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Abstract

We present a new algorithm to test whether a given graphG is planar and to compute a planar embedding
Ĝ of G if such an embedding exists. Our algorithm utilizes a fundamentally new approach based on graph
separators to obtain such an embedding. The I/O-complexityof our algorithm isO(sort(N)). A simple
simulation technique reduces the I/O-complexity of our algorithm toO(perm(N)). We prove a matching
lower bound ofΩ(perm(N)) I/Os for computing a planar embedding of a given planar graph.

1 Introduction

I/O-efficient graph algorithms have received considerableattention because massive graphs arise naturally in
many applications. Recent web crawls, for example, producegraphs of on the order of 200 million nodes and
2 billion edges. Recent work in web modeling uses depth-firstsearch, breadth-first search, shortest paths,
and connected components as primitive operations for investigating the structure of the web [7]. Massive
graphs are also often manipulated in Geographic Information Systems (GIS), where many fundamental
problems can be formulated as basic graph problems. The graphs arising in GIS applications are often
planar. Yet another example of massive graphs is AT&T’s 20TBphone call graph [8]. When working
with such large data sets, the transfer of data between internal and external memory, and not the internal
memory computation, is often the bottleneck. Thus, I/O-efficient algorithms can lead to considerable run-
time improvements.

Many graph algorithms designed in the RAM model of computation use breadth-first search (BFS) or
depth-first search (DFS) to explore the given graph, as thesetwo strategies can easily be realized in linear
time; yet they provide valuable information about the structure of the graph. Unfortunately, no I/O-efficient
algorithms for BFS and DFS in arbitrary sparse graphs are known, while existing algorithms perform rea-
sonably well on dense graphs. This forces algorithm designers to develop algorithms that avoid using BFS
or DFS as primitive operations, if they are to be I/O-efficient.

Recently, a number of papers [4, 5, 17, 33] have focused on developing I/O-efficient algorithms for
fundamental graph problems on embedded planar graphs. These algorithms solve BFS, DFS, single source
shortest paths (SSSP), and the problem of computing weighted separators of an embedded planar graph in
O(sort(N)) I/Os using linear space. From a practical point of view the fact that these algorithms need a planar
embedding to be given as part of the input is not a serious constraint, as in most large scale applications it
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is known that a given graph is planar only because a planar embedding of the graph is given. From a
theoretical point of view, however, it is desirable to design I/O-efficient algorithms for planarity testing and
planar embedding, in order to obtain I/O-efficient algorithms for a number of fundamental problems on
planar graphs which do not require any additional information about the given graph.

1.1 Model of Computation

The algorithm in this paper is designed and analyzed in the Parallel Disk Model (PDM) [32]. In this model,
D identical disks of unlimited size are attached to a machine with an internal memory capable of holding
M data items. These disks constitute the external memory of the machine. Initially, all data is stored on
disk. Each disk is partitioned into blocks ofB data items each. An I/O-operation is the transfer of up toD
blocks, at most one per disk, to or from internal memory from or to external memory. The complexity of an
algorithm in the PDM is the number of I/O-operations it performs.

Sorting, permuting, and scanning an array ofN consecutive data items are primitive operations often
used in external memory algorithms. Their I/O-complexities are sort(N) = Θ((N=(DB)) logM=B(N=B)),
perm(N) = Θ(min(N;sort(N))), and scan(N) = Θ(N=(DB)), respectively [32].

1.2 Previous Results

I/O-efficient graph algorithms have been studied in a numberof papers [1, 2, 4, 5, 9, 11, 17, 20, 22, 23,
25, 27, 31]. We only discuss results on undirected BFS, DFS, single source shortest paths, planar embed-
ding, and graph connectivity here. The best SSSP algorithm for arbitrary undirected graphs takesO(jVj+
(jEj=B) log2 jEj) I/Os [20]. The best BFS algorithm for arbitrary undirected graphs takesO(jVj+sort(jEj))
I/Os [27]. Recently a BFS algorithm for graphs of bounded degree has been presented in [25]. Ifd is
the maximum vertex degree in the graph, the algorithm takesO(jVj=(γ logd B) + sort(Bγ

jVj)) I/Os using
O(jVj=B1�γ

) blocks of external memory, for 0< γ� 1
2.

In [17], anO(sort(N)) I/O algorithm for computing a 2/3-separator of sizeO
�
p

N
�

for an embedded
planar graphG is given, provided that a BFS-tree ofG is part of the input. In [4], this idea has been
extended to obtain anO(sort(N)) I/O algorithm to compute anε-separator of sizeO

�

sort(N)+

p

N=ε
�

for
an embedded planar graph, provided that a BFS-tree of the graph is given. Using the computed separator,
the SSSP problem can then be solved inO(sort(N)) I/Os for the given graph [4]. In a recent paper [5],
two DFS algorithms for embedded planar graphs are given. Thefirst one takesO(sort(N) logN) I/Os. The
second one takesO(I (N)) I/Os, whereI (N) is the number of I/Os required to compute a BFS-tree of an
embedded planar graph. Another recent result [33] shows howto compute anε-separator of sizeO

�

p

N=ε
�

for an unweighted planar graph inO(sort(N)) I/Os, provided thatεN log2
(DB) � M. This algorithm does

not require a BFS-tree or embedding of the given graph as partof the input. Together with the results of [4]
and [5] this implies that BFS, DFS, and SSSP can be solved inO(sort(N)) I/Os on embedded planar graphs,
provided thatM � (DB)2 log2

(DB). Also, once a BFS-tree and an embedding ofG is given, the separator
algorithm of [3] can be realized using external memory techniques to compute inO(sort(N)) I/Os anε-
separator of sizeO

�

p

N=ε
�

for a weighted planar graphG. We are not aware of any results on computing
planar embeddings I/O-efficiently.

In [22], it is shown how to test a given graphG for outerplanarity and compute an outerplanar embedding
of G. Given the embedding, it is shown how to solve BFS, DFS, and how to compute a 2/3-separator of size
2 for G. All algorithms in [22] takeO(sort(N)) I/Os. In [23] it is shown how to solve the SSSP problem
in O(sort(N)) I/Os on graphs of bounded treewidth. It is shown in [22] that BFS, DFS, and SSSP require
at leastΩ(perm(N)) I/Os, even on outerplanar graphs. It is also shown that outerplanar embedding takes at
leastΩ(perm(N)) I/Os.
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In [9], I/O-efficient algorithms for computing the connected and biconnected components of an undi-
rected graph are presented. These algorithms takeO(sort(N)) I/Os on graphs which are sparse under edge
contraction. This includes planar graphs. These algorithms are the result of applying a general simulation
technique for PRAM algorithms in external memory to the connectivity algorithm of [10] and the biconnec-
tivity algorithm of [30]. There are no direct results on computing triconnected components I/O-efficiently,
although one may apply the PRAM simulation of [9] to the triconnectivity algorithm of [13].

A number of PRAM algorithms for planarity testing and planarembedding have been proposed [18, 19,
26, 28]. In [19], the first such algorithm using a linear number of processors was presented; the algorithm
runs inO(log2

2 N) time. The algorithm of [28] runs inO(log2N) time usingO(C(N)) processors, where
C(N) is the number of processors required to compute the connected components of a graph inO(log2 N)

time. Using the PRAM simulation technique of [9], one can obtain I/O-efficient, but suboptimal, embedding
algorithms from the algorithms of [19, 28]. A more direct implementation of the algorithm of [28] using
external memory techniques produces a planar embedding algorithm that takesO(sort(N)) I/Os. However,
it is not clear whether the algorithm of [28] can be used to test whether a given graph is planar.

In internal memory, planarity testing and the problem of computing a planar embedding of a given
graphG are well-studied. The first paper to present a linear time algorithm for planarity testing and planar
embedding is [16]. A previous algorithm of [21] was later made to run in linear time using results of [6, 12].
Important implementation details of the algorithm of [16] are provided in [24]. Any graph traversal can
be used to identify the connected components of a graph in linear time. In [29], a linear time algorithm
for finding the biconnected components of a graph is presented. In [15], the idea of [29] was extended to
identify the triconnected components of a biconnected graph.

1.3 Our Result

In this paper, we present a new algorithm to test whether a given graph is planar and to compute a planar
embedding of the graph if the answer is affirmative. Our algorithm takesO(sort(N)) I/Os using linear
space, provided thatM � (DB)2 log2

(DB). Intuitively, our approach can be described as follows: First
use the algorithm of [33] to compute a subsetS of O(N=(DB)) vertices ofG whose removal partitionsG
into O(N=(DB)2

) subgraphsG1; : : : ;Gk of size at most(DB)2 each. Each graphGi is adjacent to at most
DB separator vertices, which we denote by∂Gi. Let G̃i be the subgraph ofG induced by the vertices in
V(Gi)[ ∂Gi, for 1� i � k. Let G0

1; : : : ;G
0

l be the connected components of graphsG̃1; : : : ;G̃k. Denote the
set of separator vertices inG0

j , 1� j � l , by Sj .
For each graphG0

j , compute a constraint graphCj of sizeO(jSj j) which captures the constraints imposed
on the embedding ofG by G0

j . Informally, these constraints are of the form: Can two separator vertices be

on the same face of an embeddingĜ0

j of G0

j? In which order do they have to appear along the boundary
of such a face? Etc. These constraints are derived from a decomposition ofG0

j into its biconnected and
triconnected components. Joining graphsC1; : : : ;Cl at their separator vertices, we obtain an approximate
graphA of sizeO(N=(DB)). We show thatG is planar if and only ifG̃1; : : : ;G̃k are planar andA is planar.
Also, a planar embedding ofG can be obtained from a planar embedding ofA by locally replacing the
embeddingŝC1; : : : ;Ĉl of graphsC1; : : : ;Cl in Â with consistent embeddingŝG0

1; : : : ;Ĝ
0

l of graphsG0

1; : : : ;G
0

l .
Our algorithm spendsO(sort(N)) I/Os to compute the separatorS, using the result of [33]. Computing

graphsC1; : : : ;Cl takesO(scan(N)) I/Os, as each graphG0

j has size at most(DB)2
+(DB)� M and, hence,

the construction ofCj from G0

j can be carried out in internal memory. Computing a planar embedding of
A takesO(N=(DB)) I/Os using the algorithm of [16], asjAj= O(N=(DB)). Finally, the embedding ofG is
constructed inO(sort(N)) I/Os, as the replacement of embeddingsĈ1; : : : ;Ĉl by embeddingŝG0

1; : : : ;Ĝ
0

l can
be done locally and thus in internal memory; the necessary coordination between these local replacement
steps is achieved using time-forward processing [9].
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In order to prove that our algorithm is optimal up to a constant factor, we show that it takesΩ(perm(N))

I/Os to compute a planar embedding of a given planar graph. A simple simulation technique together
with any linear time embedding algorithm reduces the I/O-complexity of our embedding algorithm to
O(perm(N)) I/Os, thereby matching the lower bound.

1.4 Preliminaries

An undirected multigraph G= (V;E) is an ordered pair of a setV and a multisetE. The elements ofV
are theverticesof G; the elements ofE are theedgesof G and are unordered pairsfv;wg, v;w 2V. We
sometimes represent the elements inE as triples(v;w; i) to distinguish the different copies of edgefv;wg in
E. Triples(v;w; i) and(w;v; i) are considered to represent the same edge. For an edgefv;wg 2 E, verticesv
andw are theendpointsof edgefv;wg. Verticesv andw are said to beadjacent. Edgefv;wg is incident to
verticesv andw. GraphG is simpleif every edge appears at most once inE.

A multigraph H = (W;F) is a subgraphof a multigraphG if W � V and F � E. A path in G is a
subgraphP = (W;F) of G such thatW = fv0; : : : ;vpg andF = ffvi�1;vig : 1� i � pg. In this case, we
write P = (v0; : : : ;vp). We callv0 andvp the endpointsof P. A pathP = (v0; : : : ;vp) is simpleif vertices
v0; : : : ;vp�1 are pairwise distinct and verticesv1; : : : ;vp are pairwise distinct. We callP acycleif v0 = vp. In
this case, we writeP= (v0; : : : ;vp�1).

For a setW � V of vertices, letG[W℄ be the subgraph ofG inducedby W. GraphG[W℄ is defined
as G[W℄ = (W;ffv;wg 2 E : v;w 2Wg). Similarly, for a setF � E of edges, graphG[F℄ is defined as
G[F℄ = (

S

fv;wg2Ffv;wg;F). For a set of verticesW �V, let G�W = G[V nW℄; for a vertexv2V, graph
G� v is the same as graphG�fvg. For a set of edgesF � E, let G�F = G[E n F℄. For a subgraph
H = (W;F) of G, let G�H = G[E(G)nE(H)℄. Let F � E andH = G[F℄. ThenH̄ = G[E nF℄. For a graph
G = G1[G2 such thatV(G1)\V(G2) = W and a graphG0

1 with W �V(G0

1), let G[G1=G0

1℄ be the graph
G0

1[G2. Intuitively, G[G1=G0

1℄ is the graph obtained fromG by replacing subgraphG1 with graphG0

1.
A multigraphG is connectedif there is a path with endpointsv andw, for all v;w2 G. Theconnected

componentsof G are the maximal connected subgraphs ofG. A cutpointof a connected multigraphG is a
vertexv such thatG�v is disconnected. MultigraphG is biconnectedif it does not have any cutpoints. The
biconnected componentsor bicompsof a connected multigraphG are the maximal biconnected subgraphs
of G. The bicomps of an arbitrary multigraph are the bicomps of its connected components.

Given a multigraphG= (V;E) and a subgraphH = (W;F) of G, the bridges ofH are defined as follows:
Consider the connected components ofG�V(H). Let K be such a component. ThenK defines anon-trivial
bridgeof H which is the subgraph ofG induced by all edges incident to vertices inK. A trivial bridge is an
edge inG�H with both endpoints inH. The trivial and non-trivial bridges are thebridgesof H in G.

