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Abstra
t

We 
onsider the well-studied Pattern Re
ognition (PR) problem of designing linear 
lassi�ers. When

dealing with normally distributed 
lasses, it is well known that the optimal Bayes 
lassi�er is linear only

when the 
ovarian
e matri
es are equal. This was the only known 
ondition for 
lassi�er linearity. In

a previous work, we presented the theoreti
al framework for optimal pairwise linear 
lassi�ers for two-

dimensional normally distributed random ve
tors. We derived the ne
essary and suÆ
ient 
onditions that

the distributions have to satisfy so as to yield the optimal linear 
lassi�er as a pair of straight lines.

In this paper we extend the previous work to d-dimensional normally distributed random ve
tors. We

provide the ne
essary and suÆ
ient 
onditions needed so that the optimal Bayes 
lassi�er is a pair of

hyperplanes. Various s
enarios have been 
onsidered in
luding one whi
h resolves the multi-dimensional

Minsky's paradox for the per
eptron. We have also provided some three dimensional examples for all the


ases, and tested the 
lassi�
ation a

ura
y of the 
orresponding pairwise linear 
lassi�er. In all the 
ases,

these linear 
lassi�ers a
hieve very good performan
e. To demonstrate that the 
urrent pairwise-linear

philosophy yields superior dis
riminants on real life data, we have shown how linear 
lassi�ers determined

using an MLE estimation appli
able for this approa
h, yields better a

ura
y that the dis
riminants

obtained by the traditional Fisher's 
lassi�er on a real life data set. The multi-dimensional generalization

of the MLE estimate for these 
lassi�ers is 
urrently being investigated.

1 Introdu
tion

The problem of �nding linear 
lassi�ers has been the study of many resear
hers in the �eld of Pattern Re
og-

nition (PR). Linear 
lassi�ers are very important be
ause of their simpli
ity when it 
on
erns implementation,

and their 
lassi�
ation speed. Various s
hemes to yield linear 
lassi�ers are reported in the literature su
h

as Fisher's approa
h [3, 9, 19℄, the per
eptron algorithm (the basis of the ba
k propagation neural network

learning algorithms) [7, 11, 14, 15℄, pie
ewise re
ognition models [12℄, random sear
h optimization [13℄, re-

moval 
lassi�
ation stru
tures [1℄, adaptive linear dimensionality redu
tion [8℄ (whi
h outperforms Fisher's

�
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lassi�er for some data sets), and linear 
onstrained distan
e-based 
lassi�er analysis [2℄ (an improvement to

Fisher's approa
h designed for hyperspe
tral image 
lassi�
ation). All of these approa
hes su�er from the

la
k of optimality, and thus, although they do determine linear 
lassi�
ation fun
tions, the 
lassi�er is not

optimal.

Apart from the results reported in [17, 18℄, in statisti
al PR, the Bayesian linear 
lassi�
ation for normally

distributed 
lasses involves a single 
ase. This traditional 
ase is when the 
ovarian
e matri
es are equal

[5, 16, 20℄. In this 
ase, the 
lassi�er is a single straight line (or a hyperplane in the d-dimensional 
ase)


ompletely spe
i�ed by a �rst-order equation.

In [17, 18℄, we showed that although the general 
lassi�er for two dimensional normally distributed random

ve
tors is a se
ond-degree polynomial, this polynomial degenerates to be either a single straight line or a pair

of straight lines. Thus, we have found the ne
essary and suÆ
ient 
onditions under whi
h the 
lassi�er 
an

be linear even when the 
ovarian
e matri
es are not equal. In this 
ase, the 
lassi�
ation fun
tion is a pair

of �rst-order equations, whi
h are fa
tors of the se
ond-order polynomial (i.e. the 
lassi�
ation fun
tion).

When the fa
tors are equal, the 
lassi�
ation fun
tion is given by a single straight line, whi
h 
orresponds to

the traditional 
ase when the 
ovarian
e matri
es are equal.

Some examples of pairwise linear 
lassi�ers for two and three-dimensional normally distributed random

ve
tors 
an be found in [3℄ pp. 42{43. By studying these, the reader should observe that the existen
e of

su
h 
lassi�ers was known. The novelty of our results are the 
onditions for pairwise linear 
lassi�ers, and

the demonstration that these, in their own right, lead to superior linear 
lassi�ers.

In this paper, we extend these 
onditions for d-dimensional normal random ve
tors, where d > 2. We

assume that the features of an obje
t to be re
ognized are represented as a d-dimensional ve
tor whi
h is an

ordered tuple X = [x

1

: : : x

d

℄

T


hara
terized by a probability distribution fun
tion. We deal only with the


ase in whi
h these random ve
tors have a jointly normal distribution, where 
lass !

i

has a mean M

i

and


ovarian
e matrix �

i

, i = 1; 2.

Without loss of generality, we assume that the 
lasses !

1

and !

2

have the same a priori probability, 0.5,

in whi
h 
ase, the 
lassi�er is given by:

log

j�

2

j

j�

1

j

� (X �M

1

)

T

�

�1

1

(X �M

1

) + (X �M

2

)

T

�

�1

2

(X �M

2

) = 0 : (1)

When �

1

= �

2

, the 
lassi�
ation fun
tion is linear [3, 4, 20℄. For the 
ase when �

1

and �

2

are arbitrary, the


lassi�er results in a general equation of se
ond degree whi
h results in the 
lassi�er being a hyperparaboloid,

a hyperellipsoid, a hypersphere, a hyperboloid, or a pair of hyperplanes. This latter 
ase is the fo
us of our

present study.

