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Abstract

We present a new algorithm to test whether a given g@jsplanar and to compute a planar embedding
G of Gif such an embedding exists. Our algorithm utilizes a funeiatally new approach based on graph
separators to obtain such an embedding. The I/O-complekityr algorithm isO(sortN)). A simple
simulation technique reduces the 1/0-complexity of oupathm toO(perm(N)). We prove a matching
lower bound ofQ(perm(N)) 1/Os for computing a planar embedding of a given planar graph

1 Introduction

I/O-efficient graph algorithms have received consideralilention because massive graphs arise naturally in
many applications. Recent web crawls, for example, produaghs of on the order of 200 million nodes and
2 billion edges. Recent work in web modeling uses depthd$esarch, breadth-first search, shortest paths,
and connected components as primitive operations for figegimg the structure of the web [7]. Massive
graphs are also often manipulated in Geographic Informafgstems (GIS), where many fundamental
problems can be formulated as basic graph problems. Théng@ising in GIS applications are often
planar. Yet another example of massive graphs is AT&T’s 2@HBne call graph [8]. When working
with such large data sets, the transfer of data betweemaltand external memory, and not the internal
memory computation, is often the bottleneck. Thus, I/Cerdfit algorithms can lead to considerable run-
time improvements.

Many graph algorithms designed in the RAM model of compatatise breadth-first search (BFS) or
depth-first search (DFS) to explore the given graph, as thesatrategies can easily be realized in linear
time; yet they provide valuable information about the gt of the graph. Unfortunately, no 1/O-efficient
algorithms for BFS and DFS in arbitrary sparse graphs argvknevhile existing algorithms perform rea-
sonably well on dense graphs. This forces algorithm desigiaedevelop algorithms that avoid using BFS
or DFS as primitive operations, if they are to be I/O-effitien

Recently, a number of papers [4, 5, 17, 33] have focused oelggwng I/O-efficient algorithms for
fundamental graph problems on embedded planar graphse Blgwithms solve BFS, DFS, single source
shortest paths (SSSP), and the problem of computing weigigiearators of an embedded planar graph in
O(sort(N)) I/0s using linear space. From a practical point of view tlu¢ tlaat these algorithms need a planar
embedding to be given as part of the input is not a serioustr@ins as in most large scale applications it
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is known that a given graph is planar only because a planaeeédiy of the graph is given. From a
theoretical point of view, however, it is desirable to desi-efficient algorithms for planarity testing and
planar embedding, in order to obtain 1/O-efficient alganithfor a number of fundamental problems on
planar graphs which do not require any additional infororagbout the given graph.

1.1 Mode of Computation

The algorithm in this paper is designed and analyzed in thallebDisk Model (PDM) [32]. In this model,
D identical disks of unlimited size are attached to a machiite an internal memory capable of holding
M data items. These disks constitute the external memoryeofrthchine. Initially, all data is stored on
disk. Each disk is partitioned into blocks Bfdata items each. An I/O-operation is the transfer of up to
blocks, at most one per disk, to or from internal memory frartoexternal memory. The complexity of an
algorithm in the PDM is the number of 1/O-operations it penfs.

Sorting, permuting, and scanning an arrayNo€onsecutive data items are primitive operations often
used in external memory algorithms. Their I/O-complexitere soifN) = O((N/(DB))logy ,5(N/B)),
permN) = ©(min(N,sortN))), and scatN) = ©(N/(DB)), respectively [32].

1.2 Previous Results

I/0-efficient graph algorithms have been studied in a nunabgrapers [1, 2, 4, 5, 9, 11, 17, 20, 22, 23,
25, 27, 31]. We only discuss results on undirected BFS, DiF§lessource shortest paths, planar embed-
ding, and graph connectivity here. The best SSSP algoritmrarbitrary undirected graphs take$|V| +
(|E|/B)log, |E|) I/Os [20]. The best BFS algorithm for arbitrary undirectedphs take®(|V| + sort(|E|))
I/Os [27]. Recently a BFS algorithm for graphs of boundedrdechas been presented in [25]. difis

the maximum vertex degree in the graph, the algorithm t&xg¥|/(ylogyB) + sort(BY|V|)) I/Os using
O(|V|/B) blocks of external memory, for@ y < 3.

In [17], anO(sortN)) I/O algorithm for computing a 2/3-separator of s@é\/ﬁ) for an embedded
planar graphG is given, provided that a BFS-tree &f is part of the input. In [4], this idea has been
extended to obtain a@(sort(N)) I/O algorithm to compute ag-separator of siz®(sort(N) + /N/) for
an embedded planar graph, provided that a BFS-tree of tiph ggagiven. Using the computed separator,
the SSSP problem can then be solvedifsortN)) 1/Os for the given graph [4]. In a recent paper [5],
two DFS algorithms for embedded planar graphs are given.fit$tone take©(sortN)logN) 1/0s. The
second one take®(7(N)) I/Os, whereI(N) is the number of 1/0Os required to compute a BFS-tree of an
embedded planar graph. Another recent result [33] showsb@ampute arg-separator of siz@( N /a)
for an unweighted planar graph @(sort(N)) 1/Os, provided thatNlog?(DB) < M. This algorithm does
not require a BFS-tree or embedding of the given graph aop#re input. Together with the results of [4]
and [5] this implies that BFS, DFS, and SSSP can be solvédsortN)) I/Os on embedded planar graphs,
provided thatM > (DB)?log?(DB). Also, once a BFS-tree and an embeddingsdt given, the separator
algorithm of [3] can be realized using external memory tégpies to compute iO(sortN)) 1/Os ane-
separator of sizé)(\/N/s) for a weighted planar grapB. We are not aware of any results on computing
planar embeddings 1/O-efficiently.

In [22], it is shown how to test a given gra@ifor outerplanarity and compute an outerplanar embedding
of G. Given the embedding, it is shown how to solve BFS, DFS, andtba@ompute a 2/3-separator of size
2 for G. All algorithms in [22] takeO(sor{N)) 1/Os. In [23] it is shown how to solve the SSSP problem
in O(sort(N)) 1/0s on graphs of bounded treewidth. It is shown in [22] th&SBDFS, and SSSP require
at leastQ(perm(N)) 1/Os, even on outerplanar graphs. It is also shown that platesr embedding takes at
leastQ(permN)) 1/Os.



In [9], I/O-efficient algorithms for computing the connegttand biconnected components of an undi-
rected graph are presented. These algorithms@kertN)) 1/0Os on graphs which are sparse under edge
contraction. This includes planar graphs. These algosthme the result of applying a general simulation
technique for PRAM algorithms in external memory to the amtivity algorithm of [10] and the biconnec-
tivity algorithm of [30]. There are no direct results on cautipg triconnected components I/O-efficiently,
although one may apply the PRAM simulation of [9] to the trinectivity algorithm of [13].

A number of PRAM algorithms for planarity testing and plararbedding have been proposed [18, 19,
26, 28]. In [19], the first such algorithm using a linear numbkprocessors was presented; the algorithm
runs inO(logaN) time. The algorithm of [28] runs i©(log,N) time usingO(C(N)) processors, where
C(N) is the number of processors required to compute the cortheotaponents of a graph @(log,N)
time. Using the PRAM simulation technique of [9], one caradit/O-efficient, but suboptimal, embedding
algorithms from the algorithms of [19, 28]. A more direct ilmmentation of the algorithm of [28] using
external memory techniques produces a planar embeddingthlg that take©(sort(N)) 1/0Os. However,
it is not clear whether the algorithm of [28] can be used towd®ether a given graph is planar.

In internal memory, planarity testing and the problem of pating a planar embedding of a given
graphG are well-studied. The first paper to present a linear timerélgm for planarity testing and planar
embedding is [16]. A previous algorithm of [21] was later ra&d run in linear time using results of [6, 12].
Important implementation details of the algorithm of [16¢ grovided in [24]. Any graph traversal can
be used to identify the connected components of a graph éaditime. In [29], a linear time algorithm
for finding the biconnected components of a graph is prederte[15], the idea of [29] was extended to
identify the triconnected components of a biconnectedtgrap

1.3 Our Result

In this paper, we present a new algorithm to test whether engivaph is planar and to compute a planar
embedding of the graph if the answer is affirmative. Our allgor takesO(sort(N)) 1/0s using linear
space, provided tha¥l > (DB)?log?(DB). Intuitively, our approach can be described as follows:stFir
use the algorithm of [33] to compute a subSeadf O(N/ (DB)) vertices ofG whose removal partition&
into O(N/(DB)?) subgraphs3, ..., Gy of size at mos(DB) each. Each grap@; is adjacent to at most
DB separator vertices, which we denote d;. Let G; be the subgraph o& induced by the vertices in
V(Gi)U0G;, for 1<i <k. LetGj,...,G| be the connected components of grahs...,Gy. Denote the
set of separator vertices (B{J 1<j<I,byS;.

For each graph;’j, compute a constraint gragh of sizeO(|S;|) which captures the constraints imposed
on the embedding d& by G’j. Informally, these constraints are of the form: Can two s&foa vertices be

on the same face of an embeddiég of G’j? In which order do they have to appear along the boundary
of such a face? Etc. These constraints are derived from argesition ofG’j into its biconnected and
triconnected components. Joining gra@s...,C at their separator vertices, we obtain an approximate
graphA of sizeO(N/(DB)). We show thaG is planar if and only ifGy,...,Gy are planar and\ is planar.
Also, a planar embedding @& can be obtained from a planar embeddingAdby locally replacing the
embedding€, . ..,G of graphsCy, ...,C; in Awith consistent embeddlngyl G’ of graphsGi,...,Gj.

Our algorlthm spend®(sort(N)) I/Os to compute the separatBrusing the result of [33]. Computing
graphsCy,...,C takesO(scar(N)) I/Os, as each grapB] has size at mogDB)? + (DB) < M and, hence,
the construction o€; from G’j can be carried out in internal memory. Computing a planaresiding of
AtakesO(N/(DB)) I/Os using the algorithm of [16], & = O(N/(DB)). Finally, the embedding d& is
constructed irO(sortN)) I/Os, as the replacement of embeddimys. ..,C by embeddlng@l, G’ can
be done locally and thus in internal memory; the necessasydamtion between these local replacement
steps is achieved using time-forward processing [9].



In order to prove that our algorithm is optimal up to a constaator, we show that it takeQ(perm(N))
I/Os to compute a planar embedding of a given planar graph.imdle simulation technique together
with any linear time embedding algorithm reduces the I/@ylexity of our embedding algorithm to
O(permN)) I/Os, thereby matching the lower bound.

1.4 Prdiminaries

An undirected multigraph G= (V,E) is an ordered pair of a sé and a multiseE. The elements o¥
are theverticesof G; the elements oE are theedgesof G and are unordered paifs,w}, vyw € V. We
sometimes represent the elementgias triples(v,w, i) to distinguish the different copies of edgew} in
E. Triples(v,w,i) and(w,V,i) are considered to represent the same edge. For an{edgec E, verticesv
andw are theendpointsof edge{v,w}. Verticesv andw are said to beadjacent Edge{v,w} is incidentto
verticesv andw. GraphG is simpleif every edge appears at most onceein

A multigraphH = (W, F) is a subgraphof a multigraphG if W CV andF C E. A pathin Gis a
subgraphP = (W,F) of G such thatWW = {vo,...,vp} andF = {{vi_1,vi} : 1 <i < p}. In this case, we
write P = (vo,...,Vp). We callvg andvy the endpointsof P. A pathP = (vo,...,Vp) is simpleif vertices
Vo,...,Vp—1 are pairwise distinct and vertices, ..., v, are pairwise distinct. We cat acycleif vo = vp. In
this case, we writ® = (vo,...,Vp_1).

For a setW C V of vertices, letG|W] be the subgraph d& inducedby W. GraphG|W] is defined
asGW] = (W, {{vyw} € E:vw e W}). Similarly, for a setF C E of edges, graplG[F] is defined as
G[F] = (Ugumyer {WwW},F). For a set of vertice®/ CV, letG—W = G|V \WJ; for a vertexv € V, graph
G —v is the same as grapB — {v}. For a set of edgeB C E, let G- F = G[E\ F]. For a subgraph
H=(W,F)ofG,letG—H=G[E(G)\ E(H)]. LetF C E andH = G[F]. ThenH = G[E \ F]. For a graph
G = G1 UGy such tha/ (G1) NV (Gz) =W and a graptG; with W C V(G)), let G[G1/Gj] be the graph
G| UGy. Intuitively, G[G1/G}] is the graph obtained froi® by replacing subgrap; with graphGj.

