t) = 1 and

(

V2 cos (jmty), 0<t<t,
V2 cos (jrt;)

Tj41 (t) = —|—\/§ b=t [COS (jﬂ'ti+1) — COS (jﬂ'tz)] , b <t <41,

tit1—t;
1=1,...,n—1,
V2 cos (jrty), t, <t <1,
\
for j = 1,...,n — 1. Each basis function is a natural linear spline that

is constant outside of [t1,t,] and linear over each subinterval [t;,t;41],7 =
1,...,n — 1. Notice that z;(t;) = v2cos ((j — 1)7t;) and let the matrix X

be as before:
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1 V2cos(mt) ... +/2cos((n—1)rty)
X =A{z;(ti)}ij=1.m = | : ' :
1 V2cos(nt,) ... +/2cos((n—1)rty,)

Through lengthy calculations, we obtain that

XTX = {in(tk):cj(tk)}

bG=1,n
n Sor_1 V2cos(rt;) Sh_q V2cos((n—1)7t;)

. Sor_1 V2cos(rt;) SoR_, 2cos?(nt;) o Dop_q 2cos(mt;) cos((n—1)mt;)
>he1 \/ﬁco's((n—l)ﬂti) >he1 2cos((n;1)7rti)cos(7rti) >he1 2C05é((n—1)ﬂ'ti)

Lemma 1 and Lemma 2 below are important for establishing good properties

of smoothing splines.

Lemma 1 (Lemma 3.4 on page 144 of [2]). Let t; = 22 i=1,...,n, and
define

2 n
dj, = - Z cos(jmt;) cos(rmt;).
i=1

1, itr —j=2knorr+j=2knfor k even,

, ifr —j=2knorr+ j = 2knfor k odd,

0, otherwise.

Applying Lemma 1, whose proof is given in the Appendix, we can obtain

23



that X " X = nI. Indeed, we have

= {Z xk(tz‘)xk(tj)}
k=1 1,j=1,...,n

.....

n—1
= {1 + Z 2 cos(kmt;) Cos(kmfj))}
ij=1,m

k=1 )=

n—1 n—1
:{1+Zcos(k7r(ti—t +Zcos km(t; —I—t))}

k=1 k=1 i,j=1,...,n

n—1

—J)mk — 1)k

:{1+ZCOS( JW) Z (Z+] " )}

k=1 k= i,J=1,...,n
= Diag(n,...,n)

The second equality in the above display is obtained by separating the first
basis function z1(t) = 1 from the rest. The third equality is obtained by
using the cosine product identity: cosucosv = 3[cos(u — v) + cos(u + v)].

The last equality is obtained as follows: we use the identity

Zcos kz) SSIII;((Q)) cos (@) Cif sin (g) £,

which gives

HZ_ICOS(M) _ (5 (w) — cos(nz).

— sin (%)

Then, setting z = % and using the identity cos(u + v) = cosucosv —

sin u sin v results in the following:

24



from which, recalling the identity sin?z = %(1 — cos(2z)), we obtain

1
2

3 cos (m) _ —%(1 — cos((i — j)m)) — cos((i — j)m)

n
k=1
1 1

=-573 cos((1 — j)m). (2.11)

The second term can be handled similarly, that is,

X;COS (H]—_l)ﬂf) = —% — %cos((i +j—1m). (2.12)

Then, summing (2.11) and (2.12) gives

n—1 . . n—1 . .
(i —j)mk (i+j— 1)k
Z cos (T + Z CoS B
k=1 k=1
1
=—-1- 5[008((2’ — j)m) 4+ cos((i +j — 1)m)], (2.13)
and we can see that if i — j is even then i+ j — 1 must be odd, and vice versa.

Hence, the expression in (2.13) equals 0, for ¢ # j. For the case of i = j, we

have that

S cos (ﬁ) +3 cos (—(@ s 1>”k)

k=1 k=1
1

1
:n—l—5—5003((22'—1)@:71—1,

25



for i = 1,...,n. Therefore, the diagonal elements of X X T are equal to n

and the off-diagonal elements are all zeros.

The fact that X " X = XX T = nI implies that the columns of X form
an orthogonal basis in R™ and hence the collection of functions {z;,j =
1,...,n} forms a basis in the space of natural splines of order 2 with knots
at ti,...,t,. Now, let us look at the € matrix defined by (2.3), which also
turns out to be a diagonal matrix. To see this, we note that the first row

and the first column are

and the other elements of 2 are

1
| sttt ey

1
= 2n2/ [cos (imt;y1) — cos (imt;)] [cos (jmtip1) — cos (jmt;)] di
0

tr4+1
= 2n? Z/ [cos (imtg11) — cos (imty)] [cos (jmtgr1) — cos (jmty)] dt
k=1 "tk
n—1
=2n Z [cos (imtgi1) — cos (imty)] [cos (jmtgr1) — cos (jmty)]
k=1

s () )] () ()
— Snsin (;—D sin (‘;—Z) kzzsin <%) sin (‘#) (2.14)

In the second equality of (2.14), we use the fact that ﬁ = n. Then, in

the fourth equality, we use the fact f:k“ dt = We next apply the cosine

1
n’
u—

sum identity: cosu — cosv = —2sin(%£?)sin(%5Y), to obtain equality five.
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To get the final equality in (2.14), we rearrange the summation, then use
the fact sin(nmw) = 0, for n € Z, to extend the order of summation to apply

further the following Lemma.

Lemma 2 (Lemma 3.5 on page 145 of [2]). Lett; = £,i =1,...,n, and
define

n

2
djy = - Zsin(jﬂti) sin(rmwt;).
i=1
Forj=1,...,n,

(

1, ifr —j = 2kn,
djr = § —1, ifr —j = 2kn,
0, otherwise.

\

Applying Lemma 2, whose proof is given in the Appendix, to the right

side of (2.14), we obtain the elements of €2 in the form

(2nsin (2))*, i =3,

1
JERCEROIS
0 0, i # J,

fore,7=1,...,n— 1. Now, let

. 2

The v; are the called the Demmler-Reinsch eigenvalues, and z;,57 =1,...,n,

are called the Demmler-Reinsch basis functions.
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If we set y9 = 0, we obtain the smoothing matrix in (2.10) of the form

S,=X(XTX+n\2)'XT
= X (nI + nADiag(y0,71, - -, 1)) X

1< 1 -
where x; is the jth column of matrix X, and the vector of the fitted values

using smoothing spline is

fin = (), i) = 3 2 (215)

n 1 1+ )\’)/j,1 J

This expression says that the smoothing spline performs linear transforma-

tion on the response Y with respect to x4,...,x,, and then shrinks each

1

component by a factor FE e

. For a large value of )\, the shrink effect is
more sever and the smoothing spline fit is closer to a linear fit, and for a
smaller value of A the fit tracks the data more closely. Figure 4(a) shows this

effect.

The smoothing spline coefficients as defined in (2.8) are equal to

B/\ = (nI + nADiag(vo, 7, - - - ﬁn—l))_lXTY

= Diag <l L L )XTY

n'n+n T nHnAy,_

1 1
V2 cos (1) V2 cos (mtn) Y-
_ n+niyi e n+nyi 2
V2 cos ((n—1)7t1) V2 cos (n—1)7ty) Y.
n+niyn—1 T ntndyn—1 | L7
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In particular, we obtain b)\l Y, and

. 2 < 1
b)\j:\/?_ZY—cos((j—l)ﬁti) for j=2,....n
=1

1AMy

Thus, the smoothing spline for a given value of \ is given by

n

= %ZY + Z (ﬁ S Vip oy cos (G - 1>m)> z(t)

e
B cos (jmt;)x41(1))
sy <1+fz ) e

This expression is similar to the one for @, in (2.15) . We can also see that

this linear smoothing spline is similar to a kernel estimator

1 n
==Y Ku(t t; VY,
n =1

where

'
Ka(t,s:\) _1+x/_zcos iT;;*l().
J

In Figure 4(b), we show the kernel Welght function K, (t,t; \) for different

values of \.

