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ABSTRACT

We describe an improved exact algorithm for solving the
MaxiMuM CLIQUE problem in a graph using a novel sam-
pling technique combined with a FPT k-vertex cover algo-
rithm. We also introduce a very effective heuristic for find-
ing a maximum clique that combines our sampling approach
with fast independent set approximation. In experiments us-
ing the DIMACS benchmark, the heuristic established new
lower bounds for four instances and provides the first opti-
mal solution for an instance unsolved until now. The heuris-
tic competitively matched the accuracy of the current best
exact algorithm in terms of correct solutions, while requiring
a fraction of the runtime.
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1. INTRODUCTION

The problem of finding a wverter cover in a graph, G =
(V, E), that is to say a subset of vertices VC C V, |VC| <
K, such that every edge is adjacent to one of the vertices
in VC, is one of the original six problems shown to be NP-
complete by Karp [21]. This problem, among its many appli-
cations, figures prominently in VLSI design, computational
biology, to name a few.

Downey and Fellows [11, 12, 13, 14, 15] developed pa-
rameterized tractability as a framework for studying classes
of problems that are NP-complete and yet for which there
exist efficient algorithms that decide the problem in time
bounded by an exponential function of some fixed parame-
ter. Such problems are called fized-parameter tractable, or
FPT. Problems that are in the class FPT have the prop-
erty that their instances can be reduced in polynomial time
to instances of size bounded by a function of a fixed pa-
rameter, k, and thus FPT algorithms have a complexity de-
scribed by O(n°™ + f(k)), where n is the size of the prob-
lem instance and f is an arbitrary function. For example,
the best FPT algorithm that solves the k-VERTEX COVER

problem, i.e., we wish to determine if a graph, G = (V, E),
has a vertex cover of size bounded by a constant, k, has
complexity O(k|V| + 1.2852%)[9]. Although there are many
problems that are fixed-parameter tractable not all parame-
terized problems are in the class FPT. The W-hierarchy
consists of classes of problems that are not likely to be
fixed-parameter tractable, with the class W][1l] represent-
ing the lowest level of intractability [16, 15]. For example,
k-INDEPENDENT SET is complete for W{1].

A clique is a subset, C C V, such the vertices of C form
a complete subgraph in G. The CLIQUE problem, like VER-
TEX COVER, is one of the original NP-complete problems.
A wealth of different approaches have been used to tackle
the problem, including graph coloring [32] and integer pro-
gramming formulations [30], not to mention heuristics such
as simulated annealing [20], neural networks [27], genetic
algorithms [22], etc. We direct the reader to Pelillo [28],
or Bomze, et al. [6] for thorough surveys. The complement
graph of G is the graph G = (V, E), where E = {(i, )i,7 €
V,(i,j) ¢ E}. Cis a clique in G if and only if C is an inde-
pendent set in G. Finally, a graph G has a vertex cover of
size k if and only if the complement graph G has a clique of
size n — k. In parameterized complexity theory, k-CLIQUE
is W[1]-complete [15]. Abhu-Khzam, Langston, Shanbhag
[1], Abhu-Khzam, et al. [2], and later Baldwin, et al. [4],
describe experiments that use a parallel FPT k-vertex cover
implementation for solving the k-CLIQUE problem by deter-
mining a minimum vertex cover in the complemented input
graph.

In what follows we summarize the four most recent ex-
act algorithms for the problem. These contributions have
been studied experimentally and form a performance stan-
dard against which we compare our heuristic algorithm. The
algorithm of Wood [31] is based on a branch-and-bound ap-
proach that uses a fractional coloring procedure [3] as an
upper bound heuristic. (")stegard [23] uses a strategy that
is similar to dynamic programming, where the problem is
solved for subsequently increasing numbers of nodes. An op-
timal value from previous computations is used as the min-
imal value for the current problem. The algorithm of Fahle
[17] introduces simple cost-based domain filtering [18]. The
approach restricts the candidate set by eliminating vertices
that can not be used to extend the clique under construction,
or by fixing certain vertices that will be in the current clique.
The algorithm of Regin [29], also based on constraint pro-
gramming, proposed two new upper bounds on the largest
clique and a new search strategy used to control the search



Figure 1: Determining a local maximum clique:
(a) subgraph around vertex v, with local maxi-
mum clique {v,1,2,3,4,5}; (b) extracted subgraph
G(N[v]); (c) minimum vertex cover for G(N[v]) is
{6, 7} with corresponding maximum independent set
of {v,1,2,3,4,5}.

for an optimal solution. It is currently the state-of-the-art
for maximum clique algorithms.

