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Abstract

Statistical coding techniques have been used for a long time in lossless data compression, using meth-

ods such as Hu�man's algorithm, arithmetic coding, Shannon's method, Fano's method, etc. Most of

these methods can be implemented either statically or adaptively. Canonical codes, in which the code

words are arranged in a lexicographical order, are advantageous because they can be decoded extremely

expediently. Although Hu�man's algorithm is optimal, the generation of a canonical Hu�man code is not

straightforward. Conversely, while the Fano coding is sub-optimal, it can lead to canonical codes.

In this paper, we resolve the dilemma by focusing on the static implementation of Fano's method. By

taking advantage of the properties of the encoding schemes generated by this method, and the concept of

�code word arrangement�, we present an enhanced version of the static Fano's method, namely Fano+. We

formally analyze Fano+ by presenting some properties of Fano trees, and the theory of list rearrangements.

Our enhanced algorithm achieves compression ratios arbitrarily close to those of Hu�man's algorithm.

Empirical results on �les of the Calgary corpus and the Canterbury corpus corroborate the almost-optimal

e�ciency of our enhanced algorithm and its canonical nature. We believe that the compression e�ciency

of Fano+ can be made to attain the compression ratios of the best known schemes if a structure model of

the data is also incorporated.

1 Introduction

1.1 Problem Statement

Hu�man's algorithm is a well known encoding method that generates an optimal pre�x encoding scheme, in

the sense that the average code word length is minimum. As opposed to this, Fano's method has not been

used so much because it generates pre�x encoding schemes that are not optimal.
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On the other hand, canonical codes are a family of codes which are desired because they allow extremely

fast decoding and simultaneously require less space than other codes. Generating a canonical code using

Hu�man coding involves a very complicated process � it �rst generates the code word lengths, and then uses

these to derive the canonical code itself. As opposed to this, deriving a canonical code using Fano's method is

straightforward � it is done in a fairly natural way by using the Fano tree itself.

In this paper, we present an enhancement of the traditional Fano's method in which canonical codes can

be easily constructed, and, at the same time, the codes can be rendered to be arbitrarily close to the optimum,

i.e. those generated by Hu�man's algorithm.

1.2 Overview

The main problem in data compression involves taking an input sequence, X = x[1] : : : x[M ], where each x[i]

is drawn from a source alphabet, S = fsi; : : : ; smg, and transforming it into a, hopefully, smaller output

sequence, Y = y[1] : : : y[R], where each y[i] is drawn from a code alphabet, A = fa1; : : : ; arg. Typically,

the code alphabet is the binary alphabet which is the most widely used one in applications involving digital

information processing.

When X is completely recoverable from Y by a process called decompression, we are talking about lossless

data compression, which is the area in which we are interested. In particular, lossless compression methods

include Hu�man's algorithm [7], Shannon's method [13], arithmetic coding [12], Fano's method [14], etc. These

are straightforward methods well known to even the novice in data compression, and so a survey of them is

omitted. They can be found in [5, 12].

In static coding, the probabilities used to represent the distribution of the source are not modi�ed in the

entire encoding process. When these probabilities are changed (perhaps by a learning mechanism) during the

encoding, the process is called adaptive coding. In this paper, we focus on the former. For the latter, many

encoding techniques have been proposed in the literature, and can be found in [3, 4, 5, 9, 12].

Another classi�cation that can be done in lossless compression is regarding the information used to encode

a particular input sequence. The compression methods that we discuss use statistical information about

the source. This information is referred to as the probability of occurrence of the source alphabet symbols,

P = [p1; : : : ; pm]. The methods that we discuss are statistical, since they use these pieces of statistical

information.

Most of the encoding methods are based on a replacement encoding scheme. When we have an input

sequence to be encoded, we build an encoding scheme, and the process of encoding is performed by replacing

each source word symbol by a single code word based on the scheme. In this research work, we assume that

the encoding process is done by starting from the �rst (the left most) symbol of X , and continuing until the
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last (the right most) symbol. The decoding process is done in an analogous way.

We assume that the source is memoryless or zeroth-order, which means that the occurrence of the next

symbol is independent of any other symbol occurred previously. Higher-order models include Markov models

[5], dictionary techniques [16, 17], prediction with partial matching [2], grammar based compression [8], etc.,

and the techniques introduced here are also applicable for such structure models.