From Figure 4, the smaller value of A = 0.00006 produces a slavish esti-
mator, and the lager value of A = 0.006 ignores many of the data features.
The middle choice of A = 0.0006 is visually more appropriate, it balances the

goodness of fit and smoothness penalty.
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Example 2 (Exercise 5.9.1 from [2])

(a) Smoothing spline fit (b) Spline weight functions

Figure 4: (a) Data generated from model (1.1) using normal random er-
rors with ¢ = 0.05 and regression function u(t) = 16t*(1 — t)? + 32(t —
0.7)311(@0.7) (t), with I4 being the indicator function. The fits corresponding to
different level of smoothing parameter (red: A = 0.00006, green: A = 0.0006
and blue: A = 0.006). (b) Kernel weight function K, (0.5,s; ), we can see
that a fit that closely tracks the data points have a narrower kernel weight

function.

There is no simple form of the Demmler-Reinsch basis functions for gen-

eral m or nonuniform designs, but their property can be drawn from the

m = 1 case. From [1], the basis {z1,...,x,} of the space natural spline of
order 2m with knots at (¢1,...,t,) may be chosen as follows:
1) z1,...,x, span the polynomial of order m for m < n,

2) z;,7=1,...,n, has at least j — 1 sign changes in (0, 1),
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3) XTX =XXT =nl,

4) Q= Diag(0,...,0,71,...,Yn—m) for eigenvalues 0 < v; < ... < v m.
——

Using properties 1) to 4), we can modify the smoothing spline estimator in

(2.2) as follows:

n

ialt) = Y by )+ Y0 a0 (2.16)

J
jomn L Aiem

where by; = 237" Yiz;(ti),5 = 1,...,n. Formula (2.16) reveals the two
parts of smoothing splines: a projection part Z;nzl 13,\jxj, which is a polyno-
mial of order m fit to the data, and a departure term >, J\ﬁxj(t)
that estimates the distance from a polynomial model. Hence, the choice of

A = oo will result in the smoothing spline estimator having only the projec-

tion part, and thus, gives the smoothest possible fit.

It is important to note that the smoothing spline estimator developed
from criterion (1.5) is appropriate if each observation has the same variance.

If heteroscedasticity exists, the following smoothing criterion should be con-

sidered:
1 < !
" > wi (Vi — () + A/ () ()" dt (2.17)
i=1 0
where
w; = [Var(Y;)]™!, for i=1,...,n.
Let {z1,...,x,} be a basis of the space of natural spline of order 2m with
knots at t1,...,t,. Under the same assumptions on X and €2 matrices as in

Section 2.1, with W = Diag(wy, ...,w,). We can express (2.17) as
1 1 1
—(W2(Y — Xb))"(W2(Y — Xb)) + \b' Qb.

n
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Then if we take the derivative of this function w.r.t to b, set it equal to zero
and solve the equation, we obtain the minimizer of (2.17) as iy = Y7, I;ijj,
where

by = (bar, -, ban) T = (XTWX +0)Q2) ' XTWY.

Example 3 (Exercise 5.9.4 from [2])

To illustrate the use of (2.17), let us look at the example of repeated
observations at design points with constant variance. Suppose that our data

set follows the model
Yii=pt:)+e;, j=1...,n,i=1,...,r

Criterion (1.5) under such model can be expressed as

r n;

%Z D (Y — ) + A/O (1 (1)) dt, (2.18)

i=1 j=1
where n =3 | n,.

Let Y; = Y27 | V;;. Using the identity (Y;;—pu(t;)) = (Yi;—Y:)+(Yi—u(t)),

j=1
we obtain
SN W= put)? =D (Vi =YY (Vi p(t)?
i=1 j=1 i=1 j=1 i=1 j=1
=D D (V=Y + ) iV — plts))?
i=1 j=1 =1

with the cross product equal to 0. Therefore, relation (2.18) can be rewritten

as

1{2 Z%—Z>2+Zm<ﬁ—u<ti>>2}ﬂ / (™) dt (2.19)

n
i=1 j=1
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and the minimization of (2.19) w.r.t u € WJ*[0, 1] is equivalent to the mini-

mization of
1 < - ! 2
STl A [ () e (220)
i=1 0
w.r.t p € War[0,1]. This is true because we are looking for y that minimizes
(2.19), and the term 7, > 77" (Vij — Y;)? is free of u, thus we can ignore
it in the minimization problem. In fact, under the same assumption on X

and  matrices as in Section 2.1 with W = Diag(ny,...,n,)" and Y =

(Y1,...,Y,) T, we can rewrite (2.20) as
1 1 — 1, —
—(W2(Y — Xb))"(Wz(Y — Xb)) + \b' Qb,
n

then take the derivative w.r.t b, set it equal to 0 and solve the observed

equation. This yields the solution in the form

by = (bat,- - ba) = (XTWX +0)Q) ' XTWY.

3 Selection of smoothing parameter

3.1 Prediction Risk

In this section, we will introduce some criteria for selection of the smoothing
parameter A in (1.5). First, let us define the loss function as

L) = = (ults) — fin(t:))?, (3.1)

i=1

which is just a measure of distance between p and fi,. The associated risk

function is

RO) = BILO)) = 37 Bult) = (6 (3:2)
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A value of A that minimizes (3.1) will provide the best estimator of u for the
particular data set, and a value of A that minimizes (3.2) can be viewed as
a best estimator of 1 in repeated sampling or best for prediction since only

the expectation of the loss function is measured.

Another criterion for selecting A is the prediction risk. Recall model (1.1)
and suppose we have acquired n new observations: Y* = (Y*,..., V)T at

the same t;s, and the model then is

where 1 is the same as in model (1.1) with €/'s are zero mean random variables
that share a common variance o2, which are uncorrelated with each other
and with all ¢; in model (1.1). From these additional observations, a natural

measure of performance of an estimator /iy is the prediction risk defined as
ZE — fu(t:))*. (3.3)

Using (V;" — ix(t:)) = (Vi = E(Y)")) + (E(Y;") — fix(t:)) and E(Y;") = p(ts),

we obtain

1 n ) . 1 n A
== BB+ BE(u(t) —in(t:)* = o*+R(\). (3.4)

i=1 i=1
Hence, the value of A that minimizes (3.2) will also minimize (3.3) and vice

versa.

Unfortunately, criteria (3.1), (3.2), and (3.3) all require the knowledge of
p. Thus, in order to implement them in applications, an estimator of these
criteria is needed for A selection. We will focus on the estimation of the P(\)

criterion.
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One naive estimator of E(Y;* — i, (¢;))? is £ 3% (Y;— fux(t;))? which looks

similar to
n

RSS(fix) = Z(Yz — a(t))*. (3.5)

=1

By (2.9), we can express (3.5) in the following form:

RSS(fi) = (Y — i) " (Y — [iy)

= (Y -S.Y) (Y - 5,Y)

(3.6)
= ((I-8)Y)((I-8,)Y)
=Y '(I-S,?%Y.
Next, we shall need the following result.
Lemma 3 (Lemma (2.2) form [2]). Define the random variable
Q) = €' Be
where B is a symmetric n X n matriz, and € = (e1,...,€,)" is a vector of

random variables. If E(€) =0 and E(ee') = X, then
E(Q) = tr(XB),

where tr(A) denotes the trace of a square matriz A.

We can see that S as specified by (2.10) is symmetric. Indeed,

S = (X(X'X +n2)' XN T = X(XTX +n0Q) ' X =8,
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implying that (I — S,)? is also symmetric. Thus, from Lemma 3,

E(RSS(jnn) = E(Y ' (I - 8))%Y)
E((n+e)' (I -8\ (n+e)

=E(p'(I-8)’p+p'(I-S))%

(3.7)
+e' (I-8))’n+e (I-S,) )
= (I =83\ p+o’tr[(I - S))
— uT(I — S/\)Qp, + 02(n —2tr(S,) + tT(S§>>‘
Next, from (3.4), we obtain
P()\) = o+ R(\) = o* + %Z E(u(ti) — fia(t:))?
202+%E p— )" (1= )]
=%+ %E p— Sx(pte) (1 — Sx(pte))] (3.8)

n

I
I
_ 4 lE (I =S\ —Sxe) (I—S\)p—Sxe)]
:02+%E (" (I — 8,)’p+ €' S3e]

=0+ (T (I~ 8+ 0*1r(S})).
Compare (3.7) and (3.8), we can see that
202757“(5)\))

n

E (%RSS([M) - = P(\).