A multigraph G is connectedf there is a path with endpointsandw, for all vyw € G. Theconnected
component®f G are the maximal connected subgraph$sofA cutpointof a connected multigrap@ is a
vertexv such thalG — v is disconnected. Multigrap® is biconnectedf it does not have any cutpoints. The
biconnected components bicompsof a connected multigrap® are the maximal biconnected subgraphs
of G. The bicomps of an arbitrary multigraph are the bicompssfinnected components.

Given a multigraptG = (V,E) and a subgraphl = (W, F) of G, the bridges oH are defined as follows:
Consider the connected component$efV(H). LetK be such a component. Th&ndefines anon-trivial
bridge of H which is the subgraph & induced by all edges incident to verticeskn A trivial bridge is an
edge inG — H with both endpoints iH. The trivial and non-trivial bridges are theidgesof H in G.

A pair {v,w} of vertices of a biconnected graghis aseparation pairif graphH = ({v,w},0) has at
least two non-trivial bridges i or at least three bridges, one of which is non-trivial. In tbener case,
we call{v,w} anon-trivial separation pair If G is a simple graph, then all separation pairs are non-trivial
GraphG is triconnectedf it does not have a separation pair.

Given a separation pa{v, w} with bridgesBq, ..., Bg, thesplit s(v,w,i) chooses two graph8’ andB"
such thatB' = B, U---UBy, B =By1U---UBg, E(B) > 2 andE(B") > 2, and partitionsG into two
subgraphss; = (V(B'),E(B) U{(vw,i)}) andG, = (V(B"),E(B")U{(v,w,i)}). Edge(v,w,i) is called the
virtual edgecorresponding to spl#(v,w,i). Thesplit componentsf G are defined as the graphs obtained
by recursively splittings; and G, until there are no more separation pairs. The split compsn&iG are
not necessarily unique. There are three types of split comqts: (1) triconnected simple graphs, (2) triple
bonds (two vertices with three edges between them), andi&Bptes.

The merge nfv,w,i) of two graphsG; and G, sharing a virtual edgév,w,i) constructs a graps =
(V(G1) UV(G2), (E(G1) \ {(vwW,i)}) U(E(G2) \ {(v,w,i)})) from G; andG,. A graphG can be recon-



structed from its split components by recursive applicatsd merge operations. To construct the tricon-
nected components of a biconnected gr&imerge bonds sharing virtual edges until no two bonds share a
virtual edge, and merge simple cycles sharing virtual edgéisno two simple cycles share a virtual edge.
The resulting graphs are tfeitte componentdriconnected componentsr tricompsof G. If G is not bi-
connected, the tricomps & are the triconnected components of its bicomps. The trieci®d components

of G are unique and of three types: (1) triconnected simple giaf#) bonds, and (3) simple cycles. The
separation pairs corresponding to the remaining virtugeedire thdutte pairsof G. LetH = (W,F) be a
graph obtained by merging a number of tricomps, ané ldte the set of virtual edges k. Then thekernel

H° of H is the graptH° = (W,F \ F').

A graphG is planar if it can be drawn in the plane so that the edge$aflo not intersect, except at
their endpoints. Such a drawing @fis called atopological embeddingf G and denoted by(G). Every
topological embedding db defines an order of the edges incident to each vertess, clockwise around.

A representation of these orders for all vertigesG is called acombinatorial embeddingf G and denoted
by G. For most graph algorithms, the latter is sufficient, so thatplanarity problem is the problem of
computing a combinatorial embedding of a given graph. Gaéopological embeddin@ (G) consistent
with a combinatorial embeddinG of G, we call the connected regions &f \ Z(G) the facesof G. Let

F denote the set of faces &f. By Euler's formula|V|+ |F| — |E| = 2. In particular,|E| < 3|V|— 6, for
every simple planar grapB. We define thesize|G| of a planar grapl@ as the numbeV | of vertices inG.
The planar embedding of a simple triconnected planar g&jstunique in the following sense [14]: L&
and G2 be two planar embeddings Gf. ThenGl andGz have the same number of faces, and there exists a
bijectiono : [1,k] — [1,K] such that iffy,..., fi are the faces o, andfy,..., f; are the faces of,, then
facesf; and f’() have the same vertices on their boundaries; moreovery éftheorder of the vertices on
the boundary of facd; is the same as that on the boundaryf(gf forall 1 <i <k, or the order is reversed,
forall1<i<k

Given a selSCV of vertices ofG and a subgraphl C G— S 0H is the set of vertices i adjacent to
vertices inH. We calloH the boundaryof H.

A graphG = (V,E) is bipatrtite if the vertex se¥ can be partitioned into two set¥§ andV, such that
v eV, andw € V,, for every edggv,w} € E. In this case we writ& = (V1,V,, E). We need the following
technical results.

Lemma 1.1 [33] LetG = (V1,Vo, E) be a simple connected bipartite planar graph such that ttiee® in
V, have degree at least three each. Theh< 2|V,|.

Lemmal.2 Given an embeddin@ of a simple biconnected planar grahgraphG is triconnected if and
only if there are no two facel andf, of G and two vertices andw such that andw are on the boundary
of both f; andf;, but edge{v,w} does not exist or is on the boundary of at most on& a@fndf,.

Proof. First assume that there are two fadg¢snd f, of G and two verticew andw such that andw are
on the boundaries of both and f,, but edge{v,w} does not exist or is on the boundary of at most ong of
and f,. Assume w.l.0.g. that edg, w} is on the boundary of fac& if this edge exists (Figure 1.1a). Let
P, be the path fronv to w counterclockwise arounéy, andP, be the path fronv to w clockwise around.
As edge{v,w} is not on the boundary of fack, pathP; contains an internal vertex and pathP, contains
an internal vertey. We can connect verticasandw by two curvesa andf3 that are completely contained
in the interiors of face$; and f,, respectively. The union of curvesandf is a closed Jordan curyewvhich
does not intersect any edges®and contains only verticasandw. Vertexx is insidey, vertexy is outside.
Thus, any path fronx to y must contain eithev or w, so that{v,w} is a separation pair. Hence, gra@h
cannot be triconnected.
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Figurel.1
Proof of Lemma 1.2.

Now assume thab is not triconnected. The® must contain a separation pgw,w}. The vertex set
V'\ {v,w} can be partitioned into two non-empty s&tsandV, such that any path between two vertices
x € V1 andy € V, must contain at least one vfandw. Let G; = GV, U {v,w}] andG, = G|V, U {v,w}]. If
edge{v,w} is in G, remove this edge fror®,. GraphsG; andG; are biconnected and planar. In particular,
let G; andG; be the restrictions of embeddii@jof G to G; andG, respectively. Theis; is contained in a
face f; of G1, andG; is contained in a facé, of G,. Both f; and f, containv andw (Figure 1.1b).

By joining the two copies of andw in G; andG,, face f; = f, in Figure 1.1b is split into two facef
and f” both of which haver andw on their boundaries (Figure 1.1c). However, neitBgmor G, consist
of a single edge, so thdt and f” cannot share eddge,w}. Facesf’ and f” are faces o065, so that we have
shown that there are two facésand f” of G and two verticew andw so thatv andw are shared by faces
f"and f”, but edge{v,w} is not. O

2 Overview of Our Algorithm

In this section, we present the framework of our algorithmsuibsequent sections we fill in the necessary
details. Algorithm 2.1 gives an outline of our algorithm.

Theorem 2.1 Algorithm 2.1 correctly tests whether a simple graphs planar and computes a planar
embeddingG of G if G is planar. The algorithm také3(sor{N)) I/Os usingO(N/B) blocks of external
memory, provided tha¥l > (DB)?log®(DB).

Proof. We first prove the correctness of Algorithm 2.1. Assume thatdgorithm reports that graghis not
planar. This can happen in lines 2, 6, 12, or 18EIf> 3|V | — 6, graphG is not planar by Euler’s formula.
The separator algorithm of [33] can fail for two reasonshéiitG is not sparse under edge contraction, or
the algorithm identifies a non-planar subgrapl©ofin both cases cannot be planar. If one of the graphs
Gj,...,G| is non-planarG cannot be planar, as these are subgraph@.oFinally, if A is non-planarG
cannot be planar by Lemma 7.1. On the other hand, if our d@lgordoes not report th&® is non-planar,
the output of the algorithm is a planar embeddigf G, by Lemma 8.1.

Next we analyze the I/O-complexity of Algorithm 2.1. Lines3ltakeO(scar{N)) I/Os, as they only
require counting the vertices and edge&inAs shown in [33], Lines 4—7 tak®(sortN)) I/Os, provided
thatM > (DB)2log?(DB). Lines 8-9 takéD(scar{N)) I/Os, as each subgragh has size at mogDB)%+
(DB); thus, each subgraph fits into internal memory, and we carpatengraphsG],...,G| by loading



Input: A simple graphG = (V,AE).
Output: A planar embeddings of G or the answer thas is not planar.

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:

if |E| > 3|V|—6then

Report thalG is not planar and exit.
end if
Compute a seB of O(N/(DB)) vertices ofG whose removal partition§ into O(N/(DB)?) subgraphs
Gy,...,Gk such thaiGi| < (DB)? and|dG;| < DB, for 1 <i < k.
if Step 4 reports an errohen

Report thaiG is not planar and exit.
end if
LetGy,..., Gy be the graphs defined & = (V(Gi) UG, {{v,w} € E:veV(G)AweV(G)UIG}).
LetGj,...,G| be the connected components of grags. .., G.
for j=1,...,1 do

if G| is not planathen

Report thalG is not planar and exit.

end if

Compute the constraint grafgh of Gj.
end for
LetA=G[JUCLU---UC
if Ais not planaithen

Report thaiG is not planar and exit.
end if
Compute a planar embeddiﬁgof A
fori=1,...,jdo

LetC; be the restriction of embeddiriyto C;.

ReplaceC; by an embedding| of G|.
end for
Let G be the resulting embedding 6f

Algorithm 2.1
Planarity algorithm.



graphsGy, ..., Gy into internal memory, one at a time, and partitioning eachhefn into its connected
components. Similarly, Lines 10-15 takgscar{N)) I/Os, as each subgraj is small enough to fit into
internal memory. Line 16 requires sorting and scanning #réex and edge sets of grapB8&S,Cy,...,C,

in order to eliminate multiple vertices and edges with theesaame in different subgraphs. Thus, this step
takesO(sort(N)) 1/Os. By Lemma 7.2, grapA has sizéD(N/(DB)), so that Lines 17-20 take(N/(DB))
I/Os. Lines 21-25 tak®(sort(N)) I/Os, by Lemma 8.1. O

In Sections 3 through 6, we describe the construction oftcaing graph<Cy, ...,C; from graphsG],. .
show that each such gragh has size linear in the number of separator vertlce@’mand that the graph
[G’ /Cjl is planar if and only ifG is planar. An inductive application of this argument protiest A is
planar if and only ifG is planar. In Section 7, we prove that graplas S|zeO(N/(DB)) In Section 8, we
show that a planar embedduﬁgof G can be derived from a planar embedd;hg;f A by locally replacing
the restrictionsCy,...,G of A to subgraph<Cy,...,C; with consistent embeddlngﬁl, G’ of graphs
Gl,...,G. Infact, thls follows immediately from the properties obghsCy,...,C shown in Sections 3

through 6; but Section 8 provides important technical detHithe replacement procedure.

3 Computing the Constraint Graphs

The core of our algorithm is the construction of the constrgraphsCy,...,Cy from graphsG],...,G;. Our
construction ensures that graﬁl{lG’ /C;] is planar if and only ifG is planar a planar embeddu@; of G
can be obtained from a planar embedd@{g;’ /Cj] of G[G|/Cj] by locally replacing the embedding 6§
induced byG[G|/C;] with a consistent embedding 6.

We assume for the rest of the paper that gra@hs. ., G| are planar because otherwise Algorithm 2.1
correctly reports thaG is non-planar, regardless of the correctness of the res$teolgorithm. The con-
struction of graph€;,...,C partitions each grapﬁ’j into its bicompsB, 1, ..., Bj q;, and each bicom; k
into its tricompsZjk1,..., Zjkr;,- The constraint grap@; of Gj is now constructed in a bottom-up fashion
from the constraint grapt@y,, | of tricompsZj k. In particular, the constraint graj@, , of a bicomp3; «
is computed by classifying the tricomps 8f « into two classes; “essential” tricomps are replaced by thei
constraint graphs; “inessential” tricomps are either cletegy removed, or groups of them are replaced by
constraint graphs of constant size. The constructidd; éfom constraint graph€s, ,, ... ,ng_qj follows the
same pattern. “Essential” bicomps are replaced by theistcaint graphs; “inessential” bicomps are either
removed, or groups of them are replaced by constraint grajptenstant size.