1.3 Our Contribution

Hu�man's algorithm proceeds by generating the so called Hu�man tree, by recursively merging symbols (nodes)

into a new conceptual symbol which constitutes an internal node of the tree. In this way, Hu�man's algorithm

generates the tree in a bottom-up fashion. As opposed to this, Fano's method proceeds by generating a coding

tree as well, but it proceeds in a top-down fashion. At each step, the list of symbols is partitioned into

two (or more, if the output alphabet is non-binary) new sublists, generating two or more new nodes in the

corresponding coding tree. Although Fano's method, typically, generates a sub-optimal encoding scheme1, the

loss in compression ratio with respect to Hu�man's algorithm can be relatively small, but can also be quite

signi�cant if the optimality of the partitioning is small.

The binary alphabet version of Fano's method proceeds by partitioning the list of symbols into two new

sublists in such a way that the sums of probabilities of these two new sublists are as close to being equal

as possible. This procedure is recursively applied to the new sublists until two atomic sublists with a single

symbol are obtained, and simultaneously a bit is appended to the code words of each symbol in these sublists.

As a result of this, if we start with the probabilities of occurrence in a decreasing order, it can be seen that, in

general, symbols with higher probabilities are assigned to longer code words than those with lower probabilities.

This condition is not desirable; we attempt to rectify this condition in Fano+, a superior Fano-based scheme

which we develop in this paper.

On the other hand, after constructing a coding tree (such as a Hu�man tree or a Fano tree), an encoding

scheme is generated from that tree by labeling the branches with the code alphabet (typically, binary) symbols.

Given a tree constructed from a source alphabet of m symbols, 2m�1 di�erent encoding schemes can be

generated. Of these, only one of them is of a family of codes known as canonical codes, in which the code

words are arranged in a lexicographical order [15]. Canonical codes are desired because they allow extremely

fast decoding, and require approximately half of the space used by a decoding tree.

Obtaining canonical codes using Hu�man's algorithm is not straightforward. In fact, it requires the exe-

cution of very complicated mechanisms, involving a three-phase process for calculating the code word lengths,

and then invoking an extra process for obtaining the canonical code itself. Although Hu�man's algorithm and

1This is due to the fact that the optimal partitioning in Fano's method is NP-hard [14].
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Fano's method both take O(m logm) time2, constructing the canonical code using the latter, is a straightfor-

ward matter. As mentioned above, Fano's method generates a coding tree in a top-down fashion. During the

tree construction, the canonical code is obtained by assigning `0' to the left branches and `1' to right branches.

Moreover, rearranging the code word symbols in an increasing order of length (the enhancement introduced

here) can be done by rearranging the corresponding source alphabet symbols, again resulting in a canonical

code.

In this paper, we introduce a front-end process to the static Fano encoding scheme, which achieves a code

word rearrangement in such a way that the code word lengths are sorted in an increasing order of lengths.

Indeed, we utilize the result of an archaic theorem concerning rearrangements of two sets [6] which, in our

case, are the probabilities of the symbols and the lengths of the code words to yield a superior and enhanced

performance.

In this paper, we introduce Fano+, an enhanced version of the static Fano coding approach utilizing the

concept which we called �code word arrangement�, and which is based on a fundamental property of two lists

(the code words in terms of their lengths and probabilities) arranged in an increasing and decreasing order

respectively [6]. This paper details the encoding algorithm, the decoding algorithm, and the partitioning

procedures suitable for Fano+, and a rigorous analysis of their respective properties.

We �nally discuss some empirical results obtained from running static Hu�man's algorithm, the static

version of the traditional Fano coding, and Fano+ on real life data. Our empirical results show that the

compression ratios achieved by Fano+ are comparable to those of other optimal encoding methods such as

Hu�man's algorithm. Although we use the zeroth order statistical model, other structure/statistical models

such as higher-order models, dictionary models, etc., can also be used in conjunction with Fano+ to achieve

compression ratios that are close to those of most well known compression schemes.

2 Properties of the Traditional Fano Coding

Consider the source alphabet S = fs1; : : : ; smg with probabilities of occurrence P = [p1; : : : ; pm], where

p1 � p2 � : : : � pm. Unless otherwise stated, in this paper, we assume that the code alphabet is A = f0; 1g.

We de�ne an encoding scheme as a mapping, � : s1 ! w1; : : : ; sm ! wm, where wi 2 A
+, for i = 1; : : : ;m.

One of the properties of the encoding schemes generated by Hu�man's algorithm is that `1 � `2 � : : : � `m,

where `i is the length of wi. In general, this property is not satis�ed by the encoding schemes generated by

Fano's method. We also introduce a de�nition that is important to our work.

