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A COMMON BASIS FOR SIMILARITY MEASURES

INVOLVING TWO STRINGST

Kashyap, R.L., and Oommen, B.J.,

ABSTRACT

Many numerical indices which quantify the similarity and dissimilarity
between a pair of strings, X and Y, have been defined in the literature.
Some of these include the Length of their Longest Common Subsequence
(LLCS(X,Y)), the Length of their Shortest Common Supersequence (LSCS(X,Y)),
and their gpneralized Epvenshtein sttance (GLD(X,Y)). Some non-numerical
indices relating the strings are the set of their common subsequences, the
set of their common supersequences and the set of their shuffles. In this
paper, we consider an abstract measure between X and Y, written as D(X,Y),
defined in terms of two abstract operators @ and 8 and a binary function
d(-,*) whose arguments are symbols of an alphabet R. Depending on the vari-
ous concrete operators used for ® and 8 and the specific function wused for
d(-,+), all the quantities discussed above can be seen to be particular
cases of D(X,Y). We have presented an algorithm to recursively compute
D(X,Y), which can serve to be a common scheme to compute all these gquanti-
ties. Many new results are obtained using this abstract formulation, such
as an explicit Linear relationship between the LLCS and the LSCS between two
strings. It can also be seen that the algorithm to compute the LLCS between
X and Y, is a special case of the algorithm to compute D(X,Y). In addition,
by using different concrete values for @, @ and d(-,-),'new one-pass algo-

rithms can be developed to compute various quantities such as the set of

TPartially supported by the National Science Foundation Grant No.
ECS-80-09041.



Longest Common Subsequences (LCS), the set of all the Shortest Common
Supersequences (SCS) without backtracking, and the set of all the shuffles

of two strings.
Index Terms: Similarity measures for strings, comron basis for properties
involving strings, distances between strings, longest common subsequence,

shortest common supersequence, sets of shuffles of two strings.

1. Introduction

Consider a pair of strings X and Y, made up of symbols from a finite
alphabet, A. There are many quantifications of the similarity and dissimi-
larity between them, Some of them, Like the Generalized Levenshtein
Distance (6LD), L6, 7, 10, 12, 13, 14, 151, the Length of their Longest
Common Subsequence (LLCS) €1, 3, 4, 5, 6, 10, 111 and the Length of their
Shortest Common Supersequence (LSCS)Y (9] are nurerical indices. Others,
Like the set of their common subsequences, the set of their comron superse-~
quences, the set of their LCS etc., are nonnumerical guantities. Currently,
there seems to be no comron basis relating these various measures of sipi-
Larity. Indeed, the computational algorithe to compute the LLCS bears a
rarked resemrblance [10, 141 to the algorithe that computes the GLD. But the
actual underlying reason for this resemblance between the properties ther-
selves (as opposed to the resemblance between the algorithms computing them)
has not been investigated,

In this paper we shall define an abstract measure of comparison, D(X,Y)
between X and Y in terms of a set of elementary measures, d(-,-) and an
algebraic structure T including two operators & and 8. By appropriately

choosing the two operators and d(-,-), all the measures of similarity and



dissimilarity defined above can be obtained as special cases. Other quanti-
ties defined over a pair of strings X and Y, such as the set of their shuf-
fles, and P(Y/X), the probability of receiving Y given that X was transmit-
ted across a channel causing independent substitution and deletion errors,
can also be regarded as special cases of the abstract measure.

We also show that D(X,Y) can be recursively corputed, i.e., D(X,Y) can
be computed using (X, Y, D(X,Y) and D(X,Y), where Z is the prefix of a
string Z of length R-1, if Z is of length R. Thus the same algorithr with
the appropriate choice of the operators and of d(-,+) will compute all of
the above measures, whether numerical or not. This algorithm can also be
used to compute the ESE.Ei.ELL the LCS between two strings without perform~
ing any backtracking, which no existing algorithm performs.

We Llist below some of the specific new contributions of thjs paper.

(1) An explicit relationship between LLCS(X,Y) and LSCS(X,Y), so that

all the fast algorithms for computing LLCS(X,Y) can be used equally ef=-

ficiently to compute the LSCS(X,Y).

