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Abstract This paper extends traditional wheel–
soil modeling for lightweight mobile robots op-
erating with smooth wheels on dry sandy soil to
capture the transient oscillations that have been
observed in drawbar pull measurements. To mo-
del these drawbar pull fluctuations, a new dynamic
pressure–sinkage relationship was extrapolated
from the literature and experimental observations
of smooth rigid wheels operating in sandy soil.
The resulting two-dimensional high-fidelity ana-
lytical model was validated with a unique single-
wheel testbed designed from a Blohm Planomat
408 computer-numerically-controlled creep-feed
grinding machine. For the experimental condi-
tions used in this research, the resulting model
is able to predict the fluctuating values of the
drawbar pull for a variety of slip ratios and normal
loads tested with a smooth rigid wheel in sandy
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soil. The new model was tuned at a single normal
load over a variety of slip ratios and was then
able to predict the amplitude and frequency of
the oscillations about the mean drawbar pull at
different normal loads and slip ratios.
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1 Introduction

Research examining vehicle-terrain interaction
expanded significantly during the 1940’s due to
World War II. During this period, myriad re-
searchers examined how tracked and wheeled ve-
hicles interacted with the ground to assess the
feasibility of proceeding over a specified terrain.
The U.S. Army Corps of Engineers developed a
‘Go’ and ‘No-Go’ methodology to determine if a
single vehicle or convoy could pass over a given
terrain or path [4]. Today the field has been
expanded to incorporate mission planning and
design of lightweight mobile robots, such as plan-
etary rovers, to assess suspension, mobility and
climbing capabilities.

In the interest of developing high-fidelity mod-
els of wheel–soil interactions, a single-wheel test-
bed (SWTB) is typically used by researchers. For
example, Maciejewski and Jarzȩbowski [17] used

Author's personal copy



J Intell Robot Syst

a SWTB housing a rigid rolling cylinder with a
diameter of 32cm to examine the influence of slip,
number of passes and the friction coefficient on
the drawbar pull of the system. The researchers
used a mix of cement, bentonite sand and white
Vaseline with no added water as their terrain. For
the towed smooth cylindrical wheel operating at
steady-state slip conditions, it was noticed that the
resulting track pattern in the soil had repeatable
cracks in it. Both the depth of the crack and the
mean distance between cracks appeared to be
related to the normal load, which varied from 500
to 4000 N.

Research funded by NASA and carried out by
Apostolopoulos et al. [1] used a SWTB to study a
large inflatable smooth wheel on analogous Mar-
tian surfaces. The inflatable wheel had a mass of
15.2 kg, a radius of 70 cm along the compressed
axis, and the contact width was approximately 1 m.
Their experiments revealed repeating ridges in the
resulting wheel track that were 5 cm wide and
3 cm tall. The present authors also noticed similar
repeating ridges in the images of Ishigami’s PhD
thesis [12]. These repeating ridges were in the
track of a smooth rigid wheel operating in a Lunar
simulant or Toyoura Sand. Ishigami’s work, how-
ever, concentrated on wheel slip/skid motion for
lunar exploration robots rather than the observed
repeating ridges in the wheel track.

The present authors used a SWTB to confirm
the presence of these ripple patterns in the track
of a smooth wheel operating under steady-state
slip conditions in sandy soil. These ridges were
coupled with distinct and repeatable oscillations
in the force and torque data measured by the
SWTB. This previously-unexplored phenomenon
associated with a smooth wheel operating in sandy
soil was reconfirmed by the present authors using
a micro rover operating under steady-state slip
conditions—evidence that the repeating ridges are
not an artifact of a SWTB but, rather, an unmod-
elled phenomena which is occurring within the
wheel–soil interaction.

To capture the non-oscillating mean forces act-
ing on a wheel, Ishigami et al. [13] refined the tra-
ditional Bekker formulation [4] and used the work
of other researchers such as Wong [23], Reece
[20], Janosi and Hanamoto [14] and Hegedus [7]
to validate a three-dimensional model that ac-

counts for lateral forces and slippage. This
recently-developed model, however, neither pre-
dicts the oscillations in the drawbar pull observed
by the present authors during steady-state slip
conditions, nor does their model explain why the
repeating ridges in the track of a smooth wheel are
occurring. Such variable loading is hazardous to
driveline components and various vehicle periph-
erals. Furthermore, variations in drawbar pull may
impact the vehicle’s mobility capabilities. Thus,
advancement in the fidelity of smooth-wheel ter-
rain interaction models needs to be made to fully
capture these effects and assist in the design of
lightweight mobile robots.

