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Abstra
t

We have solved the following problem using Pattern Classi�
ation Te
hniques (PCT): Given two

histogram methods M

1

and M

2

used in query optimization, if the estimation a

ura
y of M

1

is greater

than that ofM

2

, thenM

1

has a higher probability of leading to the optimal Query Evaluation Plan (QEP)

thanM

2

. To the best of our knowledge, this problem has been open for at least two de
ades, the di�
ulty

of the problem partially being due to the hurdles involved in the formulation itself. By formulating the

problem from a Pattern Re
ognition (PR) perspe
tive, we use PCT to present a mathemati
al, rigorous

proof of this fa
t, and show some uniqueness results. We also report empiri
al results demonstrating the

power of these theoreti
al results on well-known histogram estimation methods.

Keywords: Pattern Classi�
ation in Databases, Query Optimization, Histogram Methods.

1 Introdu
tion

1.1 Problem Statement

The theory of Pattern Re
ognition (PR) is quite advan
ed. Numerous books and papers have been written to

present a foundational basis for the �eld [1, 2℄. As opposed to this, the area of query optimization in database

te
hnology has still quite a few open, unsolved problems. In this short paper, we show that a fundamental

open problem in the database theory 
an be solved using the prin
iples of the theory of pattern 
lassi�
ation.

Query optimization is an NP-Hard problem [3, 4℄ whi
h has been studied for many de
ades. Given a query,

the main problem is to �nd the optimal Query Evaluation Plan (QEP). In this paper we resolve a problem,

whi
h has been (to our knowledge) open

1

for more than two de
ades and des
ribes how the a

ura
y of an

estimation method relates to the quality of the solution obtained. More spe
i�
ally, we solve the following

�
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problem: Given two histogram methods M

1

and M

2

used in Query Optimization, if the estimation a

ura
y

of M

1

is greater than that of M

2

, then M

1

has a higher probability of leading to the optimal QEP than M

2

.

By means of a rigorous analysis based on a distribution used in the failure models, the doubly exponential

distribution, we prove that the higher the a

ura
y of the method, the greater is the probability of this

method yielding the optimal solution. The di�
ulty of this open problem is partially being due to the

hurdles involved in the formulation itself. Indeed, after formulating the problem from a PR perspe
tive, we

use pattern 
lassi�
ation te
hniques to present a mathemati
al, rigorous proof of this fa
t, and show some

uniqueness results.

1.2 Importan
e of the Result

In the 1999 IDEAS Conferen
e in Montreal, Canada, the database authority, Prof. J. D. Ullman from

Stanford proposed the following question. He queried: �Does a system using a superior histogram method

ne
essarily yield a superior QEP?�. He also alluded to the experimental results using the Equi-width [5, 6℄

and Equi-depth histograms [7, 8℄ whi
h seemed to imply that the answer to the query was negative.

The importan
e of the results of this paper is that we show that the answer to his question is �sto
hasti
ally

positive�. In other words, we prove that although a superior histogrammethod may not always yield a superior

QEP, the probability that the superior histogram method yields a superior QEP ex
eeds the problem that it

yields an inferior QEP. This thus justi�es and gives a formal rigorous basis for the fa
t that all 
urrent day

database systems use histogram methods to determine the QEP.

We also show that if two �almost 
omparable� histogram methods (like the Equi-width and the Equi-

depth) are 
ompared, the probability of the superior one yielding a superior QEP is negligible. This probably

answers for Prof. Ullman's implied position. However, if the error of one method is signi�
antly less than the

error of the se
ond, the probability of obtaining a superior QEP is also signi�
antly greater. This is be
ause

of the expli
it form of the fun
tion involved, and further answers for the experimental results alluded to by

Prof. Ullman. The 
orresponding result for signi�
antly superior histograms also follows from the fun
tional

form, and is veri�ed by experimental results involving the Equi-width, the Equi-depth, and the Re
tangular

Cardinality Attribute Cardinality Map (R-ACM), a re
ently devised histogram method [9℄.

