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ABSTRACT

Let X" be any unknown word from a finite dictionary H. Let U be any arbitrary
subsequence of X. We consider the problem of estimating X" by processing Y
which is a noisy version of U. We do this by defining the constrained edit distance

between XeH and Y subject to any arbitrary edit constraint involving the number and
type of edit operations to be performed. An algorithm to compute this constrained edit
distance has been presented. Although in general the algorithm has a cubic time
complexity, within the framework of our solution the algorithm possesses a quadratic
time complexity. Recognition using the constrained edit distance as a criterion
demonstrates a remarkable accuracy. Experimental results which involve strings of
lengths between 40 and 80 and which contain an average of 26.547 errors per string
demonstrates that the scheme has about 99.5% accuracy.
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. INTRODUCTION

A common problem in text editing is that of finding the occurrence of a given
substring in a file. This is usually done to locate one's bearings in the file or to replace
the occurrence of one substring by another. This problem is termed as the exact
substring matching problem.

With no loss of generality, the file can be considered as a sequence of words
from a finite dictionary. If the occurrence of a certain substring, U, is sought for, the
exact substring matching problem aims to obtain the set of all words in the dictionary
which contains U as a contiguous substring. Many algorithms have been proposed
to solve this problem, the best of which have sub-linear time complexities.

One mishap that often occurs is that the substring sought for, U, is noisily
Tepresented, either due to mistyping or ignorance of spelling. Let the noisy version of
Ube Y. If Y is a contiguous substring of some words in the dictionary, the output of an
exact substring matching algorithm will be the set of those particular words. On the
other hand, if Y is not a contiguous substring of any word in the dictionary, any
substring matching algorithm will give the user no information about the occurrence of
the substring sought for. However, in such a case the algorithm due to Kashyap and
Oommen [15] will yield the set of strings in H which contains a contiguous substring
that is closest to Y. The metric used in [15] to measure the distance between two
strings is the Levenshtein metric that has been extensively studied in the literature
(2,10,11,14,16,18, 19,21, 23,28,32]. The power of the technique described in [15] to
correct noisy substrings was demonstrated using a subset of the 1023 most common
English words.

In this paper we consider a far more general problem. Let us assume that a

sender intends to transmit a string X*e H. However, rather than send the entire string
X" he chooses to (randomly or otherwise) delete characters from it, and merely transmit
a subsequence, U, of X". Note that any substring consisting of the consecutive
characters of U, need not be a contiguous substring of X". The string U is transmitted
through a noisy channel and is further subjected to substitution, deletion and insertion
errors. The receiver receives Y, which is a garbled version of U. We aim to present an
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accurate recognition technique to recognize X by merely processing Y.

To clarity situations, we shall consider an example from one of the experiments
we have performed. Let us suppose X" is the following string:

X = sincetheadventoﬁhedigitalcomputertherehasbeenaconstante
Notice that the length of X" is 55. Let US suppose the sender deletes various portions
of X" to form the string U, where,

U = dventofttalcomrehenaco.

Observe that in this case U js a subsequence of X'. Also note that 34 of the 55
characters have been deleted and the resultant string U is transmitted through a noisy
channel. The received string Y contains additional substitution, deletion and insertion
errors and is received as

- Y = senoftalxehbaco

In this case, between X" and Y there is an overall number of 44 substitution, deletion
and insertion errors. Our aim is to recognize X" by processing Y. It is not inappropriate
to add that the technique which we have proposed in this paper indeed recognizes it
from a dictionary of 100 words of varying lengths.

Besides having applications in file editing, the noisy substring matching problem
has also potential applications in the area of information retrieval. Consider a data
base which consists of many records each identified by a distinct keyword. Let us
Suppose that the system managing the data base permits the user to access a record
by merely referring to any arbitrary subsequence of the keyword. In such a case the
Program that solves the noisy subsequence matching problem can be used to process
a noisy (incorrectly spelled) version of any subsequence of the keyword, and locate a
record characterized by the entire keyword.