Therefore, assuming that o2 is known, the unbiased estimator for P()) is

. 1 20%tr(S
PO = LRSS () — 22N (3.9)
n n
Intuitively, since 1y was constructed from the data Y;,i = 1,...,n, we

would expect that [y would perform better in predicting Y; than some future
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value Y;*. Therefore, on average, 1 RSS(j1\) is smaller than P()): indeed,

QO'QtT‘(S/\)

LRSS (fix) underestimate P() by a factor

Typically, o2 is unknown and one simple estimator for o2 is just 62 =
ﬁRSS (ftn). However, such estimator will be different for each model,
namely, for different A we choose, while the variance is assumed to remain
the same. Therefore, an estimator of o2 that is independent from the model
is desired. Omne strongly consistent estimator of o2 that is independent of

model is proposed by Gasser, Sroka, and Jenner-Steinmetz (GSJS) in [3]:

n—1
R 2 -
U?}SJS = —3(n ) Z &’ (3.10)
where
Yii+Yin

& =Y~
2

Hence, in practice, one way for smoothing parameter selection is by mini-

mizing the following w.r.t A:

1 . 262, ,ctr(S
—RSS([L)\) _ GSJS ( >\>‘
n n

3.2 Cross-validation

Cross-validation method provides another way to perform error estimation

and smoothing parameter selection. The cross-validation criterion is given

by
1 ¢ A
CVN) == (Yi = i (t:)”
=1

where fiy;) denotes the estimator based on all data except for the ith pair

(t;,Y;). The following reduction is often used for efficient computation of
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CV ()
" L S 3.11
1_5«)\“( ( ) it Z) ( : )

where Sy;,i = 1,...,n, are the diagonal elements of (2.10). Result (3.11) is

[y (t:) =

proved below.

Proof. Let X ;) be the matrix obtained from removing the i¢th row x; of X
from (2.3) and Y (;) be the vector with ith element Y; removed from Y. Then

~

by = (X (X (o) +nA2) ' X )Y ).
Using > x/x; = X " X, we obtain
(XHX o +nA) ™ = (XTX —x/ %, +nAQ2)™

= (X'X +n)\2)*
N (XTX 4+n)\2) %%, (X "X + n\Q)!
1 —x(XTX +nAQ)-1x]
The second equality above is obtained by the Sherman—Morrison formula

(see the Appendix for detail). Note that x;(X ' X +nAQ)"'x] = Sy;. It is
also true that XE)Y(Z-) =Xy — x,'Y;, and therefore

. XX Q XX Q

by = (XX + 1))+ ( - nAY T i + nAT
1 - S)\n

x (XY —xY))

(XX +n\2)"'x, x;b,
1- S)\'L'L

= by — (XX +n0Q) XV, +
_ (XTX + n)\Q)_lxiTS,\iiY;

1 — S
. (XX + Q)% ;
=by— ( AT, [Y'(l — Sxi) — xiby + S,\n'Yi]
1 — S
’ XX +n2Q) x] R
=by\ - ( 1—Sx') [Y; — an(ti)],
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giving

S it

TS, [Y; — fia(t)]

Xil;)\(i) = XiI;A -
. 1 .
fix (ti) = 1_—&(%(@) — SxiYi).

]

Hence, using (3.11), we obtain the following short-cut formula for com-
puting C'V () that allows us to avoid recomputing estimator after dropping

out each observation:

n

CV(A) = %Z (3/1__—@5”) . (3.12)

Another useful method for A\ selection is the generalized cross-validation

(GCV). Assuming tr(S)) < n, the GCV criterion is defined as

Gov(y = M55 (i)

oS (3.13)

Exercise 5.9.7 from [2]. Derive the form of GCV criterion in the case of n;
replicate observations at each design points ¢; all of which are to be weighted
by a common factor w;. Comment on the computational implications this

criterion for smoothing with replicate data.

Solution: Suppose that our data follows the model

Yii=pt:)+ej, j=1...,n,i=1,...,r

ng

with corresponding sample means Y; = - > i1
- 2=

Y;; and sample variances

- E;.L;l(Yij —Y))%i=1,...,r. This is a repeated sample problem

g
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with non-constant variance. Hence, i) is obtained by minimizing

T Ty

- D87 (Vi — (k) + A/O (™ (¢))2dt.

i=1 j=1

As we have seen in Exercise 5.9.4, this is equivalent as minimizing
1 ¢ _ !
L3S - )+ A [ )t
n 4 0
=1
and we have that the minimizer of above as iy = Z;L:1 Z;ijj, where
by = (b1, ... b)) = (XWX +n0Q) ' XTWY,

T _ _ _
where W = Diag (%, - g—g) and Y = (Y1,...,Y,)". Hence, the vector
1 n

of fitted values is
fy=X(X"WX +n\Q) ' X"WY,
with the smoothing matrix
Sy=X(XTWX +n\Q)'XW.

Thus, we can write the GC'V(A) in (3.12) as
n i S 0 (Vi — (i)’
tT(I — S,\)2
nYy i S22 (Yy = Yi)2 + (Vi — in(t)?
(n—tr(Sy))?

n(y iy (ni = 1) + 300 S (Y — in(t:)?)

n?(1 —n=1tr(S)))?
n—r+ 30 St — ()’

n(l —n=tr(Sy))? '

The GCV (\) computation of repeated responses with non-constant variance

GCV(\) =

converts the vector of responses into a mean vector and then evaluates the
smoothing spline estimator based on the smoothing matrix for the obtained

mean vector.
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4 Efficient Computation

As we have seen in Sections 2 and 3, computing the smoothing spline esti-
mator and selecting A rely on computation of the smoothing matrix S,. In
this section, we consider an efficient way to compute S, in the cubic spline
case, which can complete computation in O(n) steps. To accomplish this,

the natural spline basis function should be chosen to make X band-limited.

This method depends on two band-limited matrices @ and R defined as
follows. Let h; = t;1 1 —t;;i = 1,...,n — 1. Define @ to be an n x (n — 2)

matrix of the form

Ryt 0 0
T P e 0
hy' —hyl—hg? 0
0 hyt 0
Q — {qw} i=1,....n — . ;
7=2,...,n—1 Y
by o
haly=hy
-1
L hnfl

and R to be an (n — 2) X (n — 2) symmetric matrix of the form

L(hitha)  Lho o . 0
éhQ %(hz-{-hg) %hg, 0
1 1
R = {rij}ij=2, .n-1= 0 sha  glhaths) . 0
0 0 0 o g(hn—othn_1)

Note the columns of matrix R are linearly independent, hence R is invertable.

Therefore, we can define matrix K by
K =QR'Q".
Theorem 3 (Theorem 2.1 of [5]). Suppose p is a natural cubic spline with

knots 0 < t; <---<t, <1, and define
w; = u(t;) and 6; = p"(t;) for i =1,... n.
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Then vectors g = (i1, ..., ptn) " and 8§ = (01,...,0,)" specify a natural cubic
spline if and only if
Q' 1= RS,

if such condition is satisfied the roughness penalty can be expressed as
1
/ (1" (1))?dt =6"R6 = p" Kp.
0

Proof. Since p is a cubic function on the subintervals (¢;,¢;,1) fori = 1,... ,n—
1, p” is linear on the subintervals, and it can be expressed as p”(t) = at + b

for t; <t <t;y;. Evaluating this function at t; and ¢;,; results in

W (t) = (t —ti)dim ;—; (tiy1 — t)(si. (A1)

Differentiating both sides of (4.1), we obtain

w" (t) = w (4.2)

Next, we substitute relations (4.1), (4.2), along with the initial conditions

pu(ti) = pi and p(tiv1) = piv1, into

u(t) = at® + bt + ct +d,
w'(t) = 6at + 2b,

w" (t) = 6a.
Through lengthy calculations, we obtain the following expression:

U — i) Liy1 — L)
ﬂ(t):< )M—O—l}—;( +1 ):U’

1 t—1; tiv1 —t
_g(t_ti>(ti+1_t){<1+ m )5i+1+(1++1h—i) 51'}-

42




Taking the derivative yields

/ Migr — pi 1 0ir1— 05
) =2 P TtV (fy — )
(0 = B 2 ) — )

~ é{(m1 — 1)+ (t; — 1)} { (1 4! ;tz> Si1 + <1 - t”}u_ t) 5Z} .