2The most e�cient mechanism for generating the canonical code using Hu�man coding has been found to take O(n log m
n
)

time and space, where n is the number of di�erent probabilities [10], and hence, in the worst case, it takes O(m logm).
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De�nition 1. Let S = fs1; : : : ; smg be the source alphabet whose probabilities of occurrence are P =

[p1; : : : ; pm], and let A = f0; 1g be the code alphabet. A coding tree, T = ft1; : : : ; t2m�1g, is a binary

tree in which:

(i) Every node has zero or two children.

(ii) Every internal node, tk, has a weight, �k, calculated as the sum of the weights of its two children.

(iii) Every leaf, tj , has a symbol, si, associated with it, and a weight, �j , which represents the probability

of occurrence of si, namely pi.

It is also important to mention that if the code word lengths are not in this order, the coding tree does not

satisfy a fundamental property called the sibling property. Before we proceed with the theoretical analysis of

the relation between the code word lengths and the sibling property, we recursively de�ne the length of the

path in a coding tree.

De�nition 2. Consider a coding tree T = ft1; : : : ; t2m�1g in which each leaf is associated with a source

alphabet symbol, si. The code word length of a node tj , where tj is any node of the tree, is de�ned as follows:

(i) 1 if tj is a leaf, or

(ii) 1 + length(tjc), where tjc is the left or right child of tj , whenever tj is an internal node.

Using this de�nition, we shall prove that whenever the probabilities of occurrences of the input symbols are

in a non-increasing order, if the code words are not in an increasing order of length, the coding tree associated

with such an encoding scheme does not satisfy the sibling property. This fact is clari�ed in Example 1 below

and formally stated and proved in Theorem 1. It is thereafter used in Fano+ to modify the coding tree so as

to get an enhanced performance.

Example 1. Consider the source alphabet, S = fa; b; c; dg, and the probabilities of occurrenceP = [:4; :3; :2; :1].

Suppose that a particular coding tree, T , constructed from S and P is the one depicted in Figure 1.
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Figure 1: An example of a coding tree that does not satisfy the sibling property. Note that the list positions
we referred to as ti, and the position of the symbols of S in the list are tki .

�i

The complete table of the indices, the probabilities of occurrence, P , and the code word lengths, f`ig, for

the symbols are given in the following table:

si pi `i

a 0.4 1

b 0.3 3

c 0.2 2

d 0.1 3

Observe that `i = 3 > 2 = `j , where i = 2 < 3 = j. The corresponding locations in the list are t5 and t6

whose weights are 0.2 and 0.5 respectively. Clearly, the sibling property is violated. Since 0:3 = p2 > p3 = 0:2,

Condition (ii) of the sibling property is not satis�ed. �

Example 1 depicts a rather simple case, which is not going to occur when constructing the tree for this sce-

nario using Fano's method. However, when the number of symbols is large and the probabilities of occurrence

are not skewed, there are some cases in which the coding tree constructed using Fano's method is similar to

the one shown in Theorem 1.

Theorem 1. Let T be a coding tree constructed from the source alphabet S = fs1; : : : ; smg whose proba-

bilities of occurrence P = [p1; : : : ; pm] are sorted, i.e. p1 � : : : � pm. For any encoding scheme, � : S !

fw1; : : : ; wmg, obtained after labeling as per the tree T , where `i is the length of wi, if there exist i and j
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such that i < j and `i > `j , then T does not satisfy the sibling property.

Proof. Let T ? = ft?1; : : : ; t
?
2m�1g be a coding tree. T ? satis�es the sibling property if and only if its nodes

can be arranged in a sequence, t?1; t
?
2; : : : ; t

?
2m�1, such that for any non-root node, the following conditions are

satis�ed:

(i) t?2i and t?2i+1 are siblings in T
?, i = 1; : : : ;m� 1, and

(ii) �?2 � �?3 � : : : � �?2m�1 .

Let � : s1 ! w1; : : : ; sm ! wm, where `i is the length of wi, be an encoding scheme generated from the

coding tree T = ft1; : : : ; t2m�1g. Suppose that 9 i and j, i < j, such that `i > `j .

We know that every symbol of S is associated with a leaf of T and vice versa. Without loss of generality,

suppose that si is associated with tk, and sj is associated with tl. We consider three cases for the leaves, tk

and tl.

(i) tk and tl are siblings. Using De�nition 2, we see that `i should be equal to `j , and hence we need

not consider this case, as it is excluded by virtue of the fact that we consider code words for which

`i > `j in this theorem.

(ii) tk and tl are not siblings, but they are in the same level. Again, from De�nition 2, `i should be

equal to `j . This implies that this case can also be excluded by virtue of the fact that we consider

code words for which `i > `j in this theorem.