The results presented here have been rigorously tested. In parti
ular, we present some empiri
al results

for the 
ases in whi
h the optimal Bayes 
lassi�er is a pair of hyperplanes. It is worth mentioning that we

tested the 
ase of Minsky's paradox on randomly generated samples, and we have found that the a

ura
y is

very high even though the 
lasses are signi�
antly overlapping.
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2 Linear Classi�ers for Diagonalized Classes: The 2-D Case

The 
on
ept of diagonalization is quite fundamental to our study. Diagonalization is the pro
ess of trans-

forming a spa
e by performing linear and whitening transformations [4℄. Consider a normally distributed

random ve
tor, X, with any mean ve
tor and 
ovarian
e matrix. By performing diagonalization, X 
an be

transformed into another normally distributed random ve
tor, Z, whose 
ovarian
e is the identity matrix.

This 
an be easily generalized to in
orporate what is 
alled \simultaneous diagonalization". By perform-

ing this pro
ess, two normally distributed random ve
tors, X

1

and X

2

, 
an be transformed into two other

normally distributed random ve
tors, Z

1

and Z

2

, whose 
ovarian
e matri
es are the identity and a diagonal

matrix, respe
tively. A more in-depth dis
ussion of diagonalization 
an be found in [19, 4℄, and is omitted

here as it is assumed to be fairly elementary. We dis
uss below the 
onditions for the mean ve
tors and


ovarian
e matri
es of simultaneously diagonalized ve
tors in whi
h the Bayes optimal 
lassi�er is pairwise

linear.

In [17, 18℄, we presented the ne
essary and suÆ
ient 
onditions required so that the optimal 
lassi�er is

a pair of straight lines, for the two dimensional spa
e. Using these results, we present here the 
ases for the

d-dimensional 
ase in whi
h the optimal Bayes 
lassi�er is a pair of hyperplanes.

Sin
e we repeatedly refer to the work of [17, 18℄, we state (without proof) the relevant results below.

One of the 
ases in whi
h we evaluated the possibility of �nding a pair of straight lines as the optimal


lassi�er is when we have inequality 
onstraints. This 
ase is dis
ussed below.

Theorem 1. Let X

1

� N(M

1

;�

1

) and X

2

� N(M

2

;�

2

) be two normally distributed random ve
tors with

parameters of the form:

M

1

=

"

r

s

#

; M

2

=

"

�r

�s

#

; �

1

=

"

1 0

0 1

#

; and �

2

=

"

a

�1

0

0 b

�1

#

: (2)

There exist real numbers, r and s, su
h that the optimal Bayes 
lassi�er is a pair of straight lines if and

only if one of the following 
onditions is satis�ed:

(a) 0 < a < 1 and b > 1 ,

(b) a > 1 and 0 < b < 1 .

Moreover, the optimal Bayes 
lassi�er is a pair of straight lines if and only if

a(1� b)r

2

+ b(1� a)s

2

�

1

4

(ab� a� b+ 1) log ab = 0 ; (3)

Another 
ase evaluated in [17, 18℄ is when we have equality 
onstraints. In this 
ase, the optimal Bayes


lassi�er is a pair of parallel straight lines. In parti
ular, when �

1

= �

2

, these lines are 
oin
ident.

Theorem 2. Let X

1

� N(M

1

;�

1

) and X

2

� N(M

2

;�

2

) be two normally distributed random ve
tors with

parameters of the form of (2). The optimal Bayes 
lassi�er is a pair of straight lines if and only if one of

the following 
onditions is satis�ed:

(a) a = 1, b 6= 1, and r = 0 ,
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(b) a 6= 1, b = 1, and s = 0 .

The 
lassi�er is a single straight line if and only if:

(
) a = 1 and b = 1. �

3 Multi-Dimensional Pairwise Hyperplane Classi�ers

Let us 
onsider now the more general 
ase for d > 2. Using the results mentioned above, we derive the ne
-

essary and suÆ
ient 
onditions for a pairwise-linear optimal Bayes 
lassi�er. From the inequality 
onstraints

(a) and (b) of Theorem 1, we state and prove that it is not possible to �nd the optimal Bayes 
lassi�er as a

pair of hyperplanes for these 
onditions when d > 2. We modify the notation marginally. We use the symbols

(a

�1

1

; a

�1

2

; : : : ; a

�1

d

) to synonymously refer to the marginal varian
es (�

2

1

; �

2

2

; : : : ; �

2

d

).

Theorem 3. Let X

1

� N(M

1

;�

1

) and X

2

� N(M

2

;�

2

) be two normally distributed random ve
tors, su
h

that

M

1

= �M

2

=

2

6

6

6

6

6

4

m

1

m

2

.

.

.

m

d

3

7

7

7

7

7

5

;�

1

= I; and �

2

=

2

6

6

6

6

6

4

a

�1

1

0 : : : 0

0 a

�1

2

: : : 0

.

.

.

.

.

.

.

.

.

.

.

.

0 0 : : : a

�1

d

3

7

7

7

7

7

5

(4)

where a

i

6= 1, i = 1; : : : ; d. There are no real numbers m

i

, i = 1; : : : ; d, su
h that the optimal Bayes


lassi�er is a pair of hyperplanes.

Proof. In order to obtain a pair of hyperplanes for the optimal 
lassi�er in the d-dimensional spa
e, the

proje
tion of these hyperplanes onto the plane determined by the axes x

i

and x

j

must be a pair of straight

lines for all i; j = 1; : : : ; d, i 6= j.

Without loss of generality

1

, suppose that the 
onditions stated in Theorem 1 are satis�ed for the axes x

i

and x

j

. Now, 
onsider another axis, x

k

, k 6= i, k 6= j, and let us analyze the possibility of �nding a pair of

straight lines, whi
h is the optimal 
lassi�er between the axes x

k

and x

i

, and between the axes x

k

and x

j

.

� Suppose that 0 < a

i

< 1 and a

j

> 1.

In this 
ase, if 0 < a

k

< 1, using the result of Theorem 1, we see that it is impossible to �nd the


orresponding real numbers r

ik

and s

ik

su
h that the optimal 
lassi�er is a pair of straight lines between

the axes x

k

and x

i

, sin
e 0 < a

i

< 1.

On the other hand, if a

k

> 1, again, there are no real numbers r

jk

and s

jk

su
h that the optimal


lassi�er is a pair of straight lines between the axes x

k

and x

j

, sin
e a

j

> 1.