Before we proceed, to view our work in the right perspective, we shall briefly
review the various string correcting algorithms available in the literature. The first
problem extensively studied was the one in which Y was an inexact version of an
entire string in H. Pioneering researchers tried to solve this problem by reducing it to
an exact string matching problem. Both the words in H and Y were abbreviated based

on some simple rules [5]. Y was then defined as "similar" to X e H if the abbreviations
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for X and Y exactly matched. However, if there was no exact match for the
abbreviation of Y, the words in H were reckoned as totally dissimilar to Y. Though this
technique has been tested for an airlines reservation system [see 11], its application is
limited, especially in the cases when H consists of words of varying lengths. This led
to a more scientific approach involving the quantification of the dissimilarity (or
similarity) between two strings.

Damareau [6] was probably the first researcher to observe that most of the errors
that were found in strings were either a single substitution, deletion, insertion or
reversal error. Thus the question of computing the dissimilarity between strings was
reduced to comparing them using these edit transformations. Since the reversal edit
operation is easily modelled as a sequence of a single insertion and deletion, and
since this simplification can drastically change the complexity of the comparison
problem, most of the research in this area has been directed towards comparing
strings using substitution, deletion and insertion edit operations.

The first major breakthrough in comparing strings using these three elementary
edit transformations was the concept of the Levenshtein metric introduced in coding
theory [18], and its computation. The Levenshtein distance between two strings is
defined as the minimum number of edit operations required to transform one string into
another. Okuda et al [23] extended this concept by weighting the edit operations, and
many other researchers among whom are Wagner and Fischer [32] generalized it by
using edit distances which are symbol dependent. The latter distance is termed as the
Generalized Levenshtein Distance (GLD). One of the advantages of the Generalized
Levenshtein Distance (GLD) is that it can be made a metric if the individual edit
distances obey some constraints [23]. Wagner and Fischer [32] also proposed an
efficient algorithm for computing this distance by utilizing the concepts of dynamic
programming. This algorithm has been proved to be the optimal algorithm for the
infinite alphabet case. Various amazingly similar versions of this algorithm are also
available in the literature, a review of which can be found in [28]. Masek and Paterson
[21] improved the latter algorithm for the finite alphabet case.

Closely related to these algorithms are the ones proposed to compute the

Longest Common Subsequence (LCS) of two strings due to Hirschberg [12,27] Hunt
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and Szymanski [13] and Needleman and Wunsch [27]. Bounds on the complexity of
the LCS problem have been given by Aho et al [1]. String correction using the GLD as
a criterion has been used for individual strings [19,23] dictionaries treated as
generalized tries [14,16] and for grammars [10]. Besides these deterministic
techniques, various probabilistic methods have been studied in the literature
[9,10,17,19,26,29-31]. A comparative study of these techniques highlighting their
individual merits and demerits is presented in detail in [17].

The only paper known to us dealing with the correction of noisy substrings and
which reports experimental evidence is the one due to Kashyap and Oommen [15].
Clearly, the problem that we study here is much more complex inasmuch as the
number of subsequences of a string is much larger than the number of substrings. In
this regard, we believe that the results which are presented here indicate the value of

our contribution to the field of pattern recognition.

1.1 Proposed Solution
The solution that we propose involves computing a quantity which we shall term

as "the constrained edit distance” between Y, the received string, and every Xe H.

All of the above mentioned algorithms consider the editing of one string, say X, to
transform it to Y with the edit process being absolutely unconstrained. Sankoff [27]
was the one who pioneered the study of constrained string editing. The only algorithm
presented in the literature which investigated this problem is due to him. His algorithm
is a LCS algorithm which involves a specialized constraint that has its application in
the comparison of Amino Acid sequences.

The general constrained editing problem involves editing X to Y subject to any
arbitrary edit constraint. This edit constraint can be arbitrarily complex so long as it is
specified in terms of the number and type of the edit operations to be included in the
optimal edit transformation. For the sake of clarity we give below some examples of
constrained editing.