The theoreti
al signi�
an
e of this paper is the fa
t that it demonstrates how PR te
hniques 
an be used

to solve open �unsolved� problems in various other unrelated domains. It also shows that 
ertain de
ision

problems do not ne
essarily have YES/NO answers, but answers whi
h are sto
hasti
ally positive/negative.

In parti
ular, we present a solution to this fundamental, unsolved problem in the area of query optimization

in database te
hnology using the theory of pattern 
lassi�
ation.

1.3 Overview

We 
onsider the fundamental query optimization problem. When an end user performs a query, many

internal operations need to be done to retrieve the information requested. The most important operation

between tables is the natural join on a parti
ular attribute. In real databases, a query may 
onsist of joining

2



several tables. When more than two tables have to be joined, intermediate join operations are performed

to ultimately obtain the �nal relation. As a result, the same query 
an be performed by means of di�erent

intermediate (join) operations. A simple sequen
e of join operations that leads to the same �nal result is 
alled

a QEP. Ea
h QEP has asso
iated an internal 
ost, whi
h depends on the number of operations performed in

the intermediate joins. The problem of 
hoosing the best QEP is a 
ombinatorially explosive optimization

problem. This problem is 
urrently solved by estimating the query result sizes of the intermediate relations

and sele
ting the most e�
ient a

ess QEP.

Sin
e the analysis of sele
ting the best QEP must be done in �real� time, it is not possible to inspe
t the real

data in this phase. Consequently, query result sizes are usually estimated using statisti
al information about

the stru
tures and the data maintained in the database 
atalogue. This information is used to approximate

the distribution of the attribute values in a parti
ular relation. Hen
e the problem of sele
ting the best QEP

depends on how well that distribution is approximated.

In [10℄, it has been shown that errors in query result size estimates may in
rease exponentially with the

number of joins. Sin
e 
urrent databases and the asso
iated queries in
rease in 
omplexity, numerous e�orts

have being made to devise more e�
ient te
hniques that solve the query optimization problem.

Many te
hniques have been proposed to estimate query result sizes, in
luding histograms, sampling, and

parametri
 te
hniques [5, 7, 8, 11℄. Histograms are the most 
ommonly used form of statisti
al information.

They are in
orporated in most of the 
ommer
ial database systems su
h as Ora
le, Mi
rosoft SQL Server,

Teradata, and DB2, whi
h mainly use the Equi-depth histogram. The prominent models of histograms

known in the literature are: Equi-width [5, 6℄, Equi-Depth [7, 8℄, the R-ACM [9℄, the Trapezoidal Attribute

Cardinality Map (T-ACM ) [12℄, and the V-Optimal Histograms [10, 13℄.

In this paper, we fo
us on these histogrammethods (or for that matter any histogram estimation methods).

We analyti
ally prove that under 
ertain models, the better the a

ura
y of an estimation te
hnique, the

greater the probability of it 
hoosing the optimal QEP.

In order to provide additional eviden
e, we have also provided some empiri
al results that shows the

superiority of R-ACM over the traditional histogram estimation methods, the Equi-width and the Equi-

depth. The empiri
al results obtained by testing these properties for many of the above histogram methods

in random databases show that the R-ACM is signi�
antly superior to both the Equi-width and the Equi-

depth s
hemes.

2 The Relation between E�
ien
y and Optimality

Consider two query-size estimation methods, M

1

and M

2

. The probability of 
hoosing a 
ost value of a

parti
ular QEP by M

1

and that of 
hoosing a 
ost value by M

2

are represented by two independent random

variables. Clearly, this assumption of independen
e is valid be
ause there is no reason why the value obtained

by one estimation strategy should a�e
t the value obtained by the se
ond.

Although we 
onsider the analysis for any two arbitrary histogram s
hemes, referred to by M

1

and M

2

,
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Figure 1: An example of doubly exponential distributions for the random variables X

(opt)

1

, X

(opt)

2

, X

(subopt)

1

and X

(subopt)

2

, whose parameters are �

1

= 0:4 and �

2

= 0:2.

the result we 
laim 
an be extended to any of the query-size estimation methods mentioned above.