(iii) tk and tl are not in the same level (obviously, they are not siblings). This leads us to four distinct

cases for tk and tl enumerated below:

(a) tk = t2u and tl = t2v for some u and v, and both are the left children of a node, where `i is

the depth of tk and `j is the depth of tk. Since `i > `j , the level in which tk is located is

greater than that of tk. This implies that if we arrange the nodes from left to right so as to

satisfy Condition (ii) of the sibling property, we obtain the following list:

t1; : : : ; tl; : : : ; tk; : : : ; t2m�1 .

But since pi � pj , �k � �l, which violates Condition (ii) of the sibling property. The result

follows.

The three remaining cases are proved in an analogous way. In order to avoid repetition, we only

list them.
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(b) tk = t2u and tl = t2v+1, in which case tk is a left child and tl is a right child.

(c) tk = t2u+1 and tl = t2v, where tk is a right child and tl is a left child.

(d) tk = t2u+1 and tl = t2v + 1, which implies that both tk and tl are right children.

In each of this cases, as in Case (a), it can be seen that the node tk precedes tl in the list, and

hence the sibling condition is violated.

The result follows.

The proof of Theorem 1 illustrates the fact that when there is a leaf whose weight is greater than that of

a leaf located in an upper level of the tree, the sibling property is not satis�ed. As a consequence, the average

code word length of any encoding scheme obtained from this tree is not minimal.

3 The Enhanced Coding Algorithms

Considering the facts discussed above, we now propose Fano+ using the following modi�cation to the tradi-

tional static Fano's method. It is well known that Fano's method requires that the source symbols and their

probabilities are sorted in a non-increasing order of the probabilities. What we incorporate is as follows: After

all the code words are generated, we sort them in terms of their increasing order of lengths maintaining S and

P in the order of the probabilities. This enhancement leads to Fano+, a modi�ed Fano coding algorithm which

generates encoding schemes whose average code word lengths are arbitrarily close to those of the optimal ones

(i.e. those generated by Hu�man's algorithm). This enhancement is formalized in Rule 1 given below.

Rule 1. Consider the source alphabet S = fs1; : : : ; smgwhose probabilities of occurrence are P = [p1; : : : ; pm],

where p1 � p2 � : : : � pm. Suppose that

� : s1 ! w1; : : : ; sm ! wm

is the encoding scheme obtained by Fano's method.

Rearrange w1; : : : ; wm into w01; : : : ; w
0
m such that `0i � `0j for all i < j, and maintain s1; : : : ; sm in the same

order, obtaining the following encoding scheme :

�0 : s1 ! w01; : : : ; sm ! w0m . �

The encoder construct a code, �, using the static Fano's method, and then applying Rule 1, obtains the

enhanced encoding scheme �0. The decoder invokes the same rule obtaining �0, from which it generates the

decoding scheme, (�0)�1 : w01 ! s1; : : : ; w
0
m ! sm.

In Example 1, swapping the symbols b and c (and updating the content of the tree), is equivalent to swapping

their corresponding code words in any of the encoding schemes generated from T . Observe that after this
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modi�cation, T satis�es the sibling property. Note that we do not obtain the optimal encoding algorithm, like

Hu�man's, since we are only swapping code words, and hence the coding tree is the same as that constructed

by Fano's method. There are some cases in which the structure of the tree must be changed so that it satis�es

the sibling property. In the interest of completeness, the formal Algorithm Enhanced_Fano_Encoding and

Algorithm Enhanced_Fano_Decoding are given below. Observe that unlike the encoding algorithm which

does not explicitly create a Fano tree, to e�ciently achieve decoding, the decoding algorithms also maintains

this Fano tree. This is the version we give below, and leave the implementation details to the interested reader.

Algorithm 1 Enhanced_Fano_Encoding

Input: The source alphabet, S. The probabilities of occurrence, P .
The code alphabet, A = f0; 1g. The source sequence, X = x[1] : : : x[M ] .

Output: The output sequence, Y = y[1] : : : y[R] .
Method:
procedure Fano(S;P ;A : list; var fwig : code)

Divide S and P into two sublists S0;S1 and P0;P1, such that the sum of proba-
bilities of occurrence in each Pj is as nearly equal as possible.

for j  0 to 1 do
Push j to wi for each si 2 Sj .
if jSj j > 1 then

Fano(Sj ;Pj ;A, fwig)
endif

endfor
endfunction
Fano(S, P , A, fwig)
fw1; : : : ; wmg  fw

0
1; : : : ; w

0
mg, where `

0
1 � : : : � `0m

k  1
for i 1 to M do

y[k] : : : y[k + `j � 1] wj , where x[i] = sj
k  k + `j

endfor
end Algorithm Enhanced_Fano_Encoding

4 Properties of the Enhanced Fano Coding

To facilitate the analysis, we �rst introduce two important properties of Fano+, the enhanced static Fano

coding. The �rst relates to the e�ciency in compression achieved by Fano+, and the second is the property

that it achieves lossless compression.