The definition of the natural boundary conditions implies p”(¢) = 0 for ¢

outside of the interval (¢1,t,), that is, §; = §,, = 0. Thus

— 1
W(t) = P2 /1 —h102,

hq 6
and
Hn — Hp—1 1
"(t,) = ——+ =hp_106,_1.
' (tn) " + g/ tn=10n-1
It is clear now that for ¢;,2 =2,...,n — 1,
i1 — i1
©tH) = % = gl +26) (4.3)
and
i — M1 1
,u'(ti_) = % + éhz_1<2(51 + (52'_1), (44)
i—1

where 1/ (1)) = lim_ ,+ ¢/ (x) and g/ (t;) = lim,, 4~ 1 (z). From the definition
of anatural spline in (1.6), equations (4.3) and (4.4) must be equal. Therefore

Mivt — fi i — i1 1 1 1
- = —hi, 51', - hi, hl 51 —hldz . 4
» s Gli-10i-1 + 3( 1+ hi)oi + G101 (4.5)

Thus, we have shown that

Q = RS
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Now, for the penalty term we have

1

Aumm%:wﬁmw%jAM%w@w
=—/%wwwﬁ

t1

n—1 .
6. _ 5 tiv1
= — E —th. Z/ ' (t)dt
i=1 v ti

3

:_SM(. )
i:1 hl /’L’L“rl :LLZ .

(4.6)

where the third equality follows from (4.2) and the fact that §; = d,, = 0.

From (4.6) we obtain

[ w07 = s )~ s ) o
; 2 T M1 — M2 h2u2 3 h

n—1

_ 25, Hivr — Hi i — Hi—1
=3 hi hi—1
7j=2

=46'Q'p=30"R6=(R'Q"pn)'R(R'Q"p)

—p' QR'QTp

=u' Kpu.

]

Now, by Theorem 3, we can express the PLS in the cubic spline case as

1
(Y =) (Y —p) + 2" Kp.

(4.7)

Then, taking the derivative w.r.t u, setting it equal to zero and solve the

obtained equation, we get the minimizer of (4.7) in the form
by =T +n\K)'Y,
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where fiy, = ({i1,...,fin) . Rearranging the terms in (4.8) and substituting
K =QR'Q", we get
fin =Y - n\QR'Qfi,.
From Theorem 2 in Section 2.1, we know that g, is indeed a natural cubic
spline. Put ¢; = f5(t;) and 5, = (31, o ,Sn)T. Using Theorem 3, we get
fiy =Y — n\Qé,. (4.9)
Then, we multiply both sides of (4.9) by Q', and obtain
Q'h,=Q"Y —n\Q"Qd,,
that is,
R, =Q'Y —n)\Q' Q6.
Thus, we arrive at the following important result:
(R+n0Q"Q)6,=Q"Y. (4.10)

The matrix R+nAQ'Q is a (n —2) x (n — 2) band-limited matrix of band-
with 5 which is symmetric. Therefore, it has a Cholesky decomposition (see

Appendix for detail) of the form
R+n\Q'Q=B=LDL",

where D is a diagonal matrix with elements D;, and L is a lower triangular
band matrix which has elements L;; with L;; = 1 for all ¢, and L;; = 0 for
J <i—2and j > 1. The following recursive relation holds for the elements

of D and L:
j—1
DlzBlla Dj:B]]_ZL?kD]m fOI' j:2,...,n—27
k=1
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1 !
Lij = D. (Bij - ZLiijka> for1<j<i<n-—2
J k=1

In the case of bandwith of 5, we have that

Dy, = By, Dy= By — L3 D, Ds=Bs3— L3 Dy — L3,D,

Dy = By — L3,Dy — L3Ds, . . .,

and
BZl B31 832 - L31L21D1
21 D1 ) 31 D1 ) 32 D2 )
Bys Bys — Lag L3 Do
Lo = Lo =
42 DQ ) 43 D3 ) )

deducing that for j =3,...,n — 2,

_ 2 2

Dj - Bjj - Lj,j—QDj—2 - Lj,j—le—lv
L., = D2

2)—4 )

Dj_g

1. = Big1— Lijelj1-2Dj

Ji—1 — D :

-1

Therefore, the total number of operations needed for the Cholesky decompo-

sition is O(n). To find B~" we have
B—l — (LT)le—lL—l
which can be expressed as

B'=D'L'-L'B'+B'=D'L'+(I-L"B™".

Note that D™'L™! is a lower triangular matrix with diagonal elements Dj_1

and (I — L") is a upper triangular matrix with the diagonal element equals
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to 0. Let b;; be the elements of B ~!_ Since the inverse of symmetric matrix
remains symmetric, we only need to find b;; for all j > ¢, which means that
only the diagonal part of D™'L™" is needed. Therefore, from (4.11), we have
that fore=1,...,n — 4,

-1
bii = D;" — Lit1,ibiv1,; — Liy2,ibit2,,

bi—i—l,i = bi,i—i—l = _Li+1,ibi+1,i+1 - Li+2,ibi+2,i+1a

biv2; = bijivo = —Lit1,ibiv1,i42 — Lito,ibitoivo,

Therefore,
biivk = —Lit1,ibit1,i4k — Lito,ibito itk fork=1,...,n—2—1. (4-12)

We can see that this algorithm needs to be calculated backwards, starting

with

—1
bn—?,n—Q = Dn—Qa

bn—3,n—2 - _Ln—Q,n—3bn—2,n—27

—1
bn—3,n—3 = Dn73 - Ln—2,n—3bn—2,n—3-

The order of elements of B! to be obtained from this algorithm is (n —
2n—2),(n—3,n—-2),(n—3,n—-3),n—4n—-2),(n—4,n—3),(n —
4,n—4),...,(3,1),(2,1),(1,1). By this method, B™" can be found in O(n)

operations.

Now, let us write the smoothing matrix, using (4.8) and (4.9), as

S, =I-n\QR+nQ'Q)'Q".
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Given that the matrices @ and R can be found in O(n) operations, the
Cholesky decomposition can be obtained in O(n) operations, and the inverse
can also be found in O(n) operations. This results in the total operations for
finding S to be O(n). Therefore, the cubic smoothing spline computation

can be very fast in practice.

5 Large-Sample Properties

We shall use the linear smoothing spline case developed in Section 2 to moti-
vate more general developments. Our goal now is to obtain the large-sample

approximation to the sequence of risks:

RuY) = B(La(N) = = 3" B(u(t) — (6,

.,n. Observe that

n

— %va (An(t:)) + % > (Biu(ti) — p(t:)).

i=1

Recall from Section 2.2 that the linear smoothing spline can be expressed

as

1 n

=— E K,(t,ti; \)Y;, tel0,1] (5.1)
n
i=1
where for ¢, s € [0, 1]
cos (jms)x;i1(t)

Kot s;0) =14+ V2 e 5.2
(s §) o (5:2)
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Here, z; and v; are the Demmler-Reinsch basis functions and eigenvalues

given for j =1,...,n—1 by

. 2
Vi = Vjn = (Qnsin (E)> ,
’ 2n

V2 cos (jty), 0<t<ty,
V2 cos (jnt;)

Tip1(t) = +\/§t:§__12ti [cos (jmtit1) — cos (jmt;)], t; <t <tig1,

and

(

V2 cos (jrt,), t, <t <1
\

To obtain a large-sample approximation of K, (t, s; A), let us first consider

the special case of t = t;, which results in

< cos (yms) cos(jmt)
Ku(t,s:\) =1+ 2; e , (5.3)
where, by L’Hopital’s Rule,
N2 N 2
nh_T>I1007j _ <2n1£ﬂm sini%)) _ <2nh_r>noo %) — (jn)?.
Thus, for t,s € [0, 1]
K*(t,s;0) = lim Kn(t,s;0) =1+ 2§: cos(jms) coslymt) g
n—roo pu L+ A(jm)?

and, using the identity cos(u)cos(v) = 3[cos(u + v) + cos (u — v)], relation
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(5.4) can be written as

cos(jm(s +1))  ~= cos(jm(s — 1))
K*t(t,s;0) =1 AT )
(.3 +Z 14+ A\(jm)? +; 1+ A(jm)?