EXAMPLE |.
Here are some typical constrained editing problems.
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(a) What is the optimal way of editing X to Y using no more than k insertions?
(b) How can we optimally transform X to Y using exactly k substitutions?

() Is it possible to transform X to Y using exactly kg substitutions, k; insertions
and kg deletions. If it is possible, what is the distance between X and Y

subject to this constraint?

The problem of constrained string editing was studied by us in [24] and two
algorithms presented to compute the constrained edit distance and the best edit

sequence for a given constraint respectively [24]. In [24] we presented a consistent

method of specifying any arbitrary edit constraint, ©. We then discussed the

computation of D(X,Y), the edit distance between X and Y subject to this constraint.

The latter quantity is computed by first evaluating the elements of a three-dimensional
array W(.,.,.) using dynamic programming techniques, and then combining certain

elements of W(.,.,.) to yield D;(X,Y). Using the array W(.,.,.) the optimal sequence of

edit operations required to edit X to Y subject to the constraint t, can also be obtained
by backtracking. It was shown that the algorithm presented in [24] required
O(|X[.]Y].min(]X[,]Y] )) time and space.

Apart from defining and solving the problem of constrained string editing in its
most general framework, a major contribution of [24] is that of using the concepts of
dynamic programming to compute a quantity that does not inherently possess any

known recursively computable properties. The quantity which we are referring to is

indeed the constrained edit distance D(X,Y). However, it was shown that unlike the

latter quantity, the array W(.,.,.) is closely related to it and can be computed using
dynamic programming in a fairly straightforward way. This technique is quite
analogous to the computations in a control system in which the output is evaluated in
terms of state variables which are computable in real time.

In this paper we shall show that the general constrained editing problem can be
solved in cubic time and in quadratic space. We shall then consider the case when the
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constraint set 1 is a constant singleton set {T} where T is much smaller than the lengths

of the strings. In this case, we shall show that the distance Dz(X,Y) can be computed in

quadratic time and Space. We conclude the paper with experimental results that

demonstrate the power of the strategy proposed in recognizing noisy subsequences.
In this paper, for the sake of brevity, results proven elsewhere shall merely be

alluded to, unless their exclusion degrades the clarity of the paper.

.2. Notation

Let A be any finite alphabet and A" be the set of strings over A. 0 is the null
symbol, 6¢ A. Let A=A U {6}. Ais referred to as the Appended Alphabet. A string
Xe A" of the form X = X1X2--XN , Where every x; e A, is said to be of length IX]=N. Its

prefix of length i will be written as X, i < N. Upper case symbols represent strings and

lower case symbols represent elements of the alphabet under consideration.
Let Z' be any element in A", the set of strings over A. The Compression Operator,

C, is a mapping from A" to A™. C(Z') is Z' with all occurrences of the symbol 6 removed
from Z'. Note that C preserves the order of the non-9 symbols in Z'. For example, if Z' =
fBobr, C(Z') = for.

1.3 The Set of Elementary Edit Distances d(.,.) and the Set T (X,Y)

d(..) :AXA - R*, is a function whose arguments are a pair of symbols

belonging to A, the appended alphabet, and whose range is the set of nonnegative
real numbers; d(6, 8) is undefined and is not needed. The elementary distance d(a,b)

can be interpreted as the distance associated with transforming 'a' to 'b', fora, b e A.
Thus,

(a) d(x;, yj) is the distance associated with substituting Yj for x; , x; yj € A.
(b) d(x;, 6) is the distance associated with deleting Xi € A.
(c) dfs, yj) is the distance associated with inserting yje A
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Note that | T'(x,y) | depends only on |X| and [Y], and not on the actual strings X and Y
themselves. Further, observe that the transformation of a symbol a € A to itself is also

considered as an operation in the arbitrary pair (X', Y') e T (X,Y).
EXAMPLE II.