The e�ciency of compression of Fano+ is a direct consequence of the rearrangement of the code words

such that they are sorted in an increasing order of length (Rule 1). This is stated in the following theorem,
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Algorithm 2 Enhanced_Fano_Decoding

Input: The source alphabet, S. The probabilities of occurrence, P .
The code alphabet, A = f0; 1g. The encoded sequence, Y = y[1] : : : y[R] .

Output: The original source sequence, X = x[1] : : : x[M ] .
Method:
procedure Fano(S;P ;A : list; n : node);

Divide S and P into two sublists S0;S1 and P0;P1, such that the sum of proba-
bilities of occurrence in each Pj is as nearly equal as possible.

Create two new nodes: n0 and n1
Ln  n0; Rn  n1
for j  0 to 1 do

$nj  
P

pi2Pj
pi

if jSj j > 1 then
Fano(Sj ;Pj ;A, nj)

else
�nj  Sj // The symbol associated to the leaf nj

endif
endfor

endprocedure
Create a new node: root
$root  

Pm
i=1 pi

Fano(S, P , A, root)
8i and j, such that pi > pj , swap si and sj in the tree if `i > `j .
k  1; n root

for i 1 to R do
if y[i] = 0 then

n Ln

else
n Rn

endif
if n =`leaf' then

x[k] �n; k  k + 1 // �n is the symbol associated to node n

endif
endfor

end Algorithm Enhanced_Fano_Decoding
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for which a proof can be found in [6]3.

Theorem 2. Let p1; : : : ; pm be positive real numbers such that p1 � : : : � pm, and let `1; : : : ; `m be positive

integers such that `1 � : : : � `m. Then, for any rearrangement `01; : : : ; `
0
m of the list `1; : : : ; `m,

mX
i=1

pi`i �

mX
i=1

pi`
0
i : (1)

�

Observe that from Theorem 2, we can infer that for any list of code word lengths, we can obtain the optimal

rearrangement, i.e. the one that satis�es `1 � : : : � `m, by using Rule 1. However, this does not guarantee

that we obtain the optimal encoding scheme (as in Hu�man's algorithm), which also depends on constructing

the optimal coding tree for a particular set of probabilities, p1; : : : ; pm.

The following counter-example shows that even the enhanced Fano coding algorithm does not ensure the

optimal encoding scheme.

Example 2. Consider the source alphabet S = fa; b; c; d; eg whose probabilities of occurrence are P =

[:35; :17; :17; :16; :15].

The coding tree constructed using the conventional Fano's method is depicted in Figure 2 (a). The corre-

sponding Hu�man tree is depicted in Figure 2 (b).

Observe that even after rearranging the code words obtained from labeling the tree of Figure 2 (a), it is

not possible to achieve the optimal encoding scheme. This fact will also be observed in the empirical results

shown later in this paper. �

Prior to analyzing the correctness of Fano+, and showing that it achieves lossless compression, we prove

a result that will be needed later. This result is stated in Theorem 3, in which we prove that the enhanced

static Fano's method generates a pre�x code.

Theorem 3. Let S = fs1; : : : ; smg be the source alphabet, and A = f0; 1g be the binary code alphabet.

Procedure Fano(...) of Algorithm Enhanced_Fano_Encoding generates a pre�x code.

Proof. We prove this theorem by an induction on the number of steps used in the partitioning.

Let S(j) be the list being partitioned at time `j', i.e. the jth partitioning step of procedure Fano(...). At

the time instant `j', S(j) is partitioned into S0(j) and S1(j). The symbol `0' is added as a su�x to all the

code words of S0(j), and `1' is added as a su�x to all the codewords of S1(j).

3The proof given in [6] is also valid for all real, not necessarily positive p1; : : : ; pm and `1; : : : ; `m.
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Figure 2: Two di�erent coding trees constructed with the source alphabet and probabilities of occurrence given
in Example 2.

The basis case is straightforward, as it involves the �rst partitioning in which S(1) is partitioned into S0(1)

and S1(1), where the code words of S0(1) start with `0' and the code words of S1(1) start with `1'. Clearly,

no code word of S0(1) is a pre�x of any code word in S1(1) and vice versa.

We now proceed to the inductive step in which the hypothesis is that no code word in S0(j � 1) is a pre�x

of any code word in S1(j � 1) and vice versa.