For the analysis done below, we work with the model that the error fun
tion is doubly exponential. In

other words, the probability of obtaining a value that deviates from the mean falls exponentially as a fun
tion

of the deviation. This model (unlike the Gaussian error fun
tion) is more typi
al in reliability analysis and

in failure models, and in this parti
ular domain, the question is one of evaluating how reliable the quality of

a QEP is if only an estimate of its performan
e is available.

Without loss of generality, if the mean 
ost of the optimal QEP is �, by shifting the origin by �, we


an work with the assumption that the 
ost of the best QEP is 0, whi
h is the mean of these two random

variables. The 
ost of the se
ond best QEP is given by another two random variables (one for M

1

and the

other one for M

2

) whose mean, 
 > 0, is the same for both variables. An example will help to 
larify this.

Example 1. Suppose that M

1


hooses the optimal 
ost value with probability represented by the random

variable X

(opt)

1

whose mean is 0 and �

1

= 0:4. This method also 
hooses another sub-optimal 
ost value

a

ording to X

(subopt)

1

whose mean is 8 and �

1

= 0:4.

M

2

is another method that 
hooses the optimal 
ost value with probability given by X

(opt)

2

whose param-

eters are M = 0 and �

2

= 0:2. Another sub-optimal 
ost value is 
hose with probability given by X

(subopt)

2

whose parameters are M = 8 and �

2

= 0:2.

Sin
e

2

�

2

1

<

2

�

2

2

, we would hope that the probability that M

1


hooses a sub-optimal 
ost value is smaller

than that of M

2


hoosing the sub-optimal 
ost value. This s
enario is depi
ted in Figure 1. The result

depi
ted above is formalized in the following theorem, whi
h is the primary result of this short paper, and

answers the open question referred to above. Observe too that the formulation and proof use te
hniques
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typi
ally foreign to database theory, but whi
h are fundamental to the theory of PR. �

Theorem 1. Suppose that:

� M

1

and M

2

are two query result size estimation methods.

� X

1

and X

2

are two doubly exponential random variables that represent the 
ost values of the optimal

QEP obtained by M

1

and M

2

respe
tively.

� X

0

1

and X

0

2

are another two random variables representing the 
ost value of a non-optimal QEP obtained

by M

1

and M

2

respe
tively.

� 0 = E[X

1

℄ = E[X

2

℄ � E[X

0

1

℄ = E[X

0

2

℄ = 
 .

Let p

1

and p

2

be the probabilities that M

1

and M

2

respe
tively make the wrong de
ision. Then,

if Var[X

1

℄ = Var[X

0

1

℄ =

2

�

2

1

�

2

�

2

2

= Var[X

2

℄ = Var[X

0

2

℄; p

1

� p

2

:

Proof. Consider a parti
ular value x. The probability that the value x leads to a wrong de
ision made by

M

1

, is given by:

I

11

=

R

x

�1

1

2

�

1

e

�

1

(u�
)

du if x < 
 ; and

I

12

=

R




�1

1

2

�

1

e

�

1

(u�
)

du+

R

x




1

2

�

1

e

��

1

(u�
)

du if x > 
 :

(1)

Solving the integrals, (1) results in:

I

11

=

1

2

e

�

1

(x�
)

� lim

u!�1

1

2

e

��

1

(u�
)

=

1

2

e

��

1

(x�
)

; and

I

12

= lim

u!�1

1

2

e

��

1

(�u+
)

+

1

2

�

1

2

e

��

1

(x�
)

+

1

2

= 1�

1

2

e

��

1

(x�
)

:

(2)

The probability that M

1

makes the wrong de
ision for all the values of x is the following fun
tion of �

1

and 
:

p

1

= I(�

1

; 
) =

Z

0

�1

I

11

1

2

�

1

e

�

1

x

dx+

Z




0

I

11

1

2

�

1

e

��

1

x

dx +

Z

1




I

12

1

2

�

1

e

��

1

x

dx : (3)

whi
h, after applying the distributive law and substituting the values of I

11

and I

12

, 
an be written as:
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Z

0

�1

�

1

4

e

2�

1

x��

1




dx �

Z




0

�

1

4

e

��

1




dx+

Z

1




�

1

2

e

��

1

x

�

�

1

4

e

�2�

1

x+�

1




dx : (4)