� Suppose that a

i

> 1 and 0 < a

j

< 1.

Again, in this 
ase, if 0 < a

k

< 1, it is not possible to �nd real numbers r

jk

and s

jk

so as to yield a

pair of straight lines between the axes x

k

and x

j

, sin
e 0 < a

j

< 1.

Analogously, if a

k

> 1, it is impossible to �nd a pair of straight lines between the axes x

k

and x

i

, sin
e

a

i

> 1.

1

We refer to the quantities r and s of Theorem 1 as r

ij

and s

ij

if the random variables 
onsidered are x

i

and x

j

.
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We have thus shown that it is not possible to �nd a pair of hyperplanes when a

i

6= 1; a

j

6= 1; and a

k

6= 1.

The result follows.

Informally speaking, the proof of Theorem 3 is a

omplished by 
he
king if there is an optimal pairwise

linear 
lassi�er for all the pairs of axes. This is not possible sin
e, if the 
ondition has to be satis�ed, when

the �rst element on the diagonal is less than unity, the se
ond one must be greater than unity. Consequently,

there is no 
han
e for a third element to satisfy this 
ondition, pairwise, with the �rst two elements.

Using the results of Theorem 2, we now analyze the possibility of �nding the optimal pairwise linear


lassi�ers for the d-dimensional 
ase when some of the entries in �

2

are unity.

Theorem 4. Let X

1

� N(M

1

;�

1

) and X

2

� N(M

2

;�

2

) be two normally distributed random ve
tors with

parameters of the form of (4). If there exists an index i su
h that a

i

6= 1, and a

j

= 1, m

j

= 0, for j = 1; : : : ; d,

i 6= j, then the optimal Bayes 
lassi�er is a pair of hyperplanes.

Proof. Consider two normally distributed random variable, X

1

� N(M

1

;�

1

) and X

2

� N(M

2

;�

2

), whose

parameters are of the form given in (4).

Without loss of generality, suppose that there exist some i, 1 � i � d, su
h that a

i

6= 1, and for all j,

1 � j � d, i 6= j, a

j

= 1 and m

j

= 0.

To obtain a pair of hyperplanes as the optimal 
lassi�er in the d-dimensional spa
e, the proje
tion of

these hyperplanes onto the plane determined by the axes x

i

and x

j

must be a pair of straight lines for i,

j = 1; : : : ; d, i 6= j.

To 
onsider all the pairs of axes, x

k

and x

l

, k 6= l, we analyze the following three mutually ex
lusive and

exhaustive 
ases:

(a) k = i, and l = j, where j 6= i. Sin
e a

k

6= 1, a

l

= 1, and m

j

= 0, this 
ase redu
es to Case (b) of

Theorem 2. Using the latter, we argue that the 
lassi�er between the axes x

k

and x

l

is a pair of

straight lines.

(b) k 6= i and l = j, where j 6= i. In this 
ase, we see that a

k

= 1 and a

l

= 1. Sin
e k 6= l, by

invoking Case (
) of Theorem 2, it is 
lear that the 
lassi�er between the axes x

k

and x

l

is a

pair of straight lines be
ause the 
orresponding sub-matri
es are equal, leading to the linear (not

pairwise linear) 
lassi�er determined by traditional methods.

(
) k = j, where j 6= i, and l = i. Again, sin
e a

k

= 1, m

k

= 0, and a

l

6= 1, by invoking Case (a)

of Theorem 2, it follows that the 
lassi�er between the axes x

k

and x

l

is a pair of straight lines

ex
ept that, as opposed to Case (a) above, k and l assume inter
hanged roles.

The result follows.

We now 
ombine the results of Theorems 1 and 2, and state more general ne
essary and suÆ
ient 
ondi-

tions to �nd a pair of hyperplanes as the optimal Bayes 
lassi�er. We a
hieve this using the inequality and

equality 
onstraints of these theorems.

The main di�eren
e between Theorem 4 and the theorem given below is that in the former, all the elements

but one of the diagonal of �

2

are equal to unity. In the theorem presented below, there are two elements of

the diagonal of �

2

whi
h are not equal to unity, and therefore they must satisfy (3) and either 
ondition (a)

or (b) of Theorem 1.
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Theorem 5. Let X

1

� N(M

1

;�

1

) and X

2

� N(M

2

;�

2

) be two normally distributed random ve
tors with

parameters of the form of (4). The optimal Bayes 
lassi�er is a pair of hyperplanes if there exist i and j

su
h that any of the following 
onditions are satis�ed:

(a) 0 < a

i

< 1, a

j

> 1, a

k

= 1, m

k

= 0, for all k = 1; : : : ; d, i 6= j, k 6= i, k 6= j, with

a

i

(1� a

j

)m

2

i

+ a

j

(1� a

i

)m

2

j

�

1

4

(a

i

a

j

� a

i

� a

j

+ 1) loga

i

a

j

= 0 : (5)

(b) a

i

6= 1, a

j

= 1, m

j

= 0, for all j 6= i .

(
) a

i

= 1, for all i = 1; : : : ; d .

Proof. As in Theorem 4, to obtain a pair of hyperplanes for the optimal 
lassi�er in the d-dimensional spa
e,

the proje
tion of these hyperplanes onto the plane determined by the axes x

i

and x

j

must be a pair of straight

lines for all i; j = 1; : : : ; d, i 6= j.

Without loss of generality, suppose that there exists an index i su
h that 0 < a

i

< 1. Consider another

axis, x

j

, i 6= j. We have to analyze the following 
ases for a

j

:

(i) 0 < a

j

< 1: A

ording to the 
onditions stated in Theorem 1, we 
annot have a pairwise linear

optimal 
lassi�er.

(ii) a

j

> 1: If (5) is satis�ed between x

i

and x

j

, for all the x

k

, k = 1; : : : ; d, i 6= j, k 6= i, k 6= j, the

optimal 
lassi�er between the axes x

i

and x

k

, x

j

and x

k

, is a pair of straight lines only if a

k

= 1

and m

k

= 0, using the equality 
onstraint (b) of Theorem 2. Hen
e 
ondition (a) is satis�ed.