A pair fv;wg of vertices of a biconnected graphG is aseparation pairif graph H = (fv;wg; /0) has at
least two non-trivial bridges inG or at least three bridges, one of which is non-trivial. In theformer case,
we callfv;wg a non-trivial separation pair. If G is a simple graph, then all separation pairs are non-trivial.
GraphG is triconnectedif it does not have a separation pair.

Given a separation pairfv;wg with bridgesB1; : : : ;Bq, thesplit s(v;w; i) chooses two graphsB0 andB00

such thatB0

= B1[ �� � [Bq0 , B00

= Bq0+1[ �� � [Bq, E(B0

) � 2 andE(B00

) � 2, and partitionsG into two
subgraphsG1 = (V(B0

);E(B0

)[f(v;w; i)g) andG2 = (V(B00

);E(B00

)[f(v;w; i)g). Edge(v;w; i) is called the
virtual edgecorresponding to splits(v;w; i). Thesplit componentsof G are defined as the graphs obtained
by recursively splittingG1 andG2 until there are no more separation pairs. The split components of G are
not necessarily unique. There are three types of split components: (1) triconnected simple graphs, (2) triple
bonds (two vertices with three edges between them), and (3) triangles.

The merge m(v;w; i) of two graphsG1 andG2 sharing a virtual edge(v;w; i) constructs a graphG =

(V(G1)[V(G2);(E(G1) n f(v;w; i)g) [ (E(G2) n f(v;w; i)g)) from G1 and G2. A graphG can be recon-
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structed from its split components by recursive application of merge operations. To construct the tricon-
nected components of a biconnected graphG, merge bonds sharing virtual edges until no two bonds share a
virtual edge, and merge simple cycles sharing virtual edgesuntil no two simple cycles share a virtual edge.
The resulting graphs are theTutte components, triconnected components, or tricompsof G. If G is not bi-
connected, the tricomps ofG are the triconnected components of its bicomps. The triconnected components
of G are unique and of three types: (1) triconnected simple graphs, (2) bonds, and (3) simple cycles. The
separation pairs corresponding to the remaining virtual edges are theTutte pairsof G. Let H = (W;F) be a
graph obtained by merging a number of tricomps, and letF 0 be the set of virtual edges inH. Then thekernel
HÆ of H is the graphHÆ

= (W;F nF 0

).
A graphG is planar if it can be drawn in the plane so that the edges ofG do not intersect, except at

their endpoints. Such a drawing ofG is called atopological embeddingof G and denoted byE(G). Every
topological embedding ofG defines an order of the edges incident to each vertexv2G, clockwise aroundv.
A representation of these orders for all verticesv2G is called acombinatorial embeddingof G and denoted
by Ĝ. For most graph algorithms, the latter is sufficient, so thatthe planarity problem is the problem of
computing a combinatorial embedding of a given graph. Givena topological embeddingE(G) consistent
with a combinatorial embeddinĝG of G, we call the connected regions ofR2

nE(G) the facesof Ĝ. Let
F denote the set of faces of̂G. By Euler’s formulajVj+ jFj � jEj = 2. In particular,jEj � 3jVj �6, for
every simple planar graphG. We define thesizejGj of a planar graphG as the numberjVj of vertices inG.
The planar embedding of a simple triconnected planar graphG is unique in the following sense [14]: Let̂G1

andĜ2 be two planar embeddings ofG. ThenĜ1 andĜ2 have the same number of faces, and there exists a
bijection σ : [1;k℄! [1;k℄ such that if f1; : : : ; fk are the faces of̂G1 and f 01; : : : ; f 0k are the faces of̂G2, then
faces fi and f 0σ(i) have the same vertices on their boundaries; moreover, either the order of the vertices on
the boundary of facefi is the same as that on the boundary off 0σ(i), for all 1� i � k, or the order is reversed,
for all 1� i � k.

Given a setS�V of vertices ofG and a subgraphH � G�S, ∂H is the set of vertices inSadjacent to
vertices inH. We call∂H theboundaryof H.

A graphG = (V;E) is bipartite if the vertex setV can be partitioned into two setsV1 andV2 such that
v2V1 andw2V2, for every edgefv;wg 2 E. In this case we writeG= (V1;V2;E). We need the following
technical results.

Lemma 1.1 [33] Let G = (V1;V2;E) be a simple connected bipartite planar graph such that the vertices in
V2 have degree at least three each. ThenjV2j � 2jV1j.

Lemma 1.2 Given an embeddinĝG of a simple biconnected planar graphG, graphG is triconnected if and
only if there are no two facesf1 and f2 of Ĝ and two verticesv andw such thatv andw are on the boundary
of both f1 and f2, but edgefv;wg does not exist or is on the boundary of at most one off1 and f2.

Proof. First assume that there are two facesf1 and f2 of Ĝ and two verticesv andw such thatv andw are
on the boundaries of bothf1 and f2, but edgefv;wg does not exist or is on the boundary of at most one off1
and f2. Assume w.l.o.g. that edgefv;wg is on the boundary of facef2 if this edge exists (Figure 1.1a). Let
P1 be the path fromv to w counterclockwise aroundf1, andP2 be the path fromv to w clockwise aroundf1.
As edgefv;wg is not on the boundary of facef1, pathP1 contains an internal vertexx, and pathP2 contains
an internal vertexy. We can connect verticesv andw by two curvesα andβ that are completely contained
in the interiors of facesf1 and f2, respectively. The union of curvesα andβ is a closed Jordan curveγ which
does not intersect any edges ofG and contains only verticesv andw. Vertexx is insideγ, vertexy is outside.
Thus, any path fromx to y must contain eitherv or w, so thatfv;wg is a separation pair. Hence, graphG
cannot be triconnected.
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Figure 1.1
Proof of Lemma 1.2.

Now assume thatG is not triconnected. ThenG must contain a separation pairfv;wg. The vertex set
V n fv;wg can be partitioned into two non-empty setsV1 andV2 such that any path between two vertices
x2V1 andy2V2 must contain at least one ofv andw. Let G1 = G[V1[fv;wg℄ andG2 = G[V2[fv;wg℄. If
edgefv;wg is in G, remove this edge fromG2. GraphsG1 andG2 are biconnected and planar. In particular,
let Ĝ1 andĜ2 be the restrictions of embeddinĝG of G to G1 andG2, respectively. Then̂G2 is contained in a
face f1 of Ĝ1, andĜ1 is contained in a facef2 of Ĝ2. Both f1 and f2 containv andw (Figure 1.1b).

By joining the two copies ofv andw in G1 andG2, face f1 = f2 in Figure 1.1b is split into two facesf 0

and f 00 both of which havev andw on their boundaries (Figure 1.1c). However, neitherG1 nor G2 consist
of a single edge, so thatf 0 and f 00 cannot share edgefv;wg. Facesf 0 and f 00 are faces ofĜ, so that we have
shown that there are two facesf 0 and f 00 of Ĝ and two verticesv andw so thatv andw are shared by faces
f 0 and f 00, but edgefv;wg is not.

2 Overview of Our Algorithm

In this section, we present the framework of our algorithm. In subsequent sections we fill in the necessary
details. Algorithm 2.1 gives an outline of our algorithm.

Theorem 2.1 Algorithm 2.1 correctly tests whether a simple graphG is planar and computes a planar
embeddingĜ of G if G is planar. The algorithm takesO(sort(N)) I/Os usingO(N=B) blocks of external
memory, provided thatM � (DB)2 log2

(DB).

Proof. We first prove the correctness of Algorithm 2.1. Assume that our algorithm reports that graphG is not
planar. This can happen in lines 2, 6, 12, or 18. IfjEj> 3jVj�6, graphG is not planar by Euler’s formula.
The separator algorithm of [33] can fail for two reasons: EitherG is not sparse under edge contraction, or
the algorithm identifies a non-planar subgraph ofG. In both cases,G cannot be planar. If one of the graphs
G0

1; : : : ;G
0

l is non-planar,G cannot be planar, as these are subgraphs ofG. Finally, if A is non-planar,G
cannot be planar by Lemma 7.1. On the other hand, if our algorithm does not report thatG is non-planar,
the output of the algorithm is a planar embeddingĜ of G, by Lemma 8.1.

Next we analyze the I/O-complexity of Algorithm 2.1. Lines 1–3 takeO(scan(N)) I/Os, as they only
require counting the vertices and edges inG. As shown in [33], Lines 4–7 takeO(sort(N)) I/Os, provided
thatM � (DB)2 log2

(DB). Lines 8–9 takeO(scan(N)) I/Os, as each subgraph̃Gi has size at most(DB)2
+

(DB); thus, each subgraph fits into internal memory, and we can compute graphsG0

1; : : : ;G
0

l by loading
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Input: A simple graphG= (V;E).
Output: A planar embeddinĝG of G or the answer thatG is not planar.

1: if jEj> 3jV j�6 then
2: Report thatG is not planar and exit.
3: end if
4: Compute a setSof O(N=(DB)) vertices ofG whose removal partitionsG into O(N=(DB)2

) subgraphs
G1; : : : ;Gk such thatjGij � (DB)2 andj∂Gij � DB, for 1� i � k.

5: if Step 4 reports an errorthen
6: Report thatG is not planar and exit.
7: end if
8: Let G̃1; : : : ;G̃k be the graphs defined asG̃i = (V(Gi)[∂Gi ;ffv;wg 2E : v2V(Gi)^w2V(Gi)[∂Gig).
9: Let G0

1; : : : ;G
0

l be the connected components of graphsG̃1; : : : ;G̃k.
10: for j = 1; : : : ; l do
11: if G0

j is not planarthen
12: Report thatG is not planar and exit.
13: end if
14: Compute the constraint graphCj of G0

j .
15: end for
16: Let A= G[S℄[C1[ �� �[Cl

17: if A is not planarthen
18: Report thatG is not planar and exit.
19: end if
20: Compute a planar embeddinĝA of A.
21: for i = 1; : : : ; j do
22: Let Ĉj be the restriction of embeddinĝA to Cj .
23: ReplaceĈj by an embeddinĝG0

j of G0

j .
24: end for
25: Let Ĝ be the resulting embedding ofG.

Algorithm 2.1
Planarity algorithm.
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graphsG̃1; : : : ;G̃k into internal memory, one at a time, and partitioning each ofthem into its connected
components. Similarly, Lines 10–15 takeO(scan(N)) I/Os, as each subgraphG0

j is small enough to fit into
internal memory. Line 16 requires sorting and scanning the vertex and edge sets of graphsG[S℄;C1; : : : ;Cl ,
in order to eliminate multiple vertices and edges with the same name in different subgraphs. Thus, this step
takesO(sort(N)) I/Os. By Lemma 7.2, graphA has sizeO(N=(DB)), so that Lines 17–20 takeO(N=(DB))
I/Os. Lines 21–25 takeO(sort(N)) I/Os, by Lemma 8.1.

In Sections 3 through 6, we describe the construction of constraint graphsC1; : : : ;Cl from graphsG0

1; : : : ;G
0

l ,
show that each such graphCj has size linear in the number of separator vertices inG0

j , and that the graph
G[G0

j=Cj ℄ is planar if and only ifG is planar. An inductive application of this argument provesthat A is
planar if and only ifG is planar. In Section 7, we prove that graphA has sizeO(N=(DB)). In Section 8, we
show that a planar embeddinĝG of G can be derived from a planar embeddingÂ of A by locally replacing
the restrictionsĈ1; : : : ;Ĉl of Â to subgraphsC1; : : : ;Cl with consistent embeddingŝG0

1; : : : ;Ĝ
0

l of graphs
G0

1; : : : ;G
0

l . In fact, this follows immediately from the properties of graphsC1; : : : ;Cl shown in Sections 3
through 6; but Section 8 provides important technical details of the replacement procedure.

3 Computing the Constraint Graphs

The core of our algorithm is the construction of the constraint graphsC1; : : : ;Cl from graphsG0

1; : : : ;G
0

l . Our
construction ensures that graphG[G0

j=Cj ℄ is planar if and only ifG is planar; a planar embeddinĝG of G

can be obtained from a planar embeddingĜ[G0

j=Cj ℄ of G[G0

j=Cj ℄ by locally replacing the embedding ofCj

induced byĜ[G0

j=Cj ℄ with a consistent embedding ofG0

j .
We assume for the rest of the paper that graphsG0

1; : : : ;G
0

l are planar because otherwise Algorithm 2.1
correctly reports thatG is non-planar, regardless of the correctness of the rest of the algorithm. The con-
struction of graphsC1; : : : ;Cl partitions each graphG0

j into its bicompsB j;1; : : : ;B j;qj , and each bicompB j;k

into its tricompsT j;k;1; : : : ;T j;k;r j;k . The constraint graphCj of G0

j is now constructed in a bottom-up fashion
from the constraint graphsCT j;k;l

of tricompsT j;k;l . In particular, the constraint graphCB j;k of a bicompB j;k

is computed by classifying the tricomps ofB j;k into two classes; “essential” tricomps are replaced by their
constraint graphs; “inessential” tricomps are either completely removed, or groups of them are replaced by
constraint graphs of constant size. The construction ofCj from constraint graphsCB j;1; : : : ;CB j;qj

follows the
same pattern. “Essential” bicomps are replaced by their constraint graphs; “inessential” bicomps are either
removed, or groups of them are replaced by constraint graphsof constant size.

The classification of subgraphs as essential or inessentialis closely tied to the concept of required ver-
tices in such a subgraph. For any subgraphH of G, therequiredvertices ofH are the vertices shared byH
andH̄. That is, for a graphG0

j , all separator vertices inG0

j are required; for a bicompB all separator vertices
and cutpoints inB are required; finally, for a tricompT all separator vertices, cutpoints, and members of
separation pairs are required. For any graphH, the vertex set of its constraint graphCH has to contain at
least the required vertices ofH. To see why this is necessary, assume that there exists a pathin H connecting
two of its required vertices. If this path is part of a subgraph of G homeomorphic toK5 or K3;3, and one of
the two required vertices is not present inCH , G[H=CH ℄ may be planar even thoughG is not.