We have three mutually exclusive and exhaustive cases, which are the following:

(i) S0(j) = fsig and S1(j) = fsi+1g, where both S0(j) and S1(j) have the cardinality unity.

(ii) S0(j) = fsig and S1(j) = fsi+1; : : : ; si+vg, where v = jS(j)j � 1.

(iii) S0(j) = fsi; : : : ; si+v�1g and S1(j) = fsi+vg, where v = jS(j)j � 1.

We consider these three cases separately.

(i) In this case, the two sublists resulting from the partitioning of S(j) are S0(j) = fsig and S1(j) =

fsi+1g.

First of all, from the inductive hypothesis, no code word in S0(j � 1) is a pre�x of any code word

of S1(j � 1), and vice versa. We now have to deal with S(j) which is either S0(j � 1) or S1(j � 1).

Since `0' is added as a su�x to wi (the code word corresponding to si), and `1' is added as a
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su�x to wi+1 (the code word corresponding to si+1), it necessarily means that wi has the form

wi1 : : : win0 and wi+1 has the form wi1 : : : win1, where wi1 ; : : : ; win 2 A. This ensures that neither

wi nor wi+1 are pre�xes of each other. This completes this case.

(ii) In this case, the two sublists resulting from the partitioning of S(j) are of the form S0(j) = fsig

and S1(j) = fsi+1; : : : ; si+vg, where v = jS(j)j � 1. As mentioned above, as a consequence of the

inductive hypothesis, no code word of S(j) is a pre�x of any code words that are not in S(j), and

vice versa.

In addition, after `0' is added as a su�x to wi (the code word corresponding to si) and `1' is added

as a su�x to wi+1; : : : ; wi+v (the code words corresponding to si+1; : : : ; si+v), wi has the form

wi1 : : : win0, and all the code words in S(j), wi+1; : : : ; wi+v , have the pre�x wi1 : : : win1, where

wi1 ; : : : ; win 2 A. This ensures that that neither wi nor wi+1; : : : ; wi+v are pre�xes of each other.

The inductive step for this case follows.

The partitioning stops for S0(j), since jS0(j)j = 1. For S1(j), the partitioning is recursively

invoked, leading again to either Case (i), (ii), or (iii).

(iii) As a result of the partitioning of S(j), S0(j) = fsi; : : : ; si+v�1g and S1(j) = fsi+vg are obtained,

where v = jS(j)j � 1. The analysis of this case is identical (except that the su�x of `0' becomes

the su�x of `1' and vice versa) to the analysis of Case (ii) above, and omitted to avoid repetition.

From the three cases analyzed above, the induction is achieved. Thus, the procedure Fano(...) of Algorithm

Enhanced_Fano_Coding generates a pre�x code for every partitioning step `j', and the result follows.

Theorem 4. Consider the source alphabet S = fs1; : : : ; smg whose probabilities of occurrence are P =

[p1; : : : ; pm], where p1 � : : : � pm, and the binary code alphabet. Suppose that X is encoded into Y using

Algorithm Enhanced_Fano_Coding, then

(i) X is e�ciently encoded into Y , yielding an e�ciently at least as that obtained using the conven-

tional Fano's method.

(ii) If Y is decoded into X ? using Algorithm Enhanced_Fano_Decoding, then X ? = X .

Proof. We proceed by dividing the encoding and decoding algorithms into two sequential phases. The �rst

consists of the traditional Fano coding itself, and the second is the code word rearrangement as per Rule 1.

Let us consider the encoding algorithm. The �rst phase involves the creation of a code, � : s1 !

w1; : : : ; sm ! wm, using the traditional Fano coding.
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In the second phase of the encoding, the code words of � are rearranged using Rule 1, obtaining �0 :

s1 ! w01; : : : ; sm ! w0m, where w01; : : : ; w
0
m is a permutation or rearrangement of w1; : : : ; wm, such that

`01 � : : : � `0m.

We now observe that w01; : : : ; w
0
m is a sequence of code words that satis�es `01 � : : : � `0m. Since `1; : : : ; `m

is a rearrangement of the lengths `01; : : : ; `
0
m, using the result of Theorem 2, it is clear that �̀0 =

Pm

i=1 pi`
0
i �Pm

i=1 pi`i =
�̀. This proves the �rst assertion that the encoding scheme obtained after the rearrangement, �0,

is at least as e�cient as the original encoding scheme, �.

We now consider Assertion (ii).

Suppose now that Y is decoded into X ? using Algorithm Enhanced_Fano_Decoding. In the �rst phase

of the decoding process, a Fano tree is constructed using the conventional Fano coding, by procedure Fano(...),

after which the actual decoding is achieved.