LetX=fand Y = go. Then,

I (X, Y)={(f8, go), (61, go), (168, 8go), (616, gbo), (66f, gob) }
In particular, the pair (6f, go) represents the operations of inserting the 'g' and
replacing the 'f' by an 'o'.

Since the Generalized Levenshtein Distance (GLD) [2,10,11, 14,16,18,
19,21,23,28,32] between X and Y is the minimum of the sum of the edit distances
associated with the edit operations required to transform X to Y, this distance, written

as D(X,Y), has the expression,

DY) = MiN vy e 1 xv) [Zlgiglx-l 1 d(xj, yy) }] @)

Since the transformation of a symbol ae A to itself is considered as a substitution

operation, an application in which this is a nonoperation must specify d(a,a)=0 for all

aeA.
ll. EDIT CONSTRAINTS
ll. 1 Permissible and Feasible Edit Opertations

Consider the problem of editing X to Y, where IX] = N and |Y| = M. Suppose we
edit a prefix of X into a prefix of Y, using exactly i insertions, e deletions (or erasures)
and s substitutions. Since the number of edit operations are specified, this

corresponds to editing Xg,g = X{...Xg,g, the prefix of X of length e+s, into
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Yits=Y1{--Yiss the prefix of Y of length i+s.

To obtain bounds on the magnitudes of the variables i, e and S, we observe that
they are constrained by the lengths of the strings X and Y. Thus, if r=e+s, g=i+s and
R=Min [M, N], these variables will have to obey the following obvious constraints.

Max[O,M-N] <i <q <M
0O<ec<r<N

0 <'s < Min[M,N]

Values of triples (i.e,s) which satisfy these constraints are termed as the feasible

values of the variables. Let,

Hi = {j] Max[o,M-N] <j <M},
He = {j|0<j<N} and
Hs = {i|0<j<Min[M, N} (3)

Hj, Hg and Hg are called the set of permissible values of i, e and s. Observe

that a triple (i,e,s) is feasible if apart fromie H;, e e Hg, and s e Hg, the following is

satisfied:

i+s<M, and e+s<N. (4)

The following theorem specifies the permitted forms of the feasible triples
encountered on editing Xp, the prefix of X of length r, to Yq, the prefix of Y of length q.
Theorem |.

To edit X, the prefix of X of length r, to Y, the prefix of Y of length q, the set of
feasible triples is given by:

{ (i,r-g+, gi ) | Max [0,q1<i<q}.
PROOF. Consider the constraints imposed on feasible values of i,eand s. Since we

are interested in the editing X, to Yq we have to consider only those triples (i, e, s) in
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je Qg requires the editing to be performed using exactly j deletions. From Theorem I

since [X| = N, this requires that the number of substitutions is N-j. Further, since [Y|=M,

the number of insertions is forced to be M-N+ j-

Similarly, if j e Qg the edit transformations must contain exaclty | substitutions.
Since [Y| = Mand [X| = N, Theorem | requires that M-j insertions and N-j deletions are
performed.

Let Q" = {M-N+]|j € Qg}, and, Qs = {Mi|j e Qg
Clearly, for any arbitrary constraint the number of insertions that are permitted is given

by a set of integers which is obtained by intersecting Q;, Qe* and QS*, which is

obviously a subset of H;.

et

REMARKS:
1. The set referred to above which describes the constraint and which is the

subset of H; shall, in future, be written as t .

2. The edit constraint can just as easily be written as a subset of Hg or Hg. We

have chosen to describe 1 as a subset of H; for reasons which will be clear later.
3. Observe that the converse of Theorem Il is not true. Verbal descriptions of

many edit constraints could lead to the same set 1.