This paper offers a wheel–soil modelling foun-
dation which can be integrated with existing
analytical models to capture the underlying os-
cillations in the measured data and effectively
increase the fidelity of these smooth-wheel mod-
els. This innovation is achieved by adding terms
to the analytical wheel–soil model presented by
Ishigami et al. [13]. Previous work by the present
authors [11] develops an oscillatory model that
accounts for periodic variations observed for a
wheel with grousers—where the front face of each
grouser blade repeatedly comes into contact with
the terrain. This previous research, however, does
not fully explain how or why such an oscillatory
model could be applied to a rigid smooth wheel. It
is critical to understand how a rigid smooth wheel
interacts with the terrain because this knowl-
edge provides a fundamental building block for
developing future high-fidelity wheel–soil mod-
els for more complex wheel configurations (such
as flexible wheels with grousers). Moreover, the
smooth-wheel model developed in this paper is
of importance to real-life applications because if
a grouser wheel becomes clogged with terrain, as
they often do [2], the dynamic grouser model pre-
viously presented by the current authors [11] is no
longer valid and the smooth-wheel model present-
ed in this article must be applied to the scenario.

This paper is structured as follows: Section 2 de-
rives the proposed smooth-wheel model, Section 3
discusses the SWTB experimental apparatus used
to validate the new model, Section 4 presents ex-
perimental results to validate the proposed model,
and Section 5 draws some conclusions and makes
recommendations for future work.
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2 Model Development

There are a variety of approaches to model the
wheel–soil interaction including analytical [4, 16,
23] and finite element [5, 15, 19] methods. The
model presented in the current work is based
on traditional analytical wheel–soil modelling ap-
proaches of Bekker [4] and Wong [23].

2.1 Traditional Analytical Model

A traditional wheel–soil model [4, 23] calculates
the stresses and forces acting on the wheel by

assuming that the pressure p under a wheel is an
exponential function of the form:

p = kzn (1)

where z is the sinkage, n is the sinkage exponent,
and k is an empirical coefficient.

The normal stress distribution under the mov-
ing wheel is shown in Fig. 1 and is often repre-
sented by the following equation as described by
Wong and Reece [24]:

σ(θ) =

⎧
⎪⎪⎨

⎪⎪⎩

rnk(cos θ − cos θ f )
n (θm ≤ θ < θ f )

rnk
(

cos
{

θ f − θ − θr

θm − θr
(θ f − θm)

}

− cos θ f

)n

(θr ≤ θ < θm)

(2)

where θ f and θr are determined by the geometry
in Fig. 1 as follows:

θ f = cos−1 (1 − z/r) (3)

θr = − cos−1 (1 − ηz/r) (4)

and η is a parameter that is related to the height of
the terrain in the track left by the wheel. Ishigami
et al. [13] stated that terrain, slip ratio and the
surface of the wheel can affect the value of η. Both
visual and measured observations were used in the
present study to estimate η during experimental
testing.

The angle at which the maximum normal stress
occurs is known as θm and some researchers have
approximated θm as the midpoint between θ f and
θr [21]; however, Reece and Wong [24] proposed
the following relationship:

θm = (b 0 + b 1i) θ f (5)

where b 0 ≈ 0.4 and 0.0 ≤ b 1 ≤ 0.3 and i is the slip
ratio of the wheel. The slip ratio i is defined as:

i = ωwr − Vx

ωwr
(6)

where ωw is the angular velocity of the wheel, r is
the radius of the wheel, and Vx is the translational
velocity of the wheel centre.

The shear stress acting along the length of the
wheel–soil interface is calculated by Janosi and
Hanamoto’s equation [14]:

τ (θ) = (c + σ (θ) tan φ)
[
1 − e− j(θ)/K]

(7)

Fig. 1 Stress and Forces acting on the wheel. Note: θr is
measured from the vertical axis and has a negative numer-
ical value in the configuration shown
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Fig. 2 Example of tread pattern at 75 % slip, 14.9 N normal
load

where φ is the internal angle of friction, K is the
shear deformation modulus, and j can be written
in the form used by Ishigami et al. [13]:

j (θ) = r
[
θ f − θ − (1 − i)

(
sin θ f − sin θ

)]
(8)

The vertical force Fz, drawbar pull (DP), and
torque T are area integrals of the stresses acting
on the wheel–soil surface as follows:

Fz = rb
∫ θ f

θr

(τ (θ) sin θ + σ (θ) cos θ) dθ (9)

DP = Fx = rb
∫ θ f

θr

(τ (θ) cos θ − σ (θ) sin θ) dθ

(10)

T = r2b
∫ θ f

θr

τ (θ) dθ (11)

2.2 Pressure-Sinkage Relationship

The traditional formulation described in the pre-
vious section needs to be advanced so that it can
account for the oscillations in forces and torques
observed by the present authors for a smooth rigid
wheel traversing in sandy soil under steady-state
slip conditions. Figure 2 shows a sample of the
ripples left in the sandy soil behind the wheel
for a slip ratio of 0.75 under a 14.9 N normal
load, while Fig. 3 plots the corresponding wheel
torque and drawbar pull as a function of time,
clearly showing the resulting oscillatory pattern.
Examining the wheel track in Fig. 2, it can be
seen that the distance from valley to valley in
the ripples is approximately 23 mm or, correlating
this displacement to the travel time, about 1 s.
Figure 3 shows that the period of the oscillation
is also approximately one second for the torque
and drawbar pull measurements.