The following sections follow the bottom-up construction of graphsC1; : : : ;Cl . Section 4 describes the
construction of the constraint graphCT of a tricompT . Section 5 shows how to construct the constraint
graphCB of a bicompB , using the constraint graphs of the tricomps ofB as building blocks. Section 6
describes how to assemble the constraint graphCj of graphG0

j from the constraint graphs of the bicomps of
G0

j .

8



(a) (b)

Figure 4.1
(a) A tricompT with its face-on-vertex graphGF . Required vertices are white discs; vertices that are not
required are black discs; face vertices are squares. Edges of T are solid; edges ofGF are dashed. (b) The
compressed face-on-vertex graphG0

F of T .

4 The Constraint Graph of a Tricomp

Let T be a tricomp, and letR(T ) denote its set of required vertices. Our goal is to constructa constraint
graphCT for T whose vertex set has sizeO(jR(T )j), which contains all virtual edges ofT , and such that
G is planar if and only ifG[T Æ

=CÆ

T
℄ is planar. IfT is a bond, the constraint graphCT of T is T itself. If T

is a cycleT = (v1; : : : ;vk), let v01; : : : ;v
0

l be the required vertices inT , appearing in this order alongT . Then
CT is the cycleCT = (v01; : : : ;v

0

l ). The rest of this section deals with the construction ofCT in the case when
T is a triconnected simple graph.

Let T̂ be the unique planar embedding ofT . The face-on-vertex graph GF of T̂ is defined as follows
(Figure 4.1a):GF contains all vertices ofT as well as one vertexvf per face f in T̂ . There is an edge
between a face vertexvf and a vertexw2 T if and only if w appears on the boundary of facef . GraphGF

is planar. Ordering edgesfvf ;w1g; : : : ;fvf ;wkg aroundvf in the same order as verticesw1 : : : ;wk along the
boundary of facef in T̂ , we obtain a planar embeddinĝGF of GF .

Our goal is to constructCT so that the order of required vertices around the faces ofT̂ is preserved in any
embedding ofCT . We remove all vertices inV(T )nR(T ) from GF . Next we remove face vertices adjacent
to at most one required vertex fromGF ; but we ensure that the degree of any required vertex inGF remains
at least two. We call the resulting graphG0

F thecompressed face-on-vertex graphof T̂ (Figure 4.1b).

Lemma 4.1 The compressed face-on-vertex graphG0

F of a tricompT is planar and has at most10jR(T )j

vertices.

Proof. As G0

F is a subgraph ofGF , the planarity ofG0

F is obvious. In fact, we will use the embeddinĝG0

F
of G0

F induced by the embeddinĝGF of GF in the remainder of this section. In order to count the number
of vertices inG0

F , we partition the vertices inR(T ) into two groups. The vertices in the first group,R1, are
adjacent only to face vertices of degree one. The vertices inthe second group,R2, have at least one neighbor
of degree at least two.

The total number of face vertices adjacent to vertices inR1 is 2jR1j. Every vertex inR2 has at most one
adjacent face vertex of degree one. In order to count the facevertices of degree two inG0

F , consider the
subgraphH of G0

F induced by all vertices inR2 and all face vertices of degree two inG0

F . We construct a

9
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Figure 4.2
Proof of Lemma 4.1.

graphH 0 containing all vertices inR2. There is an edgefv;wg 2H 0 if there exists a face vertex inH which is
adjacent tov andw. As H is a subgraph ofG0

F , H is planar. A planar embedding ofH 0 can easily be derived
from a planar embedding ofH. Hence,H 0 has at most 3jR2j edges. We associate a face vertexx of degree
two with edgefv;wg 2 H 0 if x is adjacent tov andw in H. We show that there are at most two face vertices
associated with each edge inH 0, so that there are at most 6jR2j face vertices of degree two inG0

F .
Let v andw be two vertices so that edgefv;wg has three face verticesvf1, vf2, andvf3 associated with it.

See Figure 4.2. ThenR2
n (v[w[ f1[ f2[ f3) consists of three disjoint regionsR1, R2, andR3. Only one of

these regions can be degenerate, i.e., consist only of the embedding of edgefv;wg. W.l.o.g., assume thatR2

is this region. ThenR1 contains some vertexx, andR3 contains some vertexy. Any path fromx to y must
pass through eitherv or w, as there are no edges crossing facesf1, f2, and f3. Thus,fv;wg is a separation
pair, contradicting the triconnectivity ofT .

The subgraphH 00 of G0

F induced by all vertices inR2 and all face vertices of degree at least 3 is planar and
bipartite, whereV1 = R2 andV2 contains all face vertices of degree at least 3. Hence, by Lemma 1.1,jV2j �

2jV1j= 2jR2j. Thus,G0

F has at most(jR1j+2jR1j)+(jR2j+ jR2j+6jR2j+2jR2j)� 10jR(T )j vertices.

Next we useG0

F to construct the constraint graphCT of T . In order to constructCT , we augmentG0

F so
that we can construct a graphH whose face-on-vertex graph hasG0

F as a subgraph. In particular, every
face-vertex inG0

F must have degree at least three in order to represent a valid face. Thus, for each face
vertexvf in G0

F of degree at most two, we add one or two dummy vertices and makethem adjacent tovf . If
vf has degree two, letx andy be the two required vertices adjacent tovf in G0

F . If there is an edge between
x andy in T , assume thatx, edgefx;yg, andy appear in this order clockwise alongf ’s boundary. Then we
add the dummy vertexz incident tovf clockwise betweeny andx in the embeddingĜ0

F . This construction
is illustrated in Figure 4.3a for the tricompT shown in Figure 4.1a.

We construct a graphH whose face-on-vertex graph hasG0

F as a subgraph. GraphH has the required
and dummy vertices ofG0

F as vertices. There is an edgefx;yg in H if there exists a face-vertexvf in G0

F
such that edgesfvf ;xg andfvf ;yg appear consecutively in the clockwise order aroundvf . This construction
is shown in Figure 4.3b. The embeddingĤ of graphH has a number of faces which are not represented
by face vertices inG0

F . (In Figure 4.3b the only such face is the outer face.) In order to constructCT , we
augmentH so that the resulting graphCT is triconnected and has the property that every face in the unique
planar embedding ofCT which does not correspond to a face vertex inG0

F has at most one required vertex

10



(a) (b) (c)

Figure 4.3
(a) The compressed face-on-vertex graphG0

F of tricompT shown in Figure 4.1a, augmented with dummy
vertices. (b) The graphH whose face-on-vertex graph has the augmented face-on-vertex graphG0

F as a
subgraph. (c) The constraint graphCT of T .

on its boundary. As a result, there exists a natural bijection between the faces of̂T andĈT with at least two
required vertices on their boundaries.

The augmentation ofH proceeds in three phases. First we iterate over all faces ofĤ which do not
correspond to face vertices inG0

F . For every boundary cycle of such a facef , let v1; : : : ;vk be the required
vertices in that cycle. (Note that this cycle is not necessarily simple, and some required vertices may appear
more than once along the cycle.) For each vertexvi , we split the two edges preceding and succeedingvi

in the cycle by adding two dummy verticesui andwi on these two edges; we connect verticesui andwi

by an edgefui ;wig. As a result facef is partitioned into a number of trianglesfui ;vi ;wig and a facef 0

which does not have any required vertex on its boundary. IfH is disconnected, the graph obtained after
this augmentation is also disconnected. This is equivalentto some facef 0 having more than one boundary
cycle. As long as there is such a facef 0, we choose two of its boundary cycles and two pairs of consecutive
verticesfx;yg andfu;vg on these two cycles. Letx;y andu;v appear in this order clockwise along these
two cycles. Then we add edgesfx;vg;fx;ug;fy;ug to H, thereby concatenating the two boundary cycles.
Once this procedure is finished, every face ofH has a single boundary cycle. We triangulate each facef 0

not corresponding to a vertex inG0

F by adding a dummy vertex in the center off 0 and connecting this vertex
to every vertex on the boundary off 0. The resulting graph is the constraint graphCT of T .

Lemma 4.2 The constraint graphCT of a tricompT is a planar graph withO(jR(T )j) vertices.

Proof. For bonds and cycles the claim trivially holds, as all vertices inCT are required. IfT is a triconnected
simple graph, we show the lemma as follows. By Lemma 4.1, graph G0

F contains at most 2jR(T )j face
vertices of degree one and at most 6jR(T )j face vertices of degree two. Thus, we add at most 10jR(T )j

dummy vertices toG0

F , in order to increase the degree of each face vertex to at least three. Hence, graphH is
a planar graph with at most 11jR(T )j vertices. The construction ofCT from H adds at most one vertex per
edge ofH and at most one vertex per face ofH, 55jR(T )j vertices in total. Thus,CT has at most 66jR(T )j

vertices. The planarity ofCT is explicitly guaranteed by the above construction.

Lemma 4.3 The constraint graphCT of a triconnected simple graphT is a triconnected simple graph.

Proof. To show thatCT does not contain multiple edges, observe that graphH constructed fromG0

F does
not have multiple edges: As we add dummy vertices separatelyfor each face vertex ofG0

F , the only edges
that may be duplicated inH are those both of whose endpoints are required vertices. If there are two faces
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f1 and f2 sharing verticesv andw in H, the two corresponding faces inT sharev andw as well. Hence, they
share edgefv;wg, by the triconnectivity ofT and Lemma 1.2. In this case, our construction guarantees that
no dummy vertices are inserted betweenv andw in the embedding. Thus, edgefv;wg is shared byf1 and
f2. All edges that are subsequently added toH during the construction ofCT are added between vertices
that are not inH; it is easy to verify that we add each such edge only once. Hence,CT is a simple graph.

To show thatCT is triconnected, let̂CT be the planar embedding ofCT derived from the planar embed-
ding T̂ of T using the above construction. By Lemma 1.2, it is sufficient to show that for all facesf1 and f2
sharing two verticesv andw, edgefv;wg is on the boundary of bothf1 and f2.

To prove this, we partition the faces ofĈT into two categories:Requiredfaces are those that correspond
to face vertices inG0

F ; all other faces areauxiliary faces.
If f1 and f2 are both required faces, thenv andw are required vertices. This is true because dummy

vertices are created separately for each face vertex ofG0

F , so that no two required faces share a dummy
vertex. Facesf1 and f2 correspond to two facesf 01 and f 02 of T sharing verticesvandw. Thus, by Lemma 1.2,
edgefv;wg must be on the boundary of bothf 01 and f 02. As shown above, edges between required vertices
are preserved inCT .

It is easy to verify that all auxiliary faces of̂CT are triangles. Thus, iff1 and f2 are both auxiliary faces,
edgefv;wg is on the boundary of bothf1 and f2.

If f1 and f2 are of different types, assume w.l.o.g. thatf1 is required andf2 is an auxiliary face. Asf2
is a triangle, edgefv;wg is on the boundary of facef2. Thus, it remains to show that edgefv;wg is on the
boundary of facef1.

Let f be the face ofH containing facef2. Facef is split into two types of faces: triangles produced by
bridging required vertices on the boundary off and triangles produced by triangulating the resulting facef 0.
If f2 is of the former type,f1 and f2 can only share verticesui andvi or verticesvi andwi because vertices
ui andwi are on the boundary of different required faces. Assume w.l.o.g. that f1 and f2 share verticesui

andvi . Vertexui has been inserted on an edgefx;vig on the boundary of a required facef0, so thatui , vi ,
and edgefui ;vig are on the boundary of facef0. As required faces are not partitioned by our algorithm, and
f0 is the only required face having vertexui on its boundary, we havef1 = f0. Hence, edgefui ;vig is on the
boundary of facef1.

If f2 is of the latter type, the edge shared byf1 and f2 is on the boundary of facef 0. By the above
argument, no face inf 0 can share two verticesui andwi with a required face. Also, no face can share the
central vertexx of f 0 with a required face. All other pairs of vertices on the boundary of triangles inf 0

correspond to edges on the boundaries of required faces.

Lemma 4.4 Let T̂ be a planar embedding ofT , andĈT be a planar embedding ofCT . Let f1; : : : ; fk be the
faces ofT̂ with at least two required vertices on their boundaries, andf 01; : : : ; f 0l be the faces of̂CT with at
least two required vertices on their boundaries. Thenk= l , and there exists a bijectionσ : [1;k℄! [1;k℄ such
that facesfi and f 0σ(i) have the same required vertices on their boundaries, in the same order.

Proof. The lemma holds trivially for bonds and simple cycles.
If T is a triconnected simple graph,CT is triconnected by Lemma 4.3. Hence, embeddingsT̂ andĈT

are unique. In particular,̂CT is the embedding ofCT derived fromT̂ by our construction above. Faces
f1; : : : ; fk in T̂ correspond to face verticesw1; : : : ;wk in G0

F , which in turn correspond to facesf 01; : : : ; f 0k in
ĈT . Moreover, it is easily checked that our construction preserves the order of required vertices around these
faces.

Thus, in order to prove the lemma, we have to show that each auxiliary face has at most one required
vertex on its boundary. Every auxiliary face is the result ofpartitioning a facef of graphH in the above
construction which does not correspond to a vertex inG0

F . Face f is partitioned into trianglesfui ;vi ;wig,
for each required vertexvi on the boundary off , and a facef 0 which does not have any required vertices

12



on its boundary. Verticesui andwi on the boundary of a trianglefui ;vi ;wig are dummy vertices. Facef 0 is
partitioned into triangles none of which has a required vertex on its boundary. Thus, no auxiliary face has
more than one required vertex on its boundary.

Let T1; : : : ;Tq be the tricomps of graphsG0

1; : : : ;G
0

l . Then we define a sequence of graphsG(1)
0 ; : : : ;G(1)

q such

thatG(1)
0 = G andG(1)

i = G(1)
i�1[T

Æ

i =C
Æ

Ti
℄, for 1� i � q. GraphG(1) is defined asG(1)

= G(1)
q .