The classification of subgraphs as essential or inesséntiédsely tied to the concept of required ver-
tices in such a subgraph. For any subgrépbf G, therequiredvertices ofH are the vertices shared by
andH. That is, for a grapi&’, all separator vertices i@’j are required; for a bicom all separator vertices
and cutpoints inB are required; finally, for a tricom@ all separator vertices, cutpoints, and members of
separation pairs are required. For any gréphthe vertex set of its constraint gra@iy has to contain at
least the required vertices Hf. To see why this is necessary, assume that there exists mpitonnecting
two of its required vertices. If this path is part of a subgrap G homeomorphic tds or K3 3, and one of
the two required vertices is not presentn, G[H /C4] may be planar even thoudhis not.

The following sections follow the bottom-up constructiongoaphsC,,...,C;. Section 4 describes the
construction of the constraint grafly of a tricompZ. Section 5 shows how to construct the constraint
graphCg of a bicompB, using the constraint graphs of the tricomps®fs building blocks. Section 6
describes how to assemble the constraint g@pbf grath’j from the constraint graphs of the bicomps of
G.



(a) (b)

Figure4.1

(a) A tricompZ” with its face-on-vertex graptr. Required vertices are white discs; vertices that are not
required are black discs; face vertices are squares. Edgeésace solid; edges dbr are dashed. (b) The
compressed face-on-vertex grapp of 7.

4 TheConstraint Graph of a Tricomp

Let 7 be a tricomp, and IeR(Z7) denote its set of required vertices. Our goal is to constaumbnstraint
graphCy for 7 whose vertex set has sig¥|R(‘7)|), which contains all virtual edges @f, and such that
Gis planar if and only ifG[7°/C7] is planar. IfT is a bond, the constraint gra@h- of 7 is 7 itself. If T
is a cycleT = (vi,...,V), letvy, ...,V be the required vertices i, appearing in this order alorif. Then
Cy isthe cycleCy = (v4,...,V|). The rest of this section deals with the constructio@gfin the case when
7 is a triconnected simple graph. .

Let 7 be the unique planar embeddingdf Theface-on-vertex graph &of 7 is defined as follows
(Figure 4.1a).Gg contains all vertices of” as well as one vertex; per facef in 7. There is an edge
between a face vertex and a vertexv € 7 if and only if w appears on the boundary of fateGraphGg
is planar. Ordering edggws,ws},...,{Vvi, W} aroundvs in the same order as vertices. .., wy along the
boundary of facd in T, we obtain a planar embeddi@ of Ge. A

Our goal is to construc@ s so that the order of required vertices around the fac&sisfpreserved in any
embedding o€;. We remove all vertices i (7) \ R(7") from Ge. Next we remove face vertices adjacent
to at most one required vertex fro@k; but we ensure that the degree of any required vert&imemains
at least two. We call the resulting gragh the compressed face-on-vertex graphZ” (Figure 4.1b).

Lemmad4.1l The compressed face-on-vertex gr&ph of a tricomp‘T is planar and has at mos®|R(‘T)|
vertices.

Proof. As Gt is a subgraph o6g, the planarity ofGr is obvious. In fact, we will use the embeddiéf;
of G induced by the embeddingg of Gr in the remainder of this section. In order to count the number
of vertices inGg, we partition the vertices iR(‘7) into two groups. The vertices in the first grol, are
adjacent only to face vertices of degree one. The vertickgisecond groufR,, have at least one neighbor
of degree at least two.

The total number of face vertices adjacent to verticeRyirs 2|R;|. Every vertex inR; has at most one
adjacent face vertex of degree one. In order to count thevViad&ees of degree two i, consider the
subgraphH of G induced by all vertices iR, and all face vertices of degree two@}-. We construct a



Figure4.2
Proof of Lemma 4.1.

graphH’ containing all vertices ilR,. There is an edgév,w} € H' if there exists a face vertex i which is
adjacent tor andw. As H is a subgraph o6, H is planar. A planar embedding bf can easily be derived
from a planar embedding ¢f. Hence H’ has at most [R;| edges. We associate a face venteof degree
two with edge{v,w} € H' if xis adjacent tov andw in H. We show that there are at most two face vertices
associated with each edgeht, so that there are at mosiRg| face vertices of degree two @&.

Let v andw be two vertices so that edge w} has three face vertices,, vs,, andvs, associated with it.
See Figure 4.2. TheR? \ (vuwU f, U f, U f3) consists of three disjoint regiom, Ry, andRs. Only one of
these regions can be degenerate, i.e., consist only of thedsing of edgdv,w}. W.l.0.g., assume thd,
is this region. ThenR; contains some vertex andRz contains some vertex Any path fromx to y must
pass through eitheror w, as there are no edges crossing fated,, and f3. Thus,{v,w} is a separation
pair, contradicting the triconnectivity of.

The subgrapii” of G induced by all vertices iR, and all face vertices of degree at least 3 is planar and
bipartite, wherd/; = R, andV, contains all face vertices of degree at least 3. Hence, bynizei 1,V | <
2|V1| = 2|Ry|. Thus,Gg. has at most|R1|+ 2|Ry|) + (|R2| + |Re| + 6|R2| + 2|R2|) < 10|R(T)| vertices. O

Next we useGr to construct the constraint grafly- of 7. In order to construc€s, we augmenGg so
that we can construct a graph whose face-on-vertex graph h& as a subgraph. In particular, every
face-vertex inGr must have degree at least three in order to represent a waaéd fThus, for each face
vertexvs in G of degree at most two, we add one or two dummy vertices and thake adjacent to;. If

vi has degree two, letandy be the two required vertices adjacenwtan Gi. If there is an edge between
x andy in 7, assume that, edge{x,y}, andy appear in this order clockwise alori¢s boundary. Then we
add the dummy vertexincident tov; clockwise betweely andx in the embeddingﬁ’F. This construction
is illustrated in Figure 4.3a for the tricomip shown in Figure 4.1a.

We construct a graphl whose face-on-vertex graph h@s as a subgraph. Grapt has the required
and dummy vertices oBr as vertices. There is an ed@ry} in H if there exists a face-vertex in Gr
such that edgefvs, x} and{v;,y} appear consecutively in the clockwise order aroundrhis construction
is shown in Figure 4.3b. The embeddifRof graphH has a number of faces which are not represented
by face vertices irGg. (In Figure 4.3b the only such face is the outer face.) In otdeonstruciCs, we
augmentH so that the resulting grapgdy; is triconnected and has the property that every face in tiguan
planar embedding d€; which does not correspond to a face vertexginhas at most one required vertex
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(@) (b) ()

Figure4.3

(a) The compressed face-on-vertex gr&ghof tricomp 7 shown in Figure 4.1a, augmented with dummy
vertices. (b) The graph whose face-on-vertex graph has the augmented face-cexvgraphGr as a
subgraph. (c) The constraint gra@h of 7.

on its boundary. As a result, there exists a natural bijadbietween the faces af andéq with at least two
required vertices on their boundaries.

The augmentation ofi proceeds in three phases. First we iterate over all facé$ which do not
correspond to face vertices @f-. For every boundary cycle of such a fatelet vy, ..., v be the required
vertices in that cycle. (Note that this cycle is not necelyssimple, and some required vertices may appear
more than once along the cycle.) For each vexexve split the two edges preceding and succeeding
in the cycle by adding two dummy verticess andw; on these two edges; we connect verticesind w;
by an edge{ui,wi}. As a result facef is partitioned into a number of triangl€si,v;,w;} and a facef’
which does not have any required vertex on its boundar i§ disconnected, the graph obtained after
this augmentation is also disconnected. This is equivatesbme facef’ having more than one boundary
cycle. As long as there is such a fatlewe choose two of its boundary cycles and two pairs of corisecu
vertices{x,y} and{u,v} on these two cycles. Lety andu,v appear in this order clockwise along these
two cycles. Then we add edgés, v}, {x,u},{y,u} to H, thereby concatenating the two boundary cycles.
Once this procedure is finished, every faceHohas a single boundary cycle. We triangulate each face
not corresponding to a vertex @ by adding a dummy vertex in the centerféfand connecting this vertex
to every vertex on the boundary 6f. The resulting graph is the constraint grappof 7.

Lemma4.2 The constraint grapB of a tricompT is a planar graph wit(|R(‘T)|) vertices.

Proof. For bonds and cycles the claim trivially holds, as all veinC are required. IfI is a triconnected
simple graph, we show the lemma as follows. By Lemma 4.1, tgf#p contains at most|R(7)| face
vertices of degree one and at mofR@ )| face vertices of degree two. Thus, we add at mosR(D)|
dummy vertices t@r, in order to increase the degree of each face vertex to attleas. Hence, grapH is

a planar graph with at most [H(‘7')| vertices. The construction @iy from H adds at most one vertex per
edge ofH and at most one vertex per facetdf 55R(‘7)| vertices in total. ThusCs has at most GR(‘7)|
vertices. The planarity d@+ is explicitly guaranteed by the above construction. O

Lemma 4.3 The constraint grapB; of a triconnected simple graph is a triconnected simple graph.

Proof. To show thatC; does not contain multiple edges, observe that gtdptonstructed fronGi does
not have multiple edges: As we add dummy vertices separfitelyach face vertex db, the only edges
that may be duplicated iH are those both of whose endpoints are required verticebelétare two faces
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f1 and f, sharing vertices andw in H, the two corresponding faces‘4hsharev andw as well. Hence, they
share edgé¢v,w}, by the triconnectivity of7 and Lemma 1.2. In this case, our construction guaranteés tha
no dummy vertices are inserted betweeandw in the embedding. Thus, edde,w} is shared byf; and

f,. All edges that are subsequently addedHtaluring the construction d€; are added between vertices
that are not irH; it is easy to verify that we add each such edge only once. &€jcis a simple graph.

To show thaCy is triconnected, le€ be the planar embedding 6f; derived from the planar embed-
ding T of 7 using the above construction. By Lemma 1.2, it is sufficiergitow that for all face$; and f,
sharing two vertices andw, edge{v,w} is on the boundary of botfy and f,.

To prove this, we partition the faces©f into two categoriesRequiredfaces are those that correspond
to face vertices irG;-; all other faces arauxiliary faces.

If f; and f, are both required faces, therandw are required vertices. This is true because dummy
vertices are created separately for each face verteé-ofso that no two required faces share a dummy
vertex. Faces; andf;, correspond to two facefy and f; of 7 sharing vertices andw. Thus, by Lemma 1.2,
edge{v,w} must be on the boundary of boff) and f;. As shown above, edges between required vertices
are preserved i€G.

It is easy to verify that all auxiliary faces 6}; are triangles. Thus, if; and f, are both auxiliary faces,
edge{v,w} is on the boundary of botfy and f,.

If f; and f, are of different types, assume w.l.0.g. thHais required and;, is an auxiliary face. Ad,
is a triangle, edgév,w} is on the boundary of fac&. Thus, it remains to show that ed§ew} is on the
boundary of facef;.

Let f be the face o containing facef,. Facef is split into two types of faces: triangles produced by
bridging required vertices on the boundaryfaind triangles produced by triangulating the resulting fice
If f, is of the former typef; and f, can only share verticag andv; or verticesv; andw; because vertices
u; andw; are on the boundary of different required faces. Assume.g.lthatf; and f, share verticesi;
andv;. Vertexu; has been inserted on an edgev;} on the boundary of a required fadg, so thatu;, v,
and edgd u;, Vi } are on the boundary of fadg. As required faces are not partitioned by our algorithm, and
fo is the only required face having vertaxon its boundary, we havg = fo. Hence, edgégu;,V; } is on the
boundary of facd.

If f, is of the latter type, the edge shared fiyand f;, is on the boundary of facé’. By the above
argument, no face ifi’ can share two verticag andw; with a required face. Also, no face can share the
central vertexx of f’ with a required face. All other pairs of vertices on the baamdof triangles inf’
correspond to edges on the boundaries of required faces. O

Lemma4.4 LetT be a planar embedding af, ano@; be a planar embedding GF-. Let fy,..., fx be the
faces ofT with at least two required vertices on their boundaries, g§nd., f/ be the faces df.r with at
least two required vertices on their boundaries. Terl, and there exists a bijectian: [1,k|] — [1,k] such
that faces; andfé(i ) have the same required vertices on their boundaries, irathe srder.

Proof. The lemma holds trivially for bonds and simple cycles. A

If T is a triconnected simple grap@q is triconnected by Lemma 4.3. Hence, embeddifigandC,
are unique. In particulaléq is the embedding of; derived from‘Z by our construction above. Faces
f1,..., fcin 7 correspond to face verticeg, ..., Wy in Gi, which in turn correspond to facds,.. ., f; in
CT. Moreover, it is easily checked that our construction pnesethe order of required vertices around these
faces.