After solving the integrals, (4) is transformed into:

1

8

e

��

1




+

1

4

�

1


e

��

1




+

3

8

e

��

1




=

1

2

e

��

1




+

1

4

�

1


e

��

1




: (5)

Similarly, we do the same analysis for p

2

, whi
h is a fun
tion of �

2

and 
:

p

2

= I(�

2

; 
) =

1

2

e

��

2




+

1

4

�

2


e

��

2




: (6)

We have to prove that:

p

1

=

1

2

e

��

1




+

1

4

�

1


e

��

1




�

1

2

e

��

2




+

1

4

�

2


e

��

2




= p

2

: (7)

Multiplying both sides by 2, and substituting �

1


 for �

1

and �

2


 for �

2

, (7) 
an be written as follows:

e

��

1

+

1

2

�

1

e

��

1

� e

��

2

+

1

2

�

2

e

��

2

: (8)

Substituting �

2

for k�

1

, �

1

� 0 and 0 < k � 1, (8) results in:

q

1

= e

��

1

+

1

2

�

1

e

��

1

� e

�k�

1

+

1

2

k�

1

e

�k�

1

= q

2

: (9)

We now prove that q

1

� q

2

� 0. After applying natural logarithm to both sides of (9) and some algebrai


manipulation, q

1

� q

2

� 0 implies:

F (�

1

; k) = k�

1

� �

1

+ ln(1 +

1

2

�

1

)� ln(1 +

1

2

k�

1

) � 0 : (10)

To prove that F (�

1

; k) � 0, we use the fa
t that lnx � x� 1. Hen
e, we have:
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F (�

1

; k) = �

1

(k � 1) + ln

�

1 +

1

2

�

1

1 +

1

2

k�

1

�

(11)

� �

1

(k � 1) +

1 +

1

2

�

1

1 +

1

2

k�

1

� 1 (12)

= �

1

(k � 1) +

�

1

� k�

1

2 + k�

1

(13)

=

k�

1

+ k

2

�

2

1

� �

1

� k�

2

1

2 + k�

1

(14)

=

�

1

(k � 1)(k�

1

+ 1)

2 + k�

1

� 0 ; (15)

be
ause:

(i) 0 < k � 1 and �

1

� 0 ) �

1

(k � 1) � 0 and k�

1

+ 1 > 0: Hen
e �

1

(k � 1)(k�

1

+ 1) � 0, and

(ii) 0 < k � 1 and �

1

� 0 ) 0 < k�

1

� �

1

) k�

1

+ 2 > 2 > 0.

Hen
e the theorem.

The above theorem 
an be viewed as a �su�
ien
y result�. In other words, we have shown that q

1

�q

2

� 0

or that p

1

� p

2

. We now show a �ne
essity result� stated as a uniqueness result. This result states that the

fun
tion p

1

� p

2

has its equality only at the boundary 
ondition where the two distributions are exa
tly

identi
al.

To prove the ne
essity result, we 
onsider q

2

� q

1

whi
h, derived from (9), 
an be written, as a fun
tion

of �

1

and k, as:

G(�

1

; k) = e

�k�

1

+

1

2

k�

1

e

�k�

1

� e

��

1

�

1

2

�

1

e

��

1

: (16)

By examining its partial derivatives we shall show that there are two solutions for equality. Furthermore,

when �

1

� 0 and 0 < k � 1, we shall see that for a given k, there is only one solution, namely �

1

= 0 and k,

0 < k � 1, proving the uniqueness.