2. MAXIMUM CLIQUE ALGORITHMS

In this section, we introduce a new graph sampling tech-
nique that we combine with a k-vertex cover algorithm to
develop a very fast algorithm for a finding maximum clique
in a graph. This approach will greatly reduce the compu-
tational complexity of the search in that we will not be re-
quired to search an entire complemented graph instance. We
will later describe a heuristic for the maximum clique prob-
lem that is not based on determining a vertex cover, but
instead on calculating an independent set. In experiments
this heuristic proves to be very accurate and extremely fast
compared to state-of-the-art algorithms.

The algorithms exposited in this section are based on the
following theorem. Let G = (V, E) be a graph and assume
v € V is a member of a clique, C C V, of G. To identify all
the vertices in C it is sufficient to examine only the subgraph

G(N[D.

THEOREM 1. Let G = (V, E) be a graph and assume v €
V is a member of a clique, C CV, of G. If C is the largest
cliqgue of which v is a member, then the mazimum indepen-
dent set of the complement of the subgraph G(N[v]) is ezactly
C.

PRrROOF. The proof follows from the definition of a clique
and the relationship between the MINIMUM VERTEX COVER,
MAXIMUM INDEPENDENT SET and MAXIMUM CLIQUE prob-
lems. [

2.1 \ertex cover-based maximum clique algo-
rithm

We can in fact derive an algorithm whereby we extract
the subgraph G(N[v]), form its complement, G(N[v]), and
determine a minimum vertex cover for this subgraph. A
maximum independent set for G(IN[v]) is the largest of all
cliques in G of which v is a member (see Figure 1). Although
determining such a local maximum clique remains of expo-
nential time complexity, the benefit arises from limiting the
size of the complemented subgraph that is searched. If our
candidate vertex v is a member of the maximum clique then
we can determine the maximum clique without having to
search the entire complemented graph G = (V, E).

b)

Figure 2: Determining a local maximum clique
with 2-level sampling, assuming sample vertices v, 3:
(a) subgraph around vertex v, with local maxi-
mum clique {v,1,2,3,4,5}; (b) extracted subgraph
G(N[v]NNI3]); (c) corresponding maximum indepen-
dent set of {v,1,2,3,4,5}.

2.1.1 Algorithm description

The algorithm consists of the following steps:

1. Given an input graph, G = (V, E), randomly choose
some vertex, v, deg(v) > 2, and extract the subgraph

G(N[v));

2. generate the complement of subgraph G(N[v]), de-
noted G(N|v));

3. determine a minimum vertex cover of subgraph G(N[v]);

4. generate the maximum clique by extracting the corre-
sponding maximum independent set;

5. repeat at Step (1) for some fixed number of iterations.

For some instances, the subgraph G(N[v]) extracted in Step
(2) may be almost as large as the graph G. In such a case,
we modify the algorithm as follows:

1. Given an input graph, G = (V, E), randomly choose
some vertex, v, deg(v) > 2, and extract the subgraph
G(Nv));

2. (a) randomly choose a vertex, z € G(N(v)), deg(z) >
2, and extract the subgraph G(N[v] N N[z]);

(b) generate the complement of subgraph G(N[v] N
Nlz]), i.e., G(N[v] N N[z]);

(c) determine a minimum vertex cover of subgraph
G(N[v] N N[z]);

(d) generate the maximum clique by extracting the
corresponding maximum independent set;

(e) repeat at Step (a) for some fixed number of iter-
ations;

3. repeat at Step (1) for some fixed number iterations.