Thus, in order to prove the lemma, we have to show that eadliaayxace has at most one required
vertex on its boundary. Every auxiliary face is the resulpaiftitioning a facef of graphH in the above
construction which does not correspond to a vertegin Facef is partitioned into trianglegui, vi,wi },
for each required vertey on the boundary of, and a facef’ which does not have any required vertices
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on its boundary. Vertices; andw; on the boundary of a trianglgu;, vi,w; } are dummy vertices. Fadg is
partitioned into triangles none of which has a requiredesedn its boundary. Thus, no auxiliary face has

more than one required vertex on its boundary. O
LetTy,..., 7, be the tricomps of grapls,...,G|. Then we define a sequence of graﬂéﬁ fq such
thatG{" = G andG” = G 1[T"/C"] for 1< i < q. GraphG( is defined as® = G,

Lemma4.5 GraphG" is planar if and only iG\") is planar, forl <i < q. A planar embedding o&",

can be obtained by locally replacing the embeddin@;ci)induced by a planar embeddifﬁjrl) of Gi(l) with
a consistent embedding Gf° .

Proof. Consider an embeddlr@I , of Gl(l)l Let 7; be the unique planar embedding Gf and‘T° be the

planar embedding of;° obtained from‘I by removing all virtual edges if. LetCT be the unique planar
embedding oC, andC° be the planar embedding GFT obtained fronf:r[ by removing all virtual edges
inCg.

We partitionZ;° into maximal subgraphs each of which is embedded insideeaffadt ‘f" Each such
graphK is incident only to required vertices on the boundaryfoflf f is the result of merging a number
of faces of‘I by removing virtual edges, each constituent facd i T has at least two required vertices
on its boundary. Thus, these constituent faces are prceism@yi, by Lemma 4.4. Moreover, they share the
same virtual edges 8 as inZ. Thus, facef has a corresponding fadé in C;. with the same required

vertices on its boundary, in the same orderf 1§ a face of‘f° consisting of a single face cﬁf with at least
two required vertices on its boundary, this face is presiameﬁq and thus |rC° , by Lemma 4.4. Thus,
in both cases, we can embKdnside f'. If face f has only one required vertex on its boundafycan be
embedded inside an arbitrary face@)}t with this vertex on its boundary. Embedding all subgraghis

this manner, we obtain a planar embeddlngBBT) from G(l) The proof thaG( )1 is planar |fG( )is planar

is similar. O

Corollary 4.1 GraphGWY s planar if and only if graplG is planar. A planar embedding & can be
obtained by locally replacing the embeddings of gra@as. . ,C?[q with consistent embeddings of graphs

5 TheConstraint Graph of a Bicomp

Given graphG\Y), which was constructed by replacing each tricomp of graphs. ., G| with its constraint
graph, we show next how to construct the constraint graphtmé@mp B. In order to do this, we use a
two-step procedure to classify the tricomps®fs essential or inessential. For an essential tric@ngd
B, we leave the constraint grafly of 7 in G unchanged. An inessential tricomp is either completely
removed fromG(, or it is grouped together with other inessential tricomgmsch such group is replaced
with a constraint graph of constant size.

Let R(‘B) be the set of required vertices Bf andTy, ..., T, be its tricomps. We define ttiscomp tree
T = Tz(‘B) as follows (see Figure 5.1): Trée hasq verticesty,...,Tq, one per tricompZ. There is an
edge{T;,Tj} € T if tricomps 7, andZ; share a virtual edge. By the recursive definition of the trips of
a biconnected simple graph,is indeed a tree. For each vertex R(B), we choose a tricomf@ (v) such
thatv € 7 (v). We call a tricompZ; essentialf there is a vertexw € R(‘B) such thatZ; = T (v). A tricomp 7|
is potentially essentiailf there are two essential tricom@ and 7 such that vertex; is on the path from
Ti to Tk in T. All other tricomps arenessential In the next section, we show that removing all inessential
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tricomps fromG(Y does not alter its (non-)planarity. Then we finish the cfasgion of the tricomps by
deciding which of the potentially essential tricomps argeesial, and which are inessential. In Section 5.2,
we replace all tricomps classified as inessential in thiss@&cound of classification by a small number of
constant size constraint graphs. Section 5.3 puts thegpiegether and shows that the final constraint graph
Cg of B has sizeO(|R(‘B)|).

5.1 Discarding Inessential Tricomps

Let T’ be the tree obtained by removing all verticgscorresponding to inessential tricom@$ from T.

Let B’ be the subgraph dB obtained by merging all tricomps corresponding to vertioe§’. The nodes
Tj € T corresponding to inessential tricom@sinduce a set of maximal subtregs ..., Ts of T. Each such
subtreeT; is connected td’ through a single edge. L& be the subgraph aB obtained by merging all
tricomps corresponding to the nodes in tlge As T; and T’ share only a single edg&; and B’ share
exactly one virtual edgévj,wj,ij). Let B" be the graph obtained by replacing grapljs...,KS with edges
(v1,W1,i1),..., (Vs,Ws,is) In B. Alternatively, B” is obtained by making all virtual edges #i non-virtual.

Let By,..., By be the bicomps of grapt@,...,G|. Then we define a sequence of graﬂé& ... ,fo),

whereG? = G andG® = G\?)[B/B"]. GraphG® is defined a6® = G{.

Lemmab.1 Grathi(z) is planar if and only if grapltf;“i(f)1 is planar, forl <i < q. A planar embedding

of G2, can be obtained by locally replacing edges in an embeddi@?fvith embeddings of inessential
tricomps ofB;.

Proof. Let B = B, and let tree¥, T', andTy, ..., Ts and graphsB’ andKy,...,Kg be defined as above. Let
éi(f)l be a planar embedding of graﬁ!i@l. For each subgrapK; of B, there is a path froma; to w; in K7.
Thus, replacing<; by edge(vj,wj,ij) in éi(f)l corresponds to removing the whole graghexcept that path
from G, and then replacing this path by a single edge. As all tricomgX; are inessentialy; andw; are
the only vertices shared W and K_J Hence, two paths from vertices to w; in graphKj and fromy to

wi in Ky are internally vertex disjoint, so that replacing both gably a single edge does not introduce an

intersection in the planar embedding@f)l. Applying this argument to graphs;,...,Kg in turn shows
thatGi(z) is planar ifGi(E)1 is planar.
To show thatGi(f)1 is planar ifGi(z) is planar, recall that each graptf shares only verticeg; andw;

with K_J Hence, we can obtain an embeddingG;Sf)1 from an embedding otBi(z) by replacing each edge
(Vj,wj,ij) in Gi(z) with an embedding of grapK;j which has vertices; andw; on its outer face. The
existence of such an embedding follows immediately fromglamarity of the tricomps of a biconnected

planar graph. O

Corollary 5.1 GraphG'? is planar if and only if grapi\Y) is planar. A planar embedding 6fY can be
obtained by locally replacing edges in an embeddinG8f with embeddings of inessential tricomps.

Having disposed of the first set of inessential tricomps, o nlassify the potentially essential tricomps
of B" as essential or inessential. A potentially essential imigds essential if its corresponding vertex in
T’ has degree at least three; otherwise, it is inessentiale thatt all vertices inT’ whose corresponding
tricomps are inessential have degree two. This is true Isecallleaves correspond to essential tricomps,
and all tricomps corrsponding to internal nodes of degrdeaat three have been declared essential. We
partition the set of nodes corresponding to inessent@rnps into maximal paths if.
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Figure5.1
A biconnected planar grap®, its tricomps, and its tricomp tree. Tricomps are labelethwapital letters.
Virtual edges in the tricomps are dashed.
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Figure5.2
Tricomps7y,...,7s and the five graphs into which the merge of these tricompsiigtiecomposed.

LetP = (11,...,Ts) be such a path, and leg andts, 1 be the two other neighbors of andts, respec-
tively. Tricomps7y andZs, 1 are essential. Letvj,wj,ij) be the virtual edge shared by tricomfsand
Tj+1, 0< j <'s. LetHp be the graph obtained by merging triconifis. . ., Zs. ThenHp contains two virtual
edges:(Vo, Wo, o) and(vs,Ws,is). Also, as all tricomps iHp are inessential, grapHg shares only vertices
Vo, Wo, Vs, andws with Hg.

5.2 Compressing Chains of I nessential Tricomps

In this section, we construct a constraint gr&hfor each graptHp induced by a patl® of vertices inT’
which correspond to inessential tricomps, and repldgeavith C5. GraphCp has sizeO(1); replacingHg
with C3 in B preserves the (non-)planarity 62,

To constructCp, we partition tricomps7y,...,7Zs into five (possibly empty) groups, and replace each
such group by its own constraint graph of constant size.

Thefanof tricomp Ty is defined as follows: Lefp be the maximal index such thét;,, wj, } N {vo,wo} #

0. Then the fan of tricomg is the union of tricompgy, ..., 7j,. The fan ofZy is empty if jo =0

Analogously, thefan of tricomp Zg, 1 is defined as follows: Lejs be the minimal index such that
{Vjs, Wj. } N{vs,ws} # 0. Then the fan of tricomf¥s, 1 is the union of tricompgj 1, ...,7Zs. The fan ofZs, |
isempty ifjs=s.

If jo < Js let7j 41 be theseparating tricomgdor To. If jo < js— 1, let7j, be theseparating tricomgor
Tst1. If jo < js—2, let the union of tricomp9gj, 2, ..., 7j,—1 be thecoreof graphHp. Figure 5.2 illustrates
this construction. We replace each non-empty fan, separ&icomp, and core by its own constraint graph
of constant size. For a separating tricompwe keep the constraint grafly constructed in Section 4. The
constraint graphs of fans and cores are described next.

5.21 TheConstraint Graph of a Fan

Let ¥ be a fan of some grapHp with virtual edgega, b,i) and(a,c, j). For a non-empty farf, we have

to distinguish two cases. b= c, the fan consists of a single bond. In this case the consyaiph of F

is the constraint graph of the bond, which is the bond itg8lherwise, we are interested in capturing the
possible embeddings of verticash, andc and edgesa, b,i) and(a,c, j). In particular, we have to capture
the following possibilities:
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(&) Fan¥ has a planar embeddirf@ such that there are two faces with edgad, i) and(a,c, j) on their
boundaries.

(b) Fan ¥ has a planar embeddinﬁ such that there is one face with eddesb,i) and (a,c, j) on its
boundary, and another face with edgeb, i) and vertexc on its boundary. (There is a symmetric case
where the second face has edggc, j) and vertexo on its boundary.)

(c) Fan¥ has a planar embedding such that there is one face with eddesb,i) and (a,c, j) on its
boundary, and another face with vertige®, andc on its boundary.

(d) Fan¥ has a planar embeddinﬁ such that there is one face with eddesb,i) and (a,c, j) on its
boundary.

(e) Fan¥ has aplanar embeddinfg such that there is at least one face with vertlzaadc on its boundary.

(f) For every face of any embeddinfg of F, the required vertices on its boundary are eithefab} or in
{a.c}.

Figure 5.3 shows fan$§ illustrating these six possibilities and the constrairapirs we construct in each of
these cases. It is easy to verify that if ffinsatisfies one of the above conditions, then its constraaghgr
C4 satisfies the same condition, and vice versa.

Observe that there are always a face with vertigesdb and a face with verticea and c on their
boundaries, ag contains edge&a,b,i) and(a,c, j). Thus, the distinction is whether there is a face with
verticesb andc on its boundary. For Cases (a)—(e), such a face exists. Fer@asuch a face does not exist.
Cases (a)—(e) further distinguish whether there are fdmhtive all three vertices on their boundaries. In
Cases (a)—(d) such a face exists; in Case (e) it does not. serve that if there is a face with verticas
b, andc on its boundary, we can ensure that it has edggs i) and(a,c, j) on its boundary, by embedding
these two edges inside that face. Thus, the only differeateden Cases (a)—(d) is whether there is a second
face with all three vertices on its boundary and whethergbiond face has none, one, or both of the virtual
edges on its boundary. Thus, Cases (a)—(f) are the onlylplisss for the structure of farf .

It is easy to test which of the six cases applies: To test faea), we add two extra verticesndy on
the two virtual edges and connect each of the verticdss c, x, andy to two verticeszy andz, representing
the two faces in Case (a). Case (a) applies if and only if theltiag graph is planar. To test for Case (b), we
remove edgdy,z}. (In order to test for the symmetric case, we remove €dge }.) To test for Case (c),
we remove both edge, z} and{y,z}. To test for Case (d), we remove vertexand all incident edges.
To test for Case (e), we remove eddesz; }, {x,z;}, and{y,z }. If none of these graphs is planar, Case (f)
applies.