(iii) a

j

= 1: whi
h is the 
ase of 
ondition (b). Here, using the result of Theorem 4, an optimal

pairwise linear 
lassi�er results if a

j

= 1 and m

j

= 0, for all j = 1; : : : ; d, j 6= i.

The �nal 
ase 
onsidered in 
ondition (
) 
orresponds to the traditional 
ase in whi
h the optimal Bayes


lassi�er is a single hyperplane when both the 
ovarian
e matri
es are identi
al.

Hen
e the theorem.

4 Linear Classi�ers with Di�erent Means

In [17℄, we have shown that given two normally distributed random ve
tors, X

1

and X

2

, with mean ve
tors

and 
ovarian
e matri
es of the form:

M

1

=

"

r

s

#

; M

2

=

"

�r

�s

#

; �

1

=

"

a

�1

0

0 b

�1

#

; and �

2

=

"

b

�1

0

0 a

�1

#

; (6)

the optimal Bayes 
lassi�er is a pair of straight lines when r

2

= s

2

, where a and b are any positive real

numbers. The 
lassi�er for this 
ase is given by:

a(x� r)

2

+ b(y � s)

2

� b(x+ r)

2

� a(y + s)

2

= 0 : (7)

We 
onsider now the more general 
ase for d > 2. We are interested in �nding the 
onditions that

guarantee a pairwise linear 
lassi�
ation fun
tion. This is given in Theorem 6 below.
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Theorem 6. Let X

1

� N(M

1

;�

1

) and X

2

� N(M

2

;�

2

) be two normal random ve
tors su
h that

M

1

= [m

1;

: : : ;m

i

; : : : ;m

j

; : : : ;m

d

℄

T

;

M

2

= [m

1

; : : : ;m

i�1

;�m

i

;m

i+1

; : : : ;m

j�1

;�m

j

;m

j+1

; : : : ;m

d

℄ ;

(8)

�

1

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

a

�1

1

0 0 0 0 0 0

0

.

.

.

0 0 0 0 0

0 0 a

�1

i

0 0 0 0

0 0 0

.

.

.

0 0 0

0 0 0 0 a

�1

j

0 0

0 0 0 0 0

.

.

.

0

0 0 0 0 0 0 a

�1

d

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

; and �

2

=

2

6

6

6

6

6

6

6

6

6

6

6

6

6

6

4

a

�1

1

0 0 0 0 0 0

0

.

.

.

0 0 0 0 0

0 0 a

�1

j

0 0 0 0

0 0 0

.

.

.

0 0 0

0 0 0 0 a

�1

i

0 0

0 0 0 0 0

.

.

.

0

0 0 0 0 0 0 a

�1

d

3

7

7

7

7

7

7

7

7

7

7

7

7

7

7

5

: (9)

The optimal 
lassi�er, obtained by Bayes 
lassi�
ation, is a pair of hyperplanes when

m

2

i

= m

2

j

: (10)

Proof. We shall prove the theorem by utilizing some of the results of the two dimensional 
ase mentioned

above. The 
lassi�
ation fun
tion given in (1) 
an be written as follows:

(X �M

1

)

T

�

�1

1

(X �M

1

)� (X �M

2

)

T

�

�1

2

(X �M

2

) = 0 : (11)

Note that log

j�

2

j

j�

1

j

= 0, sin
e j�

1

j = j�

2

j. After applying some simplifying operations to (11), the term

a

k

(x

k

�m

k

)

2


an be 
an
eled along with its 
orrespondent negative term �a

k

(x

k

�m

k

)

2

, for k = 1; : : : ; d,

i 6= j, k 6= i, k 6= j. Equation (11) now redu
es to:

a

i

(x

i

�m

i

)

2

+ a

j

(x

j

�m

j

)

2

� a

j

(x

i

+m

i

)

2

� a

i

(x

j

+m

j

)

2

= 0 : (12)

Equation (12) is the pairwise multi-dimensional version of (7). By 
hoosing a = a

i

, b = a

j

, r = m

i

,

s = m

j

, and after rather lengthy algebrai
 operations, it 
an be seen that the 
lassi�
ation fun
tion is a pair

of hyperplanes whenever:

m

2

i

= m

2

j

: (13)

Theorem 6 
an be interpreted geometri
ally as follows. Whenever we have two 
ovarian
e matri
es that

di�er only in two elements of their diagonal (namely a

i

and a

j

, where i 6= j); and whenever the two elements

in the se
ond 
ovarian
e matrix are a permutation of the same rows in the �rst matrix, if the mean ve
tors

di�er only in positions

2

i and j, and (13) is satis�ed, the resulting 
lassi�er is a pair of hyperplanes.

Indeed, by performing a proje
tion of the spa
e in the x

i

and x

j

axes, we observe that the 
lassi�er takes

on exa
tly the same shape as that whi
h is obtained from the distribution given in (6). Thus e�e
tively, we

2

A
tually, the elements in positions i and j of M

1

are the negated values of those in positions i and j of M

2

respe
tively.
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obtain a pair of straight lines in the two dimensional spa
e from the proje
tion of the pair of hyperplanes in

the d-dimensional spa
e.

5 Linear Classi�ers with Equal Means

We 
onsider now a parti
ular instan
e of the problem dis
ussed in Se
tion 4, whi
h leads to the resolution of

the generalization of the d-dimensional Minsky's paradox. In this 
ase, the 
ovarian
e matri
es have the form

of (9), but the mean ve
tors are the same for both 
lasses. We shall now show that, with these parameters,

it is always possible to �nd a pair of hyperplanes, whi
h resolves Minsky's paradox in the most general 
ase.

Theorem 7. Let X

1

� N(M

1

;�

1

) and X

2

� N(M

2

;�

2

) be two normal random ve
tors, where M

1

=M

2

=

[m

1

; : : : ;m

d

℄

T

, and �

1

and �

2

have the form of (9). The optimal 
lassi�er, obtained by Bayes 
lassi�
ation,

is a pair of hyperplanes.