This two-level sampling assumes that if the initial guess of v
was correct then we are presented with even better probabil-
ity of guessing a vertex that is also in the clique, z € N(v),
within the smaller subgraph. The approach accelerates the
process of calculating the minimum vertex cover by further
restricting the size of the complemented subgraph (see Fig-
ure 2). In the case of the heuristic algorithm, it helps gener-
ate more precise solutions by limiting the subset of vertices
that are inspected by the heuristic.



If we iterate through all vertices we can find the max-
imum clique for the graph. On the other hand, one can
compromise between accuracy and speed: the more random
guesses that are made, the more confident one becomes that
the largest clique has been (or will be) found. As we will see,
this contrasts with other search algorithms that can fail to
find a clique within some allotted time, or can not improve
on the largest clique no matter how much time is allowed.

2.2 Heuristic maximum clique algorithm

As with most heuristics, one is willing to trade-off the cost
of attempting to find an optimal solution for an algorithm
of lower complexity that returns possibly suboptimal solu-
tion quickly. Having established a viable means of finding
a maximum clique in a graph in the Section 2.1, we intro-
duce a fast and effective heuristic for finding a large clique
in a graph. As we will see in Section 2.4, although state-of-
the-art algorithms may attempt to determine a maximum
clique through exhaustive search, in several cases they do
not return a solution in a reasonable amount of time.

2.2.1 Algorithm description

The algorithm consists of the same steps as shown in Sec-
tion 2.1, except that we use the heuristic below to calculate
a maximum independent set (cf. ([25, 9])) in Step 2(c) for
subgraph G(N[v] N N[z]) rather than determining a mini-
mum vertex cover. We assume the complemented subgraph
G(N[v] N N[z]) has already been generated.

1. Select vertex, w € N[v] N N[z], where w has minimum
degree;

2. add w to the independent set;
3. remove N[w] from G(N[v] N N[z]);
4. repeat at Step (1) until G(N[v] N N[2]) has no edges.

2.3 Analysis

Let G = (V, E) be a graph with n vertices and let 0 < a <
1. The algorithm has time complexity O(an - T'(n;)), where
1 € V is the vertex with the largest degree, n; = |N[i]|, and
T'(-) represents the cost of finding a clique.

The analysis for the exact solution and the heuristic is es-
sentially the same except for the cost T'(n;) to find the max-
imum independent set in the complement subgraph. Deter-
mining the (exact) maximum independent set takes O (kn;+

c*) using a k-vertex cover algorithm solving for minimum
k and extracting the corresponding maximum independent
set. The constant ¢ depends on the underlying vertex cover
algorithm. Finding the independent set heuristically re-
quires [(n; — 1)/d] steps, where d is the maximum degree
taken over all the vertices in the subgraph G(N[i] N N[j]),
i #£ .

The impact of sampling is potentially quite significant,
in that solving several small local minimum vertex cover
instances is far and away quicker than solving one single
instance on the full graph. We restrict our analysis to the
algorithm presented in Section 2.1 that guesses one vertex
at a time. The analysis can be easily extended to the case
using two-level sampling. Recall the relationship between a
minimum vertex cover, a maximum independent set, and a
maximum clique. A set of vertices, C C V with m = |C],
is a maximum clique in G if and only if C is a maximum

independent set in G. A minimum vertex cover for G of size
%k induces a independent set of size n—k. Weknow m = n—k
in G and thus £ = n — m. Now consider a complemented
subgraph, G(N[v;]), and let n; = |N[v;]| for some v; € V.
Assuming our hypothesis that v; € C then the maximum
clique size is fixed for both G and G(N[v;]) implying that
the minimum cover size for the subgraph is k; = n; — m.
We conclude that determining a minimum vertex cover in
G requires O((n — m)n + ¢"~™) time, compared to that
of finding a minimum cover in G(N[v;]) with complexity
O((ni —m)n; + ™~ ™), where n; < n.