Let 71,..., Fq be the fans of all graphdp in G2, We define a sequen@%e’), ...,GY of graphs where

G = 6@ andG® = Gi(f)l[ff/cc’?i], for 1< i < q. GraphG(® is defined ag® = G

Lemma5.2 Grathi(3) is planar if and only iiGi(f)l is planar, forl <i < q. A planar embedding dEE)l
can be obtained from a planar embeddingt by locally replacing the embedding@f. with a consistent
embedding off;°.

Proof. Consider a planar embeddi®f”, of graphG,”). Let %;° be the planar embedding ¢f° induced
by éi(f)l. We patrtition f, into maximal subgraphs so that each such subgkapghembedded inside a face
of #°. Denote the two virtual edges 1A by (a,b, j) and(a,c,k).

If % has at least one face with verticash, andc on its boundary, one of Cases (a)—(d) applies. Itis an
exercise to verify that in all three cases, the embeddjRgendC;. as shown in Figure 5.3 have the same
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Fans illustrating the different possible constellatiohsidual edges(a,b,i) and(a,c, j). The left graph in
each figure is a farf. The right graph is its constraint gragly .
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faces with all three vertices on their boundaries. Thus, areesnbed a grapk embedded inside a face of
f ° with all three vertices, b, andc on its boundary in the corresponding facecgf

Now consider the faces cj)F" with two vertices on their boundaries. In all cases, but €dlsgand (f),
such a facef can have any two of the verticds, b,c} on its boundary. However, in all cases, but Cases
(b) and (f), there exists a facg in C° such that the two vertices appear consecutivelpng f’. Thus,
we can embed a grapt embedded |nS|dé inside facef’ without intersecting any other graphs embedded
inside f’. In Case (b), a facé with two required vertices on its boundary has eithendb or b andc on
its boundary. Embeddln@ff has two faces such thatandb (resp.b andc) appear consecutively on the
boundary of those faces. In Case (f), a fdcwith two required vertices on its boundary has eithemd
b or a andc on its boundary. Again, embeddnﬁ@i has two faces such thatandb (resp.a andc) appear
consecutivly on the boundary of those faces.

Any graphK embedded in a facé of ﬁl which has only one required vertex on its boundary can be
embedded inside any face é;fi which has the same required vertex on its boundary, with@ating any
conflicts.

Now assume that we are given a planar embeddfiy of G°. Let C; be the embedding o5

induced byéi(3), and Iet(f}i be the restriction Oég:i to C. Itis easy to verify that in each of the above
cases, there exists an embeddﬁf‘;gaf Fi such that for every face 58 -, there exists a corresponding face
in the restrlctlonf ° of f to #,° with the same required vertices on |ts boundary. Moreoflehlere are two
faces |nC° with three required vertices on their boundaries, therethhee two such faces |ﬁ Using the

same arguments as above, this implies (B@1 is planar |fGi( ¥is planar. O

Corollary 5.2 GraphG'® is planar if and only i6? is planar. A planar embedding 6f can be obtained
from a planar embedding & by locally replacing the embeddings of gragis,...,Cy Wlth consistent
embeddings of graphsy’, ..., ¥4

5.2.2 TheConstraint Graph of aCore

For the coreC of a graphHp, we need to capture the different embeddings of its two airtdgeda, b, i)
and(c,d, j). If {a,b} ={c,d}, C consists of a single bond, and we def@ye= C. So assume thdt, b} #
{c,d}. Then there are three possibilities:

(a) There exists an embedding©fvhich has two faces with edgéa, b, i) and(c,d, j) on their boundaries.
(b) There exists an embedding 6fwhich has one face with edgés, b,i) and(c,d, j) on its boundary.
(c) There exists no embedding 6fsuch that edgega, b,i) and(c,d, j) appear on the same face.

Figure 5.4 shows coras illustrating these three possibilities and the constrgiaphs we construct in each
of these cases. It is easy to verify that if cafesatisfies one of the above conditions, tl&n satisfies
the same condition, and vice versa. Moreover, these arentlgepossibilities for the structure of corg,

as there cannot be three faces with ed@eb, j) and(c,d, k) on their boundaries. This can be shown as
follows: Assume that there exists an embedding such thaetfaces have edgéa,b, j) and(c,d.k) on
their boundaries. Each such face needs to have all endmdietiges(a,b,i) and(c,d, j) on its boundary.
However, sincé{a,b,c,d}| > 3, this implies that the face-on-vertex graph of such an embedding af
containsKz 3 as a subgraph. This contradicts the planaritfef

IHere, two vertices are consecutive if there existsaguiredvertex between them on the boundary of the face. There may be
other vertices between them.
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Figure5.4
Three examples of cores illustrating the different cotetiens of virtual edgesa, b, j) and(c,d,k). The
left graph in each figure is a cot@ The right graph is its constraint gragh-.

20



We test for these three possibilities in a way similar to thecpssing of a fan. In particular, we split
edge(a,b,i) into two edged{a,x} and{x,b} and edggc,d, j) into two edges{c,y} and{y,d}. Then we
add two verticeg; andz to ¢ and connect both of them to verticas, c, d, x, andy. The first case applies
if and only if the resulting graph is planar. To test for them® case, we remow& and its incident edges
from the graph and test for planarity again. If both tests flae third case applies.

Let (u,..., (g be the cores of all graphsp in G©®). Then we define a sequence of graﬂ&@, ... ,fo),

whereGy” = G® andG” = G/¥)[¢¢/C2], for 1 < i < q. GraphG* is defined a&¥ = G

Lemma5.3 Grathi(4) is planar if and only if graplﬁBi(f)1 is planar, forl <i < q. A planar embedding of
G*, can be obtained from a planar embeddings$F by replacing the embedding 6¢. induced by the
embedding o6\*) with a consistent embedcding of .

Proof. Let G|( , be a planar embedding G‘ )1, and letC?® be the embedding of?® induced byGI 1- By
the construction of corg;, none of the vertlces ig; is required in the bicomB containing(. Hence, no
vertex inB can be adjacent to any vertexdh Splitss(a, b, j) ands(c,d, k) partition B into three graphs;,
K1, andKjy; graphK; shares virtual edgéa, b, j) with G; graphK; shares virtual edgéc, d, k) with G. As
a result, graptK; shares verticea andb with G°, and graptK; shares vertices andd with G°. Thus,K;y
must be embedded in a face Gf which has vertices andb on its boundaryK3 must be embedded in a
face ofC° which has vertices andd on its boundary. Since no vertex #is adjacent to a vertex ig;, all
components ofj" are embedded inside one of the face€ptontainingk; andKs;.

The face 0fC° containingKy is the one obtained by removing edgeb, j) from G. The face containing
K5 is the one obtained by removing ed@ed, k) from G. ltis easy to verify that in all three cases shown
in Figure 5.4, the order of verticesb,c,d around these faces is preserved. Hence, any subgrap‘ih of
embedded in such a faceQ‘l’ can be embedded inside the corresponding faﬁ%ofAs the constellations

shown in Figure 5.4 are the only possibilities, as argued@bihis shows that a planar embeddingﬁ{ﬁ)

can always be derived from a planar embeddin@bﬁl. In order to show thaGi(f)1 is planar ifGi(4) is
planar, we reverse the above argument. O

Corollary 5.3 GraphG¥ is planar if and only if grapiG® is planar. A planar embedding &3 can
be obtained from a planar embedding@f) by replacing the embeddings of grapb;l,...,cgq with
consistent embeddings of grapfi, ..., Gy

5.3 The Constraint Graph of the Bicomp

The above construction replaces every bicafin G with a multigraphC,. In order to finish the construc-
tion, we remove all multiple edges fro@“. Let G(® be the resulting graph. The construction@f)
is equivalent to the following two-step procedure: Firgtlage every bicomB with a graphCgz, which
is obtained fronC/, by removing multiple edges. Then remove remaining multgalges from the union
of graphsCg,,...,Cg,, WhereB, ..., By are the bicomps of grapl®,,...,G|. GraphCg is the constraint
graph of bicompB. The following lemma is obvious.

Lemma5.4 GraphG'® is planar if and only iG"*) is planar. A planar embedding G¢*) can be obtained
from a planar embedding'® of G by duplicating edges iG> .

Next we show that the constraint gra@h of a bicomp3 is small.

Lemmab5.5 The constraint grapB4 of a bicompB is a simple planar graph witb(|R(‘B)|) vertices.
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Proof. The planarity ofC3 follows immediately from the above construction. We shoat there are at most
2|R(‘B)| essential tricomps irB. There are two types of essential tricomps. Type-| tricom@stricomps

T (v), ve R(B). Type-ll tricomps are tricomps whose corresponding vestim T’ have degree at least
three, wherdl’ is the tree constructed from the tricomp tfee= T3(B) in Section 5.1. Clearly, there are at
most|R(B)| tricomps of type |. Lell” be the tree obtained froffif by replacing every maximal path whose
internal vertices correspond to inessential tricomps waitingle edge. Tre€” contains all vertices of’
corresponding to essential tricomps. All leaved 6fcorrespond to type-I tricomps, so that there are at most
|R(B)| leaves inT". The vertices corresponding to type-Il tricomps are a duliisihe vertices of degree at
least three iff”. There can be at mo#R(B)| — 1 such vertices, as there are at m@¥tB)| leaves inT".
Thus, there are at mosfRB)| — 1 essential tricomps .

Every edge inT” represents a (possibly empty) path of vertices of degreedrtwo, which correspond
to inessential tricomps. For each such path, the gkdypbbtained by merging the tricomps corresponding
to the vertices irP has been replaced by a constraint gr@phof constant size. This implies that the total
size of all constraint graphs not corresponding to esdemit@mps iSO(|R(B)|). The constraint graph
Cp corresponding to an edge i’ shares at most four vertices with the tricomps correspanttinthe
endpoints of the edge. Thus, the total number of requireticesrin all essential tricomps B(|R(B)|),
which implies that the constraint graphs of these tricompgehtotal sizeD(|R(B)|), by Lemma 4.2. As
merging all constraint graphs can only reduce the numbeedices in the resulting graph, graf), has
O(|R(‘B)|) vertices. Graplts is obtained fronC;, by removing edges. O

6 The Constraint Graph of a Connected Component

So far we have replaced every bicorpof graphsGj, ..., G| by a small constraint grapBg. In order to
obtain constraint graphs;,...,C;, we remove some inessential bicomps altogether and replaias of
inessential bicomps by constraint graphs of constant Size.construction is similar to the construction of
the constraint grap84 of a bicomp3 from the constraint graphs of its tricomps. That is, we fitassify the
bicomps of a graplﬁs’j as essential, potentially essential, or inessential, ambye all inessential bicomps.
Then we finish the classification of potentially essentiabbips based on the degree of their corresponding
vertices in the bicomp-cutpoint-tree ij The remaining inessential bicomps form chainﬂjnsharing
only two vertices with the rest dﬁ’j. We replace each such chain with a constraint graph of cainsize.
Next we describe this construction in detail.

Let G| be one of the graph&/,...,Gj, let S; be the set of separator vertices@), and letB, ..., B,
be the bicomps ofj. The bicomp-cutpoint-tree &= T»(G)) is defined as follows: Tre& contains all
cutpointsvy, ...,V of G’j and one bicomp vertef;, for every bicomp3; of G’j. There is an edgéw, (i}
in T if cutpoint vi is contained in bicom@B,. For every vertex € S, we choose a bicom@(v) such that
v € B(v). As T contains bicomp nodes as well as cutpoints, we classify tites of T, rather than the
bicomps ofG’j, as essential, potentially essential, or inessential. defipin T is essentiaif there exists a
vertexv € S; such thatB(v) = B.. A nodev is potentially essentiaf there are two essential nodesndw
in T such thatv is on the path fronu towin T. All other nodes ofl areinessential

In the next section, we show that removing all bicomps cwading to inessential nodesTnfrom G
preserves the (non-)planarity 6f°>. Then we classify the potentially essential nodes as eétbgential or
inessential. In Section 6.2, we replace every maximal chlsicomps corresponding to inessential nodes
with a constraint graph of constant size, and show that tlésgoves the (non-)planarity of the graph. In
Section 6.3, we show that the resulting constraint g@pbif G’j has sizeO(|Sj]).

22



6.1 Discarding Inessential Bicomps

Let Cj be the graph obtained fro@; by replacing every bicomg of Gj with its constraint grapC. Let
T' be the tree obtained by removing all inessential nodes foand letCj’ be the subgraph @] obtained
by removing all constraint graplS; from Cj which correspond to bicomp nod@s that were removed
fromT.

We define a sequen@@’, ..., G\ of graphs, wher&’ = G® andG® = G%,[c//Cl'], for 1<i <.
GraphG(® is defined as® = G°.