EXAMPLE V.
Let X = for and Y = fa. Suppose we want to transform X to Y by performing at

least 1 insertions, at most 1 substitutions and exactly 2 deletions. Then,
Qi={1,2}, Qg={2}and Qg = {0, 1}.
Hence, Qg = {1},and Qg ={1,2}. Thus,
T=Q N Qew N QS* = {1}
Hence the optimal transformations must contain exactly one insertion. Some
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candidate edit transformations are given by the following subset of (X, Y) :

{ (6for, 166a), (feor, fa6e), (fobr, f6a®), (foro, f60a) }
Note that every pair in the above subset corresponds to at least one insertion, at most 1

substitution and exaclty 2 deletions.

dokk

We shall refer to the edit distance subject to the constraint t as D.(X,Y). By
definition, D(X)Y) = wift=@. Thisis merely a simple way of expressing that it is
impossibe to edit X to Y subject to the constraint 7. We shall now consider the

computation of D (X,Y).

lll. W: THE ARRAY OF CONSTRAINED EDIT DISTANCES

Let W (i,e,s) be the constrained edit distance associated with editing Xg +s oY g

SUbJECt to the constraint that exaclty i insertions, e deletions and s substitutions are

pen‘ormed in the process of editing. As before, let r=e+s and g= i+s. Let I“l e s (X,Y) be

the subset of the pairs in F(Xr,Yq) in which every pair corresponds to i insertions, e

_deletions and s substitutions. Since we shall consistently be referring to the strings X

and Y, we refer to this set as I; e, Thus, using the notation of (1), and assuming (i,e,s)

is feasible for the problem, W(i,e,s) has the expression

W(ie,s) = Min (Xr. Y eTigg [Z L<j X 1 d(X, ¥'gj) }] (5)

We shall now state the recursively computable properties of the array W(.,.,.).
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THEOREM Il
Let W(i,e,s) be the quantity defined as in (5) for any two strings X and Y. Then,

W(ie,s) =Min[{w (-1,0,8) + dOYisg) } . {W (i, e-1,8) + d (Xgye 6) },

{Wiies1) + dixess: Viss) } ]

for all feasible triples (i,e,s).

*h A

PROOF : The theorem is quite involved and proved in [24].
The computation of the distance D.(X,Y) from the array W (i,e,s) only involves

combining the appropriate elements of the array using t, the set of the number of

insertions permitted. This is proved in the following theorem.

THEOREM 1IV.

The quantity D.(X,Y) is related to the elements of the array W(i,e,s) as below.
D, (X,Y) = Min, _ _ [ W(i, N-M+i, M-i) ]

PROOF. The theorem follows directly from Theorem | by substituting r= N and g=M.

*hk

IV. THE COMPUTATION OF D(X,Y)

To compute D (X, Y) in [24] we made use of the fact that though the latter index

itself does not seem to have any recursive properties, the index W (.,-,-), which is
closely related to it has the interesting properties stated in Theorem |lI. Using these
properties an algorithm was proposed which computed the array W(.,.,.) for all feasible
values of the variables i,e and s. The latter algorithm required cubic time and space
respectively. Subsequently, using the array W (i,e,s) as the input, a second algorithm

was presented in [24] which computed D.(X,Y) by comparing the contributions of the
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pertinent elements in W(.,.,.) as specified by Theorem IV.
In this paper we shall proceed in a completely different way. Rather than
compute and store the entire array W(.,.,.) we shall compute only those of its elements

which are necessary to evaluate D-(X,Y). To do this we note the following facts:

Fact A: Let T be the largest integer in 1. Then, to compute D (X,Y), it is sufficient to

evaluate the components of W(.,.,.) for values of i in the range 0<i<T.

Fact B: For a particular value of i, in order to compute W(i,e,s) for all permissible
values of e and s, it is sufficient to store only the values of W (i-1, e, s) for all the
corresponding permissible values of e and s. This is indeed true from Theorem lIl,
since the computation of any one quantity requires at most three previously computed
quantities, namely W(i-1, e,s), W(i, e-1,s) and W(i, e, s-1).

Consider a three dimensional trellis, in which the coordinates are i, e and s. The
strategy which we propose involves successively computing the array W in planes
parallel to the plane i = 0. Four arrays are maintained, namely,

(a) Wie : the plane in which s = 0.

(b) Wis : the plane in which e = 0.