Theorem 2. Suppose that �

1

� 0, 0 < k � 1. Let G(�

1

; k) be:

G(�

1

; k) = e

�k�

1

+

1

2

k�

1

e

�k�

1

� e

��

1

�

1

2

�

1

e

��

1

: (17)

Then G(�

1

; k) � 0, and there are exa
tly two solutions for G(�

1

; k) = 0, being: f�

1

= �1; k = 1g and

f�

1

= 0; kg .

Proof. We must prove that, as de�ned in the theorem statement, G(�

1

; k) � 0.
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We shall prove that this is satis�ed by determining the lo
al minima for G(:; :), where �

1

� 0 and

0 < k � 1. We �rst �nd the partial derivatives of (17) with respe
t to �

1

and k:

�G

��

1

= �

1

2

ke

�k�

1

�

1

2

k

2

�

1

e

�k�

1

+

1

2

e

��

1

+

1

2

�

1

e

��

1

= 0 ; and (18)

�G

�k

= �

1

2

�

1

e

�k�

1

�

1

2

k�

2

1

e

�k�

1

= 0 : (19)

We now solve (18) and (19) for �

1

and k. Equation (19) 
an be written as follows:

�

1

2

�

1

e

�k�

1

=

1

2

k�

2

1

e

�k�

1

; (20)

whi
h, after 
an
eling some terms results in k�

2

1

+�

1

= 0. Solving this equation for �

1

, we have: �

1

= �

1

k

and �

1

= 0. Substituting �

1

= �

1

k

in (18) and 
an
eling some terms, we obtain:

1

2

e

��

1

+

1

2

�

1

e

��

1

= 0 ; (21)

whi
h results in the solution to be �

1

= �1, and 
onsequently, k = 1.

The se
ond root, �

1

= 0, indi
ates that the minimum is a
hieved for any value of k.

We have thus found two solutions for (18) and (19), f�

1

= 0; kg and f�

1

= �1; k = 1g . Sin
e �

1

� 0,

it means that �

1


an have at least a value of 0, and hen
e the lo
al minima is in f�

1

= 0; kg. Substituting

these two values in G, we see that G(�

1

; k) = 0, whi
h is the minimum. Therefore, G(�

1

; k) � 0 for �

1

� 0

and 0 < k � 1.

Hen
e the theorem.

To get a physi
al perspe
tive of these results, let us analyze the geometri
 relation of the fun
tion G and

the histograms estimation methods. G is a positive fun
tion in the region �

1

� 0, 0 < k � 1. When �

1

! 0,

G! 0. This means that for small values of �

1

, G is also small. Sin
e �

1

= �

1


, the value of �

1

depends on

�

1

and 
. When 
 is small, G is very 
lose to its minimum, 0, and hen
e both probabilities, p

1

and p

2

, are

very 
lose. This behavior 
an be observed in Figure 2.

In terms of histogram methods and QEPs, when 
 is small, the optimal and the sub-optimal QEP are

very 
lose. Sin
e histogram methods su
h as Equi-width and Equi-depth produ
e a larger error than the

R-ACM and the T-ACM, the former are less likely to �nd the optimal QEP than the latter.

On the other hand, G is very small when �

1

is 
lose to 0. This means that Var[X

1

℄ is very large. Sin
e

Var[X

1

℄ � Var[X

2

℄, Var[X

2

℄ is also very large, and both are 
lose ea
h other (In Figure 1, we would observe

almost �at 
urves for both distributions). Random variables for histogram methods su
h as Equi-width

and Equi-depth yield similar error estimation distributions with large and similar varian
es. Hen
e, the
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Figure 2: Fun
tion G(�

1

; k) plotted in the ranges 0 � �

1

� 1 and 0 � k � 1.

G(�

1

; k)

k �

1

probabilities p

1

and p

2

are quite 
lose, and 
onsequently, similar results are expe
ted for these estimation

methods. As a 
onsequen
e of this, the results of Theorems 1 and 2 are not too meaningful in the absen
e

of the new histogram methods, the R-ACM and the T-ACM, whi
h e�e
tively imply random variables with

smaller varian
es and with underlying random variables quite di�erent from those implied by the Equi-width

and the Equi-depth methods.