—1+ZCOS g s+t)+§:cos(j7r(s—t))‘

Am2( M +72) - AWQ(ﬁ +72)

(5.5)

Then, using the identity

= cos(kzx) 7 e—alm—lel) 4 calr—lz)) 1
SRR 1 <9
g a? + k? 2a ear _ p—am + 202’ |l‘|_ T,

which gives that

> cos(k:x) 7 e—alr—lz[) 4 ga(m—|z) 1 )
1 a2+ k2 % ear — e—am B 2_a2’ |.1"_ 2,

and setting a = ﬁ, we obtain from (5.5)

_ m—|m(s+)| T—|m(s+t)] 9
e VAir de ar AT >

T
? (2(\/X77)_1 e 2

_m—|m(s—t)] [7(s—t)]
1 T e Vi e Vam A2
A2 2(\/X7T>_1 e\% — 6_% 2

_1—(s+t) 1—(s+t) _1-]s—t] 1—|s—t|
I e Y +e Y™ +e YA +e A

1 1
2v/A er — e WA
s+t—2 —(s+t) |s—t|]—2 —|s—t|
e v +e YA +e VA +e VA (5 6)

2\/X(1 — 6_%)

This approximation holds true not only point-wisely at the design points but

1
KT(t,s;\) =1+
AT

also uniformly over [0, 1], as seen from the following theorem.

Theorem 4 (Theorem 5.4 of [2]). Assume that A — 0 as n — oo in such a

way that nA\ — oo as n — oo. Then,

mﬁ&ﬂ)iﬁ@s&+0<$)

uniformly for t,s € [0, 1].
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Proof. We begin by finding the upper bound for
251(t) = VZeos(jnt)|

where ¢t € [0,1]. From Taylor’s formula, we have that for t; < ¢ < ¢;, and

all large enough n
cos(jmt) = cos(jmt;) — jmsin(jnt;)(t — t;) + Ri(t), (5.7)
where Ry (t) = o(|t — t;]) = o(n™!), and
cos(jmt;) = cos(jmtirq) + jmsin(jmtr)(tir — ti) + Ri(t;), (5.8)
where Ry (t;) = o(|tis1 — t;|) = o(n™'), and
sin(jmt;) = sin(jntig1) + jmeos(Jmtipr)(ti — tiv1) + Ri(t:), (5.9)

where Ry (t;) = o(|tiz1 — t5]) = o(n™1).

Also, from the Maclaurin series of sinz = = — g—? + ”g—? — ’”7? + ..., we have
that
23
z= 5 <sin(z) <z, z€R, (5.10)

and hence, for the cases when 0 <t < t; and ¢, <t < 1, using (5.7), (5.10),

and the fact that t,.; —t; = %, we obtain that for all large enough n

‘\/ﬁcos(jmfl) - ﬁcos(jmf)’ < \/§|j7rsin(j7rt1)(t —t)] < V2 <‘%>2,

N
‘\/écos(jmfn) - ﬁcos(jmﬁ)’ < V2|jmsin(jmtn ) (t — t,)] < V2 (]—W) ,
n
Now, for t; <t < t;11,i=1,...,n— 1, we have that

t—1;

tiy1 — 1

i1 (t) = V2cos (jmt;) + V2

[cos (jmtir1) — cos (jmt;)] .
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Hence, using (5.7), (5.8) and (5.9), we obtain that for all large enough n

251(t) — V2 cos(jmt)

t—1; , )
= |V2cos(jnt;) — V2 cos(jmt) + \/Et [cos(jmt;r1) — cos(jmt;)]
i+1 — i

= )\/ij sin(jmt;)(t — t;) + o(n™h)

t—t . . B
Vo [jmsin(imti) (s — 1) + 0 (0 1)]'
i+1 7 L

= \/ﬁjw(t —t;) ‘sin(jmﬁi) — sin(jmt;1) + O(nil)}
< V2m(t — t;)|jm cos(jmtip)(t; — tisr) + o(n™H)|< V2 (%) '

Therefore, we have that for all large enough n

rjaa(t) — VEcos(jmt)| < V2 (j—”)Q (5.11)

n

for all t € [0,1].

Using relation (5.11), we can write for all large enough n

\ oS (jms) cos jﬂt))
n(ts; ) — [ 1 2

1 oot - Vet
Z 1+ Xy

J=1

n—

COS(?T)(. —
S ey S

>’ ﬁlé"

I J_
2 2
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and

‘K+(ts)\ <1+QZCOS]7T8 cosymﬁ)))'

1+ My

n—1 .
22 cos (jms) cos ]7rt) Z cos(jms) cos(jmt)
1+ A(ym)? 1+ My,

=1

nz:l( 1 1 >+§:2005(j7r3)cos(j7rtn)
TG 1) T4 11AGe

<2

<.

§2

3
: ||M\
L

Ay = ()] N 2
TG A+ 3y ; T+ A(jm)?

| (7 + g7 2 e 1
< 2X Z V%~ ‘72’(*/7_] ]].W)Q +3) —. (5.12)
Y (L+HAGT)) A+ MG Az )
From relation (5.10), it is true that
Jm 1 L(m : < 2nsi Jm <j
— — — | = nsin | =— 7r
> <\ el ) o on) =7
which gives
. . 3
2n sin (;—D —jn| < (2‘747;)2. (5.13)

Using (5.12) and (5.13), we obtain that for all large enough n

'K+(ts/\ (1+2ZCOS]7TS cosymf)))‘

1+ A\,

n—1 .
2 om0 ) <o o () 2 ()
< +0( =) <7++0(—=)=0(—=).
3An? = (44 (jW)Q)Q nA 3An nA nA
The proof of Theorem 4 is complete. O
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Typically, we are most concerned with the case where A\ decays to 0 at the
rate of n=® for some a € (0, 1), to satisfy the condition n\ — oco. But looking
at (5.6), we have a term exp(—%), which decays to 0 very fast. Recall the
following property:

For all a,p>0, exp(z?)— o0
(5.14)

faster than any function 2 as xz — oo,

which gives that exp(—z?) = o(z™P) as  — oo. In our situation, we have
exp(—%) = exp(—n®?) = o(n"?) as x — co. Therefore, Theorem 4 can be
simplified to the following statement: if A = n~? for some a € (0, 1), then as
n — 00

1
K,(t,s;\) = K(t,s;\) + O (ﬁ) , t,s€|0,1], (5.15)

where K(t,s;\) = ﬁ

lows us to analyse the point-wise variance and bias of the linear smoothing

s+t—2 —(s+t) —ls—t| . . .
(e VX 4+e VA 4e A > This approximation al-

spline needed for the risk approximation. From (5.1) and (5.15), we obtain

that for all ¢ € [0, 1] and all large enough n

_ %Zn:f(n(t,ti%)u(ti)
_ _Z [ (t,t:: \) +O( 1A)] fu(t:)
== gK(t,ti;A) ti) + O (nlA)

= /01 K(t,s; \)pu(s)ds + O <n1)\)

where the last equality is obtained from the following arguments. Set sy =

(5.16)