(c) Wes0 : the plane parallel to i=0, maintained for the previous value of i, and,

(d) Wes1 : the plane parallel to i=1 maintained for the current value of i.

The algorithm merely computes these arrays in a systematic manner. Initially the
weights associated with the individual axes are evaluated. The i-e and i-s planes are
then computed and stored in the arrays Wie and Wis respectively . The trellis is then
traced plane by plane - always retaining only the current plane parallel to the plane
i=0. Observe that prior to updating Wes0, its pertinent component required in the

computation of D (X,Y) should be used to update the latter quantity.
Finally, observe that by virtue of Fact A, the planes parallel to i=0 need be traced

only tilli = T, where T is the largest element in the set 1. For the sake of completeness,

we shall now present algorithmically the technique to compute D (X,Y).
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Algorithm ConstrainedDistance

Input:  The strings X = xyX5..xp, Y = Y1Y2-..-YMm: the set of elementary edit
distances and the constraint set 1, whose largest element is T > 0. Let R=Min[M,N].
Output : The constrained edit distance DL (X,Y).

Method :
Wis (0,0) = Wie (0,0) = Wes0(0,0) =0
For s = 1 to Min[M,N] do /* initialize s-axis */
Wis(0,s) = Wes0(0,s) = Wis (0,s-1) + d (Xg, Yg)
Fore=1to Ndo /* initialize e-axis */
Wie (0,e) = Wes0(e,0) = Wie (0,e-1) + d(xg, 6)
Fori =1to T do /* initialize i-axis */
Wis(i,0) = Wie (i,0) = Wis (i-1,0) + d(8, Yi)
For i=1to Tdo /* Compute Wie-plane */

Fore=1to N-M+i do
Wie (i,e) = Min [Wie(i-1, e) + d (8, y;,¢), Wie(i,e-1) + d (Xg.9) ]
For e=1to Ndo /* Compute Wes-plane parallel to i=0 */
For s=1to N-e do
Wes0(e,s) = Min [Wes0 (e-1, s) + d (Xg4s,0) , Wes0(e,s-1)+d(Xg g, ¥s)]

If0 e = then D (X,Y) = WesO(N-M, M) /* Initialize Dy (X,Y) */
Else D (X,)Y) =0

Fori=1toT do /* Trace planes parallel to i=0 */

Begin

Fore=1toN-M+i do /" Update line parallel to s-axis from Wis plane */
Wes1 (0,s) = Wis (i,s)
For s=1to Min [N, M-ijdo /* Update line parallel to e-axis from Wie */
Wes1(e,0) = Wie (i,e) /* plane */
For e = 1to N-M +ido /* Compute Wes1 using Theorem Ill */
For s =1to Min[N-e,M-i]do
Wes1(e,s) = Min [Wes1(e,s-1) + d(xg s, Yiss):
Wes1(e-1,5)+d(xg,,0), Wes0(e,s)+d(8,y;,¢) ]
If iet Then Dg(xy)=Min [D;(X)Y), Wesi(N-M+, M-i)]
Fore =1to Ndo /* Update Wes0 from Wes1 */
For s=1to N-e do
WesO(e,s) = Wes1 (e,s)
End
END ALGORITHM ConstrainedDistance
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Theorem V.

The worst case space complexity of Algorithm ConstrainedDistance is 0 (MN).
PROOF : The array Wie requires MN memory locations. Similarly, the array Wis
requires MR memory locations, where, R = Min (M,N). Finally, the arrays Wes0 and
Wes1 require NR memory locations respectiviey. Hence the space requirement of the
algorithm is:

MN + MR + 2NR = O (MN).

*hw

Theorem VI

Let T be the given constraint set, whose maximum value is T. Then if N = M, the

worst case time complexity of Algorithm ConstrainedDistance is O(N2 + T2N),

PROOF : Let us assume that N> M. Obviously, the worst case time complexity has
an upper bound if the analysis was performed by assuming that both the strings were
of length N.