(2) An algorithm to compute the set of all the shuffles of two strings.

(3) An algorithm to compute the set of all the LCS between two strings,

without backtracking.

(4) An algorithm to compute the set of all the SCS between two strings,

without backtracking.

After reviewing the notation in this section, we proceed to define the
abstract measure D(X,Y) 1in the next. In Section 3 we study two nurerical
quantities which are special cases of D(X,Y), namely GLD(X,Y) and P(Y/X).
In Section 4 we study all the properties of subsequences, supersequences and
shuffles of a pair of strings that are captured by D(X,Y). The computation~-

al aspects of D(X,Y) are analysed in section 5 and an algorithm, referred to



as Algorithm I, presented, to compute it. We extend the results obtained in

this paper to study similarity measures for sets of strings in [6].

I.1. Notation

Let A be a finite alphabet and A* be the set of strings over A. u, the
null string, isv distinct from A, the null symbol. Let ; = AU {2, ; is
referred to as the Appended Alphabet. A string X < AY of the form
X = XqoooaXys where each X; €A, is said to be of Length |X| = N. Its pre-
fix of length i will be written as Xi,i < N. Upper case symbols represent
strings and lower case symbols, elements of the alphabet Qnder considera-
tion.

The set concatenation operator "«" is defined as follows. Let Q1 and

QZ be subsets of A*. Then,

Q1-Q2 = {XY|X € Q1, Y € Qz} ; XY is the string concatenation of X and Y.
R*

Let I' be any element in », the set of strings over A. The Compres-

sion Operator, C, is a mapping from A to A¥. C(Z') is 7' with all the oc-
curences of the symbol A removed. Z'. Note that C preserves the order of
the non-A symbols in Z'. For example, if Z' = fhohr, C(Z') = for.

The sets Zp and Rp are the sets of nonnegative integers and real num-~

[} ]
bers respectively. Let Rp = RpU(aﬂ and Zp = Zpu{mﬂ.

Il. An Abstract Measure for the Comparison of Two Strings

We consider a functional ©D(X,Y), between two strings X and Y,
X, ¥ € A*, induced by a syster (A,T,d), where A is the alphabet under con-
sideration, T is an algebraic structure and d is a binary function over

A x A. We explicitly define T and d below.



II.1. The Abstract Structure .
The structure T is defined by the S-tuple (7, @, 8, 8, I), where
(i) (T, 8, ©) is a corrutative monoid (81, i.e., T is a finite or in-
finite set, ® is an associative and commutative operator defined
from T x Tto T, and T is closed with respect to @. Further,
8 €7 is the identity for @.
(i1} (T, @8, 1) is a monoid with I € T as the identity for 8. We ep-
phasize that @ need not be commutative.
(iii) @ distributes over @ from both sides.
Any algebraic structure satisfying the above conditions is termed a well-
defined structure.
The iterative use of ® and 8 are denoted by 3 and @ respectively, de-

fined as below for all hi €T.

n
& hi 2 h1 ® === @ hn
n a
hi = ((-'-(h1 ] hz) 8 h3) ce hn)
Since & is comrutative, the order in which the operations are performred

in the computation of(:)is of no consequence. Since & need not be commuta-
tive, we follow the convention that the operations perforred in the computa-
tion of(:)are performed from Left to right, as specified by the parenthesis,
though of course, the computation can be performed in any sequence con-

sistent with the ordering.

L}
Example 1. Consider the structure t} = (Rp, MIN, +, ©, 0), where
¢
(i) Rp is the set consisting of the nonnegative real numrbers and o
t
(ii) MIN is the binary operator defined for all pP,q € Rp by :

MIN(p,q)

p, ifp <aq

q otherwise



and (ii1) + represents arithmetic addition.

e .
t} is a well defined structure since (Rp, MIN, @ is a commutative monoid,

]
(Rp, +, 0) is a monoid and + distributes over MIN from both sides.

Exarple 2. Another algebraic structure used in this paper is Té=

té = (Rp , *, *, 0, 1), where

+ and * represent arithmetic addition and wmultiplication respectively.
8 [}

Clearly (Rp, +,0) is a commutative monoid and (Rp, *, 1) is a

monoid. Further since # distributes over + from both sides, T, is a well-

2
defined algebraic structure.