The steady-state oscillation of the wheel torque
suggests that the shear stress τ(θ) in Eq. 11 is
rising and falling periodically. Presented in Eq. 7,
the shear stress is a function of the normal stress
σ(θ) and the normal stress is calculated by the
pressure–sinkage relationship of Eqs. 1 and 2.

Fig. 3 Example
oscillatory pattern in the
torque and drawbar pull
for a slip ratio of 0.75 and
a 14.9 N normal load
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Variations and alternative formulations of the
pressure–sinkage relationship have been pre-
sented [16, 18, 23]. A solution for k in Eq. 1 is
given by Bekker [4] as:

k = kc

b
+ kφ (12)

so that

p =
(

kc

b
+ kφ

)

zn (13)

where b is the smaller dimension of the contact
patch. Wong [23], points out that Eq. 13 is an
empirical equation. Moreover, the parameters kc,
kφ are not ‘true’ soil constants because their values
depend on the experimental conditions used to
obtain them [6].

Another common pressure–sinkage relation-
ship is the Reece [20] formulation as follows:

p = (
ck′

c + γ bk′
φ

) ( z
b

)n
(14)

where the density γ and cohesion c are true soil
constants. This formulation uses two new dimen-
sionless pressure–sinkage parameters k′

c and k′
φ .

Reece’s model has been verified by using pene-
tration tests at various aspect ratios. The results
imply that the pressure p is a function of the ter-
rain’s standard material properties: density γ and
cohesion c. These parameters are an improvement
over the purely empirical parameters obtained
from a Bevameter test. One will also notice that
Reece’s validated relationship of terrain density
and pressure dictates that a change in the ter-
rain density will cause a change in the pressure
and, as a result, a change in the associated forces
and stresses calculated from this pressure–sinkage
relationship. Citing Reece’s original work [20],
Wong [23] suggests that, for dry cohesionless sand,
k′

c should be negligible; therefore, k′
c has been set

equal to zero for the dry sand testing carried out
by the present authors. The authors have left k′

φ

as a manual tuning parameter for the wheel–soil
model proposed in this work.

It is well known that if the density of a sub-
stance or terrain increases, the more pressure or
force can be exerted on the terrain before it fails.
For granular material, such as sand, this phenom-
enon is especially true [8]. As the void ratio of

sand decreases, the strength of the sand increases
[8]. The void ratio e is defined as:

e = Vv

Vs
(15)

In general the grain size for the sand used by the
present authors is not uniform but has a relatively
normal distribution of grain size. Such a grain-
size distribution will allow smaller grains to fall
into voids created in between the larger grains.
When the sand is not fully compacted the void
ratio could be high—between 0.65 and 0.85 [8].
If a sample was densely packed, the void ratio
could drop to 0.2 or lower. The change in the void
ratio directly affects the density and strength of
the terrain.

As a wheel travels over and through the sand
there are varying degrees of deformation occur-
ring along the soil-wheel interface and within
the terrain. There is more deformation at the
soil-wheel interface and less deformation as one
travels away from the interfacing surfaces. The
present authors postulate that the deformation
caused by the smooth wheel allows some voids
in the terrain to be filled by moving sand par-
ticles. This movement will lower the local void
ratio, while increasing the local density of the sand
around the wheel. This increase in density will
cause an increase in the pressure and correspond-
ing normal stress experienced by the wheel which
in turn, by virtue of Eqs. 7 and 10, could explain
the observed changes in drawbar pull. Wong [22]
describes how a terrain reacts with varying pres-
sures for repetitive loading from a tracked vehi-
cle. To help explain the observed oscillations in
drawbar pull, this tracked-vehicle theory can also
be applied to a wheeled vehicle traversing a gener-
alized sample of material that follows the elastic-
plastic-Mohr-Coulomb relationship as illustrated
in Fig. 4.

Referring to the left-hand side of Fig. 4, one
can see that, as the displacement increases for a
given pressure P1, the stress level will increase to
τ1 (pt B). Now, if the pressure were to increase to
P2, due to a local increase in sand density around
the wheel, the stress level would be able to climb
to a new level τ2 (pt C) which was not obtainable
by the first confining pressure (because no matter
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Fig. 4 Left: Stress, pressure and displacement relationships [22]; Right: Theoretical rise and fall of the shear stress due to
the gradual variation in the pressure

how much one displaces the terrain it would con-
tinue to plastically deform without an increase in
the shear stress). Likewise, if the pressure were to
increase further to P3, the stress would be allowed
to climb even higher to τ3 (pt D). This phenomena
could explain the increasing stresses seen in Fig. 3.
To account for the decrease in stress one must
look at points D–G of Fig. 4. If one was at stress
level τ3 at a confining pressure of P3 and the pres-
sure were to drop to P2, as the wheel continues
to move forward into fresh (lower-density) sand,
or due to an initial shear-stress induced failure
and loosening of the soil, the shear-stress would
drop to the maximum allowable stress level at P2