The computational complexity of algorithms involving the comparison of two
strings is conveniently given by the number of symbol comparisons required by the
algorithm, [1,20,33]. In this case, an upper bound on the number of symbol
comparisons required by Algorithm ConstrainedDistance can be evaluated by the

number of times the distance matrix d(.,.) must be referred to. We list the counts below:

(1) To initialize the s-axis : N look-ups necessary.

(2) To initialize the e-axis : N look-ups necessary

(3) To initialize the i-axis : T look-ups necessary

(4) To compute the Wie plane : 2 21 T (i) look-ups necessary

(56) To compute the Wis plane : 2. 21 £l ( N-i ) look-ups necessary
(6) To compute the Wes0 plane : 2 21 S ( N-e ) look-ups necessary
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(7) To compute the Wes1 plane in all : 3.21 ciet 21 <oci (N-e) look-ups.

Hence, the total number of symbol comparisons necessary is:

# (symbol comparisons) € 2N+ T+ T (T+1) + 2TN-T(T+1) + 2N2-N (N+1)

+ 3 E1sisT(Nl-|(|+1)/2)
=2N2 + 2TN + 2N +1/2 (3TN + 3T2N - 3T2 - T3)

<2N2+2 TN+ 2N + 1/2 (3TN + 3T2N)
= O(N2 + T2N).

ke

Hence the theorem!

Corollary 1. If the set t© contains only one element T and T << N, then the time

complexity of the algorithm is O(NZ).
V. THE NOISY SUBSEQUENCE CORRECTION PROBLEM

Let us assume the characteristic of the noisy channel are known, and further, let L
be the expected number of insertions introduced in the process of transmitting U.
This figure can be estimated [3, 17] although the actual number of symbols inserted in
any particular transmission is unknown. Since U can be any arbitrary subsequence of

X*, and since the words of the dictionary can be of completely different lengths, it is

obviously meaningless to compare Y with every Xe H using the GLD. Thus, before we
compare Y with the individual words of the dictionary, we have to use the additional
information obtainable from the noisy channel.

Since the number of insertions introduced in any transmission is unknown, it is

reasonable to compare XeH and Y subject to the constraint that the number of
insertions that actually took place is its best estimate. Of course, in the absence of
any other information, the best estimate of the number of insertions that could have
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taken place is indeed its expected value, which we have referred to as L. However, if L

is not a feasible value for the number of insertions, then the closest feasible value is

used to compare XeH and Y. This is the rationale for the algorithm presented below.

Algorithm RecognizeSubsequences
Input: (i) The finite dictionary H and L, the expected number of insertions that can

take place per transmission.

e - . *
(if) Y a noisy version of a subsequence of an unknown X eH.

Output: The estimate X* of X .
Method:

- For every string XeH do

Begin
If L is a feasible value Then
T=L
Else

T = closest feasible integer to L.
Compute D{-I—}(X,Y) using Algorithm ConstrainedDistance
End
X* is the string minimizing Di1y (X.Y)

END Algorithm RecognizeSubsequences

Remark : Observe that the constraint set 1 that we have used could have been
equivalently defined in terms of substitutions, deletions or insertions, as described in
Section 2. However, since the string transmitted can be any arbitarary subsequence of
X", we believe it is most appropriate to define it in terms of the number of insertions

occuring in the transmission rather than in terms of any other type of operation.
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VI. EXPERIMENTAL RESULTS
The technique reported in this paper has been rigoroursly tested for thousands of
noisy subsequences with strings of various lengths. The results obtained are
remarkable. A detailed report of the dictionary used, the noisy strings generated and

the edit distances used in the experiments follows.