Lemma 4.5 GraphG(1)
i is planar if and only ifG(1)

i�1 is planar, for1� i � q. A planar embedding ofG(1)
i�1

can be obtained by locally replacing the embedding ofCÆ

Ti
induced by a planar embeddinĝG(1)

i of G(1)
i with

a consistent embedding ofT Æ

i .

Proof. Consider an embeddinĝG(1)
i�1 of G(1)

i�1. Let T̂i be the unique planar embedding ofTi, andT̂ Æ

i be the

planar embedding ofT Æ

i obtained fromT̂i by removing all virtual edges inTi . Let ĈTi
be the unique planar

embedding ofCTi
, andĈÆ

Ti
be the planar embedding ofCÆ

Ti
obtained fromĈTi

by removing all virtual edges
in CTi

.
We partitionT̄ Æ

i into maximal subgraphs each of which is embedded inside a face f of T̂ Æ

i . Each such
graphK is incident only to required vertices on the boundary off . If f is the result of merging a number
of faces ofT̂i by removing virtual edges, each constituent face off in T̂i has at least two required vertices
on its boundary. Thus, these constituent faces are preserved in ĈTi , by Lemma 4.4. Moreover, they share the
same virtual edges in̂CTi

as inT̂i. Thus, facef has a corresponding facef 0 in ĈÆ

Ti
with the same required

vertices on its boundary, in the same order. Iff is a face ofT̂ Æ

i consisting of a single face of̂Ti with at least
two required vertices on its boundary, this face is preserved in ĈTi

and thus inĈÆ

Ti
, by Lemma 4.4. Thus,

in both cases, we can embedK inside f 0. If face f has only one required vertex on its boundary,K can be
embedded inside an arbitrary face ofĈÆ

Ti
with this vertex on its boundary. Embedding all subgraphsK in

this manner, we obtain a planar embedding ofG(1)
i from Ĝ(1)

i�1. The proof thatG(1)
i�1 is planar ifG(1)

i is planar
is similar.

Corollary 4.1 GraphG(1) is planar if and only if graphG is planar. A planar embedding ofG can be
obtained by locally replacing the embeddings of graphsCÆ

T1
; : : : ;CÆ

Tq
with consistent embeddings of graphs

T Æ

1 ; : : : ;T
Æ

q .

5 The Constraint Graph of a Bicomp

Given graphG(1), which was constructed by replacing each tricomp of graphsG0

1; : : : ;G
0

l with its constraint
graph, we show next how to construct the constraint graph of abicompB . In order to do this, we use a
two-step procedure to classify the tricomps ofB as essential or inessential. For an essential tricompT of
B , we leave the constraint graphCT of T in G(1) unchanged. An inessential tricomp is either completely
removed fromG(1), or it is grouped together with other inessential tricomps;each such group is replaced
with a constraint graph of constant size.

Let R(B) be the set of required vertices ofB , andT1; : : : ;Tq be its tricomps. We define thetricomp tree
T = T3(B) as follows (see Figure 5.1): TreeT hasq verticesτ1; : : : ;τq, one per tricompTi . There is an
edgefτi ;τ jg 2 T if tricompsTi andT j share a virtual edge. By the recursive definition of the tricomps of
a biconnected simple graph,T is indeed a tree. For each vertexv2 R(B), we choose a tricompT (v) such
thatv2 T (v). We call a tricompTi essentialif there is a vertexv2R(B) such thatTi = T (v). A tricompT j

is potentially essentialif there are two essential tricompsTi andTk such that vertexτ j is on the path from
τi to τk in T. All other tricomps areinessential. In the next section, we show that removing all inessential
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tricomps fromG(1) does not alter its (non-)planarity. Then we finish the classification of the tricomps by
deciding which of the potentially essential tricomps are essential, and which are inessential. In Section 5.2,
we replace all tricomps classified as inessential in this second round of classification by a small number of
constant size constraint graphs. Section 5.3 puts the pieces together and shows that the final constraint graph
CB of B has sizeO(jR(B)j).

5.1 Discarding Inessential Tricomps

Let T 0 be the tree obtained by removing all verticesτ j corresponding to inessential tricompsT j from T.
Let B 0 be the subgraph ofB obtained by merging all tricomps corresponding to verticesin T 0. The nodes
τ j 2 T corresponding to inessential tricompsT j induce a set of maximal subtreesT1; : : : ;Ts of T. Each such
subtreeTj is connected toT 0 through a single edge. LetK j be the subgraph ofB obtained by merging all
tricomps corresponding to the nodes in treeTj . As Tj andT 0 share only a single edge,K j andB 0 share
exactly one virtual edge(v j ;w j ; i j). LetB 00 be the graph obtained by replacing graphsKÆ

1; : : : ;K
Æ

s with edges
(v1;w1; i1); : : : ;(vs;ws; is) in B . Alternatively,B 00 is obtained by making all virtual edges inB 0 non-virtual.

LetB1; : : : ;Bq be the bicomps of graphsG0

1; : : : ;G
0

l . Then we define a sequence of graphsG(2)
0 ; : : : ;G(2)

q ,

whereG(2)
0 = G(1) andG(2)

i = G(2)
i�1[Bi=B

00

i ℄. GraphG(2) is defined asG(2)
= G(2)

q .

Lemma 5.1 GraphG(2)
i is planar if and only if graphG(2)

i�1 is planar, for1� i � q. A planar embedding

of G(2)
i�1 can be obtained by locally replacing edges in an embedding ofG(2)

i with embeddings of inessential
tricomps ofBi .

Proof. Let B = Bi , and let treesT, T 0, andT1; : : : ;Ts and graphsB 0 andK1; : : : ;Ks be defined as above. Let
Ĝ(2)

i�1 be a planar embedding of graphG(2)
i�1. For each subgraphK j of B , there is a path fromv j to w j in KÆ

j .

Thus, replacingKÆ

j by edge(v j ;w j ; i j) in Ĝ(2)
i�1 corresponds to removing the whole graphKÆ

j except that path
from G, and then replacing this path by a single edge. As all tricomps in K j are inessential,v j andw j are
the only vertices shared byKÆ

j andK̄Æ

j . Hence, two paths from verticesv j to w j in graphKÆ

j and fromvk to
wk in KÆ

k are internally vertex disjoint, so that replacing both paths by a single edge does not introduce an

intersection in the planar embedding ofĜ(2)
i�1. Applying this argument to graphsKÆ

1; : : : ;K
Æ

s in turn shows

thatG(2)
i is planar ifG(2)

i�1 is planar.

To show thatG(2)
i�1 is planar ifG(2)

i is planar, recall that each graphKÆ

j shares only verticesv j andw j

with K̄Æ

j . Hence, we can obtain an embedding ofG(2)
i�1 from an embedding ofG(2)

i by replacing each edge

(v j ;w j ; i j) in G(2)
i with an embedding of graphKÆ

j which has verticesv j and w j on its outer face. The
existence of such an embedding follows immediately from theplanarity of the tricomps of a biconnected
planar graph.

Corollary 5.1 GraphG(2) is planar if and only if graphG(1) is planar. A planar embedding ofG(1) can be
obtained by locally replacing edges in an embedding ofG(2) with embeddings of inessential tricomps.

Having disposed of the first set of inessential tricomps, we now classify the potentially essential tricomps
of B 00 as essential or inessential. A potentially essential tricomp is essential if its corresponding vertex in
T 0 has degree at least three; otherwise, it is inessential. Note that all vertices inT 0 whose corresponding
tricomps are inessential have degree two. This is true because all leaves correspond to essential tricomps,
and all tricomps corrsponding to internal nodes of degree atleast three have been declared essential. We
partition the set of nodes corresponding to inessential tricomps into maximal paths inT 0.
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Figure 5.1
A biconnected planar graphG, its tricomps, and its tricomp tree. Tricomps are labeled with capital letters.
Virtual edges in the tricomps are dashed.

15



Left fan Right fanCore

Separating tricomps

Figure 5.2
TricompsT1; : : : ;Ts and the five graphs into which the merge of these tricomps is being decomposed.

Let P= (τ1; : : : ;τs) be such a path, and letτ0 andτs+1 be the two other neighbors ofτ1 andτs, respec-
tively. TricompsT0 andTs+1 are essential. Let(v j ;w j ; i j) be the virtual edge shared by tricompsT j and
T j+1, 0� j � s. Let HP be the graph obtained by merging tricompsT1; : : : ;Ts. ThenHP contains two virtual
edges:(v0;w0; i0) and(vs;ws; is). Also, as all tricomps inHP are inessential, graphHÆ

P shares only vertices
v0, w0, vs, andws with H̄Æ

P.

5.2 Compressing Chains of Inessential Tricomps

In this section, we construct a constraint graphCP for each graphHP induced by a pathP of vertices inT 0

which correspond to inessential tricomps, and replaceHÆ

P with CÆ

P. GraphCP has sizeO(1); replacingHÆ

P
with CÆ

P in B preserves the (non-)planarity ofG(2).
To constructCP, we partition tricompsT1; : : : ;Ts into five (possibly empty) groups, and replace each

such group by its own constraint graph of constant size.
Thefanof tricompT0 is defined as follows: Letj0 be the maximal index such thatfv j0;w j0g\fv0;w0g 6=

/0. Then the fan of tricompT0 is the union of tricompsT1; : : : ;T j0. The fan ofT0 is empty if j0 = 0.
Analogously, thefan of tricomp Ts+1 is defined as follows: Letjs be the minimal index such that

fv js;w jsg\fvs;wsg 6= /0. Then the fan of tricompTs+1 is the union of tricompsT js+1; : : : ;Ts. The fan ofTs+1

is empty if js = s.
If j0 < js, letT j0+1 be theseparating tricompfor T0. If j0 < js�1, letT js be theseparating tricompfor

Ts+1. If j0 < js�2, let the union of tricompsT j0+2; : : : ;T js�1 be thecoreof graphHP. Figure 5.2 illustrates
this construction. We replace each non-empty fan, separating tricomp, and core by its own constraint graph
of constant size. For a separating tricompT , we keep the constraint graphCT constructed in Section 4. The
constraint graphs of fans and cores are described next.

5.2.1 The Constraint Graph of a Fan

Let F be a fan of some graphHP with virtual edges(a;b; i) and(a;c; j). For a non-empty fanF , we have
to distinguish two cases. Ifb = c, the fan consists of a single bond. In this case the constraint graph ofF
is the constraint graph of the bond, which is the bond itself.Otherwise, we are interested in capturing the
possible embeddings of verticesa, b, andc and edges(a;b; i) and(a;c; j). In particular, we have to capture
the following possibilities:
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(a) FanF has a planar embeddinĝF such that there are two faces with edges(a;b; i) and(a;c; j) on their
boundaries.

(b) FanF has a planar embeddinĝF such that there is one face with edges(a;b; i) and (a;c; j) on its
boundary, and another face with edge(a;b; i) and vertexc on its boundary. (There is a symmetric case
where the second face has edge(a;c; j) and vertexb on its boundary.)

(c) FanF has a planar embeddinĝF such that there is one face with edges(a;b; i) and (a;c; j) on its
boundary, and another face with verticesa, b, andc on its boundary.

(d) FanF has a planar embeddinĝF such that there is one face with edges(a;b; i) and (a;c; j) on its
boundary.

(e) FanF has a planar embeddinĝF such that there is at least one face with verticesb andcon its boundary.

(f) For every face of any embeddinĝF of F , the required vertices on its boundary are either infa;bg or in
fa;cg.

Figure 5.3 shows fansF illustrating these six possibilities and the constraint graphs we construct in each of
these cases. It is easy to verify that if fanF satisfies one of the above conditions, then its constraint graph
CF satisfies the same condition, and vice versa.

Observe that there are always a face with verticesa and b and a face with verticesa and c on their
boundaries, asF contains edges(a;b; i) and(a;c; j). Thus, the distinction is whether there is a face with
verticesb andc on its boundary. For Cases (a)–(e), such a face exists. For Case (f), such a face does not exist.
Cases (a)–(e) further distinguish whether there are faces that have all three vertices on their boundaries. In
Cases (a)–(d) such a face exists; in Case (e) it does not. Now observe that if there is a face with verticesa,
b, andc on its boundary, we can ensure that it has edges(a;b; i) and(a;c; j) on its boundary, by embedding
these two edges inside that face. Thus, the only difference between Cases (a)–(d) is whether there is a second
face with all three vertices on its boundary and whether thissecond face has none, one, or both of the virtual
edges on its boundary. Thus, Cases (a)–(f) are the only possibilities for the structure of fanF .

It is easy to test which of the six cases applies: To test for Case (a), we add two extra verticesx andy on
the two virtual edges and connect each of the verticesa, b, c, x, andy to two verticesz1 andz2 representing
the two faces in Case (a). Case (a) applies if and only if the resulting graph is planar. To test for Case (b), we
remove edgefy;z2g. (In order to test for the symmetric case, we remove edgefx;z2g.) To test for Case (c),
we remove both edgesfx;z2g andfy;z2g. To test for Case (d), we remove vertexz2 and all incident edges.
To test for Case (e), we remove edgesfa;z1g, fx;z1g, andfy;z1g. If none of these graphs is planar, Case (f)
applies.

LetF1; : : : ;Fq be the fans of all graphsHP in G(2). We define a sequenceG(3)
0 ; : : : ;G(3)

q of graphs where

G(3)
0 = G(2) andG(3)

i = G(3)
i�1[F

Æ

i =C
Æ

Fi
℄, for 1� i � q. GraphG(3) is defined asG(3)

= G(3)
q .

Lemma 5.2 GraphG(3)
i is planar if and only ifG(3)

i�1 is planar, for1� i � q. A planar embedding ofG(3)
i�1

can be obtained from a planar embedding ofG(3)
i by locally replacing the embedding ofCÆ

Fi
with a consistent

embedding ofF Æ

i .