2.4 Experimental results

In general, algorithms for finding maximum cliques rely
on massive experimentation to determine their effectiveness.
To expedite our experiments, we make use of two separate
platforms. Our first experimental platform consisted of a
shared-memory SunFire 6800, configured with 20 900MHz
UltraSPARC-III processors and 20GB of memory. Our sec-
ond experimental platform consisted of a 2.0GHz Intel Xeon
processor with 512MB RAM and 60GB of disk storage. Ex-
ecution time was measured as wall clock time in seconds and
includes the time taken to read the input graph from a file
and output the solution size.

A run consists of a single execution of the code, given
some sampling parameters, out of which the size of the
largest clique found is output. An ezperiment consists of
some number of runs on a given instance and taking the
largest clique produced out of all the runs. During a run on
instance, G; = (V;, E;), the code generates a random sam-
ple set of vertices, S1 C Vi, |S1| = a1|Vi|. For each vertex
v € S1, we generate a second random sample set, So C N (v),
|S2| = a2|Si|. Finally, for each z € Sa we extract the sub-
graph induced by G(N[v]NN|[z]), complement the subgraph,
and extract the maximum independent set. This clique is
then checked in the original graph to ensure its correctness.

It is difficult to directly compare the algorithm of Sec-
tion 2.1 with the results in [1, 2, 4], as they have imple-
mented a different kernelization algorithm. Instead we use
a readily-available FPT k-vertex cover algorithm described
in [7] and compare it against itself, i.e., we measure the
performance of our k-vertex cover code running on a com-
plemented graph instance versus our new maximum clique
algorithm. This provides a relative performance comparison
that carries over to any k-vertex cover algorithm. Because
of the time required to calculate an exact minimum vertex
cover, we restrict our experiment to consisting of one run
for the parallel k-vertex cover algorithm using 9 processors
on the first platform. This is compared to one run of the
maximum clique algorithm on the same input with sampling
parameters a1 = 0.10 and a2 = 0.05. We justify using the
parallel platform in this series because the minimum ver-
tex cover of a complemented graph can become significantly
large and we wish to conduct the experiments in a reason-
able time.

Given the shorter execution time of the heuristic algo-
rithm, each experiment is repeated sequentially 50 times on
each graph instance using our second platform. We consider
an experiment to consist of 10 runs of the heuristic, and the
time for an experiment is taken as the average time of the 10
runs. We take as sampling parameters a1 = a2 = 0.10. We
compare the heuristic performance with implementations of
the algorithms of Wood [31], Ostegard [23], Fahle [17], and



[ Graph K[ | Density [ [VI [ [E] ]
Somatostatin 14 0.22 559 | 33652
WwW 22 0.45 425 | 40182

Thrombin (10) 24 0.19 646 | 40717

Table 1: Graph instances derived from experimental
biological data.

Graph [K[ [ Density [ [VI [ [E] ]
globin10 12 0.16 972 75,386
globinlb 23 0.32 972 | 149,473
pp-sh2-3 3 0.05 148 494

ppsh2-10 17 | 027 | 726 | 69,982
sh2-5 7 0.08 839 26,612
sh2-10 23 0.37 839 | 129,697

Table 2: Graph instances derived from experimental
biological data.

Regin [29]. Our platform closely resembles that of Regin® so
we can draw directly upon his observations to evaluate our
algorithm against previous work. In Section 2.4.3 we present
a table adapted from [29] that includes measurements for all
four algorithms.

2.4.1 Data sets

We used two different types of graphs for our experiments
with the objective of studying the performance of the algo-
rithms using both real-world and public domain benchmark
data. The first set of graphs, Table 1, comprise a small sub-
set selected from our experiments in [7, 8]. The second set,
Table 2, are those cited in Baldwin, et al. [4] from which
the authors derived phylogenetic trees based on proteins do-
mains. The third set comprise the atendentious DIMACS
benchmark [10].

2.4.2 FPT k-vertex cover maximum clique algorithm
performance

The objective of this experiment is to demonstrate the
efficacity of the algorithm from Section 2.1. We selected the
instances WW, Somatostatin, and Thrombin, and used the
parallel k-vertex cover code described in [7, 8], running on
9 processors.