We, �rst of all, emphasize the duality of the encoding/decoding processes when a rearrangement is done.

The e�ect of a rearrangement in the decoding process can be easily seen to obey the rule : Swapping two

symbols in the tree, from wi ! si and wj ! sj , is equivalent to swapping the two symbols in the original

scheme as wi ! sj and wj ! si. This is equivalent to swapping two code words in the encoding scheme

generated in the encoding process : The swap of the pair si ! wi and sj ! wj is equivalent to si ! wj and

sj ! wi.

In the encoding, � is generated by assigning (adding as a su�x) `0' to the code words corresponding to the

symbols of the �rst sublist, S0, and `1' to the code words corresponding to the symbols of the second sublist,

S1. This is equivalent to labeling the tree constructed in the decoder by assigning `0' to the left branches, and

`1' to the right branches4. Using this tree and this predetermined labeling strategy to decode Y , is equivalent

to having a decoding scheme ��1 : w1 ! s1; : : : ; wm ! sm.

From Theorem 3, we know that � is a pre�x code. This uniquely decodability property, in turn, implies

that for w1; : : : ; wm, no code word wi is pre�x of any other code word wj , for all i and j, i 6= j. Clearly, any

rearrangement of w1; : : : ; wm also satis�es the pre�x property, and so this is also true for the enhanced coding

: � : s1 ! w01; : : : ; sm ! w0m. Consequently, by proceeding from left to right, X is encoded into Y by using a

uniquely decodable code, �0 [5]. This uniquely decodability property, in turn, implies that if �0(X ) = Y , then

(�0)�1(Y) = X ? = X , where (�0)�1 : w01 ! s1; : : : ; w
0
m ! sm. This proves the second assertion.

The theorem is thus proved.

Remark 1. It is important to observe that, as pointed out in the proof of Theorem 4, when swapping two

source alphabet symbols instead of the two corresponding code words, the code generated in the �rst phase

4This is an arbitrary labeling strategy. Any of the 2m�1 di�erent strategies can also be used, whenever the encoder and the
decoder are agreed on using the same labeling strategy.
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preserves the property of being a canonical code, even after the rearrangement. This feature of Fano+ is of

fundamental importance, since, as mentioned earlier, canonical codes are desired because of their superior

decoding speed, and the substantial memory savings that they yield. Moreover, this fundamental property of

Fano+ is performed without adding any extra computational complexity in either time or space.

We now present the empirical results demonstrating the e�ciency of Fano+, and comparing it to the relative

e�ciency of the Fano and Hu�man algorithms.

5 Empirical Results

One of the set of �les used to evaluate the performance of the compression algorithms presented in this research

work was obtained from the University of Calgary. It has been universally used for many years as a standard

test suite and is known as the Calgary Corpus5. The other set of �les was obtained from the University

of Canterbury. This benchmark, known as Canterbury Corpus, was proposed in 1997 as a replacement for

the Calgary corpus test suite [1]. These �les are widely used to test and compare the e�ciency of di�erent

compression methods. They represent a wide range of di�erent applications such as executable programs,

spreadsheets, web pages, pictures, source code, postscript source, etc.

In order to analyze the e�ciency of the improved version of static Fano's method (Fano+), we have

conducted some experiments on �les of the Calgary corpus and the Canterbury corpus. The empirical results

obtained are displayed in Tables 1 and 2 respectively. The columns labeled `Hu�man' and `Fano' correspond

to the static Hu�man's algorithm and the traditional static Fano's method respectively. The columns labeled

`Fano+' correspond to the sibling-enhanced version of the static Fano's method introduced in this paper. The

columns labeled ``Y ' represent the size (in bytes) of the compressed �le. The columns labeled `�' tabulate the

percentage of compression obtained by the di�erent methods, calculated as � =
�
1� `Y

lX

�
100, where lX is the

length of the input sequence. The last row contains the total for each column except for the column labeled

`�', for which the value of the cell corresponds to the weighted average of compression ratio.

Observe that the gain in percentage of compression is 0.06% and 0.07% on the �les of the Calgary corpus

and the Canterbury corpus respectively. Although the improved version of Fano's method does not guarantee

the optimal encoding scheme, the weighted averages obtained from Fano+ are signi�cantly closer to those

obtained by Hu�man's algorithm. Observe also that in all the �les, there is some gain in the compression

ratio. This implies that in all the �les encoded, `1 � `2 � : : : � `m was not satis�ed by the encoding schemes

generated by the traditional static Fano's method, and validates the results for such an enhancement.