Proof. Consider a planar embeddinĝG(3)
i�1 of graphG(3)

i�1. Let F̂ Æ

i be the planar embedding ofF Æ

i induced

by Ĝ(3)
i�1. We partitionF̄ Æ

i into maximal subgraphs so that each such subgraphK is embedded inside a face
of F̂ Æ

i . Denote the two virtual edges inFi by (a;b; j) and(a;c;k).
If F̂i has at least one face with verticesa, b, andc on its boundary, one of Cases (a)–(d) applies. It is an

exercise to verify that in all three cases, the embeddingsF̂ Æ

i andĈÆ

Fi
as shown in Figure 5.3 have the same
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5.3
Fans illustrating the different possible constellations of virtual edges(a;b; i) and(a;c; j). The left graph in
each figure is a fanF . The right graph is its constraint graphCF .
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faces with all three vertices on their boundaries. Thus, we can embed a graphK embedded inside a face of
F̂ Æ

i with all three verticesa, b, andc on its boundary in the corresponding face ofĈÆ

Fi
.

Now consider the faces of̂F Æ

i with two vertices on their boundaries. In all cases, but Cases (b) and (f),
such a facef can have any two of the verticesfa;b;cg on its boundary. However, in all cases, but Cases
(b) and (f), there exists a facef 0 in ĈÆ

Fi
such that the two vertices appear consecutively1 along f 0. Thus,

we can embed a graphK embedded insidef inside facef 0 without intersecting any other graphs embedded
inside f 0. In Case (b), a facef with two required vertices on its boundary has eithera andb or b andc on
its boundary. EmbeddinĝCÆ

Fi
has two faces such thata andb (resp.b andc) appear consecutively on the

boundary of those faces. In Case (f), a facef with two required vertices on its boundary has eithera and
b or a andc on its boundary. Again, embeddinĝCÆ

Fi
has two faces such thata andb (resp.a andc) appear

consecutivly on the boundary of those faces.
Any graphK embedded in a facef of F̂ Æ

i which has only one required vertex on its boundary can be
embedded inside any face ofĈÆ

Fi
which has the same required vertex on its boundary, without creating any

conflicts.
Now assume that we are given a planar embeddingĜ(3)

i of G(3)
i . Let ĈFi be the embedding ofCFi

induced byĜ(3)
i , and letĈÆ

Fi
be the restriction ofĈFi to CÆ

Fi
. It is easy to verify that in each of the above

cases, there exists an embeddingF̂i of Fi such that for every face of̂CÆ

Fi
, there exists a corresponding face

in the restrictionF̂ Æ

i of F̂i toF Æ

i with the same required vertices on its boundary. Moreover, if there are two
faces inĈÆ

Fi
with three required vertices on their boundaries, then there are two such faces in̂F Æ

i . Using the

same arguments as above, this implies thatG(3)
i�1 is planar ifG(3)

i is planar.

Corollary 5.2 GraphG(3) is planar if and only ifG(2) is planar. A planar embedding ofG(2) can be obtained
from a planar embedding ofG(3) by locally replacing the embeddings of graphsCÆ

F1
; : : : ;CÆ

Fq
with consistent

embeddings of graphsF Æ

1 ; : : : ;F
Æ

q .

5.2.2 The Constraint Graph of a Core

For the coreC of a graphHP, we need to capture the different embeddings of its two virtual edges(a;b; i)
and(c;d; j). If fa;bg= fc;dg, C consists of a single bond, and we defineCC = C . So assume thatfa;bg 6=
fc;dg. Then there are three possibilities:

(a) There exists an embedding ofC which has two faces with edges(a;b; i) and(c;d; j) on their boundaries.

(b) There exists an embedding ofC which has one face with edges(a;b; i) and(c;d; j) on its boundary.

(c) There exists no embedding ofC such that edges(a;b; i) and(c;d; j) appear on the same face.

Figure 5.4 shows coresC illustrating these three possibilities and the constraintgraphs we construct in each
of these cases. It is easy to verify that if coreC satisfies one of the above conditions, thenCC satisfies
the same condition, and vice versa. Moreover, these are the only possibilities for the structure of coreC ,
as there cannot be three faces with edges(a;b; j) and(c;d;k) on their boundaries. This can be shown as
follows: Assume that there exists an embedding such that three faces have edges(a;b; j) and(c;d;k) on
their boundaries. Each such face needs to have all endpointsof edges(a;b; i) and(c;d; j) on its boundary.
However, sincejfa;b;c;dgj � 3, this implies that the face-on-vertex graphGF of such an embedding ofC
containsK3;3 as a subgraph. This contradicts the planarity ofGF .

1Here, two vertices are consecutive if there exists norequiredvertex between them on the boundary of the face. There may be
other vertices between them.
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(a)

a

b

c

d

a b

c d

(b)

a
b

c d

a b

c d

(c)
a

b

c d

a

b

c d

Figure 5.4
Three examples of cores illustrating the different constellations of virtual edges(a;b; j) and(c;d;k). The
left graph in each figure is a coreC . The right graph is its constraint graphCC .
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We test for these three possibilities in a way similar to the processing of a fan. In particular, we split
edge(a;b; i) into two edgesfa;xg andfx;bg and edge(c;d; j) into two edgesfc;yg andfy;dg. Then we
add two verticesz1 andz2 to C and connect both of them to verticesa, b, c, d, x, andy. The first case applies
if and only if the resulting graph is planar. To test for the second case, we removez2 and its incident edges
from the graph and test for planarity again. If both tests fail, the third case applies.

Let C1; : : : ;Cq be the cores of all graphsHP in G(3). Then we define a sequence of graphsG(4)
0 ; : : : ;G(4)

q ,

whereG(4)
0 = G(3) andG(4)

i = G(4)
i�1[C

Æ

i =C
Æ

Ci
℄, for 1� i � q. GraphG(4) is defined asG(4)

= G(4)
q .

Lemma 5.3 GraphG(4)
i is planar if and only if graphG(4)

i�1 is planar, for1� i � q. A planar embedding of

G(4)
i�1 can be obtained from a planar embedding ofG(4)

i by replacing the embedding ofCÆ

Ci
induced by the

embedding ofG(4)
i with a consistent embedding ofC Æ

i .

Proof. Let Ĝ(4)
i�1 be a planar embedding ofG(4)

i�1, and letĈ Æ

i be the embedding ofC Æ

i induced byĜ(4)
i�1. By

the construction of coreCi , none of the vertices inCi is required in the bicompB containingCi . Hence, no
vertex inB̄ can be adjacent to any vertex inCi . Splitss(a;b; j) ands(c;d;k) partitionB into three graphsCi,
K1, andK2; graphK1 shares virtual edge(a;b; j) with Ci ; graphK2 shares virtual edge(c;d;k) with Ci . As
a result, graphKÆ

1 shares verticesa andb with C Æ

i , and graphKÆ

2 shares verticesc andd with C Æ

i . Thus,KÆ

1
must be embedded in a face ofĈ Æ

i which has verticesa andb on its boundary;KÆ

2 must be embedded in a
face ofĈ Æ

i which has verticesc andd on its boundary. Since no vertex in̄B is adjacent to a vertex inCi , all
components of̄C Æ

i are embedded inside one of the faces ofĈÆ

i containingKÆ

1 andKÆ

2.
The face ofĈ Æ

i containingKÆ

1 is the one obtained by removing edge(a;b; j) from Ĉi. The face containing
KÆ

2 is the one obtained by removing edge(c;d;k) from Ĉi . It is easy to verify that in all three cases shown
in Figure 5.4, the order of verticesa;b;c;d around these faces is preserved. Hence, any subgraph ofC̄ Æ

i
embedded in such a face ofĈÆ

i can be embedded inside the corresponding face ofĈÆ

Ci
. As the constellations

shown in Figure 5.4 are the only possibilities, as argued above, this shows that a planar embedding ofG(4)
i

can always be derived from a planar embedding ofG(4)
i�1. In order to show thatG(4)

i�1 is planar ifG(4)
i is

planar, we reverse the above argument.

Corollary 5.3 GraphG(4) is planar if and only if graphG(3) is planar. A planar embedding ofG(3) can
be obtained from a planar embedding ofG(4) by replacing the embeddings of graphsCÆ

C1
; : : : ;CÆ

Cq
with

consistent embeddings of graphsC Æ

1 ; : : : ;C
Æ

q .

5.3 The Constraint Graph of the Bicomp

The above construction replaces every bicompB in G with a multigraphC0

B
. In order to finish the construc-

tion, we remove all multiple edges fromG(4). Let G(5) be the resulting graph. The construction ofG(5)

is equivalent to the following two-step procedure: First replace every bicompB with a graphCB , which
is obtained fromC0

B
by removing multiple edges. Then remove remaining multipleedges from the union

of graphsCB1; : : : ;CBq, whereB1; : : : ;Bq are the bicomps of graphsG0

1; : : : ;G
0

l . GraphCB is the constraint
graph of bicompB . The following lemma is obvious.

Lemma 5.4 GraphG(5) is planar if and only ifG(4) is planar. A planar embedding ofG(4) can be obtained
from a planar embeddinĝG(5) of G(5) by duplicating edges in̂G(5).

Next we show that the constraint graphCB of a bicompB is small.

Lemma 5.5 The constraint graphCB of a bicompB is a simple planar graph withO(jR(B)j) vertices.
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Proof. The planarity ofCB follows immediately from the above construction. We show that there are at most
2jR(B)j essential tricomps inB . There are two types of essential tricomps. Type-I tricompsare tricomps
T (v), v 2 R(B). Type-II tricomps are tricomps whose corresponding vertices inT 0 have degree at least
three, whereT 0 is the tree constructed from the tricomp treeT = T3(B) in Section 5.1. Clearly, there are at
mostjR(B)j tricomps of type I. LetT 00 be the tree obtained fromT 0 by replacing every maximal path whose
internal vertices correspond to inessential tricomps witha single edge. TreeT 00 contains all vertices ofT 0

corresponding to essential tricomps. All leaves ofT 00 correspond to type-I tricomps, so that there are at most
jR(B)j leaves inT 00. The vertices corresponding to type-II tricomps are a subset of the vertices of degree at
least three inT 00. There can be at mostjR(B)j�1 such vertices, as there are at mostjR(B)j leaves inT 00.
Thus, there are at most 2jR(B)j�1 essential tricomps inB .

Every edge inT 00 represents a (possibly empty) path of vertices of degree twoin T 0, which correspond
to inessential tricomps. For each such path, the graphHP obtained by merging the tricomps corresponding
to the vertices inP has been replaced by a constraint graphCP of constant size. This implies that the total
size of all constraint graphs not corresponding to essential tricomps isO(jR(B)j). The constraint graph
CP corresponding to an edge inT 00 shares at most four vertices with the tricomps corresponding to the
endpoints of the edge. Thus, the total number of required vertices in all essential tricomps isO(jR(B)j),
which implies that the constraint graphs of these tricomps have total sizeO(jR(B)j), by Lemma 4.2. As
merging all constraint graphs can only reduce the number of vertices in the resulting graph, graphC0

B
has

O(jR(B)j) vertices. GraphCB is obtained fromC0

B
by removing edges.

6 The Constraint Graph of a Connected Component

So far we have replaced every bicompB of graphsG0

1; : : : ;G
0

l by a small constraint graphCB . In order to
obtain constraint graphsC1; : : : ;Cl , we remove some inessential bicomps altogether and replacechains of
inessential bicomps by constraint graphs of constant size.The construction is similar to the construction of
the constraint graphCB of a bicompB from the constraint graphs of its tricomps. That is, we first classify the
bicomps of a graphG0

j as essential, potentially essential, or inessential, and remove all inessential bicomps.
Then we finish the classification of potentially essential bicomps based on the degree of their corresponding
vertices in the bicomp-cutpoint-tree ofG0

j . The remaining inessential bicomps form chains inG0

j sharing
only two vertices with the rest ofG0

j . We replace each such chain with a constraint graph of constant size.
Next we describe this construction in detail.

Let G0

j be one of the graphsG0

1; : : : ;G
0

l , let Sj be the set of separator vertices inG0

j , and letB1; : : : ;Bq

be the bicomps ofG0

j . The bicomp-cutpoint-tree T= T2(G0

j) is defined as follows: TreeT contains all
cutpointsv1; : : : ;vr of G0

j and one bicomp vertexβi, for every bicompBi of G0

j . There is an edgefvk;βig

in T if cutpoint vk is contained in bicompBi . For every vertexv2 Sj , we choose a bicompB(v) such that
v 2 B(v). As T contains bicomp nodes as well as cutpoints, we classify the nodes ofT, rather than the
bicomps ofG0

j , as essential, potentially essential, or inessential. A nodeβi in T is essentialif there exists a
vertexv2 Sj such thatB(v) = Bi. A nodev is potentially essentialif there are two essential nodesu andw
in T such thatv is on the path fromu to w in T. All other nodes ofT areinessential.

In the next section, we show that removing all bicomps corresponding to inessential nodes inT from G(5)

preserves the (non-)planarity ofG(5). Then we classify the potentially essential nodes as eitheressential or
inessential. In Section 6.2, we replace every maximal chainof bicomps corresponding to inessential nodes
with a constraint graph of constant size, and show that this preserves the (non-)planarity of the graph. In
Section 6.3, we show that the resulting constraint graphCj of G0

j has sizeO(jSj j).
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6.1 Discarding Inessential Bicomps

Let C0

j be the graph obtained fromG0

j by replacing every bicompB of G0

j with its constraint graphCB . Let
T 0 be the tree obtained by removing all inessential nodes fromT, and letC00

j be the subgraph ofC0

j obtained
by removing all constraint graphsCBi from C0

j which correspond to bicomp nodesβi that were removed
from T.

We define a sequenceG(6)
0 ; : : : ;G(6)

l of graphs, whereG(6)
0 = G(5) andG(6)

i = G(6)
i�1[C

0

i=C
00

i ℄, for 1� i � l .