For each graph instance we measure the total execution
time, the time required before a clique matching the optimal
size is found, and the number of times a clique matching the
optimal size is found. We emphasize the relative speed with
which an optimal clique is found rather than the actual run-
times. In Table 3 we observe that the sampling algorithm
completed in a shorter time than that required to find a
minimum vertex cover in a complemented graph. The ex-
periment with the Thrombin instance highlights one of the
benefits of the new maximum clique algorithm. The new al-
gorithm generated several cliques of size 23 within 48 hours
of starting and ultimately found several cliques matching the
optimal size before termination. In contrast, the algorithm
searching for a minimum vertex cover in the complemented
graph had in that same time only processed two cover in-
stances (sizes k = 623 and k = 621). The execution on the

'His platform was an Intel Pentium IV, 2.0GHz, 512MB
RAM.

complemented graph was terminated after 2 weeks, never
having completed its search.

2.4.3 Maximum clique heuristic performance

The software we developed for these experiments used li-
braries of graph and set manipulation routines made avail-
able by Ostegard [24].

We see from Table 4 that the heuristic performed excel-
lently on real-world data, with the exception instance Sh2-
10. In the latter case the average clique size produced by
the heuristic was very close to the optimal.

We follow the methodology of Regin for testing the per-
formance of the heuristic algorithm against the DIMACS
clique benchmark set, i.e., code execution on a given in-
stance taking longer than 14,400 seconds is terminated. Ta-
ble 5 summarizes the performance data for Wood, Ostegard,
Fahle, and Regin’s algorithms for the benchmark (adapted
from [29]). The timing measurements have been scaled ap-
propriately to compensate for different processor speeds.

We divide the datasets in two groups, based on the amount
of time they require to complete the series of experiments
within the 4 hour time limit. For each graph instance we
measure the average clique size found during the 50 experi-
ments, the average time of all the runs, the average time for
the experiments, and a count of the number of times that an
experiment found a clique that matched the largest known
size. Table 6 consists of instances that were sampled with
a1 = az = 0.10. The same methodology is used to test the
algorithm on instances in Table 2. As the instances in Ta-
ble 7 were large, we limited the sampling to a; = 0.01 and
a2 = 0.05.

In comparing the results in Table 5 and Table 6 we see
the heuristic algorithm consistently outperforms the algo-
rithms of Wood, Ostegard, and Fahle, and is faster than
that of Regin while producing a competitive number of op-
timal or similar answers. In general, when the heuristic
fails it does so for the same instances as does the current
best algorithm, while generating comparable suboptimal an-
swers in a fraction of the time. For example, the solu-
tion to the Brock800-1 instance matches the current best
suboptimal answer, but required much less time to com-
pute (80 seconds). Another such instance is P_hat700-3,
where the heuristic found a solution matching the best lower
bound in less than a minute. Regin’s algorithm exceeded
the 4 hour time limit while finding a solution of the same
size. There are many cases where the heuristic finds the
largest clique extremely quickly, whereas the algorithm of
Regin either fails to terminate within the 4 hour time limit
(e.g., Johnson32-2-4, Keller5) or takes noticeably longer
(e.g., San400-0.9-1, Sanrf00-0.7).

Most importantly, the heuristic improves on the best lower
bound for four as yet unsolved instances, and solves a fifth
instance optimally. For the instance Brock800_-3, it deter-
mined a clique of size 22. The previous best lower bound
for these graphs was 20. For the instances Brock800-2 and
Brock800_4 the heuristic found cliques of size 21 in each
graph. The heuristic found a clique of size 55 in the Keller6
instance, where previously the best suboptimal clique size
was 54. For the instance P_hat1500-2 the heuristic found
a clique matching the optimal size of 65. The best lower
bound until now was size 63 as determined by Regin.