Lemma6.1 Grathi(6) is planar if and only if graplﬁsi(f)1 is planar, forl < j <|. A planar embedding of

Gi(f)l can be obtained from a planar embedo@f& by locally replacing the embeddi@j’ of Cj induced
by G\® with a consistent planar embeddingQjf

Proof. Grathi(e) is obtained frorrGi(E)1 by removing vertices and edges fr@@l. Thus, ifGi(f)1 is planar,
Gi(e) is obviously planar.

To show thalGi(f)1 is planar ifGi(G) is planar, we partition the grap{ — Cj' into its connected compo-
nents. Each such compondftis composed of inessential bicomps@ﬁf and shares only one cutpoimt

with C}. Hence, graptk shares only vertex with K and can be embedded inside any fac@be? which

has vertex on its boundary. As this is true for all component@jf— Cg’, grathi(f)1 is planar if graprGi(6)

is planar. O

Corollary 6.1 GraphG'® is planar if and only ifG"® is planar. A planar embedding &% can be ob-
tained from a planar embeddi® of G by replacing the embeddings of gragis....,C!" in G(® with
consistent embeddings of graplls ..., Cj.

Having disposed of the first set of bicomps correspondingiéssential nodes ifi, we now classify the
potentially essential nodes ®f as either essential or inessential. A potentially essembde is essential if
it has degree at least threeTift otherwise, it is inessential. Note that all inessentialemhave degree two,
since all leaves of ' are essential, and all internal nodes of degree at least #neeessential. Thus, we can
partition the set of inessential nodesTihinto maximal paths. For each such p&leontaining at least one
bicomp nodeB;, letHp = B, U---U B, wherej,, ..., Bi, are the bicomp nodes . Next we replace each
such graptHp by a constraint grap@p of constant size.

6.2 Compressing Chains of I nessential Bicomps

Let Hp be a graph corresponding to a p&bf inessential nodes ifi’. As all bicomps irHp are inessential,
and every node i has degree two, graghp shares exactly two verticesandb with Hp. If Hp has an
embedding such that verticasandb are on the boundary of the same face, gr@pltonsists of the single
edge{a,b}. Otherwise, we replacdp by the graptCp shown in Figure 6.1. GrapBp is triconnected and
has the property that verticesandb are not on the boundary of the same face in the unique emtgaéﬁlin
of Cp. The test which of the two cases applies can be carried omgar time: If the graplV (Hp), E(Hp) U
{{a,b}}) is planar, there exists a planar embeddingiptuch that verticea andb appear on the same face.
Otherwise, there exists no such embedding.

LetT/,..., T/ be the trees obtained from tre€gG) ), ..., T>(G) using the construction in Section 6.1.
LetP;,..., Py be the maximal paths of inessential vertices in tfges.., T/'. We define a sequence of graphs

Gl,....GY as follows: G\ = G®. For 1<i < q, G") = G\ [Hp /Cr]. The approximate graph of G
is defined a#\ = GY.
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The constraint graph of a “twisted” chain of bicomps.

Lemma 6.2 Grathi(7) is planar if and only if graplﬁsi(z)1 is planar, forl <i < q. A planar embedding of
Gi(z)l can be obtained from a planar embeddingﬁ{)?ra by locally replacing the embeddi@a, of graphCp
with a consistent embedding of grapis .

Proof. First assume tha(E,( )1 is planar LelG( ) , be a planar embedding G‘( _1, and Ieth be the planar

embedding oHp induced byG . We partltlonI—Tp into maximal subgraphs such that each of these sub-
graphs is embedded in a dlﬁerent faceHﬁ As all bicomps inHp, are inessential, such a subgraph can
contain only cutpoints; andb;. If there are subgraphs &fp containing botrg; andb;, Hp has a face with
both verticess; andb; on its boundary. Henc&p consists of edg¢a;,bi }, and all subgraphs dﬂp con-
taininga; andb; can be embedded without intersections in the only fa@p,ofSubgraphs df-Tp, containing
only one of vertices; andb; can be embedded inside any facefgfwhich has the respective vertex on its

boundary. HenceGim is planar ifGi(z)1 is planar.

Now assume tha(Ei(7) isApIanar. Leéim be a planar embedding Q‘iim. If Cp consists of a single edge,
thenHp has an embeddingp with verticesa; andb; on the same face. A simple transformation guarantees

that the outer face d*FIp, has vertices; andb; on its boundary. Then we replace edge,b;} in éi(7) with

embgddingqp,. This produces a planar embeddingGﬁf)l, asa; andb; are the only vertices shared big
andHp. _

If Cp is the graph shown in Figure 6.1, every componertigfembedded insjde a face Gf contains
only one ofg; andb;. Hence, it can be embedded inside any face of an embedét}ingf Hp which has the

respective vertex on its boundary. Thus, graﬁﬂl is planar if grapI"Gim is planar. O

Corollary 6.2 GraphA is planar if and only if graptG'® is planar. A planar embedd/ng &9 can
be obtained from a planar embeddiAgof A by locally replacing the embeddmg,hpl, -,Cp, Of graphs
Cp,,-..,Cp, with consistent embeddings of grapgfis , ..., Hp,.

6.3 The Constraint Graph of the Component

The construction of the previous sections replaces eaq:fmgi’ﬁwith its constraint grapk;. In this section
we show thaC; is small.

Lemma 6.3 The constraint grap@; of grath’J- is a simple planar graph with(|S;|) vertices, fol < j <I.
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Proof. The planarity ofC; follows immediately from the above construction. In ordeishow thaiC; has
O(|Sj]) vertices, lefl = T>(G)) be the bicomp-cutpoint-tree @}. Let T’ be the tree constructed frofnin
Section 6.1. We partition the essential noded ‘ohto two classes: Type-l nodes are bicomp no@lesch
thatB = B(v), for some vertex € S;. Type-Il nodes have degree at least thre®'inThere are at moss§; |
type-l nodes. As in the proof of Lemma 5.5, the number of tipedes can be bounded by the number of
leaves inT’, which is|S;| because all leaves @f are of type I. Thus, there are at mo$s2 essential nodes
inT'.

LetT” be the tree obtained frofiY by replacing every maximal path whose internal nodes assaial
by a single edge. Then the nodesléfare the essential nodesTh, so thafl” has at most &;| nodes and at
most 2S;| — 1 edges. Every edge i’ corresponds to a pathin T', which in turn corresponds to a possibly
empty graptp in C}. Each such grapHp is being replaced by a constraint gragiof constant size. Every
essential bicomp iﬁ:j contains at most as many cutpoints as edges incident torfessponding node im”.
Thus, the total number of required vertices in all essetiizdmps is at most|S;|. By Lemma 5.5, each
such bicomp is represented by a planar constraint graphenies is linear in the number of its required
vertices. ThusC; hasO(|S;|) vertices. O

7 TheApproximate Graph

The approximate graphof G is the graph obtained after applying the replacement prgesdf Sections 4
through 6 toG. The following two lemmas show that grapthas the desired properties.

Lemma 7.1 GraphA is planar if and only ifG is planar.

Proof. This follows immediately from Corollaries 4.1, 5.1, 5.2 @@, Lemma 5.4, and Corollaries 6.1 and
6.2. O

Lemma 7.2 GraphA has sizé&O(N/(DB)).

Proof. In Step 3 of Algorithm 2.1, grapl is partitioned intoO(N/(DB)?) graphsG;, ..., Gk such that
|0Gi| < DB, for 1 <i < k. In particular,5X ;|0Gj| = O(N/(DB)). As graphsG/,...,G are the connected
components of graphGy, ..., Gy, this implies thaty}_; |Sj| = ¥, [0Gi| = O(N/(DB)). By Lemma 6.3,
ICj| = O(|Sj]), for 1< j <1, so thaty'_; |Cj| = O(3|_1 |Sj|) = O(N/(DB)). GraphA consists of graphs
Ci,...,C and the subgrap[S of G induced by the separator verticesSnGraphG[§ hasO(N/(DB))
vertices. Thus|A| < ¥'_; |Cj| +|G[§| = O(N/(DB)). O

8 Constructing the Final Embedding

Given a planar embedding & Lemma 7.1 implies tha® is planar. In this section we describe how to
derive a planar embeddir@ of G from an embeddingi of the approximate grapA. Conceptually, the
construction is fairly simple: Replace the embeddings apfsCy,...,Ci induced byA one by one with
consistent embeddings of grap@$,...,G|. This intuitively simple process presents a few techrtiesli
that have to be dealt with, in order to obtain a valid embegldiG.

Section 8.2 defines formally what we mean by an embeddilﬁj afhich is “consistent” with an em-
bedding ofC;, and shows how to derive such an embedding. The “replacémfaembeddingéj with the
computed embeddin@’j is done as follows: First partitio@; into maximal subgraphs such that each of
them is embedded inside a different faceé@.fThen place each such subgraph inside an appropriate face of
é’l without changing its embedding.

25



An important constraint on the replacement of gra@hs..,C with graphsG],..., G is given by the
fact that it would be computationally too expensive to exttthe e[nbeddjng of graply immediately before
the replacement df; with G’j. Thus, we extracall embedding<y,...,C of graphsCy,...,C induced by

A before starting to replace them with grapBs,...,G|. The construction of embeddir@’j depends on

the embeddingfj of C;. Thus, we have to ensure that replacing embeddﬁms . ,Cj,l with embeddings
G},...,Gj_, in Adoes not change the embedd®gof C; induced byA; otherwise, the extracted embedding
would be invalid at the time whe@; is replaced withGj. The construction in Section 8.2 takes this into
account. Before we describe the constructiosdfom A in detail, we explain how the planar embedding
A of A and the final embeddin@ of G are to be represented, and how to extract gr&ahs .,C; and their
embedding€,, ..., 1/0-efficiently.

8.1 Extracting the Embeddings of Constraint Graphs

Given the partition ofG into graphsG’l,...,G’j andG[S, every edge irG belongs to exactly one of these
graphs. We label every edge @Gwith the name of the subgraph containing it. Similarly, gvedge inA
belongs to one of the grapky,...,C; andG[S. Edges inG[§ are in bothG andA. The edges ilCy, . ..,C
can easily be labelled as belonging to one of these graphe wdmstructing graph@s, ...,C; from graphs
G,...,G.

We rtlapresent the embeddifgof A as a collection ofnterlaced edge cyclesThat is, every edge
e= {v,w} € A stores four pointers: two pointers si{¢e) and pre{{(e) to its two neighbors clockwise
and counterclockwise arourwl respectively, and two pointers sif¢e) and pre§(e) to its two neighbors
aroundw. Our goal is to modify these pointers to obtain interlacedgeedycles representing a valid planar
embedding3 of G. In order to be able to extract the embedding of only a sufgbeedges incident to any
vertex inA, it is convenient to have the edges incident to each vertexnbered clockwise around That
is, in addition to pointers prede), sucg (e), predi(e), and suck(e), every edgee = {v,w} in A should
store two labels),(e) andvy(e) representing the numbers of edgé the clockwise orders of the edges
around vertices andw, respectively. Such a labelling of the edges can be deried the interlaced edge
cycles representing as follows:

Represent each edge= {v,w} in A by two triples(v, e,sucg,(e)) and(w, e sucg/(e)). Sort the resulting
set of triples by their first components. The result is a ctevaion of lists, each representing a circular
linked list of edges clockwise around a vertexfofReplacing one of the triplels, e, sucg (e)) in each list
by the triple(v,e null), we obtain a collection of regular linked lists. Now apple tist-ranking procedure
of [9] to all of these lists simultaneously. The result is agignment of a label,(e) to each triple(v,e,-),
wherev,(e) is the number of edge in the order of edges clockwise around verne)xSorting these triples
by their second components and scanning the resultingalest;an now compute triple@, vy (€),vw(e)),
for all edgese = {v,w} in A. This procedure taked(sortN/(DB))) I/Os.

GraphsCy,...,C; and their embeddingél,...,d are now easily extracted: In order to extract graphs
Ci,...,C, sort the edges i\ by their component labels. This produces a partitiorEGA) into sets
E(G[S),E(Cy),...,E(C). Given graphC;, a representation of its embedding as interlaced edgesycle
can be extracted by reversing the construction of the pusvmaragraph. In particular, we create two
triples (v,vy(e),e) and (w,vy(e),e), for each edgee = {v,w} in C;, and sort the resulting list lexico-
graphically. As a result, all edges incident to a vertex C; are stored consecutively, sorted clockwise
aroundv. In a single scan we replace every triglev,(e),e) with a triple (e,preogj (e),succ}’:j (e)). Sort-
ing these triples by their first components and scanning ebelting list, we compute a list of quintuples
(e preogj (e),suc@j (e), precgj (e),succfcvj (e)), for each edge = {v,w} in C;. The whole construction takes
O(sortN/(DB))) I/Os, for all graphsy,...,C;.