GraphG(6) is defined asG(6)
= G(6)

l .

Lemma 6.1 GraphG(6)
i is planar if and only if graphG(6)

i�1 is planar, for1� j � l . A planar embedding of

G(6)
i�1 can be obtained from a planar embeddingĜ(6)

i by locally replacing the embeddinĝC00

j of C00

j induced

by Ĝ(6)
i with a consistent planar embedding ofC0

j .

Proof. GraphG(6)
i is obtained fromG(6)

i�1 by removing vertices and edges fromG(6)
i�1. Thus, ifG(6)

i�1 is planar,

G(6)
i is obviously planar.

To show thatG(6)
i�1 is planar ifG(6)

i is planar, we partition the graphC0

j �C00

j into its connected compo-
nents. Each such componentK is composed of inessential bicomps ofC0

j and shares only one cutpointv

with C0

j . Hence, graphK shares only vertexv with K̄ and can be embedded inside any face ofG(6)
i which

has vertexv on its boundary. As this is true for all components ifC0

j �C00

j , graphG(6)
i�1 is planar if graphG(6)

i
is planar.

Corollary 6.1 GraphG(6) is planar if and only ifG(5) is planar. A planar embedding ofG(5) can be ob-
tained from a planar embeddinĝG(6) of G(6) by replacing the embeddings of graphsC00

1 ; : : : ;C
00

l in Ĝ(6) with
consistent embeddings of graphsC0

1; : : : ;C
0

l .

Having disposed of the first set of bicomps corresponding to inessential nodes inT, we now classify the
potentially essential nodes ofT 0 as either essential or inessential. A potentially essential node is essential if
it has degree at least three inT 0; otherwise, it is inessential. Note that all inessential nodes have degree two,
since all leaves ofT 0 are essential, and all internal nodes of degree at least three are essential. Thus, we can
partition the set of inessential nodes inT 0 into maximal paths. For each such pathP containing at least one
bicomp nodeβi , let HP = Bi1 [�� �[Biq, whereβi1; : : : ;βiq are the bicomp nodes inP. Next we replace each
such graphHP by a constraint graphCP of constant size.

6.2 Compressing Chains of Inessential Bicomps

Let HP be a graph corresponding to a pathP of inessential nodes inT 0. As all bicomps inHP are inessential,
and every node inP has degree two, graphHP shares exactly two verticesa andb with H̄P. If HP has an
embedding such that verticesa andb are on the boundary of the same face, graphCP consists of the single
edgefa;bg. Otherwise, we replaceHP by the graphCP shown in Figure 6.1. GraphCP is triconnected and
has the property that verticesa andb are not on the boundary of the same face in the unique embedding ĈP

of CP. The test which of the two cases applies can be carried out in linear time: If the graph(V(HP);E(HP)[

ffa;bgg) is planar, there exists a planar embedding ofHP such that verticesa andb appear on the same face.
Otherwise, there exists no such embedding.

Let T 0

1; : : : ;T
0

l be the trees obtained from treesT2(G0

1); : : : ;T2(G0

l ) using the construction in Section 6.1.
Let P1; : : : ;Pq be the maximal paths of inessential vertices in treesT 0

1; : : : ;T
0

l . We define a sequence of graphs

G(7)
0 ; : : : ;G(7)

q as follows:G(7)
0 = G(6). For 1� i � q, G(7)

i = G(7)
i�1[HPi=CPi ℄. The approximate graphA of G

is defined asA= G(7)
q .
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ba

Figure 6.1
The constraint graph of a “twisted” chain of bicomps.

Lemma 6.2 GraphG(7)
i is planar if and only if graphG(7)

i�1 is planar, for1� i � q. A planar embedding of

G(7)
i�1 can be obtained from a planar embedding ofG(7)

i by locally replacing the embeddinĝCPi of graphCPi

with a consistent embedding of graphHPi .

Proof. First assume thatG(7)
i�1 is planar. LetĜ(7)

i�1 be a planar embedding ofG(7)
i�1, and letĤPi be the planar

embedding ofHPi induced byĜ(7)
i�1. We partitionH̄Pi into maximal subgraphs such that each of these sub-

graphs is embedded in a different face ofĤPi . As all bicomps inHPi are inessential, such a subgraph can
contain only cutpointsai andbi . If there are subgraphs of̄HPi containing bothai andbi , ĤPi has a face with
both verticesai andbi on its boundary. Hence,CPi consists of edgefai ;big, and all subgraphs of̄HPi con-
tainingai andbi can be embedded without intersections in the only face ofĈPi . Subgraphs of̄HPi containing
only one of verticesai andbi can be embedded inside any face ofĈPi which has the respective vertex on its

boundary. Hence,G(7)
i is planar ifG(7)

i�1 is planar.

Now assume thatG(7)
i is planar. LetĜ(7)

i be a planar embedding ofG(7)
i . If CPi consists of a single edge,

thenHPi has an embeddinĝHP with verticesai andbi on the same face. A simple transformation guarantees

that the outer face of̂HPi has verticesai andbi on its boundary. Then we replace edgefai ;big in Ĝ(7)
i with

embeddingĤPi . This produces a planar embedding ofG(7)
i�1, asai andbi are the only vertices shared byHPi

andH̄Pi .
If CPi is the graph shown in Figure 6.1, every component ofH̄Pi embedded inside a face ofĈPi contains

only one ofai andbi . Hence, it can be embedded inside any face of an embeddingĤPi of HPi which has the

respective vertex on its boundary. Thus, graphG(7)
i�1 is planar if graphG(7)

i is planar.

Corollary 6.2 GraphA is planar if and only if graphG(6) is planar. A planar embedding ofG(6) can
be obtained from a planar embeddingÂ of A by locally replacing the embeddingŝCP1; : : : ;ĈPq of graphs
CP1; : : : ;CPq with consistent embeddings of graphsHP1; : : : ;HPq.

6.3 The Constraint Graph of the Component

The construction of the previous sections replaces each graphG0

j with its constraint graphCj . In this section
we show thatCj is small.

Lemma 6.3 The constraint graphCj of graphG0

j is a simple planar graph withO(jSj j) vertices, for1� j � l .
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Proof. The planarity ofCj follows immediately from the above construction. In order to show thatCj has
O(jSj j) vertices, letT = T2(G0

j) be the bicomp-cutpoint-tree ofG0

j . Let T 0 be the tree constructed fromT in
Section 6.1. We partition the essential nodes ofT 0 into two classes: Type-I nodes are bicomp nodesβi such
thatBi = B(v), for some vertexv2 Sj . Type-II nodes have degree at least three inT 0. There are at mostjSj j

type-I nodes. As in the proof of Lemma 5.5, the number of type-II nodes can be bounded by the number of
leaves inT 0, which isjSj j because all leaves ofT 0 are of type I. Thus, there are at most 2jSj j essential nodes
in T 0.

LetT 00 be the tree obtained fromT 0 by replacing every maximal path whose internal nodes are inessential
by a single edge. Then the nodes ofT 00 are the essential nodes inT 0, so thatT 00 has at most 2jSj j nodes and at
most 2jSj j�1 edges. Every edge inT 00 corresponds to a pathP in T 0, which in turn corresponds to a possibly
empty graphHP in C0

j . Each such graphHP is being replaced by a constraint graphCP of constant size. Every
essential bicomp inC0

j contains at most as many cutpoints as edges incident to its corresponding node inT 00.
Thus, the total number of required vertices in all essentialbicomps is at most 5jSj j. By Lemma 5.5, each
such bicomp is represented by a planar constraint graph whose size is linear in the number of its required
vertices. Thus,Cj hasO(jSj j) vertices.

7 The Approximate Graph

The approximate graphA of G is the graph obtained after applying the replacement procedures of Sections 4
through 6 toG. The following two lemmas show that graphA has the desired properties.

Lemma 7.1 GraphA is planar if and only ifG is planar.

Proof. This follows immediately from Corollaries 4.1, 5.1, 5.2 and5.3, Lemma 5.4, and Corollaries 6.1 and
6.2.

Lemma 7.2 GraphA has sizeO(N=(DB)).

Proof. In Step 3 of Algorithm 2.1, graphG is partitioned intoO(N=(DB)2
) graphsG1; : : : ;Gk such that

j∂Gij � DB, for 1� i � k. In particular,∑k
i=1 j∂Gij = O(N=(DB)). As graphsG0

1; : : : ;G
0

l are the connected
components of graphs̃G1; : : : ;G̃k, this implies that∑l

j=1 jSj j = ∑k
i=1 j∂Gij = O(N=(DB)). By Lemma 6.3,

jCj j = O(jSj j), for 1� j � l , so that∑l
j=1 jCj j = O(∑l

j=1 jSj j) = O(N=(DB)). GraphA consists of graphs
C1; : : : ;Cl and the subgraphG[S℄ of G induced by the separator vertices inS. GraphG[S℄ hasO(N=(DB))
vertices. Thus,jAj �∑l

j=1 jCj j+ jG[S℄j= O(N=(DB)).

8 Constructing the Final Embedding

Given a planar embedding ofA, Lemma 7.1 implies thatG is planar. In this section we describe how to
derive a planar embeddinĝG of G from an embeddinĝA of the approximate graphA. Conceptually, the
construction is fairly simple: Replace the embeddings of graphsC1; : : : ;Cl induced byÂ one by one with
consistent embeddings of graphsG0

1; : : : ;G
0

l . This intuitively simple process presents a few technicalities
that have to be dealt with, in order to obtain a valid embedding of G.

Section 8.2 defines formally what we mean by an embedding ofG0

j which is “consistent” with an em-

bedding ofCj , and shows how to derive such an embedding. The “replacement” of embeddingĈj with the
computed embeddinĝG0

j is done as follows: First partition̄Cj into maximal subgraphs such that each of

them is embedded inside a different face ofĈj . Then place each such subgraph inside an appropriate face of
Ĝ0

j , without changing its embedding.
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An important constraint on the replacement of graphsC1; : : : ;Cl with graphsG0

1; : : : ;G
0

l is given by the
fact that it would be computationally too expensive to extract the embedding of graphCj immediately before
the replacement ofCj with G0

j . Thus, we extractall embeddingsĈ1; : : : ;Ĉl of graphsC1; : : : ;Cl induced by

Â before starting to replace them with graphsG0

1; : : : ;G
0

l . The construction of embeddinĝG0

j depends on

the embeddinĝCj of Cj . Thus, we have to ensure that replacing embeddingsĈ1; : : : ;Ĉj�1 with embeddings
Ĝ0

1; : : : ;Ĝ
0

j�1 in Â does not change the embeddingĈj of Cj induced byÂ; otherwise, the extracted embedding
would be invalid at the time whenCj is replaced withG0

j . The construction in Section 8.2 takes this into

account. Before we describe the construction ofĜ from Â in detail, we explain how the planar embedding
Â of A and the final embeddinĝG of G are to be represented, and how to extract graphsC1; : : : ;Cl and their
embeddingŝC1; : : : ;Ĉl I/O-efficiently.

8.1 Extracting the Embeddings of Constraint Graphs

Given the partition ofG into graphsG0

1; : : : ;G
0

j andG[S℄, every edge inG belongs to exactly one of these
graphs. We label every edge inG with the name of the subgraph containing it. Similarly, every edge inA
belongs to one of the graphsC1; : : : ;Cl andG[S℄. Edges inG[S℄ are in bothG andA. The edges inC1; : : : ;Cl

can easily be labelled as belonging to one of these graphs while constructing graphsC1; : : : ;Cl from graphs
G0

1; : : : ;G
0

l .
We represent the embeddinĝA of A as a collection ofinterlaced edge cycles. That is, every edge

e= fv;wg 2 A stores four pointers: two pointers succv
A(e) and predvA(e) to its two neighbors clockwise

and counterclockwise aroundv, respectively, and two pointers succw
A(e) and predwA(e) to its two neighbors

aroundw. Our goal is to modify these pointers to obtain interlaced edge cycles representing a valid planar
embeddingĜ of G. In order to be able to extract the embedding of only a subset of the edges incident to any
vertex inA, it is convenient to have the edges incident to each vertexv numbered clockwise aroundv. That
is, in addition to pointers predv

A(e), succvA(e), predwA(e), and succwA(e), every edgee= fv;wg in A should
store two labelsνv(e) andνw(e) representing the numbers of edgee in the clockwise orders of the edges
around verticesv andw, respectively. Such a labelling of the edges can be derived from the interlaced edge
cycles representinĝA as follows:

Represent each edgee= fv;wg in A by two triples(v;e;succvA(e)) and(w;e;succwA(e)). Sort the resulting
set of triples by their first components. The result is a concatenation of lists, each representing a circular
linked list of edges clockwise around a vertex ofA. Replacing one of the triples(v;e;succvA(e)) in each list
by the triple(v;e;null), we obtain a collection of regular linked lists. Now apply the list-ranking procedure
of [9] to all of these lists simultaneously. The result is an assignment of a labelνv(e) to each triple(v;e; �),
whereνv(e) is the number of edgee in the order of edges clockwise around vertexv. Sorting these triples
by their second components and scanning the resulting list,we can now compute triples(e;νv(e);νw(e)),
for all edgese= fv;wg in A. This procedure takesO(sort(N=(DB))) I/Os.

GraphsC1; : : : ;Cl and their embeddingŝC1; : : : ;Ĉl are now easily extracted: In order to extract graphs
C1; : : : ;Cl , sort the edges inA by their component labels. This produces a partition ofE(A) into sets
E(G[S℄);E(C1); : : : ;E(Cl ). Given graphCj , a representation of its embedding as interlaced edge cycles
can be extracted by reversing the construction of the previous paragraph. In particular, we create two
triples (v;νv(e);e) and (w;νw(e);e), for each edgee = fv;wg in Cj , and sort the resulting list lexico-
graphically. As a result, all edges incident to a vertexv 2 Cj are stored consecutively, sorted clockwise
aroundv. In a single scan we replace every triple(v;νv(e);e) with a triple (e;predv

Cj
(e);succvCj

(e)). Sort-
ing these triples by their first components and scanning the resulting list, we compute a list of quintuples
(e;predv

Cj
(e);succvCj

(e);predw
Cj
(e);succwCj

(e)), for each edgee= fv;wg in Cj . The whole construction takes
O(sort(N=(DB))) I/Os, for all graphsC1; : : : ;Cl .