(which would be the plastic limit of the P2 curve).
If the pressure were to drop again to P1, the stress
would drop to the plastic region of the P1 curve.
The continuous displacement of the sand around
the wheel would cause the density to gradually
increase and the process would repeat. This cyclic
loading and unloading due to changes in the local
sand density could explain how the shear stress
levels are able to fluctuate in the steady-state
torque measurements of Fig. 3. The curve in the
left-hand side of Fig. 4 has been discretized for
the theoretical explanation; however, in reality the
change in the confining pressure is not as sudden
so that one would not have the exaggerated steps
shown in points D–G of Fig. 4. The right-hand side

of Fig. 4 shows a more continuous theoretical rise
and fall of the shear stress as the pressure grad-
ually varies between Pmin and Pmax. To capture
this effect analytically, additional terms need to be
added to the traditional wheel–soil model.

2.3 Proposed Model Parameters

From the previous discussion on how local density
changes in the terrain around the driven wheel
could be responsible for influencing the stresses
acting on a smooth rigid wheel while operating in
sandy soil (thereby producing the observed oscil-
lations in wheel forces and torque), the present
authors propose a new pressure–sinkage rela-
tionship as a first approximation to capture this
phenomenon:

p = (
ck′

c + γ bk′
φ

) ( z
b

)n + Aγ sin(ωt + 	) (16)

This formulation uses the Reece pressure–
sinkage relationship [20] and adds Aγ sin(ωt + 	)

to account for the dynamic changes which oscillate
about the mean pressure p = (

ck′
c + γ bk′

φ

) ( z
b

)n.
The Aγ sin(ωt + 	) is a simple sine wave; how-
ever, the authors recognize that it could be re-
placed with a more complex Fourier series. The
Aγ sin(ωt + 	) was chosen as a first approxima-
tion for the observed phenomena because it is
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simple to numerically integrate and allows one
to characterize the new Aγ , ω and 	 terms. The
higher-order terms in a Fourier series would be
difficult to characterize from the current exper-
iments and equipment. Future work could in-

volve exploring these higher-order terms with a
modified equipment arrangement specifically de-
signed to characterize the higher-order terms. The
resulting new normal stress equation, from Eq. 2,
becomes:

σ(θ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

rn
(
ck′

c + γ bk′
φ

)
(

cos θ − cos θ f

b

)n

... (θm ≤ θ < θ f )

+Aγ sin(ωt + 	)

rn
(
ck′

c + γ bk′
φ

)

⎛

⎝
cos

{
θ f − θ−θr

θm−θr
(θ f − θm)

}
− cos θ f

b

⎞

⎠

n

... (θr ≤ θ < θm)

+Aγ sin(ωt + 	)

(17)

The 	 term in the proposed model is a phase
shift that is used to align the model results with
experimental data. Based on the discussion of
Section 2.2 and the present authors’ previous work
[11], it is proposed that the amplitude Aγ of the
normal stress term in Eq. 17 should be related
to the local change in weight density of the soil
dγ around the wheel, as well as related to the
contact length lc (since this length characterizes
the interface between the wheel and the sand that
would cause the sand grains to move and fill in the
voids). These relationships can be expressed as:

Aγ ∝ lcdγ (18)

where lc is calculated by:

lc = (θ f + (−θr))r, or lc = θlcr (19)

One will notice that the proposed relationship
in Eq. 18 also satisfies a dimensional analysis.
The consistent units occur because the change in
weight density has units of [N/m3], contact length
has units of [m], and the result will give amplitude
Aγ units of [Pa].

In previous grouser-wheel work [11] the fre-
quency ω in Eq. 16 was directly related to the
grouser spacing. The model presented in the cur-
rent work, however, applies to a smooth rigid
wheel (or when the grousers become clogged with
terrain) and a different formulation for ω needs

to be found. The frequency ω in Eqs. 16 and 17
for a smooth rigid wheel would be expected to be
related to the relative motion between the wheel
periphery and the terrain. The slip ratio i in Eq. 6
is the quintessential characterization of this rela-
tive motion. The proposed resulting relationship
is, therefore, as follows:

ω ∝ i (20)

2.4 Model Implementation

The proposed model was implemented in MAT-
LAB/Simulink. For static and quasi-static analyses
in the vertical direction, Fz must equal W; how-
ever, the present authors implemented a dynamic
model as follows:
∑

F = ma (21)

mg − Fz − Fdamping = mwheelaz (22)

where az was solved as part of the numerical
simulation. The resulting acceleration was then
integrated once for velocity and again to obtain
the sinkage. In the simulation mg is held constant
while Fz is evaluated via Eq. 9. The damping of
the sandy soil Fdamping was prescribed by viscous
damping in the form:

Fdamping = C f Vz (23)
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where Vz is the velocity of the sinkage and C f

is the damping coefficient that was taken as 1300
Ns/m for all normal loads tested. It should be
noted that the sinkage predictions obtained from
Eq. 22 are dependent on the friction model used.
For example, using a viscous friction model in
Eq. 22 predicts oscillations in the resulting sinkage
for different normal loads applied to the wheel.
Corresponding oscillations were also observed in
the linear potentiometer measurements of sinkage
for all normal loads tested, except for the lowest
normal load of 14.9 N. The lack of oscillations
measured for this case is attributed to the limited
resolution of the potentiometer, combined with
non-viscous friction phenomena such as stiction
associated with the linear potentiometer and lin-
ear bearings which is not captured by a simple
viscous friction model (but are more prevalent
when normal forces become small enough). For
this paper, the authors have chosen to use a vis-
cous friction model in Eq. 22 as it approximated
the wheel sinkage to less than 1 % of the wheel
diameter.

The computer simulator was designed to em-
ulate the SWTB experiments where the wheel’s
angular velocity ωw and forward velocity Vx are
prescribed and held constant. The solution
methodology for predicting the forces acting on
the wheel axle for these experiments is as follows:

1. Input all model constants and constraints
2. Prescribe an initial sinkage value (i.e. 0.001

[m]) for t = to
3. Determine θ f , θr, θm

4. Calculate lc and Aγ from model constants and
θ values

5. Compute the stress values σ(θ) and τ(θ)

6. Compute the drawbar pull Fx and vertical
force Fz

7. Use the vertical force Fz and the sum of forces
in the vertical direction to calculate the sink-
age acceleration

8. Integrate the sinkage acceleration twice to ob-
tain an updated sinkage value and, using this
value, return to step 3 for t = to + dt

Validation of this model was carried out using
experimental data collected from a novel SWTB
developed at Dalhousie University.

3 Single-Wheel Testbed

Most SWTBs are constructed in the same manner
where the sand is placed in a box while the wheel
is translated and rotated through the specified
terrain [13, 21]. This methodology requires that
the wheel translational system be able to acceler-
ate the full wheel assembly, including the wheel
support and fixtures, motor, gear train and var-
ious sensors, up to the desired speed and then
accurately maintain this speed during a test. Given
the combined mass of the wheel assembly, this
implementation does not easily allow for small
normal loads, such as those experienced on Mars
or Moon. If a counterbalance was installed to
move with the wheel assembly, the resulting de-
sign could become more complex, add unwanted
dynamic effects, and require larger actuators in
the conveyance system when compared to the
equivalent SWTB without a counterbalance.

The present authors opted for a different design
for the SWTB: translate the terrain while keep-
ing the horizontal wheel assembly motion fixed—
with the wheel rotating at a prescribed rotational
speed and moving freely in the vertical direction.
This novel design was accomplished by converting
a Blohm Plamomat 408 computer-numerically-
controlled (CNC) creep-feed grinding machine
into a SWTB. This grinding machine was ideally
suited to be retrofitted as a SWTB given: the
extreme rigidity of machine, that its conveyance
components are already sealed from abrasives,
and that the machine’s table is able to support
over 700 kg while precisely controlling the 950 mm
horizontal movement from 30 to 40,000 mm/min
by means of a sophisticated industrial actuation
and control system. Moving 700 kg, 950 mm over a
wide range of velocities is, in general, not a trivial
task but was well within the capabilities of the
CNC grinding machine used during this research.
One should note that the material properties of a
terrain can vary when accelerated too quickly and,
therefore, SWTBs that translate the terrain are
not well suited for high-speed testing. Throughout
the course of this study the terrain never trans-
lated faster than 5.6 m/min so that the terrain
properties would not vary during a test.

The wheel was allowed to freely move up
and down along eight lubricated linear bearings.
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Table 1 gives the specifications of the smooth ri-
gid wheel used in this work. The sinkage was
recorded by a linear potentiometer. The angular
velocity of the wheel was held constant at 0.917
rads/s by a closed-loop control system utilizing
tachometer feedback attached to the motor. The
forces and moments were recorded by a JR3 FMS
and the torque on the wheel axle was recorded by
a FUTEK torque sensor. The FMS was mounted
above the motor while the torque sensor was
mounted between the wheel and the planetary
geartrain. All measurements were acquired via
a National Instruments PCI-MIO-16XE-10 board
and recorded via a custom LabView program.
Since the sensors and drivetrain are only translat-
ing in the direction of sinkage, a simple counter-
balance was implemented so that relatively small
normal loads could be studied analogous to those
experienced by rovers on Mars. The wheel was
always in contact with the terrain and, therefore,
the wheel always experienced a load.