0,s; = %,z‘ =1,...,n. Using the mean value theorem with t;,& € [s;_1, si],
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we have that for all large enough n

‘ ZKHZ,A /Kts)\ s)ds
— Zu(ti)/l K(t,s;)\)ds—/o K(t,s; \)u(s)ds

Si—1

= (S0l — )] [ K s s
Y /Si K(t,s;\)ds

1 1
< t)|— K(t,s; A — .
g O, g e 900 (7 )

< max |u/(t)|—
t€[0,1]

Now, for the variance of fi5(t), by (5.15) for all large enough n we have
that

2 N 1 2
Var(fix () n2ZK2tt“)‘ —U—QZ{ (t,ti; N) +O(n)\)}
=1
:G— ZKztt A +0 | — ZK(t tis\) + O !
n (3 n)\ — ) YTy (n)\)Q

(5.17)

To approximate Y ., K*(¢,¢;; A) by an integral, we again set sp = 0,s; =

%,i =1,...,n, and observe that
1 !
—ZK2(t,ti;)\) —/ K*(t,s;\)ds
i 0
n 1 s
= Z [—K2(t,ti;>\) —/ K2(t, s; )\)} ds. (5.18)
n
i=1

Si—1

From the mean value theorem for integrals, we have that fss_l K?(t,s;\)ds =

LK2(t,&; A) with some & € [s;_1, s;]). Thus, the problem is now to find the
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difference of

3

S

[K3(t,ti; N) — K2(t, &5 0)].

Using the fact that t; € [s;_1,s;] and applying the mean value theorem, we

obtain

d
[K2(t 35 A) = K (#,63; A)| < max max %KQ(K ey s

(ti — &)

1

d
— K*(t, s; — 1
dS (t7 S, A)‘Szal n (5 9)

< max max
t i

with some 6; € [t;,&;]. Taking the derivative on the right-hand side of (5.19),

we obtain
d 1 0;+t—2 —(0;+1) —16;—t| 1
— K2(t, 87\ =2(— % v % —
< =2 () (55 ) ()
0;+t—2 —(0;+1) el._t —10,; —t|
><<e —e I —(‘9 t’)e VX ) (5.20)

Hence, using (5.19), (5.20), and noticing that ¢,6; € [0,1], we find the fol-
lowing upper bound for all ¢ € [0, 1]:

3 1 1
K2t ti \) — K2(t, &\ |< —:O(—), n — oo.
K205 0) — KA (& VIS st = 0

This gives the approximation

1
_ZKQtt“)\ / K*(t, s; )‘)d5+o<n)\3/2)’ n—oo.  (5.21)

On the other hand, we have that max; max;|K(t,t;; \)|= O (%), which

results in

1\ 1 1 1 1

— —E K(t,t;: \) = — — | = — )
O<m>n (i) O(m)o(ﬁ) O(mw)’ e
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Now, combining (5.21) and (5.22) into (5.17), we get for all large enough n

Var(fix(t))
- %2 [/01 K*(t,s;A)ds + O <M13/2> + 0 (#) + %O ((ni\)2)]
= %2 UOI K*(t, s \)ds + O <m13/2>} : (5.23)

Next, we have

K2
/ t,s;\)d 4)\

2(s+t—2) —2(s+t) —2|s—t|
(e VA 4+e VAo He VA

—2 (s4t=2)—|s—1| (s —|s—t|
+2evx + 2¢ VX + 2e 2y ) ds

1 1 2(s+t—2) —2(s+t) —2
:ﬁ (e Vi +e VA +26ﬁ>d3

1 ) 252 —2t
= (e 42 va —i—2eﬁ)ds
YA

1 1 —2(s—t) 2t—2
—1—5 (e VA 4+ 2e VX +26f>ds

[\/_+e<tf1 (VA — 2t+2)+ef(\/_+2t)]

(52 e
— — — —€ — —€ )
4f VA 2 2

where for the latter term for all ¢ € [0, 1]

-2 2 1 2604 1 -—2t-2
lim evx (——2)——6\5 ——e vx =0
A—0 \/_

o7



Therefore, it follows from (5.23) that for all ¢ € [0, 1] as n — oo

Var(fix(t))

o () 10 2) a0 (3]
= 47;7\2/X {1 + ¢ (1 - Q(t\/_Xl)) e (1 + %) + 0(1)} : (5.24)

Before we approximate the risk of fi)(t), let us derive the point-wise

approximation for the bias term. Suppose p” do not change very rapidly,

and satisfies Lipshitz condition of order 27, that is,
1" (1) = 1" (t2)| < Mt — to] . (5.25)

By Taylor’s formula, we can express u(s) in (5.16) as

(0

5 (s — )% + Ry(s),

pls) = pu(t) + ' (t)(s — 1) +

where Ry(s) = [ “N;fx) (s — z)*dz. Note that for a small enough a, we have

that
" . o
|'u///(m)|: I (.ﬁL’-'-G(S IE)) M (.1') S ]\4|S_$|277—17
a(s —x
and hence,
M
< S e al2n+1 - —t 27]'*‘2'
Ralo)|< [ s = a7 de = gt s(s =

Therefore, we can rewrite (5.16) as follows:

v /01 “”2“) (s — 1)K (¢, 5: \)ds
+ /01 Ro(s)K (t,5;N)ds + O (n—&) . (5.26)

58



We can compute the integrals in (5.26) by substituting s = t — v/\u, which

gives

1 =1
1 2t—2—Au —2t fu
/K(t,s;)\)dS:—/ﬁ—<e A L e “')\/_du
+ 2V

t
\F 2t 2—Vu —2t+Vu 0 VN
[ VX 4e du—l—/ e“du+/ Ae“alu]
0

t—1

VX

|
o+

|
-
—

1 _
Observe that for t € [0,1], e Vv < evx and e v < evx. Hence, we have

that as n — oo
1 -1
/ K(t, 5 \)ds = 1+ 0(e ), t,5€0,1].
0

For the following integrals, using the similar arguments and omitting lengthy

computation, we obtain as n — oo

E

/1(3 — ) K(, s;\)ds = —)\/ wk (t,t — vV Au; \)du

t—1

ey

B

- [% (6” — eV +Oe >>] = —V(eV = e%) + 0(e7),

and

1 )2 ) <
/ =D (4,5 \)ds = A2 /ﬁ V2K (t,t — Vs Ndu
0

2
= 1+ eﬂ+Le\/§+O(e¢§)>]
VA VA VA

t ) o)

+
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and also, under condition (5.25),

1

/ Ry (s)K(t, s; \)ds

0
=0 ()\WH) /ﬁ u?PK (t,t — \/Xu; )\)\/Xdu -0 ()\n+1) .
%
Therefore, from (5.26), we have that as n — oo
=1 =t
E(fun(t)) = u(t) — VM (1) <eﬁ — eﬁ)
+ M\ (1) (1 + - 1@% — Le\é) +0 (i + )\77+1) (5.27)
g 2\ VA nA ’

uniformly in ¢t € [0,1]. Suppose that nA: — 0o, that is, A = n™* with

a € ((), %) and consider the following expression for the bias of the estimator
fa(t): Biasfiy(t) = E(fn(t)) — p(t), which can be used for the pointwise
squared bias, denoted by (Biasjiy(t;))? i = 1,...,n. Now, approximating
the overall squared bias by the integral, we have from (5.27) that as n — oo

% i(Bias/lA(ti))z - /O 1(Biasm(t))2dt +0 (l>

n

40 (1) | (5.28)



From (5.28), let y = % and using integration by parts, we have as nA: — oo

with one of 1/(0) or £/(1) not being zero

1 2(t—1 —2t
A/ (1 (1))? <e = +eﬁ> dt
0

0
=3[y ) (e ) dy
3 1 1 2 0
=22 (4 (Vg + 1)) (§e2y — 56‘2?/‘&)
0
N[ 20 A+ D) Ry VA (G = 1 ) dy
VAN

e
Nlw

= 5 [(1'(1))" + 1(0))] + o(A

2 )