Proof. From Theorem 6, we know that when the mean ve
tors and 
ovarian
e matri
es have the form of (8)

and (9), respe
tively, then the optimal Bayes 
lassi�er is a pair of hyperplanes if m

2

i

= m

2

j

. Sin
e M

1

=M

2

,

then m

2

i

= m

2

j

, for j = 1; : : : ; d, i 6= j. Hen
e the optimal Bayes 
lassi�er is a pair of hyperplanes. The

theorem is thus proved.

6 Simulation Results for Syntheti
 Data

In order to test the a

ura
y of the pairwise linear 
lassi�ers and to verify the results derived here, we have

performed some simulations for the di�erent 
ases dis
ussed above. We have 
hosen the dimension d = 3,

sin
e it is easy to visualize and plot the 
orresponding hyperplanes. In all the simulations, we trained our


lassi�er using 100 randomly generated training samples (whi
h were three dimensional ve
tors from the


orresponding 
lasses). Using the maximum likelihood estimation (MLE) method [3℄, we then approximated

the mean ve
tors and 
ovarian
e matri
es for ea
h of the three 
ases.

In order to obtain a 
lassi�er that is a pair of hyperplanes, we have, in the various s
enarios, sele
ted

parameters that satisfy the 
onditions given in (5), (12) and (13). Using these parameters, we have randomly

generated 100 training samples from whi
h the estimated parameters were obtained using a MLE method.

These new parameters where 
onstrained by for
ing one value in a 
ovarian
e matrix and a mean ve
tor,

so as to satisfy the required 
onditions. The 
orresponding 
lassi�ers were then tested on 100 random

samples generated using the original parameters. In the next se
tion, we dis
uss how we obtain pairwise

linear 
lassi�ers for real life data, in whi
h the parameters of the distributions do not ne
essarily satisfy the


onditions given in (5), (12) and (13), and hen
e our 
lassi�ers are general enough for any data set.

We 
onsidered two 
lasses, !

1

and !

2

, whi
h are represented by two normal random ve
tors, X

1

�

N(M

1

;�

1

) and X

2

� N(M

2

;�

2

), respe
tively. For ea
h 
lass, we used two sets of 100 normal random points

to test the a

ura
y of the 
lassi�ers.

In all the 
ases, to display the distribution, we plotted the ellipsoid of equi-probable points instead of

the training points. This was be
ause the plot of the three dimensional points 
aused too mu
h 
luttering,

making the shape of the 
lasses and the 
lassi�ers indistinguishable.
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Figure 1: Example of a pairwise linear 
lassi�er for diagonalized normally distributed 
lasses. This example


orresponds to the data set DD-1.

!

2

!

1

6.1 Linear Classi�ers for Two Diagonalized Classes

In the �rst test, DD-1, we 
onsidered the pairwise linear 
lassi�
ation fun
tion for two diagonalized 
lasses.

These 
lasses are normally distributed with 
ovarian
e matri
es being the identity matrix and another matrix

in whi
h two elements of the diagonal are not equal to unity and the remaining are unity. This is indeed, the


ase in whi
h the optimal Bayes 
lassi�er is shown to be a pair of hyperplanes, stated and proven in Theorem

5. The following mean ve
tors and 
ovarian
e matri
es were estimated from 100 training samples to yield

the respe
tive 
lassi�er:

DD-1: M

1

= �M

2

�

2

6

6

4

1:037

2:049

0

3

7

7

5

;�

1

� I;�

2

�

2

6

6

4

:481 0 0

0 3:131 0

0 0 1

3

7

7

5

The plot of the ellipsoid simulating the points and the linear 
lassi�er hyperplanes in the three dimensional

spa
e are depi
ted in Figure 1. The a

ura
y of the 
lassi�er was 96% for !

1

and 97% for !

2

.

6.2 Pairwise Linear Classi�ers with Di�erent Means

To demonstrate the properties of the 
lassi�er satisfying the 
onditions of Theorem 6, we 
onsidered the

pairwise linear 
lassi�er with di�erent means. In this 
ase, the diagonal 
ovarian
e matri
es di�er only in two

elements. These two elements in the �rst matrix have swit
hed positions in the se
ond 
ovarian
e matrix.

The remaining elements are identi
al in both 
ovarian
e matri
es. The mean ve
tors and 
ovarian
e matri
es

estimated from 100 training samples are given below.
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Figure 2: Example of a pairwise linear 
lassi�er with di�erent means for the 
ase des
ribed in Se
tion 4.

These 
lasses 
orresponds to the data set DM-1.

!

2

!

1

DM-1: M

1

�

2

6

6

4

1:542

1:542

1:983

3

7

7

5

;M

2

�

2

6

6

4

�1:542

�1:542

1:983

3

7

7

5

;�

1

�

2

6

6

4

:384 0 0

0 2:121 0

0 0 :475

3

7

7

5

;�

2

�

2

6

6

4

2:121 0 0

0 :384 0

0 0 :475

3

7

7

5

Using these parameters, the pairwise linear 
lassi�er was derived. The plot of the ellipsoid simulating the

points and the linear 
lassi�
ation hyperplanes are shown in Figure 2. With this 
lassi�er, we obtained an

a

ura
y of 94% for !

1

and 97% for !

2

.