The grinding machine’s linear translational
control system is extremely accurate with no ap-
preciable vibrations associated with the move-
ment of the grinding machine’s table. For the
present study, the machine’s table speed was var-
ied to control the slip ratio while the wheel’s
rotational speed was held constant.

The published research involving the MIT
SWTB [3, 9, 10] reports that the sand was 15.0
cm deep while Ishigami et al.’s [13] work had 12.0
cm of sand. These sand depths may be suitable
for many wheel–soil studies; however, the authors
of this work chose to exploit the strength, rigid-
ity and control of the Blohm 408 Plamomat. A
sandbox measuring 172.5 cm long by 52.5 cm wide
by 29 cm deep was used. The added sand depth
allowed the researchers to confidently rule out
any wall effects that may influence the studies—
especially at higher normal loads and pressures.

Table 1 SWTB parameters

Parameter Value Units

Wheel radius r 100 mm
Wheel width b 75 mm
Wheel angular velocity ωw 0.91 rad/s
Sand depth 290 mm
Horizontal travel 950 mm

4 Experimental Results

This paper hypothesizes that the local density
change around a smooth wheel (due to the void
ratio changing as the slipping wheel engages the
sandy soil) causes the observed oscillations in
wheel force and torque measurements. Key to
validating this hypothesis is to demonstrate that
the void ratio of the sand can alter quickly when
excited.

Figure 5 shows time-lapse images of the experi-
mental sand on a shaker table which is producing a
30Hz sinusoidal excitation with a displacement of
2 mm. In the figure the entire sandbox is moving
in the horizontal direction (left to right). It can
be seen that within 0.5 s there is over a 6.5 %
change in the volume (or density) and within 3 s
there is a 14 % change in volume; therefore, the
experimental sand’s density is sensitive to small
amounts of displacement lending credibility to the
current authors’ hypothesis.

This result also highlights the importance of
ensuring that, after each experimental test with
the SWTB, the sand be thoroughly mixed be-
fore being leveled to ensure that an initial loose
randomly-packed soil structure and void ratio of
the terrain is maintained to ensure repeatability
of the experimental results.

Tests were performed by adding mass to the
SWTB resulting in three different normal load
conditions (14.9 N, 47.7 N and 63.9 N) for the
smooth wheel described in Table 1. The normal
load conditions refer to the weight of the system.
The benchmark for the model development was
the 14.9 N normal load case and experiments were
carried out with this loading condition for slip ra-
tios of 0.25, 0.50, 0.60, 0.75 and 0.90. The other two
normal loads (47.7 N and 63.9 N) were used for
model validation, and experiments were carried
out for slip ratios of 0.25, 0.50, 0.75 and 0.95. In
each loading case, once the drawbar pull was posi-
tive, ripples were noticed in the track of the wheel
and corresponding oscillations were observed in
the experimental data. When examining the wheel
torque data it was discovered that the amplitude
of the oscillations grew as the slip ratio and normal
load increased. These results can be seen in Fig. 6
(left). The data marks on the graph show the mean
oscillatory amplitude values of the torque while
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Fig. 5 Shaking sand

the bounding bars indicate the torque oscillation
limits for each scenario.

It was found that the oscillatory mean am-
plitude trend seen in Fig. 6 (left) for the three
different test cases followed a similar trend as that
observed for sinkage as seen in Fig. 6 (right). The
contact length lc is directly related to the sinkage
and is also a function of the normal load. More-
over, lc is the characteristic length which repre-
sents the wheel–soil interface that would cause the

sand grains to fill in the voids of the terrain struc-
ture. Figure 7 plots the amplitude of the torque
oscillations as a function of the contact length
revealing a linear relationship. Furthermore, the
slope of the fitted line for each normal load con-
dition is similar. The R2 value for the 14.9 N, 47.7
N and 63.9 N normal loads are 0.91, 0.90 and 0.85,
respectfully.

Therefore, this smooth-wheel model develop-
ment confirms that Aγ from Eq. 18 is indeed a
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Fig. 6 Left: Amplitude of torque oscillations. Right: Sinkage data
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Fig. 7 Amplitude of torque oscillations vs. the contact
length

linear function of the contact length and can be
written as:

Aγ = lc · dγ · k′
a (24)

where k′
a is a dimensionless amplitude factor

which was tuned to 110 for all test cases in the
current study.

The results from this analysis introduce one non-
dimensional scaling factor k′

a, which the present
authors term the Amplitude Factor. If a terrain
does not exhibit the observed oscillations, k′

a
would be zero and the result would be the tradi-
tional wheel–soil model. It should also be men-
tioned that if there is no change in the terrain’s
density there would be no oscillations in the sim-
ulated data as the additional term in the new
pressure–sinkage equation would be zero. For the
simulations performed in this study a value of
γ · 0.10 was used for dγ . This value implies that
the density varied by 10 % from the nominal value
γ . The 10 % variation change in density appeared
reasonable for a slipping wheel given the 6.5 %
change (0.5 s) and 14 % change (3.0 s) observed in
Fig. 5.