In order to be able to perform the repIacemené@Mith an embeddingﬁ’j efficiently, we augment
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graphC; with edges prefle), sucg(e), predi(e), and suck(e), for each edge = {v,w} € Cj. LetD;

be the graph obtained by augment.gin this manner, and Ieﬂ) be its planar embedding induced By
Observe that for every (copy of a) required verten the boundary of a faceof CJ graphDj contains the
first and last edge€! andé€’, in clockwise order aroundwhich are embedded inside If K is the subgraph

of C; embedded insidé, all edges irK that are incident te appear between two such edgeande’ in the
clockwise order around. As we replacéj with an embeddin@i’j of G’j without changing the embedding
of K, the edges ifE(Dj) \ E(C;) are the only edges iK whose neighbors in the embedding change as a
consequence of the replacement, and all edg&; imave their neighbors either & or in E(D )\E(CJ)
Thus, grapiD; and its embedding)J provide sufficient information to perform the replacemeii‘itpwnh

G’ Moreover, as every edge @) has four neighbors in, D; contains at most five times as many edges as

CJ, so thaDj fits into internal memory, and the total size of graphs...,D; is O(ZJ:1|CJ|) O(N/(DB)).

8.2 Replacing the Embedding of a Constraint Graph

Given graphsDy,...,D; and their embeddingBs,...,D;, we now replace the embeddings,...,C of
graphsCy,...,Cy with consistent embeddings of grapB$,...,G|. We perform this replacement one graph
at a time. In this section, we are concerned with denvmgeuinrbeddingG’ of G’ from CJ and replacing
CJ with G’ Section 8.3 shows how to exchange information about updmftehe interlaced edge cycles
resulting from these replacements between grdphs..,D;. This ensures that subsequent replacements
can be performed correctly

Given an embeddm(}J of Cj, the goal of the construction in this section is to constarcembedding
G’ of G’ so that the subgraphs 6§ embedded in the faces 6[ can be embedded inside appropriate faces
of G’ ThIS goal is achieved by undoing the compression steps afdde 4 through 6, one by one, and
maintaining a planar embedding of the current graph as veedl mmapping of the subgraphs ©f to the
faces of the embedding. We call the current embedding anchéipping of subgraphs @; to the faces of
the embeddingonsistentwvith CJ if the following invariant holds:

(11) LetKsy,...,Ks be the maximal subgraphs 6§ so that each of them is embedded inside a different
face ofCJ Then each of the grapli&, ... ,Ks is embedded completely inside one face of the current
embedding. Legy,...,eq be the edges i (K1) U--- UE(Ks) incident to a vertex € C;. If edges
€1,...,6q appear in this order clockwise aroundn A, then edge®y,...,eq appear in this order
clockwise around in the current embedding.

This invariant ensures that the embeddings of gr&phs,...,C are not changed by the repIacemenCpf
with G’j. Given that we do not modify the embeddings of grafhs .., Ks when replacmg;;:J with G’ the
following invariant is equivalent to Invariant (I11):

(12) LetEy,...,Es be the maximal subsets &f(D;) \ E(C;) such that the edges in each subset are em-
bedded inside a different face 6f. Then the edges in each of these subsets are embedded ireside t
same face of the current embedding. kgt .., ey be the edges iE(Dj) \ E(C;) incident to a vertex
v e C;. If edgesey,...,eq appear in this order clockwise aroumdh D,, then edgesy, ..., eq appear
in this order clockwise aroundin the current embedding.

Next we provide the details of the reconstructionﬁ(?ffrom Cj along with an embeddin@’j of G’j; this con-
struction maintains Invariant (12). Sections 8.2.1 thitw8¢.7 describe the construction®f. Section 8.2.8
discusses the changes to the interlaced edge cxcles nefingsk that need to be made, in order to oAbtain
interlaced edge cycles representing the embedA[ﬁ‘g/G’j] of graphA[Cj/G’j] obtained by replacing;
with the constructed embeddiiﬁgi’.
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8.2.1 Introducing Parallel Edges

Recall that the construction of the constraint graphs abrinjgs removes all parallel edges that may have
been introduced by the removal of inessential tricomps.sétlges need to be re-introduced, so that they
can later be replaced by the (group of) tricomps they reptesgor every group of parallel edges with
endpointsv andw, we embed the required additional copies of efigev} parallel to the only edgév, w}

in C; so that the faces bounded by these edges do not contain ditgseAs this changes neither the order
of edges irE(D;) \ E(C;) around their endpoints nor places edges that were in the fsameénto different
faces, Invariant (12) is preserved.

8.2.2 Replacing the Embedding of a Triconnected Component

The next step is to replace the embeddil‘.ﬁj!ls,...,(fﬁ’[q of the kernels of constraint grapl@y,,...,Cq,

of essential or separating tricomfs,...,Zq in G’j with embeddings‘AIf,...,‘AIqo of the kernels of these
tricomps. A

The treatment of tricom@ depends on its type. {f is a bond, thel€; = 7, and we choos@”° = éﬁ}.
If T is a cycle, every path il whose internal vertices are not required has been replacadibgle edge in
Cs. Now we reverse this operation, replacing each such edgss lopiresponding path. This replacement
can easily be done while maintaining Invariant (12). Thecess of replacing the embeddiﬁ} of C
with an embeddingﬁ‘o of 7° is only slightly more complicated in the case whéns a triconnected simple
graph.

First recall that in this cas€ andC; both have a unique planar embedding. The construction in
Section 4 preserves the order of faces with at least two medjwiertices on their boundaries around the
required vertices of °. Thus, every subgraph ﬁff embedded inside such a faceGj}f will be embedded

inside the corresponding face @F. This preserves the order of edges in these graphs incidenteuired
vertex of 7° clockwise around that vertex. Any graph embedded inside@déC;. with only one required

vertexv on its boundary shares only vertexwith C5.. Hence, it can be embedded inside any facq of

which has vertex on its boundary. This gives us enough freedom to embed thiggaphs in a way that
preserves the order of all edges@f) around the required vertices @f.. Thus, Invariant (12) is being
preserved.

8.2.3 Replacing the Embedding of a Core

The next step is the replacement of the embeddings of theéraortggraphs of cores with embeddings of the
cores. LetC be a core. We treat the three different cases depicted ind-pd separately. In Case (a), two
edges in the current embedding need to be replaced by thedeinge of two graphs sharing two vertices
each with the rest of the graph. This is easily done in a mapresserving Invariant (12). In Case (b), the
whole graprCC is embedded in the outer face@f. Thus, we choose an embedding®such that virtual
edges(a,b,i) and(c,d, j) are on its outer boundary and then emmgdln the outer face of™®. In Case
(c), finally, graphC, consists of two subgraphs, one of which is embedded in th}acﬂa@ with verticesa
andb on its boundary; the other is embedded in the face with \vesti@ndd on its boundary Since these
two subgraphs do not share any vertices, embedding eacbkrofiththe corresponding face ofmaintains
Invariant (12). Thus, in all three casé@ can be replaced with an embeddingivhich preserves Invariant

(12).
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8.24 Replacing the Embedding of a Fan

Next we replace the embeddings of the constraint graphsefuféth embeddings of the respective fans. As
for cores, we distinguish the different possible configoret shown in Figure 5.3. In Cases (a)—(c), edges
in the constraint graphs on the right have to be replacedtiwéltorresponding subgraphs on the left. Each
of these subgraphs shares only the two endpoints of thespameling edge with the rest BY;. Thus, this
replacement can easily be done in a way that preservesdmvdf®). In Cases (d)—(f), it is easily verified
that the order of faces with at least two required verticetheir boundaries around the required vertices of
the fan is the same in the embedding of the fan as in the emigedflits constraint graph. Thus, all graphs
embedded in faces @ with at least two required vertices on their boundaries camibedded inside
the corresponding faces gf. This preserves Invariant (12). As in the case of a tricoted:component,

a graph embedded inside a faceﬁqf with at most one required vertex on its boundary can be endzedd
inside any face off with that vertex on its boundary. Hence, we have the freedparrange these graphs
so that Invariant (12) is not violated.

8.2.5 Introducing Inessential Tricomps

Inessential tricomps that were removed in Section 5.1 wevapgd into maximal groups corresponding
to complete subtrees in the tricomp tree of the bicomp coimgithem. The subgrapK obtained by
merging the tricomps in one such group shares exactly oreaviedge(a,b,i) with the rest ofG, and
was consequently replaced by a non-virtual ef@d,i). In order to re-introduce this subgraph into the
embedding, we have to replace edggb, i) with an embedding oK® that has verticea andb on the outer
face. This preserves Invariant (12).

8.2.6 Replacing the Embedding of a Chain of I nessential Bicomps

Having dealt with the embeddings of essential and inesddritomps, we have to re-introduce all inessen-
tial bicomps that were removed fro@ The first group of inessential bicomps are those that welaced

by constraint graphs of constant size in Section 6.2. Thergkgroup are those that were completely re-
moved fromG in Section 6.1. The bicomps in the first group form chains dhel each chaik shares
exactly two verticesa andb, with the rest ofG. Depending on whethex andb can appear on the same
face of an embedding &, K was replaced by a single edga b} or by a constraint graph of constant size
which does not allova andb to appear on the boundary of the same face. In the former wa&sbave to
replace edgga,b} with an embedding oK with verticesa andb on the outer face. As before, this pre-
serves Invariant (12). In the latter case, no subgrapk oé&n contain botl andb. Thus, we can choose any
embeddingK of K and embed the subgraphstoincident toa andb in the faces oK incident to vertices
andb in a manner that preserves their order around these vertices

8.2.7 Introducing Inessential Bicomps

Finally, all bicomps that were completely removed fr@’pwere grouped into maximal connected subgraphs
such that each such subgraph shares one vertex with thef @stiach such subgragh sharing a vertex

v with K can be embedded inside any face of the current embeddindwhis vertexs on its boundary,
without violating Invariant (12).

8.2.8 UpdatingtheInterlaced Edge Cycles

After finishing the replacement steps in Sections 8.2. 1luihind.2.7, we obtain an embeddiég of G’j and
an embedding of the edgesk{D;) \ E(C;) inside the faces dﬁ’] It remains to integrate this information
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with the embeddingA of A, in order to obtain an embeddin§C;/Gj] of A[C;/G]]. In A[C;/G]], every

edgee in G| has both its neighbors around both its endpoint& {&;) U (E(Dj) \ E(Cj)). Thus, ifG'

is the graph induced by the edgesEiG)) U (E(Dj) \ E(C;)), andG' is the embedding o6’ derived in

Sections 8.2.1 through 8.2.7, then the pointers to be stwitbce in the interlaced edge cycles representing
[CJ /G’] are the same as the ones stored with the interlaced edge cycles representiig Similarly, as

our construction ensures that the embeddings of subgretpmpembedded inside different facesCQf are
not changed, all edges E1(CJ) \ E(Dj) have the same naghborsAt{CJ/G’] as inA. Finally, lete= {v,w}
be an edge ifE(Dj) \ E(C;). We dlscuss the necessary updates for eglgising its pointer su¢ge) to its
successor clockwise aroundchs an example. The other three pointers are updated in asfashion.

Observe that since € E(Dj) \ E(C;), either suck(e) € C; or predi(e) € Cj, or both. LetK be the
subgraph ofC; containing edgee and letA’ = A[C;j/Gj]. If succy(e) € Cj, then suck (e) = sucg; (€)
Otherwise, sucde) € K. As the embedding of grapk is not modified by the replacement 6f with G,
sucg, (e) = sucg(e) in this case.

8.3 Iterative Replacement of Subgraphs

In the previous section, we have shown that an embedéi[lﬁg/G’j] of graphA[C;j/Gj] can be computed

from an embeddingh of graphA by locally modifying the predecessor and successor pairttedges in
D; and G’j. Now we use the procedure described in the previous sedipnoduce a sequence of graphs
Ao,...,A and embeddingdy, ..., A of these graphs, whery = A andA; = A_1[Ci/G/], for 1< i <.
EmbeddingAy is the embeddingh of graphA, = A. The embeddingy of graphA, is computed from the
embeddmgA| 1 of graphA;_; by applying the procedure of the previous section, in ordeeplaceC. with

a consistent embeddlr(a of G[. The final graphA is graphG, so thatG = A is the desired embedding of
graphG.