In order to be able to perform the replacement ofĈj with an embeddingĜ0

j efficiently, we augment
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graphCj with edges predvA(e), succvA(e), predwA(e), and succwA(e), for each edgee= fv;wg 2 Cj . Let D j

be the graph obtained by augmentingCj in this manner, and let̂D j be its planar embedding induced byÂ.
Observe that for every (copy of a) required vertexv on the boundary of a facef of Ĉj , graphD j contains the
first and last edges,e0 ande00, in clockwise order aroundv which are embedded insidef . If K is the subgraph
of C̄j embedded insidef , all edges inK that are incident tov appear between two such edgese0 ande00 in the
clockwise order aroundv. As we replaceĈj with an embeddinĝG0

j of G0

j without changing the embedding
of K, the edges inE(D j) nE(Cj) are the only edges inK whose neighbors in the embedding change as a
consequence of the replacement, and all edges inG0

j have their neighbors either inG0

j or in E(D j)nE(Cj).

Thus, graphD j and its embeddinĝD j provide sufficient information to perform the replacement of Ĉj with
Ĝ0

j . Moreover, as every edge inCj has four neighbors in̂A, D j contains at most five times as many edges as

Cj , so thatD j fits into internal memory, and the total size of graphsD1; : : : ;Dl is O(∑l
j=1 jCj j) =O(N=(DB)).

8.2 Replacing the Embedding of a Constraint Graph

Given graphsD1; : : : ;Dl and their embeddingŝD1; : : : ; D̂l , we now replace the embeddingsĈ1; : : : ;Ĉl of
graphsC1; : : : ;Cl with consistent embeddings of graphsG0

1; : : : ;G
0

l . We perform this replacement one graph
at a time. In this section, we are concerned with deriving theembeddingĜ0

j of G0

j from Ĉj and replacing

Ĉj with Ĝ0

j . Section 8.3 shows how to exchange information about updates of the interlaced edge cycles
resulting from these replacements between graphsD1; : : : ;Dl . This ensures that subsequent replacements
can be performed correctly.

Given an embeddinĝCj of Cj , the goal of the construction in this section is to constructan embedding
Ĝ0

j of G0

j so that the subgraphs of̄Cj embedded in the faces ofĈj can be embedded inside appropriate faces

of Ĝ0

j . This goal is achieved by undoing the compression steps of Sections 4 through 6, one by one, and
maintaining a planar embedding of the current graph as well as a mapping of the subgraphs of̄Cj to the
faces of the embedding. We call the current embedding and themapping of subgraphs of̄Cj to the faces of
the embeddingconsistentwith Ĉj if the following invariant holds:

(I1) Let K1; : : : ;Ks be the maximal subgraphs of̄Cj so that each of them is embedded inside a different
face ofĈj . Then each of the graphsK1; : : : ;Ks is embedded completely inside one face of the current
embedding. Lete1; : : : ;eq be the edges inE(K1)[ �� � [E(Ks) incident to a vertexv 2Cj . If edges
e1; : : : ;eq appear in this order clockwise aroundv in Â, then edgese1; : : : ;eq appear in this order
clockwise aroundv in the current embedding.

This invariant ensures that the embeddings of graphsCj+1; : : : ;Cl are not changed by the replacement ofCj

with G0

j . Given that we do not modify the embeddings of graphsK1; : : : ;Ks when replacingĈj with Ĝ0

j , the
following invariant is equivalent to Invariant (I1):

(I2) Let E1; : : : ;Es be the maximal subsets ofE(D j) nE(Cj) such that the edges in each subset are em-
bedded inside a different face ofĈj . Then the edges in each of these subsets are embedded inside the
same face of the current embedding. Lete1; : : : ;eq be the edges inE(D j)nE(Cj) incident to a vertex
v2Cj . If edgese1; : : : ;eq appear in this order clockwise aroundv in D̂ j , then edgese1; : : : ;eq appear
in this order clockwise aroundv in the current embedding.

Next we provide the details of the reconstruction ofG0

j fromCj along with an embeddinĝG0

j of G0

j ; this con-

struction maintains Invariant (I2). Sections 8.2.1 through 8.2.7 describe the construction ofĜ0

j . Section 8.2.8

discusses the changes to the interlaced edge cycles representing Â that need to be made, in order to obtain
interlaced edge cycles representing the embeddingÂ[Cj=G0

j ℄ of graphA[Cj=G0

j ℄ obtained by replacinĝCj

with the constructed embeddinĝG0

j .
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8.2.1 Introducing Parallel Edges

Recall that the construction of the constraint graphs of bicomps removes all parallel edges that may have
been introduced by the removal of inessential tricomps. These edges need to be re-introduced, so that they
can later be replaced by the (group of) tricomps they represent. For every group of parallel edges with
endpointsv andw, we embed the required additional copies of edgefv;wg parallel to the only edgefv;wg
in Cj so that the faces bounded by these edges do not contain any vertices. As this changes neither the order
of edges inE(D j)nE(Cj) around their endpoints nor places edges that were in the sameface into different
faces, Invariant (I2) is preserved.

8.2.2 Replacing the Embedding of a Triconnected Component

The next step is to replace the embeddingsĈÆ

T1
; : : : ;ĈÆ

Tq
of the kernels of constraint graphsCT1

; : : : ;CTq

of essential or separating tricompsT1; : : : ;Tq in G0

j with embeddingsT̂ Æ

1 ; : : : ; T̂
Æ

q of the kernels of these
tricomps.

The treatment of tricompT depends on its type. IfT is a bond, thenCT = T , and we choosêT Æ

= ĈÆ

T
.

If T is a cycle, every path inT whose internal vertices are not required has been replaced by a single edge in
CT . Now we reverse this operation, replacing each such edge by its corresponding path. This replacement
can easily be done while maintaining Invariant (I2). The process of replacing the embeddinĝCÆ

T
of CÆ

T

with an embeddinĝT Æ of T Æ is only slightly more complicated in the case whenT is a triconnected simple
graph.

First recall that in this caseT andCT both have a unique planar embedding. The construction in
Section 4 preserves the order of faces with at least two required vertices on their boundaries around the
required vertices ofT Æ. Thus, every subgraph of̄CÆ

T
embedded inside such a face ofĈÆ

T
will be embedded

inside the corresponding face ofT̂ Æ. This preserves the order of edges in these graphs incident to a required
vertex ofT Æ clockwise around that vertex. Any graph embedded inside a face ofĈÆ

T
with only one required

vertexv on its boundary shares only vertexv with CÆ

T
. Hence, it can be embedded inside any face ofT̂ Æ

which has vertexv on its boundary. This gives us enough freedom to embed these subgraphs in a way that
preserves the order of all edges in̄CÆ

T
around the required vertices inCÆ

T
. Thus, Invariant (I2) is being

preserved.

8.2.3 Replacing the Embedding of a Core

The next step is the replacement of the embeddings of the constraint graphs of cores with embeddings of the
cores. LetC be a core. We treat the three different cases depicted in Figure 5.4 separately. In Case (a), two
edges in the current embedding need to be replaced by the embeddings of two graphs sharing two vertices
each with the rest of the graph. This is easily done in a mannerpreserving Invariant (I2). In Case (b), the
whole graphC̄C is embedded in the outer face ofCÆ

C . Thus, we choose an embedding ofC such that virtual
edges(a;b; i) and(c;d; j) are on its outer boundary and then embedC̄C in the outer face of̂C Æ. In Case
(c), finally, graphC̄C consists of two subgraphs, one of which is embedded in the face ofĈÆ

C with verticesa
andb on its boundary; the other is embedded in the face with verticesc andd on its boundary. Since these
two subgraphs do not share any vertices, embedding each of them in the corresponding face ofĈ maintains
Invariant (I2). Thus, in all three casesĈC can be replaced with an embedding ofC which preserves Invariant
(I2).
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8.2.4 Replacing the Embedding of a Fan

Next we replace the embeddings of the constraint graphs of fans with embeddings of the respective fans. As
for cores, we distinguish the different possible configurations shown in Figure 5.3. In Cases (a)–(c), edges
in the constraint graphs on the right have to be replaced withthe corresponding subgraphs on the left. Each
of these subgraphs shares only the two endpoints of the corresponding edge with the rest ofD j . Thus, this
replacement can easily be done in a way that preserves Invariant (I2). In Cases (d)–(f), it is easily verified
that the order of faces with at least two required vertices ontheir boundaries around the required vertices of
the fan is the same in the embedding of the fan as in the embedding of its constraint graph. Thus, all graphs
embedded in faces of̂CF with at least two required vertices on their boundaries can be embedded inside
the corresponding faces of̂F . This preserves Invariant (I2). As in the case of a triconnected component,
a graph embedded inside a face ofĈF with at most one required vertex on its boundary can be embedded
inside any face of̂F with that vertex on its boundary. Hence, we have the freedom to arrange these graphs
so that Invariant (I2) is not violated.

8.2.5 Introducing Inessential Tricomps

Inessential tricomps that were removed in Section 5.1 were grouped into maximal groups corresponding
to complete subtrees in the tricomp tree of the bicomp containing them. The subgraphK obtained by
merging the tricomps in one such group shares exactly one virtual edge(a;b; i) with the rest ofG, and
was consequently replaced by a non-virtual edge(a;b; i). In order to re-introduce this subgraph into the
embedding, we have to replace edge(a;b; i) with an embedding ofKÆ that has verticesa andb on the outer
face. This preserves Invariant (I2).

8.2.6 Replacing the Embedding of a Chain of Inessential Bicomps

Having dealt with the embeddings of essential and inessential tricomps, we have to re-introduce all inessen-
tial bicomps that were removed fromG. The first group of inessential bicomps are those that were replaced
by constraint graphs of constant size in Section 6.2. The second group are those that were completely re-
moved fromG in Section 6.1. The bicomps in the first group form chains suchthat each chainK shares
exactly two vertices,a andb, with the rest ofG. Depending on whethera andb can appear on the same
face of an embedding ofK, K was replaced by a single edgefa;bg or by a constraint graph of constant size
which does not allowa andb to appear on the boundary of the same face. In the former case,we have to
replace edgefa;bg with an embedding ofK with verticesa andb on the outer face. As before, this pre-
serves Invariant (I2). In the latter case, no subgraph ofK̄ can contain botha andb. Thus, we can choose any
embeddingK̂ of K and embed the subgraphs ofK̄ incident toa andb in the faces ofK̂ incident to verticesa
andb in a manner that preserves their order around these vertices.

8.2.7 Introducing Inessential Bicomps

Finally, all bicomps that were completely removed fromG0

j were grouped into maximal connected subgraphs
such that each such subgraph shares one vertex with the rest of G. Each such subgraphK sharing a vertex
v with K̄ can be embedded inside any face of the current embedding which has vertexv on its boundary,
without violating Invariant (I2).

8.2.8 Updating the Interlaced Edge Cycles

After finishing the replacement steps in Sections 8.2.1 through 8.2.7, we obtain an embeddingĜ0

j of G0

j and

an embedding of the edges inE(D j)nE(Cj) inside the faces of̂G0

j . It remains to integrate this information
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with the embeddinĝA of A, in order to obtain an embeddinĝA[Cj=G0

j ℄ of A[Cj=G0

j ℄. In Â[Cj=G0

j ℄, every
edgee in G0

j has both its neighbors around both its endpoints inE(G0

j)[ (E(D j) nE(Cj)). Thus, if G0

is the graph induced by the edges inE(G0

j)[ (E(D j) nE(Cj)), andĜ0 is the embedding ofG0 derived in
Sections 8.2.1 through 8.2.7, then the pointers to be storedwith e in the interlaced edge cycles representing
Â[Cj=G0

j ℄ are the same as the ones stored withe in the interlaced edge cycles representingĜ0. Similarly, as

our construction ensures that the embeddings of subgraphs of C̄j embedded inside different faces ofĈj are
not changed, all edges inE(C̄j)nE(D j) have the same neighbors inÂ[Cj=G0

j ℄ as inÂ. Finally, lete= fv;wg
be an edge inE(D j)nE(Cj). We discuss the necessary updates for edgee, using its pointer succvA(e) to its
successor clockwise aroundv as an example. The other three pointers are updated in a similar fashion.

Observe that sincee2 E(D j) nE(Cj), either succvA(e) 2 Cj or predvA(e) 2 Cj , or both. LetK be the
subgraph ofC̄j containing edgee and letA0

= A[Cj=G0

j ℄. If succvA(e) 2 Cj , then succvA0

(e) = succvG0

(e).

Otherwise, succvA(e) 2 K. As the embedding of graphK is not modified by the replacement ofĈj with Ĝ0

j ,
succvA0

(e) = succvA(e) in this case.

8.3 Iterative Replacement of Subgraphs

In the previous section, we have shown that an embeddingÂ[Cj=G0

j ℄ of graphA[Cj=G0

j ℄ can be computed

from an embeddinĝA of graphA by locally modifying the predecessor and successor pointers of edges in
D j andG0

j . Now we use the procedure described in the previous section to produce a sequence of graphs

A0; : : : ;Al and embeddingŝA0; : : : ; Âl of these graphs, whereA0 = A andAi = Ai�1[Ci=G0

i ℄, for 1� i � l .
EmbeddingÂ0 is the embeddinĝA of graphA0 = A. The embeddinĝAi of graphAi is computed from the
embeddingÂi�1 of graphAi�1 by applying the procedure of the previous section, in order to replaceĈi with
a consistent embeddinĝG0

i of G0

i. The final graphAl is graphG, so thatĜ= Âl is the desired embedding of
graphG.