6.3 Pairwise Linear Classi�ers with Equal Means

We also tested our s
heme for the 
ase of the pairwise linear 
lassi�er with equal means, EM-1, for the

generalized multi-dimensional Minsky's Paradox. This is the 
ase in whi
h we have 
oin
ident mean ve
tors,

but 
ovarian
e matri
es as in the the 
ase of DM-1. Two 
lasses having parameters like these are proven in

Theorem 7 to be optimally 
lassi�ed by a pair of hyperplanes. We obtained the following estimated mean

ve
tors and 
ovarian
e matri
es from 100 training samples:

EM-1: M

1

=M

2

�

2

6

6

4

�1:95

4:067

1:988

3

7

7

5

;�

1

�

2

6

6

4

5:327 0 0

0 :171 0

0 0 :238

3

7

7

5

;�

2

�

2

6

6

4

:171 0 0

0 5:327 0

0 0 :238

3

7

7

5

The shape of the overlapping 
lasses and the linear 
lassi�
ation fun
tion from these estimates are given

in Figure 3. We evaluated the 
lassi�er with 100 randomly generated test points, and the a

ura
y was 82%

for !

1

and 85% for !

2

.
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Figure 3: Example of a pairwise linear 
lassi�er with equal means for the 
ase des
ribed in Se
tion 5. The

data set is EM-1. This resolves the generalized multi-dimensional Minsky's paradox.

!

2

!

1

Example A

ura
y for !

1

A

ura
y for !

2

DD-1 96 % 97 %

DM-1 94 % 97 %

EM-1 83 % 88 %

Table 1: A

ura
y of 
lassi�
ation of 100 three dimensional random test points generated with the parameters

of the examples presented above. The a

ura
y is given in per
entage of points 
orre
tly 
lassi�ed.

6.4 Dis
ussion of Results

Finally, we analyze the a

ura
y of the 
lassi�ers for the di�erent 
ases dis
ussed above. The a

ura
y of


lassi�
ation for the three 
ases is given in Table 1. The �rst 
olumn 
orresponds to the test 
ase. The se
ond

and third 
olumns represent the per
entage of 
orre
tly 
lassi�ed points belonging to !

1

and !

2

, respe
tively.

Observe that the a

ura
y of DD-1 is very high. This 
ase 
orresponds to the pairwise linear 
lassi�er when

dealing with 
ovarian
e matri
es being the identity and another diagonal matrix in whi
h two elements are

not equal to unity, as shown in Theorem 5. The a

ura
y of the 
ase in whi
h the means are di�erent and

the 
ovarian
e matri
es as given in (8) and (9) (third row) is still very high. The fourth row 
orresponds to

the 
ase where the means are identi
al, referred to as EM-1. The a

ura
y is lower than that of the other


ases but still very high, even though the 
lasses overlap and the 
lassi�
ation fun
tion is pairwise linear.

This demonstrates the power of our s
heme to resolve Minsky's Paradox in three dimensions.

7 Pairwise Linear Classi�ers on Real Life Data

Real life data sets that satisfy the 
onstraints given in (5), (12) and (13) are not very 
ommon, and in general,

a 
lassi�
ation s
heme should be appli
able to any data set, or eventually to a parti
ular domain. Having

11



demonstrated how our results are appli
able to syntheti
 data sets, we now propose a method that substitutes

the a
tual parameters of the data sets by approximated parameters for whi
h the required 
onstraints are

satis�ed. As we shall presently show, these parameters, in turn, are obtained by solving a 
onstrained

optimization problem. Using these prin
iples, we present the empiri
al results of the experiments that we

have 
ondu
ted on real life data.

The approximation method and the empiri
al results are dis
ussed for two-dimensional normally dis-

tributed random ve
tors. The evaluation of our optimal pairwise linear 
lassi�ers on real life data for the

multi-dimensional 
ase 
onstitutes an open problem that is 
urrently being investigated.

7.1 Parameter Approximation for 2-D Features

To solve the 
onstrained optimization problem alluded to above, we propose a method that �nds approximate

parameters for normal distributions that satisfy the 
onstraints of (4) and (5). The problem and its solution

for the two-dimensional 
ase are presented below.

Suppose that we are given two data sets 
ontaining labeled samples, D

1

= fX

1

1

; X

1

2

; : : : ; X

1

N

1

g and

D

2

= fX

2

1

; X

2

2

; : : : ; X

2

N

2

g, where X

1

j

and X

2

j

are drawn independently from their respe
tive 
lasses. We

assume that the two 
lasses 
orresponding to these samples are represented by two normally distributed

random ve
tors X

1

and X

2

, whose parameters, �

1

=

"

M

1

�

1

#

and �

2

=

"

M

2

�

2

#

, are to be estimated. Our

aim is to �nd the maximum-likelihood estimates

^

�

1

and

^

�

2

that satisfy the 
onstraints stated in (4) and (5).

We, �rst of all, use the maximum-likelihood method to estimate the parameters from D

1

and D

2

, i.e.

M

1

, M

2

, �

1

and �

2

[3℄. By shifting the origin su
h that M

1

= �M

2

, and performing the simultaneous

diagonalization pro
ess dis
ussed earlier, we obtain two transformed data sets, D

0

1

and D

0

2

, as follows:

X

0

i

j

= 	

T

2

�

�

1

2

1

�

T

1

�

X

i

j

�

�

M

2

+

1

2

(M

1

�M

2

)

��

; i = 1; 2; (14)

where �

1

is the eigenve
tor matrix of �

1

, �

1

is the eigenvalue matrix of �

1

, and 	

2

is the eigenve
tor matrix

of �

2

Z

obtained after performing the transformation Z

i

= �

�

1

2

1

�

T

1

X

i

; for i = 1; 2.

To 
larify issues regarding the notation used here, we use \primed" variables with the `

0

' symbol to denote

parameters or samples after the transformation of (14).