There are two issues that need to be addressed, in order ® tiiakiterative replacement of graphs
Cy,...,G with graphsG/,...,G| work: (1) When replacing; with G’ the neighbors of the edges @
clockW|se and counterclockW|se around their endpomtsnatmecessanly the sameAnandA;_;. Hence,
graphD; must be updated in order to correctly represent this neiditdod information, before it can be
used to construcﬂa’ from G;, and derive embeddmg from Ai_1. (2) Letpy, sy, pw, Sw be the four neighbors
of an edgeein G in the embedding\; obtained after replacinG; with G’ If one of these neighbors, say
pv, is contained in a grap@;, j > i, thenp, will be replaced by another edgm when graplC; is replaced
with grath’j. Thus, immediately after replacirig andG;, the counterclockwise neighbor of edgaround

vertexv in the final embedding is not known. Hence, we need a criterion to decide when thghberhood
relationship between two edges cannot be broken as a résulbsequent replacements, so that we can add
pointers between these two edges to the final embedding. Wesadthese two problems next.

8.3.1 Updating the Augmented Constraint Graph

In order to update grapb; so that it contains the correct neighbors of the edg€3 in the current embed-
dingAi,l of Ai_1, we use a priority queu® to collect information about the necessary updatds; pbefore
replacingC; with G/, we retrieve this information fror® and make the necessary changeBiin

Recall that every edge iis labelled as belonging to one of the grafhs...,C; or G[S. If there is an
edgee= {v,w} € E(Dj) \ E(C;) such thae € E(C;), fori > j, and predi(e) changes as a result of replacing
C; with G’j, then we put a quintuplée v, “pred”, j, pred’(e)) into Q and give it priorityi. For a successor
change the quintuple is of the for(e,v,“succ”, j,succ/(e)). When replacing grap@; with graphG, we
retrieve all quintuples with priority from Q. As we have already replaced grafhs...,Ci_1 with graphs
G),...,G}_; when this happens, all entries with lower priority have adig been retrieved fro®. Hence,
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retrieving all entries with priority from Q amounts to repeated application of delete-min operatioi$ u
the first entry with priorityi + 1 is retrieved. This entry is then put back ir@o

Next we use the quintuples retrieved franto update grapi;. We sort the list of retrieved quintu-
ples lexicographically, so that all quintuplés v, “pred”,-,-) and all quintuplege,v,“succ”,-,-) are stored
consecutively, for each edge= {v,w}. These quintuples are sorted by their fourth component iwtén
be interpreted as the time when this quintuple was queuedhcejghe quintuple with the largest fourth
component is the most recent update of the predecessor efesidigthe clockwise order around vertex
v, so that its fifth component represents the correct predeces e aroundv in A_;. The same is true
for quintuples(e,v,“succ”,-,-). Hence, we scan the sorted list and discard all quintu@@gs“pred”, -, )
and(e,v,“succ”,-,-), except the last one, for each p&v). The result is a list; containing quintuples
(e,v,“pred”,-,pred, ,(e)) and(e,v,"succ”,-,pred,  (e)), for all edges whose neighbors around their end-

points are different ifA andA;_;. The size of this list is at most the size Bf. Hence, graph§&!, D;, and
list L; fit into internal memory. We use lidf; to update grapi;, and then proceed to the construction of
embedding3; from G;.

The total number of I/0Os spent on queuing and dequeuinguplied inQ, as well as sorting the retrieved
entries before replacing gragh with graphG;, is O(sor{(T)), for all graphsG/,...,G|, whereT is the
total number of quintuples produced by changing the neighbbedges in set&(D;) \ E(C), 1 <i <.
This number, however, is proportional to the total numbeeades in set&(D;) \ E(Ci), 1<i <, as
the replacement of graph; with graphG] can change at most all four neighbors of an edg& (B;) \
E(Ci). Hence,T = O(N/(DB)), and it takeO(sortN/(DB))) I/Os to maintain graphB4,...,D; and their
eAmbeddAings, which provide the required information to aeplembedding€;,...,C with embeddings
G,...,G.

8.3.2 AddingPointerstothe Final EdgeLists

It remains to address the problem of producing the intedamige cycles representing the final embedding
GofG. The problem is that the successor of an eglges; is changed after replacir@ with graphG if this
successor is an edgee Cj, j > i. This change of successor happens when g@pé replaced with graph
G’j. Thus, when grap@; is replaced with grapks!, we cannot write the successor of edge disk yet. The
following simple criterion guarantees that we write theghior pointers for an edgeonly when they do
not change any more: If an edge= G/ has its successor in a gra@h, j > i, this successor will change.
Thus, we do not write it to disk yet. If on the other hand, eddms its successor in a graﬁ]‘}, j <i,or

in G[§, then this neighborhood relation cannot change any moreesu#t of replacing graphS;,,...,C
with graphsG{H, ...,G1. This is true because edgeand its successor are embedded inside the same faces
of embedding<Ci, 1,...,C, and we do not change the embeddings of the maximal subgeaphedded
inside the faces of embeddi@ when replacingC; with G’j. Thus, we can write the successor pointer of
e and the predecessor pointer of its successor to disk assesyieg the neighborhood relationship in the
final embeddings of G.

Once all graph<,,...,C have been replaced with grap@,..., G|, the algorithm has produced a
list of 4E| quadruples(e,v,“pred”,pred;(e)) and (e v, “succ”,suc;(e)), four quadruples per edge. We
sort these quadruples lexicographically, so that the qumels representing the four neighbors of an edge
e are stored consecutively. Now we scan this sorted list toyre the interlaced edge cycles containing
quintuples(e, pred; (e), sucé (e), predt(e), sucéi(e)), which represent the final embeddifgf G.

We summarize this section in the following lemma, which dodes the proof of Theorem 2.1.

Lemma8.1 Given a planar embedgin@] of graphA, it takesO(sortN)) I/Os and linear space to perform
the local replacement of embeddirgs . . .,C; with consistent embedding3,,...,G|. The result is a planar
embeddindgs of graphG.
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9 Lower Bound

In this section, we prove a@(perm(N)) 1/O lower bound for computing a planar embedding of a planar
graphG. We also describe a simple simulation technique which regltle 1/0-complexity of our algorithm
to O(perm(N)), thereby matching the lower bound.

9.1 ThelLower Bound

The proof of the lower bound d®(perm(N)) 1/Os for computing a planar embedding of a planar gr@&ph
uses a reduction from the problem of permuting a lisNotemsx,...,xy. In particular, we show that

if a representation of a planar embedding of a planar gfag@ts interlaced edge cycles can be computed
in o(permN)) 1/Os, then it take®(perm(N)) I/Os to compute the desired permutation of itexns. ., Xy.
This contradicts the lower bound &f{permN)) 1/0Os shown for this problem in [32].

Lemma9.1 Given an algorithmA that computes a planar embedding of a planar graphMitiertices in
O(I(N)) I/Os, there exists an algorithi® that permutes a list df data items irD(I(N)) I/Os.

Proof. We assume that the input to algorithf is given as follows: Lek,,...,xy beN data items to be
arranged in the ordetyy), ..., Xs(n), for some permutatiow : [1,N] — [1,N]. Then algorithmA’ is pre-
sented with two listd1 = ((1,x1),...,(1,xy)) andLz = ((o(1),y1),.-.-,(0(N),yn)). The goal of algorithm
A" is to compute a list = ((Xg(1),Y1),-- -, (Xs(n),YN))- In order to achieve this, algorithtd’ computes a
graphG whose planar embedding is unique, and such thak ltsin be extracted from the interlaced edge
cycles representing the embeddi@@f G in O(1(N)) 1/Os. The construction of grap® takesO(scar{N))
I/Os, so that we can compute listin O(Z(N)) I/Os by constructings, computing interlaced edge cycles
representings, and extracting- from G.

The vertex seV of graphG consists of four setdp,V1,V», V3. SetVy contains a special central vertex
Z setV; contains all elements df;; setV, contains all elements df,; and sefV; contains A vertices
numbered 1 throughN2 The edge seE of G contains edge$v, z}, for all v e V; UV, edges(2i — 1, (i,%i) },
for 1 <i <N, edges{2a(i), (o(i),yi)}, for 1 <i <N, and edgeg1,2},{2,3},...,{2N — 1,2N},{2N, 1}.
GraphG is shown in Figure 9.1.

The vertex set ofs can be constructed i@(scar{N)) I/Os: append vertex and vertices 1..,2N to
the concatenation of lists; andL,. In order to represent the edge set3fwe compute the adjacency lists
of all vertices inG. The adjacency list of every vertgk x;) € V; contains verticesi2- 1 andz. These lists
can easily be constructed in a single scan ayefThe adjacency list of every verté¢m(i),y;) € V» contains
vertices &(i) andz Again it takes a single scan ovkes to construct these lists. The adjacency list of
vertexzis the concatenation of lists; andL,, which can be produced i@(scar{N)) 1/0Os. The adjacency
list of a vertex 2—1, 1 <i < N, contains verticesi2- 2, 24, and (i,x). These lists can be produced in
a single scan over lidt;. The adjacency list of a vertexo%i), 1 <i < N, contains vertices®i) — 1,
20(i)+1, and(a(i),yi). These lists can be produced in a single scan oveLjistThus, graphG can be
constructed iO(scar{N)) I/Os. Moreover, the embedding of gra@shown in Figure 9.1 is unique. Hence,
after computingG, sucé({z (i,x)}) ={z (i,Yo-1(i)) }- We scan the interlaced edge cycles represerging
and discard all quintuples except those belonging to edges, v € Vi UV,. Each remaining quintuple
is transformed into the pa(rxi,yofl(i)). The resulting list is a permutation of the desired listin order
to compute listL, we reverse the 1/O-operations that have been performeddoge itemsyy,...,yN in
the current order. This reversal performs the same numbk©ebperations as the construction Gfi.e.,
O(I(N)) I/Os. Hence, list. can be extracted froi@ in O(scariN) + I(N)) = O(Z(N)) I/Os. O
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Figure9.1
The graphG constructed in the proof of Lemma 9.1.

Corollary 9.1 It takesQ(perm(N)) I/Os to compute an embedding of a planar graph Witrertices, if this
embedding is to be represented as interlaced edge cycles.

A fairly straightforward adaptation of the proof of [22] thauterplanar embedding tak€§permN)) 1/0s
shows that it takeQ(perm(N)) I/Os to compute a planar embedding, if the embedding is t@peesented
as a numbering of the edges G clockwise around each vertex. We believe that a represemtaf the
embedding as interlaced edge cycles is a weaker reprdsertéthe embedding than such a numbering, so
that Corollary 9.1 is stronger.

9.2 Achieving Optimality

The following lemma provides a simple simulation technigdréch allows us to improve the 1/0-complexity
of Algorithm 2.1 so that it matches the lower bound provedchimprevious section.

Lemma9.2 Given two algorithmsa andA4' solving a problemP in I(N) andI'(N) I/Os usingS(N) and
S(N) space, respectively, there exists an algoritfifrsolving problem? in O(min(I(N), I'(N))) I/Os and
O(S(N) +S(N)) space, provided thatax I(N), I'(N)) = Q(scar{N)).

Proof. Given an instanc® of problem?, create two identical copid? andP, of instanceP. This takes
O(scar{N)) 1/0s. Now run algorithm4 on instanceP;, and simultaneously run algorithed’ on instance
P>. When algorithm4 cannot proceed without performing an 1/O-operation, lgbathm 2 perform this
I/O-operation and then switch to algorithslf. When algorithm:’ cannot proceed without performing
an |I/O-operation, let algorithn®’ perform this 1/0-operation and then switch back to algonitd. Stop
this procedure as soon as one of the two algorithms finishd® 1/D-complexity of this procedure is
O(min(Z(N), I'(N))). The required space B(S(N) + S(N)). O
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Corollary 9.2 Given a grapl = (V,E) it takesO(perm(|V|+ |E[)) I/Os to test whethe® is planar and to
compute a planar embeddi@of G if the answer is affirmative.

Proof. Let 4 be Algorithm 2.1, and?’ be the linear time planarity algorithm of [16]. Algorithri takes
O(sort(N)) 1/Os to compute an embeddir@g of G. Algorithm 4’ takes linear time and hen@(N) 1/Os
to solve this task. Both algorithms use linear space. Hamgcéhe previous lemma, the simultaneous sim-
ulation of both algorithms takeS(perm(N)) 1/Os andO(N/B) blocks of external memory to test whether
graphG is planar and to compute a planar embedding if the answefiisafive. O

10 Conclusions

In this paper, we have provided the last missing piece toimbt@-efficient algorithms for a number of
fundamental problems on planar graphs. As our algorithrs tiee separator algorithm of [33], it inherits
the constraint tha¥l > (DB)?log?(DB). Itis a challenging open problem to design algorithms fonpating
planar separators and planar embeddings that@&ertN)) 1/Os using less memory.
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