While the present authors’ previous grouser-
wheel work [11] related the number of grousers
to the frequency parameters ω, a new formulation
for this term is needed for the case of a smooth
wheel. The frequency of the oscillations was plot-
ted against the slip ratio and the 14.9 N benchmark
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Fig. 8 Omega vs slip ratio curve fitting

normal load was used to develop a relationship
between ω and i. The other two normal loads of
47.7 N and 63.9 N were again used as test cases
to validate the model. Figure 8 shows the rela-
tionship between the frequency of the oscillations
and slip ratio for all normal loads examined. A
first order least-squares fit was performed on the
14.9 N normal load data, as proposed by Eq. 20 in
Section 2.3, resulting in:

ω = −36.9i + 36.5 (25)

With a goodness-of-fit (R2) value of 0.94,
Eq. 25 reasonably approximates the frequency of
the oscillations for all normal loads and slip ratios
studied.

The proposed wheel–soil model parameters
were calibrated with the benchmark normal load

Table 2 Model parameters

Parameter Value Units Comments

c 0.0 kPa Soil cohesion
φ 28 deg Internal angle of friction
k′

φ 900 Pressure–sinkage modulus
k′

c 0 Pressure–sinkage modulus
k′

a 110 Pressure–sinkage modulus
η 0.5 or Sinkage coefficient

0.95
γ 13734 kg/m2s2 Soil weight density
a0 0.4 Used to determine θm

a1 0.2 Used to determine θm

Fdamping 1300 Ns/m Vertical viscous friction
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of 14.9 N and then the performance of the model
was validated using the 47.7 N and 63.9 N loading
conditions. Table 2 summarizes the model para-
meters used.

The only model parameter that varied from one
simulation to another is η which was determined
from observed measurements during testing on
the SWTB. For the 14.9 N normal load, η was
visually inspected to be 0.85 in all of the slip ratio
cases examined at this normal load. For the 47.7 N
normal load, η was again visually inspected to be
0.5 for the 0.25, 0.50 and 0.75 slip ratio cases, and
0.85 for the 0.95 slip ratio case. Finally, for the 64.9
N normal load, η was approximated at 0.6 for all
of the slip ratio cases studied.

To obtain a mean value for each test case, the
experimental data was averaged over five test runs
during a steady-state operating period. Based on
the slip ratio employed, the length of this steady-
state operating period varied. This variable length
occurs because the linear velocity of the terrain is
altered to control the slip ratio and, as a result, the
duration which it takes to travel 950 mm varies for
each slip ratio. For example, a 0.25 slip experiment
lasts a total of 13 s with a steady-state region of 2–
7 s, which is in contrast to a 0.95 slip run which
takes 207 s to complete, with over 200 s of steady-
state operation. A sample rate of 1000 Hz was
used for all tests.

It is important to note that the model was
examined over a wide range of slip conditions
which a lightweight vehicle could encounter. Slip
ratios of 0.75 and 0.95 are neither desirable
nor ideal; however, they may be unavoidable.
For example, NASA’s Mars Exploration Rover,
“Spirit”, was entrenched for several weeks and
would often operate in high-slip conditions [2]. As
extra-terrestrial exploration continues, rovers will
continue to find themselves in high-slip conditions
and, therefore, there is a need to better model
these operation conditions for designers and mis-
sion specialists.

There are various models [4, 13, 18, 23] which
are specifically designed to predict the mean val-
ues of the wheel–soil interaction. The present
work does not focus on the mean values of the
wheel–soil interaction but rather the deviations
and oscillations about the means. Thus, to high-
light the current work’s contributions to the field,

a series of mean-adjusted overlays of the pre-
dicted and experimental drawbar pull are dis-
played in Fig. 9 for a representative number of
test cases. In these graphs, the mean of both the
experimental and simulation data has been shifted
to zero so that the amplitude and phase of the
new model terms can be easily examined and
compared. The experimental data shown in Fig. 9
are for a representative single experiment since
averaging the data over several repeatability ex-
periments would distort the amplitude and phase
of the oscillations. When the means of the vertical
forces were compared for all tests, the average
error was 1.96 N with a standard deviation of 0.9.

Figure 9a overlays the experimental data and
the simulation data for 5 s with a 14.9 N normal
load and a slip ratio of 0.25. It can be seen that,
on this relatively long time scale, the model is
able to generally reproduce the amplitude of the
oscillations. One will notice slight irregularities
and disturbances in the experimental oscillations
at about 1.9 s which is attributed to the sand’s nat-
ural and inherent local variability in the void ratio;
hence, the density of the terrain is also variable
prior to the wheel–soil interaction. It is unrealistic
and unfeasible to have a perfectly-uniform void
ratio in the sand prior to a test. As a consequence,
if the terrain has a section with slightly more or
slightly fewer voids in a specific area, the result
would be that the frequency and amplitude of the
oscillations of the wheel–soil interaction will vary
due to the sand’s pre-existing state. However, on
average, the equations presented in Section 2.2
capture the overall phenomena. One could add
stochastic variables to the model if these delays or
variations are of importance. Adding higher-order
terms to the dynamic model could also assist in
modelling these variations; however, characteriz-
ing the additional terms would not be trivial and
the added resulting terms may not be related to
known physical soil constants. The current state
of the proposed model is a significant improve-
ment over previous traditional analytical models
as these traditional models do not capture any of
the oscillatory amplitude or frequency variations.