VI.1 The Dictionary Used

The dictionary used consisted of a hundred strings taken from the classical book
on pattern recognition by Duda and Hart [8]. Each string was the first line of a section
or sub-section of the book, starting from Section 1.1 and ending with Section 6.4.3.
Further to mimic an UNIX nroff (or troff) file, all the Greek symbols were typed in as
English strings. Subsequently, to make the problem more difficult, the spaces were
eliminated, thus discarding the contextual information obtainable by using the blanks
as delimiters. Finally, these strings were randomly truncated so that the length of the
words in the dictionary was uniformly distributed in the interval [40, 80]. Thus, the first
line of the Section 3.4.1 of [8] which reads as below:

"In this section we calculate the a posteriori density p(6/X) and the desired probability"
yielded the following string in the dictionary H:
"inthissectionwecalcuIatetheaposterioridensitypthetaxandthedesiredpro".

A subset of the hundred words used in the dictionary is given in Table .

VI.2 Generation of Noisy Strings and Results Obtained

Noisy strings used in the experiment were generated using the two strategies
given below.
Noisy String Generation: Technique A

In this technique noisy strings were generated using the channel model
described in [17]. The method is as follows: A string X" was initially chosen from H.
The number of insertions in Y was randomly obtained from a geometric distribution,

and the positions of these insertions and the symbols inserted were assumed to be
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equally likely. Subsequently, the individual symbols of U were either deleted or
substituted by a predefined probability distribution. This distribution was symbol
dependent and was related to the relative proximity of the individual letters of the

alphabet on a typewriter keyboard. However, to make the problem meaningful, the

probability of deleting a symbol ae A was made 0.35 times the probability of
transmitting it correclty. This implied, that although the mean length of the string X"
was 60, the average number of errors per received string Y, after the substitution,
insertion and deletion errors were included, was 26.547. In this particular case, the

mean of the number of insertions per transmission was 2.

The individual edit distances were calculated as follows for all a, b, €, A.

. d(a, b) = -iIn [Prla—b)/ Pr(a—a)]
d(a,e) = -In[Prla—06)/ Pr(a—a)]
d@,a) = -K. In [ Pr(ais inserted | insertion occured) / Pr(a — a) ]

The definition of the distances as above is consistent with the distance assignments
made in the literature by authors who have used the GLD in string correction [10, 14,
16, 19]. However, in this case, we have added a multiplying constant in the definition
of the edit distance associated with insertions so as to render the triangular law of
inequalities valid [23].

The algorithm reported in this paper was tested for a thousand strings. Of these,
995 were correctly recognized, thus reprersenting an accuracy of 99.5%. The average

number of errors for the wrongly classified strings was 37.6.

Noisy String Generation : Technique B

In the second techniques the noise generation was made even more rigorous
than in the first. A string X" was initially chosen. Subsequently, alternate contiguous
substrings of X" were deleted and retained. These substrings were of lengths that
were Poissonly distributed and with parameter 6. The net resultant subsequence U
had an average of 30.24 characters deleted from X". This string U was now further
subjected to substitution, insertion and deletion errors using a technique identical to
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the one described in Technique A. For the sake of completeness, a list of 40 of the 500
noisy strings generated is given in Table Il. In the table, we have given the index of X*,
the string U, the noisy string Y and the number of errors introduced in the process of
transforming X toY. The average number of errors in this case is 44.72. In this case,
out of the 500 noisy strings tested 477 were correctly recognized. This implies an
accuracy of 95.4%. The average number of errors per wrongly estimated string is

46.696. The power of the scheme is obvious.

VI. CONCLUSIONS
In this paper we have considered the problem of recognizing strings by
processing their noisy subsequences. The solution which we propose, which is the
enly known solution in the literature, has a quadratic time complexity and is remarkably

accurate. Given a noisy subsequence Y of an unknown string X'e H, the technique we

propose estimates X" by computing the constrained edit distance between every Xe H
and Y. The procedure to compute the latter edit distance has been described in detail
and a rigorous time and space analysis for the procedure has been performed.

Experimental results using strings of length between 40 and 80 and with a high
percentage of noisy symbols, demonstrate the power of the strategy we have
proposed.

We are currently investigating the use of the techniques described in this paper
for the recognition of closed contours using the noisy information obtained from a

subsequence of the string representation [19] of the entire contour.
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