We observe two cases of oversampling. When solving the
Hammingl0-2 instance (Table 6), the algorithm found a



Graph K| k-VC: G k-VCMax. clique: two-level sampling (10%, 5%)
Total time (hr) | Total time (hr)  Largest first found (hr)  No. of largest

Somatostatin 14 02:18:37 00:29:40 00:03:03 7
WWwW 22 43:34:15 19:33:12 02:45:01 21
Thrombin (10) 24 DNF 198:42:11 116:39:45 10

Table 3: Summary of k-vertex cover-based maximum clique algorithm results using biological datasets.

[ Graph [K[ | Avg. [K] | Avg. run time (s) | Avg. exp. time (s) [ Largest found |
globin10 12 12.00 4.52 45.22 50
globinl5 23 22.57 29.87 298.70 50
ppsh2-3 3 1.81 0.01 0.10 50
ppsh2-10 17 16.92 6.81 68.06 50
sh2-5 7 6.26 0.27 2.72 48
sh2-10 23 22.00 28.91 289.10 11

Table 4: Summary of heuristic algorithm results using biological datasets.

DIMACS Wood Ostegard Fahle Regin
Graph K| |K| Time(s) | |[K| Time (s) K| Time (s) K| Time (s)
brock200-1 21 21 53.68 | 21 18.10 21 92.97 21 10.72
brock200-2 12 12 0.26 | 12 0 12 0.31 12 0.29
brock200-3 15 15 2.57 | 15 0.15 15 2.23 15 0.86
brock200-4 17 17 6.20 | 17 0.33 17 8.18 17 2.13
brock400-1 27 fail fail | > 24 fail 27 11,340.80
brock400-2 29 fail fail | > 20 fail 29 7,910.60
brock400-3 31 fail fail | > 24 fail 31 4,477.23
brock400-4 33 fail fail | > 25 fail 33 6,051.77
brock800_1 23 fail fail | > 21 fail > 21 fail
brock800_2 24 fail fail | > 20 fail > 20 fail
brock800-3 25 fail fail | > 20 fail > 20 fail
brock800_4 28 fail fail | > 20 fail S 20 fail
c-fat200-1 12 12 0| 12 0 12 0 12 0
c-fat200-2 24 24 0| 24 0 24 0 24 0
c-fat200-5 58 58 0| 58 2.60 58 0 58 0
c-fat500-1 14 14 0| 14 0.02 14 0 14 0
c-fat500-10 126 126 0 | 126 0.02 126 0.02 126 0.04
c-fat500-2 26 26 0| 26 0.03 26 0 26 0
c-fat500-5 64 64 0| 64 3,480.21 64 0.02 64 0
hamming10-2 512 512 0 | 512 0.84 512 5.16 512 1.04
hamming10-4 > 40 fail fail | > 32 fail > 40 fail
hamming6-2 32 32 0| 32 0 32 0 32 0
hamming6-4 4 4 0 4 0 4 0 4 0
hamming8-2 128 128 0 | 128 0 128 0.07 128 0