There are two issues that need to be addressed, in order to make this iterative replacement of graphs
C1; : : : ;Cl with graphsG0

1; : : : ;G
0

l work: (1) When replacingĈi with Ĝ0

i , the neighbors of the edges inCi

clockwise and counterclockwise around their endpoints arenot necessarily the same in̂A andÂi�1. Hence,
graphDi must be updated, in order to correctly represent this neighborhood information, before it can be
used to construct̂G0

i from Ĉi, and derive embeddinĝAi from Âi�1. (2) Let pv;sv; pw;sw be the four neighbors
of an edgee in G0

i in the embeddinĝAi obtained after replacinĝCi with Ĝ0

i. If one of these neighbors, say
pv, is contained in a graphCj , j > i, thenpv will be replaced by another edgep0v when graphCj is replaced
with graphG0

j . Thus, immediately after replacingCi andG0

i, the counterclockwise neighbor of edgeearound

vertexv in the final embeddinĝG is not known. Hence, we need a criterion to decide when the neighborhood
relationship between two edges cannot be broken as a result of subsequent replacements, so that we can add
pointers between these two edges to the final embedding. We address these two problems next.

8.3.1 Updating the Augmented Constraint Graph

In order to update graphDi so that it contains the correct neighbors of the edges inCi in the current embed-
ding Âi�1 of Ai�1, we use a priority queueQ to collect information about the necessary updates ofDi ; before
replacingCi with G0

i, we retrieve this information fromQ and make the necessary changes inDi.
Recall that every edge inA is labelled as belonging to one of the graphsC1; : : : ;Cl or G[S℄. If there is an

edgee= fv;wg 2 E(D j)nE(Cj) such thate2E(Ci), for i > j, and predv(e) changes as a result of replacing
Cj with G0

j , then we put a quintuple(e;v; “pred”; j;predv
(e)) into Q and give it priorityi. For a successor

change the quintuple is of the form(e;v; “succ”; j;succv(e)). When replacing graphCi with graphG0

i , we
retrieve all quintuples with priorityi from Q. As we have already replaced graphsC1; : : : ;Ci�1 with graphs
G0

1; : : : ;G
0

i�1 when this happens, all entries with lower priority have already been retrieved fromQ. Hence,
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retrieving all entries with priorityi from Q amounts to repeated application of delete-min operations until
the first entry with priorityi +1 is retrieved. This entry is then put back intoQ.

Next we use the quintuples retrieved fromQ to update graphDi . We sort the list of retrieved quintu-
ples lexicographically, so that all quintuples(e;v; “pred”; �; �) and all quintuples(e;v; “succ”; �; �) are stored
consecutively, for each edgee= fv;wg. These quintuples are sorted by their fourth component which can
be interpreted as the time when this quintuple was queued. Hence, the quintuple with the largest fourth
component is the most recent update of the predecessor of edge e in the clockwise order around vertex
v, so that its fifth component represents the correct predecessor of e aroundv in Âi�1. The same is true
for quintuples(e;v; “succ”; �; �). Hence, we scan the sorted list and discard all quintuples(e;v; “pred”; �; �)
and(e;v; “succ”; �; �), except the last one, for each pair(e;v). The result is a listLi containing quintuples
(e;v; “pred”; �;predv

Ai�1
(e)) and(e;v; “succ”; �;predv

Ai�1
(e)), for all edges whose neighbors around their end-

points are different in̂A andÂi�1. The size of this list is at most the size ofDi. Hence, graphsG0

i, Di, and
list Li fit into internal memory. We use listLi to update graphDi, and then proceed to the construction of
embeddingĜ0

i from Ĉi .
The total number of I/Os spent on queuing and dequeuing quintuples inQ, as well as sorting the retrieved

entries before replacing graphCi with graphG0

i, is O(sort(T)), for all graphsG0

1; : : : ;G
0

l , whereT is the
total number of quintuples produced by changing the neighbors of edges in setsE(Di) nE(Ci), 1� i � l .
This number, however, is proportional to the total number ofedges in setsE(Di) nE(Ci), 1� i � l , as
the replacement of graphCi with graphG0

i can change at most all four neighbors of an edge inE(Di) n

E(Ci). Hence,T = O(N=(DB)), and it takesO(sort(N=(DB))) I/Os to maintain graphsD1; : : : ;Dl and their
embeddings, which provide the required information to replace embeddingŝC1; : : : ;Ĉl with embeddings
Ĝ0

1; : : : ;Ĝ
0

l .

8.3.2 Adding Pointers to the Final Edge Lists

It remains to address the problem of producing the interlaced edge cycles representing the final embedding
Ĝ of G. The problem is that the successor of an edgee2G0

i is changed after replacingCi with graphG0

i if this
successor is an edgee0 2Cj , j > i. This change of successor happens when graphCj is replaced with graph
G0

j . Thus, when graphCi is replaced with graphG0

i, we cannot write the successor of edgee to disk yet. The
following simple criterion guarantees that we write the neighbor pointers for an edgee only when they do
not change any more: If an edgee2 G0

i has its successor in a graphCj , j > i, this successor will change.
Thus, we do not write it to disk yet. If on the other hand, edgee has its successor in a graphG0

j , j � i, or
in G[S℄, then this neighborhood relation cannot change any more as aresult of replacing graphsCi+1; : : : ;Cl

with graphsG0

i+1; : : : ;Gl . This is true because edgee and its successor are embedded inside the same faces
of embeddingsĈi+1; : : : ;Ĉl , and we do not change the embeddings of the maximal subgraphsembedded
inside the faces of embeddinĝCj when replacingCj with G0

j . Thus, we can write the successor pointer of
e and the predecessor pointer of its successor to disk as representing the neighborhood relationship in the
final embeddingĜ of G.

Once all graphsC1; : : : ;Cl have been replaced with graphsG0

1; : : : ;G
0

l , the algorithm has produced a
list of 4jEj quadruples(e;v; “pred”;predv

G(e)) and (e;v; “succ”;succvG(e)), four quadruples per edge. We
sort these quadruples lexicographically, so that the quadruples representing the four neighbors of an edge
e are stored consecutively. Now we scan this sorted list to produce the interlaced edge cycles containing
quintuples(e;predv

G(e);succvG(e);predw
G(e);succwG(e)), which represent the final embeddingĜ of G.

We summarize this section in the following lemma, which concludes the proof of Theorem 2.1.

Lemma 8.1 Given a planar embeddinĝA of graphA, it takesO(sort(N)) I/Os and linear space to perform
the local replacement of embeddingsĈ1; : : : ;Ĉl with consistent embeddingŝG0

1; : : : ;Ĝ
0

l . The result is a planar
embeddingĜ of graphG.
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9 Lower Bound

In this section, we prove anΩ(perm(N)) I/O lower bound for computing a planar embedding of a planar
graphG. We also describe a simple simulation technique which reduces the I/O-complexity of our algorithm
to O(perm(N)), thereby matching the lower bound.

9.1 The Lower Bound

The proof of the lower bound ofΩ(perm(N)) I/Os for computing a planar embedding of a planar graphG
uses a reduction from the problem of permuting a list ofN itemsx1; : : : ;xN. In particular, we show that
if a representation of a planar embedding of a planar graphG as interlaced edge cycles can be computed
in o(perm(N)) I/Os, then it takeso(perm(N)) I/Os to compute the desired permutation of itemsx1; : : : ;xN.
This contradicts the lower bound ofΩ(perm(N)) I/Os shown for this problem in [32].

Lemma 9.1 Given an algorithmA that computes a planar embedding of a planar graph withN vertices in
O(I (N)) I/Os, there exists an algorithmA 0 that permutes a list ofN data items inO(I (N)) I/Os.

Proof. We assume that the input to algorithmA 0 is given as follows: Letx1; : : : ;xN beN data items to be
arranged in the orderxσ(1); : : : ;xσ(N), for some permutationσ : [1;N℄! [1;N℄. Then algorithmA 0 is pre-
sented with two listsL1 = h(1;x1); : : : ;(1;xN)i andL2 = h(σ(1);y1); : : : ;(σ(N);yN)i. The goal of algorithm
A 0 is to compute a listL = h(xσ(1);y1); : : : ;(xσ(N);yN)i. In order to achieve this, algorithmA 0 computes a
graphG whose planar embedding is unique, and such that listL can be extracted from the interlaced edge
cycles representing the embeddingĜ of G in O(I (N)) I/Os. The construction of graphG takesO(scan(N))

I/Os, so that we can compute listL in O(I (N)) I/Os by constructingG, computing interlaced edge cycles
representingĜ, and extractingL from Ĝ.

The vertex setV of graphG consists of four setsV0;V1;V2;V3: SetV0 contains a special central vertex
z; setV1 contains all elements ofL1; setV2 contains all elements ofL2; and setV3 contains 2N vertices
numbered 1 through 2N. The edge setE of G contains edgesfv;zg, for all v2V1[V2, edgesf2i�1;(i;xi )g,
for 1� i � N, edgesf2σ(i);(σ(i);yi )g, for 1� i � N, and edgesf1;2g;f2;3g; : : : ;f2N�1;2Ng;f2N;1g.
GraphG is shown in Figure 9.1.

The vertex set ofG can be constructed inO(scan(N)) I/Os: append vertexz and vertices 1; : : : ;2N to
the concatenation of listsL1 andL2. In order to represent the edge set ofG, we compute the adjacency lists
of all vertices inG. The adjacency list of every vertex(i;xi) 2V1 contains vertices 2i�1 andz. These lists
can easily be constructed in a single scan overL1. The adjacency list of every vertex(σ(i);yi) 2V2 contains
vertices 2σ(i) andz. Again it takes a single scan overL2 to construct these lists. The adjacency list of
vertexz is the concatenation of listsL1 andL2, which can be produced inO(scan(N)) I/Os. The adjacency
list of a vertex 2i �1, 1� i � N, contains vertices 2i �2, 2i, and(i;xi). These lists can be produced in
a single scan over listL1. The adjacency list of a vertex 2σ(i), 1� i � N, contains vertices 2σ(i)� 1,
2σ(i)+1, and(σ(i);yi). These lists can be produced in a single scan over listL2. Thus, graphG can be
constructed inO(scan(N)) I/Os. Moreover, the embedding of graphG shown in Figure 9.1 is unique. Hence,
after computingĜ, succz(fz;(i;xi)g) = fz;(i;yσ�1

(i))g. We scan the interlaced edge cycles representingĜ
and discard all quintuples except those belonging to edgesfz;vg, v 2 V1[V2. Each remaining quintuple
is transformed into the pair(xi ;yσ�1

(i)). The resulting list is a permutation of the desired listL. In order
to compute listL, we reverse the I/O-operations that have been performed to arrange itemsy1; : : : ;yN in
the current order. This reversal performs the same number ofI/O-operations as the construction ofĜ, i.e.,
O(I (N)) I/Os. Hence, listL can be extracted from̂G in O(scan(N)+ I (N)) = O(I (N)) I/Os.
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Figure 9.1
The graphG constructed in the proof of Lemma 9.1.

Corollary 9.1 It takesΩ(perm(N)) I/Os to compute an embedding of a planar graph withN vertices, if this
embedding is to be represented as interlaced edge cycles.

A fairly straightforward adaptation of the proof of [22] that outerplanar embedding takesΩ(perm(N)) I/Os
shows that it takesΩ(perm(N)) I/Os to compute a planar embedding, if the embedding is to be represented
as a numbering of the edges inG clockwise around each vertex. We believe that a representation of the
embedding as interlaced edge cycles is a weaker representation of the embedding than such a numbering, so
that Corollary 9.1 is stronger.

9.2 Achieving Optimality

The following lemma provides a simple simulation techniquewhich allows us to improve the I/O-complexity
of Algorithm 2.1 so that it matches the lower bound proved in the previous section.

Lemma 9.2 Given two algorithmsA andA 0 solving a problemP in I (N) andI 0(N) I/Os usingS(N) and
S0(N) space, respectively, there exists an algorithmA 00 solving problemP in O(min(I (N);I 0(N))) I/Os and
O(S(N)+S0(N)) space, provided thatmax(I (N);I 0(N)) = Ω(scan(N)).

Proof. Given an instanceP of problemP , create two identical copiesP1 andP2 of instanceP. This takes
O(scan(N)) I/Os. Now run algorithmA on instanceP1, and simultaneously run algorithmA 0 on instance
P2. When algorithmA cannot proceed without performing an I/O-operation, let algorithmA perform this
I/O-operation and then switch to algorithmA 0. When algorithmA 0 cannot proceed without performing
an I/O-operation, let algorithmA 0 perform this I/O-operation and then switch back to algorithm A . Stop
this procedure as soon as one of the two algorithms finishes. The I/O-complexity of this procedure is
O(min(I (N);I 0(N))). The required space isO(S(N)+S0(N)).
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Corollary 9.2 Given a graphG= (V;E) it takesO(perm(jVj+ jEj)) I/Os to test whetherG is planar and to
compute a planar embeddinĝG of G if the answer is affirmative.

Proof. Let A be Algorithm 2.1, andA 0 be the linear time planarity algorithm of [16]. AlgorithmA takes
O(sort(N)) I/Os to compute an embeddinĝG of G. Algorithm A 0 takes linear time and henceO(N) I/Os
to solve this task. Both algorithms use linear space. Hence,by the previous lemma, the simultaneous sim-
ulation of both algorithms takesO(perm(N)) I/Os andO(N=B) blocks of external memory to test whether
graphG is planar and to compute a planar embedding if the answer is affirmative.

10 Conclusions

In this paper, we have provided the last missing piece to obtain I/O-efficient algorithms for a number of
fundamental problems on planar graphs. As our algorithm uses the separator algorithm of [33], it inherits
the constraint thatM� (DB)2 log2

(DB). It is a challenging open problem to design algorithms for computing
planar separators and planar embeddings that takeO(sort(N)) I/Os using less memory.
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