Figure 9b overlays the experimental data and
the simulation data for 10 s with a 14.9 N nor-
mal load and a slip ratio of 0.5. The model is
again able to capture the amplitude and frequency
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Fig. 9 Comparison between experimental work and model. a 14.9 N normal load, 0.25 slip; b 14.9 N normal load, 0.50 slip;
c 47.9 N normal load, 0.25 slip; d 47.9 N normal load, 0.50 slip; e 63.9 N normal load, 0.50 slip; f 47.9 N normal load, 0.95 slip
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characteristics of the oscillations. These results are
typical for slip conditions at the 14.9 N normal
load.

As mentioned earlier, the model was tuned
using the 14.9 N normal load, while the other two
normal loads of 47.7 N and 63.9 N were used
as test cases to examine the model’s predictive
capabilities.

Figure 9c overlays the experimental data and
the simulation data for 2 s with a 47.9 N normal
load and a slip ratio of 0.25. For this case the
model is also able to effectively predict the am-
plitude and generally approximate the frequency
of the oscillations. Again one will notice slight
disturbances in the experimental oscillations due
to natural variations in the local sand density that
the model currently does not account for.

Figure 9d shows the experimental data and the
simulation data for 10 s with a 47.9 N normal
load and a slip ratio of 0.50. These results are
representative of most cases at the 47.9 N normal
load.

Figure 9e overlays the experimental data and
the simulation data and highlights the ability to
predict both the amplitude and frequency of the
oscillations at the highest normal load in the study
(63.9 N). These results are also representative of
most cases at the 63.9 N normal load.

The highest slip ratio case of 0.95 revealed the
upper limit of the model’s prediction capabilities.
Figure 9f shows that the model is able to predict
the frequency of the oscillations; however, the
amplitude is under predicted at a slip ratio of
0.95 with a normal load of 47.9 N. This under
prediction was also found in the 63.9 N normal
load at the 0.95 slip ratio. Note that the dimen-
sionless Amplitude Factor could be tuned to better
represent the experimental data if more accuracy
at a slip ratio of 0.95 is desired.

5 Conclusions

This work presents a new dynamic pressure–
sinkage relationship for modeling the observed
oscillations in drawbar pull for a smooth rigid
wheel on dry sand. The proposed model was vali-
dated over a wide range of slip ratios and normal
loads. The SWTB used for the validation is unique

since the terrain is translated instead of the wheel
assembly. Also, the SWTB is capable of very small
normal loads because of the counterbalance sys-
tem employed.

The experimental data showed a repeatable
low-frequency oscillation in the force data that
could be correlated to visual ripples in the track
left by the smooth rigid wheel. The proposed
model accounts for this harmonic by adding an
A sin(ωt + φ) term into the traditional pressure–
sinkage relationship. The final form of the new dy-
namic pressure–sinkage relationship for a smooth
wheel is:

p = (
ck′

c + γ bk′
φ

) ( z
b

)n + dγ lck′
a sin(ωt + φ)

(26)

The experimental results show an improvement
over existing smooth-wheel models (which fail
to capture any oscillations about the predicted
means). The new model provides a fundamental
basis to increase the fidelity of wheel–soil models
for lightweight mobile robots. Previous grouser-
wheel work [11] is not applicable because, for a
smooth wheel, the frequency of the oscillations is
a function of the slip ratio rather than the number
of grousers. In addition, for the case of a wheel
with grousers, the spaces between the grousers
may become filled with compacted terrain such
that the wheel behaves like a smooth wheel
and the added tractive benefit of the grousers is
severely diminished. Remotely operated vehicles
are particularly vulnerable to this wheel clogging
phenomenon as there may not be an opportunity
to clean the wheels once they become filled with
terrain. It is in these situations where the proposed
smooth wheel model derived in the present work
should also be used to better predict the tractive
effort of the wheels and vehicle behaviour. Fur-
thermore, in the case of a scarcely-lugged/grouser
wheel, Eq. 26 can be used to model the wheel–
soil interaction between the lugs to help achieve
a closer approximation to the drawbar pull. The
increased fidelity and predictive qualities of the
new model can also aid in future wheel designs as
well as in assessing mobility capabilities of vari-
ous mobile robots. Future work with this model
could be carried out to examine the higher-order
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frequencies that appear in the experimental data
which are not modelled in this work.
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