Similarly, using the change of variable and integration by parts, we obtain

2 /Ol(u”(t))2 (1 + t\;;etfi - \;—;eﬁf dt = O(\?),

and

s 1 =1 =t t—1 t=1 t =t
A2 "W () [eva —evx ) [ 1+ eﬁ——eﬁ)dt:O)\z.
[ oo ) (14550 - )

We can therefore express (5.28) as follows:

3
2

S Biasi(1))? = S () + (0] + o) + O

2
2 1 +1 1 +1
+OMN)+O ([ =+ X)) +O (| —=+N"T A
n n
1 2\ 1
+O|[[—+N +0|—-). (5.29)
nA n
Since, by assumption, A = n~% a € (O, %), it follows that n=! = 0()\%). It

is also easy to see that all the “big oh” terms on the right side of (5.29) are
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much smaller than A2 when nA2 — oo. Therefore, we obtain from (5.29)

that when n\? — oo

3

S (Biasin(1))? = 50 + 1 (1)) + oA

N

). (5.30)

In the case that u (0)

[ e (s

'(1)* = 0 and nA\?* — oo, we have from (5.28)

)i =

[ ( t\};etﬁl - ) v [ e o0
A /01 WO (1) (7 — ) ( \F; R LA «3) dt = O(\}).

Hence, relation (5.28) can be written as follows:
1O !
- Z(BiasﬂA(ti))Q = )\2/ (1" (t))2dt + o(N?). (5.31)
i=1 0

The final step is to approximate the overall variance of fi)(t), using the

averaged point-wise variance. Using (5.24), we have as n — oo

—Z\/ar fin(t / Var(jis(t))dt + O <n)

40\2/_ {1+/1 {emﬁ” (1 - 2(71/;1)) +eh (1+%)} dt+o(1)}
(2

(14 2VA — 2Vhevs — 2ev5 4+ 0(1)) + O (%) ,

n\/_

where the terms with evx are negligible, and n=' = o((nv/A)~!). This gives
for all large enough n
o2

4n\/X

~ 3 Var(a(t) = f<1+o<ﬁ>+o<1>>: (1+0(1). (5.32)
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Noting that R,(X) = = > | Var (fia(t;)) + = >.7 (Biasfix(t;))? and com-
bining relation (5.30), (5.31), and (5.32), we obtain the asymptotic expres-
sion for the risk of the linear smoothing spline estimator fiy. Namely, if p' is

bounded with /(0) or 1/(1) not equal to zero, we have

w[w

0.2

4n\/X’

and the respective asymptotically optimal smoothing parameter, which min-

A

Ro(N) = (0 (0)) + G/ (1))%] + nA* — oo, (5.33)

imizes the right-hand side of (5.33), is

0.2

% {6[(u’(0))2 +(w'(1)?] }2 '

We can see that Agpt decays at the rate of n_%, which will produce a n™

3
4

rate of decay for the risk of fiy. Next, if ¢” is bounded with ¢/(0) = p/(1) = 0,

we have

0_2

R,(\) ~ X2 / ()t +

The respective optimal smoothing parameter in this case is

{16 f;wtwt} '

This optimal smoothing parameter decays at the rate of n-s giving the risk

n\? — oo.

(Sl

decaying at the rate of n~s. In general, smoothing spline with penalty func-
tion fol(,u(m) (t))3dt is able to attain the O (n%> optimal rate of decay for

risk when regression function p € W3[0, 1].

Exercise 5.9.12 from [2]. Under model (1.1), show that for a general m,

we have

~ S Bt~ (b)) <0 [ e)
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Solution: We begin by noting that (see formula (2.8) in Section 2.1)

E(b) = (XX +n\) ' X

is a minimizer of the following w.r.t d = (dy,...,d,)" € R™
1 n n 2 1 n 2
- > (#(ti) -> dﬂj@z‘)) + A/O (Z djiﬂém)(t)> dt.
i=1 j=1 j=1

In the view of the arguments in Section 2.1 just above relation, this implies

that

E(ux(t:) = Z E(by)z;(t)

is a minimizer of the following w.r.t g € W3[0, 1]:
1 !
© o nlt) a0 + 1 [ (a0
i=1

Hence, we have that

n

S (Biin(t) — p(t))? + A / (BA™ (1))t

1

S|

> (Bi(t) — ) <

i

<

(g(ts) — u(t))? + A / (6 (£))2dt

S|
KMS

=1

for all g € WJ*[0,1]. Then taking g = p leads to the desired result.
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6 Conclusion

In this project, we considered some topics related to smoothing splines in
nonparametric regression analysis and solved selected exercises from Chap-
ter 5 of [2]. We started with the discussion of what is a spline. Then, we
demonstrated that spline can be used to conduct nonparametric regression:
adding a measure of smoothness to the conventional residual sum of squares
method gives us the penalized least squares (PLS) criterion. We also showed
that the minimizer to the PLS, the smoothing spline, is a natural spline of
order 2m with knots tq,...,t,, which can be constructed using basis func-
tions. We gave an example of the basis in the case of m = 1, and through the
example, we saw the impact of the smoothing parameter selection. We also
discussed the prediction risk and the cross-validation criteria that provide

ways to determine a reasonable smoothing parameter \.

From a computational perspective, estimation by means of a smooth-
ing spline and determination of smoothing parameter rely on finding the
smoothing matrix. One efficient method is to make the design matrix X
band-limited: by applying the Cholesky decomposition, we are able to com-
pute the fitted values in O(n) calculations. Finally, we discussed the large-
sample properties of smoothing splines. With the in-depth review of the case
m = 1, we saw that, generally, the estimation risk for smoothing splines is
capable of attaining the O(n_%) optimal rate of decay. Thus, the smooth-
ing spline is a very good estimator for the regression curve from the Sobolev

space W3[0, 1].
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7 Appendix

1. Proof of Lemma 1.

Proof. In the proof, we shall use the following identities from [5]:

COS T COSY = %[cos(a: —y) + cos(x + )], (7.1)

cos(x + y) = cosz cosy — sinx siny, (7.2)

cos’x = 1—1—#5(21:)’ (7.3)

Zn:cos((Zk: —z) = %%, if sinz # 0. (7.4)

.,n. Using (7.1), we have that for j =

Recall that t; = 2=
1,....n—1,

2 n
jr = ;:1 cos(jmt;) cos(rmt;)

n

- %ZZ:COS ((2@ -~ 1)%) + % ;cos ((22' b ;Lnj)ﬂ> :

Taking = in (7.4) to be = j and Tﬂ , we obtain

1 [sin((r—j)m)  sin((r+ j)m)
2n | gin <—(r;i)7r> sin <—(T;FZ)W>

provided 52 3& k and T“ % k for any k = ... For the remaining

djr -

cases, suppose r — j = 2kn and odd k. Then,

2 n
dj, = - Z cos(jmt;) cos((j + 2kn)nt;)

=1

= %Z cos(jmt;) cos((jmt; + km(2i — 1)), (7.5)

i=1

66



apply relation (7.2) to equation (7.5), we have that
cos((jmt; + km(2i — 1)) = — cos(jnt;),

and using relations (7.3) and (7.4), we obtain

n

S ZCOS j?Tt 1 Z(l + COS(?]?Tt ))

1=1

1 1 sin(2j7)
S P LA |
n < 28111(2]”)>

2n

Noting that cos(—z) = cos(z), we obtain analogously that for r + j =

2kn and odd k
2 « , :
=— Z cos(jmt;) cos((—j + 2kn)mt;)
n
=1
2 « _ : :
= — Z cos(jmt;) cos((—jmt; + k(21 — 1))
n 4
2~ o,
= ZCOS (ymt;) = —1.
=1
Now, for r — j = 2kn or r + j = 2kn and even k, we have that

cos((jmt; + km(2i — 1)) = cos(jnt;) = cos((—jmt; + km(2i — 1))

resulting in

djr Zcos gmt;) cos((j + 2kn)mt;) ZCOS (jmt;)
i=1
and
= 2 2”: cos(jrt;) cos((—j + 2kn)mt;) Z cos?(jmt;)
i
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Finally, for the case of r = j, using (7.3) and (7.4) we have that

2 n )
- ;1 cos”(jmt;)

2. Proof of Lemma 2.

Proof. In addition to (7.1)—(7.4), we shall also use the following iden-

tities from [5]:

sinzsiny = %[COS(ZL‘ —y) — cos(x +y)], (7.6)
sin(z + y) = sinx cosy + cos wsiny, (7.7)
sin?(z) = %[1 — cos(22)] (7.8)
cosT — cosy = —2sin (xT—Fy> sin (x ; y) , (7.9)
gcos(k:x) = Sslil((?; Cos ((n —; l)x) +1, if sin (g) # 0.