Example 3. Let Th = (TA, U, =» ¢, (ur), where
() TA is the power set of A*, the set of strings over A.
(ii) U and - are the set union and set concatenation operators respec-
tively, with identities ¢ and {u} respectively.
Since (TA, U, @) is an associative and comrutative monoid, (TA, -, {u}) an
associative monoid, and since - distributes over U frorm both sides, TX is
also a well defined structure.

The generalized Warshall®s Algorithe described in [2 (Sections 5.6 and
5.7)1 for graph theoretic applications also uses operators like ® and 8.
However, the operators defined in T are lLess restrictive than those defined
in [27 as indicated below.

(i) 8 need not be the annihilator for 8, i.e., for any h1<t} h1 & 6 need
not necessarily he 6.

(i1) @ need not be idempotent, i.e., for any h1 €T, h1 8 h; need not

necessarily be equal to ny.



(iii) @ need not distribute over ® for countably infinite applications of

For example, the operators in [2] cannot be used to represeni arithmet-

ic addition and multiplication as in structure T}-

11.2. The Set of Elementary Measures: d

d(-,+) is a function whose argurents are a pair of syrbols belonging to
;, the appended alphabet, and whose range 1is T, the set defined in T.
d(a,A) is undefined all through and is not needed. The elementary measure
d(a,b) can be interpreted as the measure associated with transforming 'b* to
'a', for a, b € ;.

The function d(-,<) with the set R; as its range has been used earlier
to compute the Generalized Levenshtein Distance (GLD) between two strings
€6, 7, 10, 13, 14, 151, and to compute the Length of the Longest Comrmon

Subsequence (LLCS) between ther [3, 4, 10, 11]1. However, d(-,-) can assume

nonnurerical values too.

Example 4. Consider the structure TZ of Exarple 3. One possible function

that can be defined from A x A to TA is dk'

(aY, ifa=b#Ahzabeh

d4(a,b)

{ur, otherwise

The system (A,tz,dg) can be used to generate the set of all corron subse-

quences between two strings.

I11.3. The Set GX,Y

For every pair (X,Y), X,Y € A*, the finite set G is defined by means

X’Y
&

)
of the compression operator C, as a subset of A x A .



, -
6, = CCX a1, € A% x A%, and obeys (i) - (i)}
[ 4

(D)
1] ]
iy CX)Y=X,CY)=y¥

[ L]
Giy x| = 1y |
1

$ ¢ & ¢
(111) Inno (X Y ) dis x, =y, =4, 1<i<Ix|.

1 ] ] ]
By definition, if (X ,Y ) € G Max CIx}, 1Y]3 < Ix | =]y | < Ix] +|¥].

X'Y’

] t
The meaning of the pair (X ,Y ) € G is that it corresponds to one

X’Y

way of editing Y into X, using the edit operations of substitution, deletion

and insertion. The edit operations themselves are specified for all
] 1] 1] § ]

i=1,...,1%x | by (xi,yi), which represents the transforration of y; to x..

The cases below consider the thrze edit operations individually.

1 ] ¢ ]
(i) If x. € A and Y; € A, it represents the substitution of Y; by X i

i
[]
(ii) If X

8 ]
€ A and Yi = A, it represents the insertion of Xye Between

these two cases, all the symbols in X are accounted for.

[} 8
(iii) If X; = A and Y; € A, it represents the deletion of Yo Between

cases (1) and (iii) all the syrbols in Y are accounted for.
GX,Y is an exhaustive enureration of the set of all the ways by which ¥
can be edited to X using the edit operations of substitution, insertion and
deletion without destroying the order of the occurence of the symbols in X

and Y.

The number of elements in the set GX Y is given by
Id

1] x| +k) !

KTV T (IX[=[Y k)]

6, I z
XY k=rax[0,|Y]=-1X|]

Note that IGX Yl depends only on |X} and |Y|, and not on the actual strings
I 4

X and Y themselves.



Exarple 5. Let X = f and Y = go. Then,
GX,Y = {(fh,go), (Af,go), (fAd,Ago),(AfA,gho), (AAF,god)2}

In particular the pair (Af,go) represents the edit operations of deleting

the 'g® and replacing the *o' by an 'f!.