On
e the samples are transformed into the new spa
e, we pro
eed with the 
onstrained maximum-

likelihood estimation problem. The aim is to �nd the parameters f

^

�

0

i

g that maximize the likelihood of

f�

i

g with respe
t to the samples fD

0

i

g, for i = 1; 2,

P (D

0

i

j�

0

i

) =

N

i

Y

j=1

P (X

0

i

j

j�

0

i

) ; (15)

while satisfying (4) and (5). This is equivalent to maximizing the log-likelihood fun
tion

l(�

0

i

) = logP (D

0

i

j�

0

i

) : (16)

From (14), it 
an be seen that if M

1

= �M

2

, then for i = 1; 2,
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M

0

i

= 	

T

2

�

�

1

2

1

�

T

1

�

M

i

�

�

M

2

+

1

2

(M

1

�M

2

)

��

(17)

have the form M

0

1

= �M

0

2

, and hen
e our problem is to �nd �

0

1

and �

0

2

that maximize the likelihood

fun
tion. Sin
e, after the transformation, �

0

1

= I , we are left with the task of determining �

0

2

whi
h we

assume is diagonal, and whi
h has the form �

0

2

=

"

a

�1

0

0 b

�1

#

. Thus, (16) 
an be written as follows:

l(�

0

2

) =

N

2

X

j=1

logP (X

0

2

j

j�

0

2

) : (18)

Substituting P (X

0

2

j

j�

0

2

) for the normal density fun
tion, and assuming that M

0

1

and M

0

2

have the form

M

0

1

= �M

0

2

= [r; s℄

T

, we have the following 
onstrained optimization problem:

Determine the value of

^

�

0

2

that maximizes

l(�

0

2

) =

N

2

X

j=1

�

�

1

2

log

�

(2�)

2

j�

0

2

j

�

�

1

2

(X

0

2

j

�M

0

2

)

T

(�

0

2

)

�1

(X

0

2

j

�M

0

2

)

�

; (19)

subje
t to the 
onstraint

g(�

0

2

) = a(1� b)r

2

+ b(1� a)s

2

�

1

4

(ab� a� b+ 1) log(ab) = 0 : (20)

Using the Lagrange multiplier, this 
onstrained optimization problem 
an be transformed into an un
on-

strained optimization problem, for whi
h we have to �nd the solutions to the following system of equations.

After the 
orresponding di�erentiation and some algebrai
 manipulations, and assuming that X

0

2

j

has the

form X

0

2

j

=

"

x

0

2

j

y

0

2

j

#

, we get:

1

2

2

4

N

2

a

�

N

2

X

j=1

(x

0

2

j

+ r)

2

3

5

+ �

�

(1� b)r

2

� bs

2

�

1

4

(b� 1) log(ab)�

1

4a

(ab� a� b+ 1)

�

= 0 (21)

1

2

2

4

N

2

b

�

N

2

X

j=1

(y

0

2

j

+ s)

2

3

5

+ �

�

�ar

2

+ (1� a)s

2

�

1

4

(a� 1) log(ab)�

1

4b

(ab� a� b+ 1)

�

= 0 (22)

a(1� b)r

2

+ b(1� a)s

2

�

1

4

(ab� a� b+ 1) log(ab) = 0 (23)

The system of equations given above has no 
losed-form algebrai
 solution for a, b and �. Instead, it 
an

be solved numeri
ally for a > 0, b > 0, and where � is a real number. The numeri
al solution that satis�es

the 
onstraints given in (4) and (5) are indeed â and

^

b. Using r, s, â and

^

b, the linear 
lassi�er 
an be easily

derived. The 
orresponding equation to �nd this 
lassi�er 
an be found in [17℄.

7.2 Empiri
al Results

In this se
tion, we dis
uss the empiri
al results that we obtained after performing 
lassi�
ation tasks using the

approximated optimal (pairwise) linear 
lassi�er on a real life data set drawn from the UCI ma
hine learning
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Classi�er! Fisher's Pairwise

Class

#

Benign 96% 98%

Malignant 91% 93%

Table 2: A

ura
y in 
lassi�
ation obtained from the Fisher's 
lassi�
ation approa
h and the approximated

optimal pairwise linear 
lassi�er on the WDBC data set.

repository

3

, namely the Wis
onsin Diagnosti
 Breast Can
er (WDBC) data set. It 
ontains two data sets,

one for the \benign" 
lass and the other for the \malignant" 
lass. Ea
h sample 
ontains 30 real-valued

features representing the radius, texture, perimeter, area, smoothness, 
ompa
tness, et
., 
omputed from a

digitized image of a �ne needle aspirate (FNA) of a breast mass. Details of these features and how they are

obtained 
an be found in [10℄.

The benign 
lass and the malignant 
lass data sets 
ontain 357 and 212 samples respe
tively. From these

data sets, we have randomly sele
ted 100 samples for training, and 100 samples for the testing of ea
h 
lass.

The training samples are di�erent from those used in the testing. Thus, we have used the two-folded 
ross

validation approa
h [3℄.

For the training and 
lassi�
ation tasks we have 
omposed 15 data subsets with all possible pairs of

features obtained from the �rst six features. Our 
lassi�er was trained by following the pro
edure des
ribed

in Subse
tion 7.1, thus yielding the approximated pairwise linear 
lassi�er for ea
h subset. The 
lassi�
ation

task was performed using these linear 
lassi�ers, and a voting s
heme was invoked. This s
heme assigned a


lass to a testing sample for ea
h of the 15 data subsets, and subsequently 
lassi�ed the sample to the 
lass

that yielded positive 
lassi�
ation for eight or more voters.

To 
ompare our result with a well-known s
heme, we have also trained and performed 
lassi�
ation tasks

using the Fisher's 
lassi�er [3℄, and the same voting s
heme on the same 15 data subsets.

The empiri
al results 
orresponding to the a

ura
y obtained in 
lassi�
ation are shown in Table 2.

Observe the superiority of the approximated pairwise linear 
lassi�er over Fisher's 
lassi�er. This again

demonstrates the power of our s
heme. This is further 
lari�ed from another perspe
tive in Figure 4, where

we plot the \area" and \smoothness" features.

The symbol `Æ' and `+' 
orrespond to the benign 
lass and the malignant 
lass testing points respe
-

tively. These points were obtained after performing the transformation of (14). The 
ir
le and the el-

lipses 
orrespond to the points with the same Mahalanobis distan
e (unity in this 
ase), for the benign and

the malignant 
lasses respe
tively. �

2

is the 
ovarian
e matrix obtained by using the standard maximum-

likelihood estimate, and �

0

2

is the one obtained using the 
onstrained maximum-likelihood introdu
ed here.