3 Empiri
al Results

In order to provide pra
ti
al eviden
e of the theoreti
al results presented above

2

, we have performed some

simulations with randomly generated databases. In the experiments we have 
ondu
ted, the details of whi
h


an be found in [14℄, four independent runs. In ea
h run, 100 random databases were generated. Ea
h

database was 
omposed of six relations, ea
h of them having six attributes. Ea
h relation was populated

with 100 tuples.

The e�
ien
y of R-ACM was 
ompared with that of the Equi-width and the Equi-depth after performing

these simulations using 50 values per attribute. We set the number of bins for the Equi-width and the Equi-

depth to be 22. In order to be impartial with the evaluation, we set the number of bins for the R-ACM to be

approximately half of that of the Equi-width and the Equi-depth, be
ause the former needs twi
e as mu
h

storage as that of the latter.

The simulation results obtained from 400 independent runs, used to 
ompare the e�
ien
y of the R-ACM

with that of the Equi-width and that of the Equi-depth, are given in Table 1. The 
olumn labeled �R-ACM-W�

2

This paper is not intended to 
ompare the various histogram methods: Equi-width, Equi-depth, R-ACM, T-ACM, V-

optimal, et
. The experimental results submitted are merely in
luded to demonstrate that the theoreti
ally proven results 
an

be experimentally justi�ed.
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Simulation R-ACM-W Equi-width R-ACM-D Equi-depth

1 26 12 35 12

2 24 15 42 13

3 35 11 46 8

4 29 15 46 8

Total 114 53 169 41

Table 1: Simulation results for the R-ACM, Equi-width, and Equi-depth, after optimizing a query on 400

randomly generated databases.

is the number of times that R-ACM is better than Equi-width. The 
olumn labelled �Equi-width� indi
ates

the number of times in whi
h the Equi-width obtains a better QEP than that of the R-ACM. Similarly, the


olumn labelled �R-ACM-D� represents the number of times that the R-ACM yields better solutions than

Equi-depth, and the 
olumn labelled �Equi-depth� is the number of times in whi
h the Equi-depth is superior

to the R-ACM. The last row, the total of ea
h 
olumn gives us the eviden
e that the R-ACM is superior to

Equi-width in more than twi
e as mu
h, and the R-ACM is better than Equi-depth by a fa
tor of about four.

4 Con
lusions

The theory of PR is quite developed, and has many appli
ations. We believe that this theory 
an be used to

prove unsolved results in various other �elds. In parti
ular, we have applied pattern 
lassi�
ation te
hniques

to solve problems in the area of database query optimization. In this paper, we have dis
ussed the e�
ien
y

of using histogram estimation methods for database query optimization and resolved an open problem, whi
h

has been (to our knowledge) open for at least twenty years. The problem des
ribes how the a

ura
y of

an estimation method relates to the quality of the solution obtained. The e�
ien
y has been quanti�ed by

means of the probability of a method 
hoosing the optimal solution.

We have shown analyti
ally (using a reasonable model of a

ura
y, namely the doubly exponential dis-

tribution for errors) that as the a

ura
y of an estimation method in
reases, the probability of it leading

to a superior QEP also in
reases. We have shown that histogram methods that produ
e errors with similar

varian
es (su
h as the re
ently introdu
ed R-ACM and T-ACM), the expe
ted results are also similar. We

have also shown that the R-ACM and the T-ACM, whi
h produ
e error with smaller varian
es than the

traditional methods, yield better QEPs in a substantially larger number of times.

We have also provided eviden
e of the theoreti
al results by means of the empiri
al results obtained from

evaluating the Equi-width, the Equi-depth, and the R-ACM on randomly generated databases. These results

show that the R-ACM provides superior solutions in more than twi
e as many times as the Equi-width, and

in more than four times often than the Equi-depth.

The question of analyzing the a

ura
y/speed problem for other distributions (for example, Gaussian)

remains open, but is far from trivial. More detailed empiri
al results in
luding the design of random databases

and random queries in these random databases 
an be found in [14℄.
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