hamming8-4 16 16 5.28 | 16 0.28 16 6.11 16 4.19
johnson16-2-4 8 8 13.05 8 0.09 8 7.91 8 3.80
johnson32-2-4 > 18 fail fail | > 16 fail > 16 fail
johnson8-2-4 4 4 0 4 0 4 0 4 0
johnson8-4-4 14 14 0| 14 0 14 0.03 14 0
kellerd 11 11 123 | 11 0.17 11 2.53 11 0.50
keller5 27 fail fail | > 25 fail > 27 fail
keller8 > 59 fail fail | > 43 fail > 54 fail
MANN_a9 16 16 o | 16 0 16 0 16 0
MANN_a27 126 126 46.95 fail 126 10,348.87 126 18.48
MANN._a45 345 fail fail | > 331 fail > 345 fail
MANN_a81 > 1,100 fail fail | > 996 fail | > 1,100 fail
p-hat300-1 8 8 0.10 8 0 8 0.07 8 0.11
p-hat300-2 25 25 0.67 | 25 0.33 25 3.01 25 0.59
p-hat300-3 36 fail fail 36 856.67 36 40.71
p-hat500-1 9 9 0.91 9 0.10 9 0.60 9 2.30
p-hat500-2 36 36 17.81 | 36 142.93 36 203.93 36 32.69
p-hat500-3 50 fail fail | > 48 fail 50 12,744.70
p-hat700-1 11 11 2.60 | 11 0.22 11 2.67 11 6.01
p-hat700-2 44 fail fail 44 2,086.63 44 255.79
p-hat700-3 > 62 fail fail | > 54 fail > 62 fail
p-hat1000-1 10 10 18.88 | 10 1.95 10 16.43 10 27.80
p-hat1000-2 46 fail fail | > 44 fail 46 16,845.70
p-hat1000-3 > 68 fail fail | > 50 fail > 66 fail
p-hat1500-1 12 fail fail 12 119.77 12 480.84
p-hat1500-2 > 65 fail fail | > 52 fail > 63 fail
5an1000 15 15 43.59 | 15 0.17 15 3,044.09 15 102.80
5an200.-0.7-1 30 30 0.06 | 30 0.19 30 1.57 30 0.36
5an200.0.7_2 18 18 0.03 | 18 0 18 0.66 18 0.37
5an200-0.9_1 70 70 0.77 | 70 0.09 70 62.61 70 1.04
5an200-0.9-2 60 60 70.13 | 60 1.43 60 1,930.90 60 2.62
5an200-0.9-3 44 fail fail 44 194.96 44 182.70
5an400-0.5_1 13 13 0.75 | 13 0 13 6.74 13 1.19
5an400-0.7-1 40 40 13.25 fail 40 425.99 40 23.28
5an400-0.7-2 30 30 415.12 | 30 168.70 30 159.72 30 67.53
5an400-0.7-3 22 fail fail 22 617.07 22 273.23
5an400-0.9_1 100 fail fail 100 7,219.53 100 1,700.00
sanr200-0.7 18 22.50 | 18 4.70 18 24.99 18 4.30
5anr200-0.9 fail fail | > 41 fail 42 150.08
sanr400-0.5 13 22.55 | 13 2.21 13 23.09 13 17.12
sanr400.0.7 fail fail 21 15,925.00 21 3,139.11