The parabola represents the optimal quadrati
 
lassi�er obtained from the parameters estimated using the

standard maximum-likelihood estimate. Observe that some points of the malignant 
lass are mis
lassi�ed

when using Fisher's 
lassi�er. Although this is only one of the 15 
lassi�
ation tasks that we have performed,

the superiority of our s
heme over traditional linear 
lassi�ers (su
h as the Fisher's 
lassi�
ation approa
h)

is again 
orroborated. Observe that our linear 
lassi�er is 
loser to the optimal than Fisher's 
lassi�er in the

area in whi
h the samples are more likely to o

ur. Observe also that although our 
lassi�er is of the form

of a pair of straight lines (one of them is not shown be
ause it is outside the ranges of the graph), only the

3

Available ele
troni
ally at http://www.i
s.u
i.edu/~mlearn/MLRepository.html.
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Figure 4: Optimal quadrati
 
lassi�er, Fisher's 
lassi�
ation fun
tion, and the approximated pairwise linear


lassi�er used to 
lassify the \area" and \smoothness" features from the WDBC data set.

one shown in the �gure 
an be used. In spite of not utilizing the full 
apabilities of the pairwise 
lassi�er, we

still maintain the superior 
lassi�
ation a

ura
y.

We 
on
lude this se
tion by observing that although we have performed the 
lassi�
ation tasks in the

transformed spa
e, this 
an be done in the original spa
e by avoiding the burden of transforming ea
h

individual sample. In fa
t, by performing the inverse transformation on the 
lassi�
ation fun
tions, the


lassi�
ation 
an be done in the original spa
e, and the 
lassi�ers are still linear. The details of this are

omitted as they are straightforward.

7.3 Parameter Approximation for d-D Features

As seen above, the problem of approximating the parameters of the distributions so that they satisfy the


onstraints (4) and (5) for 2-dimensional normally distributed random ve
tors, is solved by formulating the

problem as a 
onstrained optimization problem. The same philosophy 
an be applied for approximating the

parameters of the distributions so that they satisfy the d-dimensional versions of (4) and (5). It 
an be easily

argued that the optimization for d-dimensional normally distributed random ve
tors 
an be solved in terms

of the 
orresponding multi-dimensional 
onstrained optimization problem.

By extending the 
on
epts introdu
ed for the 2-dimensional 
ase, it is easy to see that the variables

involved in the 
orresponding un
onstrained optimization problem are the d elements in the diagonal of �

0

2

and a Lagrangian ve
tor, namely, the (d � 1)-dimensional ve
tor �= [�

1

; : : : ; �

d�1

℄

T

. The issue now is one

of solving for the optimal 2d� 1 variables, whi
h 
onstitute the non-zero diagonal elements of the 
ovarian
e

15



matrix, and the 
omponents of the Lagrangian, �= [�

1

; : : : ; �

d�1

℄

T

.

The solution to this problem is far from trivial. Indeed, we anti
ipate that various 
onvergen
e problems

will be en
ountered even if a numeri
al solution is attempted. This problem remains open and is 
urrently

being investigated.

8 Con
lusions

In this paper, we have extended the theoreti
al framework of obtaining optimal pairwise linear 
lassi�ers for

normally distributed 
lasses to d-dimensional normally distributed random ve
tors, where d > 2.

We have determined the ne
essary and suÆ
ient 
onditions for an optimal pairwise linear 
lassi�er when

the 
ovarian
e matri
es are the identity and a diagonal matrix. In this 
ase, we have formally shown that it is

possible to �nd the optimal linear 
lassi�er by satisfying 
ertain 
onditions spe
i�ed in the planar proje
tions

of the various 
omponents.

In the se
ond 
ase, we have dealt with normally distributed 
lasses having di�erent mean ve
tors and with

some spe
ial forms for the 
ovarian
e matri
es. When the 
ovarian
e matri
es di�er only in two elements of

the diagonal, and these elements are inverted in positions in the se
ond 
ovarian
e matrix, we have shown

that the optimal 
lassi�er is a pair of hyperplanes only if the mean ve
tors di�er in the two elements of these

positions. The 
onditions for this have been formalized too.

The last 
ase that we have 
onsidered is the generalized Minsky's paradox for multi-dimensional normally

distributed random ve
tors. By a formal pro
edure, we have found that when the 
lasses are overlapping and

the mean ve
tors are 
oin
ident, under 
ertain 
onditions on the 
ovarian
e matri
es, the optimal 
lassi�er

is a pair of hyperplanes. This resolves the multi-dimensional Minsky's paradox.

We have provided some examples for ea
h of the 
ases dis
ussed above, and we have tested our 
lassi�er

on some three dimensional normally distributed features. The 
lassi�
ation a

ura
y obtained is very high,

whi
h is reasonable as the 
lassi�er is optimal in the Bayesian 
ontext. The degree of a

ura
y for the third


ase is not as high as that of the other 
ases, but is still impressive given the fa
t that we are dealing with

signi�
antly overlapping 
lasses.

We have also presented a s
heme from whi
h the maximum likelihood pairwise linear 
lassi�er for two-

dimensional random ve
tors 
an be estimated. The superiority of this approa
h over the traditional Fisher's


lassi�er has been experimentally veri�ed on a real life data set, namely the Wis
onsin Diagnosti
 Breast

Can
er data set. This superiority has been demonstrated numeri
ally and graphi
ally.

The extension of the approximation approa
h for multi-dimensional normal random ve
tors has been

alluded to. Indeed, we have argued that this redu
es to solving a 
onstrained optimization problem in

whi
h the variables are the non-zero diagonal elements of the 
ovarian
e matrix, and the 
omponents of the

Lagrangian, whi
h now be
omes a ve
tor, namely, �= [�

1

; : : : ; �

d�1

℄

T

.

The solution to this problem is far from trivial, and remains open. We anti
ipate that various 
onvergen
e

problems will be en
ountered even if a numeri
al solution is attempted.
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