(7.10)

Recall that t; = %,i = 1,...,n. Applying (7.6) we obtain that for
j=1,....n—1,

2 n
dj, = - Z sin(jrt;) sin(rmt;)
i=1
1 (r—j)m 1 & (r+j)m
Rearranging (7.10) we obtain

ZCOS (kx) s;r;(( )) Ccos <w) , if sin (g) #0. (7.11)




Taking z in (7.11) to be “= J)” and TJ” , we obtain

o1 () o (2=

:ﬁ 2n

r—

(5
(5

>q

sin

J)

=|

1 sin

Sln <

and using (7.2), we have that

N R Gt Ls
S1n
Cljr = 1 |: ( :

n | gin ((T—J’)Tr

1 { &=

:\

=)
; <n—|—1 (r+j)m >

n

Then, applying (7.9) and (7.11), we have that

dj, = ——(1 —cos((r — j)m)) + %(1 — cos(r + j)m)

= l (—2sin (r7) sin(—j7)) = 0,

3

provided % # k and % # k for any k= 1,2,.... For the remaining
cases, suppose r — j = 2kn. Then, applying (7.3), (7.4) and (7.7), we
obtain

2 e (s

djr = - Z_; sin(jt;) sin((j + 2kn)wt;)
2 n
_ 2 in(jrt) sin(jat, + 2kmi
- Zsm(yw ) sin(jt; + 2kmi)

i=1
n

2% . o, 2 -
- ;1 sin”(jt;) - 5 ( cos”(jmt;))

=1

2 n
=24 = 2(jmt;) = 1.
+ngcos (ymt;)
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Similarly, noting that sin(—z) = — sin z, for the case of r + j = 2kn we

have that
2N e
dj, = - ‘E_l sin(jnt;) sin((—j + 2kn)nt;)

2 n
=— E sin(jnt;) sin(—jnt; + 2kmi)
n
i=1

2\~ . 9. 2 9/ .
=23 t)=—>-Y (1- t;
"2 sin®(jmt;) " (1 — cos*(yrt;))

=1

2 n
=—-24— 2(jmty) = —1.
+ - ;1 cos”(jmt;)
Finally, for the case of j = r we obtain

9 n
djj = E ZSiHQ(jﬂti) =1.
i=1

. Sherman-Morrison formula (see [9]).

Suppose A is a n xn invertible square matrix and u, v € R™ are column
vectors. Then A —uwv' is invertible if and ony if 1 — v Au # 0. In

this case,
A luvTA!

-1 __ -1
S e

. Cholesky decomposition (LDLT decomposition) (see page 84 in
[10]).

If A is a symmetric n X n matrix, then

A=LDL",
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where

L is a n x n lower triangular matrix,

D is a n x n diagonal matrix.

For example, when n = 3 we have

Aszys=1|Ly 1 0

1 0 Ol |D: 0 O 1 Ly Lz
0 Dy 0 0 1 Lg
L3y L3 1 0 0 D3| |0 O 1

D, LoDy L3 D,
= LoD, Lngl + D, L1 Loy Dy + LoDy
_L31D1 L31 Loy Dy + Lo Do L§1D1 + L§2D2 + Ds

The following recursive relations apply to the elements of D and L:

j—1
D1:A11, Dj:Ajj—ZLika, j:2,...,n,
k=1
1 A
Ly =7 (Al-j - ZLiijka> for 1 <j<i<n.
J k=1
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9 R Code

1. Figure 4 (Exercise 5.1 from [2]):

n=100

V)

t=rep(NA,n)

4 i=1

5 for (1 in 1:n) {

6 t[i] = (2%i-1)/(2%n)

7 }
I = ifelse(t>=0.7,1,0)

9 obs = 16*(t"2)*(1-t)"2 +

10 32*%(t-0.7) "3*I+rnorm(n,0,sd = 0.05)

11 plot(t,obs)

13 x = matrix(NA,n,n)
v x[,1] =1

15 i=1

16 j=2

17 for (1 in 1:n) {
18 for (j in 2:mn) {
19 x[i,jl=sqrt(2)*cos((j-1)*pi*xt[i])

23 gamma = rep (NA,n)
24 gamma [1] = 0

25 i=1

26 for (i in 1:n) {

27 gamma [i+1] = (2*n*sin(i*pi/(2*n))) "2
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30 lambda = 0.00006

31 yhat = rep(0,n)

w2 j=1

33 obs = as.matrix (obs)

3a for (j in 1:n) {

35 yhat = yhat + as.vector ((1)/

36 (1+lambda*gamma [j]) *x[,jl1%*%t(x[,j])%*%obs)/n
a7 ¥

38 lines (t, yhat ,col="2")

40 lambda = 0.0006

i1 yhat = rep(0,n)

2 j=1

13 obs = as.matrix(obs)

14 for (j in 1:m) {

15 yhat = yhat + as.vector ((1)/

16 (1+lambda*gamma [j]) *x[,jl1%*%t(x[,j])%*%obs)/n
a7 }

s lines (t,yhat,col="3")

50 lambda = 0.006

51 yhat = rep(0,n)

52 j=1

53 obs = as.matrix(obs)

54 for (j in 1:n) {

55 yhat = yhat + as.vector ((1)/

56 (1+lambda*gamma [j]1) *x [, jl%*%t(x[,jl)%*%obs)/n
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79

80

81

lines (t,yhat,col="4")

#Kernel weights

lambda = 0.00006
kernel = rep(0,n)
j=1

s=seq(0,1,1/(n-1))
temp=0

i=1

7 for (i in 1:n) {

for (j in 1:mn) {
temp = temp + (cos(j*pixs[i]))/
(1+lambda*gamma [j])*(sqrt (2) *cos (j*pi*0.495)
+sqrt (2)*(0.5-0.496)/(0.505-0.495) *
(cos(j*pi*0.505) -cos(j*pi*0.495)))

}
kernel[i] = 1 + sqrt(2)*temp
i=i+1
temp=0
}
plot (s,kernel ,type = "1",col="2")
lambda = 0.0006
kernel = rep(0,n)
j=1

5 s=seq(0,1,1/(n-1))

temp=0

i=1

; for (i in 1:n) {

for (j in 1:mn) {
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88 temp = temp + (cos(j*xpi*s[il]))/

89 (1+lambda*gamma [j])*(sqrt (2) *cos (j*pi*0.495)
90 +sqrt (2)*(0.5-0.496)/(0.505-0.495) *
91 (cos(j*pi*0.505) -cos(j*pi*0.495)))
92}

93 kernel[i] = 1 + sqrt(2)*temp

94 i=i+1

95 temp=0

96 }

97 lines (s, kernel ,col="3")

98

99 lambda

0.006

100 kernel rep (0,n)

o1 j=1

102 s=seq(0,1,1/(n-1))

103 temp=0

104 i=1

05 for (i in 1:mn) {

106 for (j in 1:n) {

107 temp = temp + (cos(j*pi*s[il]))/

108 (1+lambda*gamma [j]) * (sqrt (2) *cos (j*pi*0.495)
109 +sqrt (2)*(0.5-0.496)/(0.505-0.495) *
110 (cos (j*pi*0.505)-cos(j*pi*0.495)))

1}

112 kernel[i] = 1 + sqrt(2)*temp
113 i=i+1

114 temp=0

115 }

116 lines (s, kernel ,col="4")
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