5Electronically available at ftp.cpsc.ucalgary.ca/pub/projects/text.compression.corpus/.
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File Orig. Hu�man Fano Fano+

Name Size: lX `Y � `Y � `Y �

(bytes) (bytes) (%) (bytes) (%) (bytes) (%)

bib 111,261 73,003 34.38 73,133 34.26 73,010 34.37

book1 768,771 438,619 42.94 439,322 42.85 438,803 49.92

book2 610,856 368,587 39.66 369,691 39.47 369,537 39.50

geo 102,400 73,323 28.39 73,714 28.01 73,602 28.12

news 377,109 246,687 34.58 246,890 34.53 246,773 34.56

obj1 21,504 16,819 21.78 16,845 21.66 16,822 21.77

obj2 246,814 194,863 21.04 195,324 20.86 194,933 21.02

paper1 53,161 33,621 36.75 33,655 36.69 33,653 36.69

progc 39,611 26,189 33.88 26,355 33.46 26,326 33.53

progl 71,646 43,242 39.64 43,588 39.16 43,529 39.24

progp 49,379 30,480 38.27 30,527 38.17 30,501 38.23

trans 93,695 65,514 30.08 65,723 29.85 65,515 30.08

Total 2,547,207 1,610,947 36.76 1,614,767 36.61 1,613,004 36.68

Table 1: Empirical results obtained after compressing test �les from the Calgary corpus by using the static
Hu�man's algorithm, the static Fano's method, and the sibling-enhanced version of the static Fano's method
(Fano+).

File Orig. Hu�man Fano Fano+

Name Size: lX `Y � `Y � `Y �

(bytes) (bytes) (%) (bytes) (%) (bytes) (%)

alice29.txt 148,481 84,765 42.91 85,254 42.58 84,999 42.75

asyoulik.txt 125,179 76,010 39.27 76,195 39.13 76,124 39.18

cp.html 24,603 16,456 33.11 16,477 33.02 16,458 33.10

�elds.c 11,150 7,295 34.56 7,354 34.03 7,349 34.08

grammar.lsp 3,721 2,397 35.56 2,402 35.44 2,397 35.56

kennedy.xls 1,029,744 463,300 55.00 465,368 54.80 464,612 54.88

ice10.txt 419,235 244,124 41.76 244,197 41.75 244,141 41.76

plrabn12.txt 471,162 266,423 43.45 266,984 43.33 266,592 43.41

ptt5 513,216 107,027 79.14 107,138 79.12 107,075 79.13

sum 38,240 26,409 30.93 26,501 30.69 26,463 30.79

xargs.1 4,227 2,823 33.20 2,825 33.16 2,824 33.18

Total 2,788,958 1,297,029 53.49 1,300,695 53.36 1,299,034 53.42

Table 2: Details of the experiments performed with the static version of Hu�man's algorithm, the traditional
static Fano's method and the sibling-enhanced version of static Fano's method on �les of the Canterbury
corpus.
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We also observe that the compression ratios achieved by our implementation of Fano+, which are very

close to the optimal, can be signi�cantly improved by incorporating higher-order structure models, such as

dictionary based methods, Markovian models, etc. This is currently being investigated.

6 Conclusions

In this paper, we attempt to derive a canonical code which is Fano-based and almost optimal. We �rst

showed that for the encoding schemes whose code words are not arranged in an increasing order of lengths,

the corresponding coding tree does not satisfy the sibling property. To rectify this, we introduced an enhanced

version of the static Fano's method, Fano+.

One of the most important features of Fano+ is that it generates a canonical code without increasing the

computational complexity in either time or space. It is well known that generating a canonical code using

the Hu�man coding requires extremely complicated processes. This is rendered straightforward in Fano+.

Note that this is signi�cant since canonical codes are of fundamental importance in decoding, since they allow

extremely fast decoding, and require half as much space as that used by the decoding tree.

The encoding and decoding algorithms associated with Fano+ have been formally presented, rigorously

analyzed, and empirically tested. Our empirical results on �les of the Calgary corpus and the Canterbury

corpus show that Fano+ achieves percentages of compression which are almost optimal � very marginally

below those of Hu�man's algorithm. Furthermore, it is computationally superior, and is thus a desirable

option when compared to the latter.

The extension of Fano+ for multi-symbol code alphabets follows directly from the binary solution proposed.

The main problem in dealing with multi-symbol code alphabets is that a more elaborate partitioning procedure

is required, which we propose in [11]. The zeroth-order model implemented here can also be extended to higher

order models such as dictionary-based methods, Markovian models, etc., so as to achieve compression ratios

comparable to those of the best state-of-art compression methods.
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