Table 5: Performance comparison of recent maximum clique algorithms.

clique matching the largest known size very quickly, but MANN_a81 instance (Table 7), the heuristic found a rela-
it continued to search through its rather large sample set, tively large clique in one run within the time limit, although
incurring an unnecessarily long runtime. In the case of the the experiment exceeded the time limit.



[ Graph [K] | Avg. [K| | Avg. run time (s) | Avg. exp. time (s) | Largest found
brock200-1 21 20.45 0.56 5.64 50
brock200-2 12 10.91 0.15 1.52 48
brock200-3 15 14.04 0.28 2.82 49
brock200-4 17 15.97 0.38 3.80 41
brock400-1 27 24.08 8.17 81.68 0
brock400-2 29 24.35 8.17 81.70 17
brock400-3 31 24.61 8.13 81.32 22
brock400-4 33 26.49 8.19 81.92 a7
brock800_1 23 20.81 225.41 2,254.14 o
brock800-2 24 20.78 223.14 2,231.40 6]
brock800-3 25 21.13 245.43 2,454.32 6]
brock800-4 26 20.55 221.80 2,218.06 o
c-fat200-1 12 12.00 0.014 0.14 50
c-fat200-2 24 23.91 0.03 0.30 50
c-fat200-5 58 58.00 0.13 1.28 50
c-fat500-1 14 14.00 0.03 0.30 50
c-fat500-10 126 126.00 2.63 26.34 50
c-fat500-2 26 26.00 0.10 1.04 50
c-fat500-5 64 64.00 0.61 6.10 50
hamming10-2 512 512.00 1,900.45 19,004.48 50
hamming10-4 > 40 36.00 439.04 4,390.44 0
hamming6-2 32 32.00 0.03 0.26 50
hamming6-4 4 4.00 0.01 0.08 50
hamming8-2 128 128.00 4.10 40.98 50
hamming8-4 16 16.00 0.77 7.74 50
johnson16-2-4 8 8.00 0.09 0.90 50
johnson32-2-4 > 18 16.00 25.30 253.04 50
johnson8-2-4 4 4.00 0.01 0.08 50
johnson8-4-4 14 14.00 0.02 0.22 50
kellerd 11 11.00 0.20 2.00 50
kellerb 27 27.00 106.87 1,066.74 50
MANN.a9 16 16.00 0.01 0.14 50
MANN_.a27 126 125.00 24.95 240.48 0
p-hat300-1 8 7.89 0.10 1.04 50
p-hat300-2 25 24.93 0.84 8.42 50
p-hat300-3 36 34.69 2.83 28.32 26
p-hat500-1 9 9.00 0.60 6.00 50
p-hat500-2 36 35.66 6.59 65.92 50
p-hat500-3 50 49.02 21.81 218.10 37
p_hat700-1 11 10.29 1.94 19.38 50
p_hat700-2 44 43.99 24.74 247.44 50
p-hat700-3 > 82 60.26 4.50 44.96 25
p-hat1000-1 10 10.00 6.81 68.14 50
p_hat1000-2 46 45.72 91.62 916.20 50
p-hat1000-3 > 68 65.08 331.23 3,312.30 0
p-hat1500-1 12 11.22 35.58 355.76 45
p-hat1500-2 65 64.09 514.32 5,143.22 34
5an1000 15 10.48 5.09 50.94 29
5an200-0.7-1 30 20.72 0.47 4.72 50
5an200.0.7_2 18 17.12 0.47 4.72 50
5an200-0.9-1 70 70.00 1.18 11.76 50
5an200-0.9_2 60 59.98 1.10 10.96 50
5an200-0.9-3 44 42.14 1.06 10.58 50
5an400.0.5_1 13 11.60 2.46 24.60 50
5an400-0.7-1 40 39.94 6.63 66.26 50
5an400-0.7-2 30 29.62 6.46 64.56 50
5an400-0.7-3 22 20.31 6.43 64.28 50
san400-0.9_1 100 100.00 16.42 164.18 50
sanr200-0.7 18 17.77 0.45 4.54 50
sanr200-0.9 42 41.37 1.08 10.76 50
sanr400-0.5 13 12.58 1.91 19.12 50
sanr400.0.7 21 20.82 6.46 64.56 50

Table 6: Summary of heuristic

3. CONCLUSION

We describe an improved exact algorithm for solving the
MaxmmuM CLIQUE problem in a graph using a novel sam-
pling technique combined with the FPT k-vertex cover algo-
rithm. We also introduced a very effective heuristic for find-
ing a maximum clique that combines our sampling approach
with fast independent set approximation. In experiments us-
ing the DIMACS benchmark, the heuristic established new
lower bounds for four instances and provides the first opti-
mal solution for an instance unsolved until now. The heuris-
tic competitively matched the accuracy of the current best
exact algorithm in terms of correct solutions, while requiring
a fraction of the runtime.

The research presented here opens several exciting av-
enues for future exploration, which we are currently pursu-
ing. We note that Pardalos and Xue [26] identify the follow-
ing three issues as fundamental to branch-and-bound algo-
rithms for the MAXIMUM CLIQUE problem: determination of
good lower bounds, determination good upper bounds, and
suitable subproblem generation. The results in this paper
address the first and, to some extent, third of these issues.
Because of the speed of the heuristic, it could be used as a

algorithm results using DIMACS benchmark.

preprocessing phase for other clique algorithms, by provid-
ing a relatively accurate lower bound for the largest clique in
the graph. Our sampling strategy provides a natural means
of breaking the original instance into subproblems. We are
also investigating how our maximum clique algorithms could
be augmented with various clique size-bounding heuristics
as pruning strategies to improve performance. Finally, we
are investigating the use of our code to solve an instance of
Keller7 using a parallel approach based on the implementa-
tion described in this paper. This graph has 14, 190 vertices,
87,091, 347 edges, and is conjectured to have a maximum
clique of size somewhere between 123 and 127 vertices.
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