11.4. The Abstract Measure D(X,Y)
The Abstract Measure D(X,Y) between X,Y € A*, induced by the syster
(A,T,d) where T = (T, &, 8, 8, 1), 1is a map whose domain is A¥ x A* and

whose range is T. Forrally,

D(X,Y) = I, the identity for @&, if X=Y =y,

13
IX 1 .
= ® 69) d(x;,y) otherwise. )

v i=1
(X, ¥ <6y |

The fact that D(X,Y) is well-defined follows directly from the associativity
of 8 and the associativity and comrutativity of 8. Since the measure D(X,Y)
is defined in terms of the set GX,Y’ it can be used to define a nurber of
nurerical and nonnurerical indices relating X and Y.

In general, D(X,Y) need not be equal to D(Y,X). D(X,Y) will be syr-
retric if and only if the function d(-,°) inducing it obeys the following
conditions:

d{a,b) = d(b,a) for all a,b € A

d(a,a) = d(a,a) for all a € A,

III. Numerical Measures D(X,Y)

111.1. The Generalized Levenshtein Distance

The Generalized Levenshtein Distance (GLD) between two strings X and Y

(written as GLD (X,Y)) is defined as the minirur of the sumr of the elerenta-
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ry edit distances associated with the edit operations required to transforr

Y to X [6, 7, 10, 13, 14, 15]). The elerentary edit distances themselves are
~ ~ ¢

specified in terms of a map d1(-,-) fror A x A to Rp, the set consisting of

the nonnegative real numbers and . d1(-,') obeys the following conditions:

d1(a,b) >0 for all a#b, a,b €A
=0 ifa =b, a,b €A,

d,(a,b) < d,(a,c) +dylc,b) for all ab € A, c € A

Subject to the above constraints, the GLD obeys the following for all

X,Y,7 € A¥ r123.

GLD(X,Y) > O if X#Y
0 only if X = Y
GLD(X,Y) S_GLD(X,Z) + GLD(Z,Y)

In general, a greater value of the GLD between two strings indicates a

greater dissimilarity between ther.

Theorer 1.

The GLD between X and Y is exactly the measure between them induced by
the system (A,t',d1), where Ta is the structure defined in Example 1.
Proof. The theorem is trivially true when X =Y = u, since GLDGM) 29,
Consider the case when either X or Y or both is not u. We have already seen
that the set of ways by which Y can be edited to X is given by the set GX,Y'
Any pair (X',Y') <€ GX,Y’ where X' = x;x;..., and Y' = y;yé... represents the
edit operation of transforming y; to x; for all 1 < i 5_|x'|. Hence the sum
of , the edit distances corresponding to this pair is given by the number

x|

L] 1
3 d1(xi,yi). By definition, the minimur of this quantity 1is the GLD
i=1

between X and Y. Since Gx Y is the set of all pairs (X',Y'):
#
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]
lx ‘ [ ] [ ]
GLD(X,Y) = Minirum 3 dyxy.yy)

v i=1
XY <6y

which is exactly the value of the measure induced between X and Y by the
system (A,T',d1). Hence the theorerm.

ki

111.2. Probability of Errorenous Strings

Consider a channel which causes only 1independent substitution and

deletion errors. Let the elerentary error probabilities be given by the
function mapping R % ; to R; as belou.
(i) p(b/a) is the conditional probability of receiving the symbol °b' given
that the symbol ‘a' is tramsmitted.
(ii) p(a/a) is the conditional probability of the channel deleting the
transmitted symbol ‘a’.
Since a transmitted symbol can either be transmitted correctly, deleted

or transformed into another symbol, we have,

b} p(v/a) = 1 for all a € A, (3)

v € A

We define p(a/A) 2 0 for all a € A. The quantity p(A/A) 1is wundefined
and is not needed.

Let X be any string transritted across the channel. Let Y be the
corresponding noisy received string. Let |X| = N. Since the channel cannot

cause insertion errors, |Y] < N. Explicitly ¥ <« A;, where,
A; = LYY €AY, |Y] <N}

A; is the set of strings over A of length less than or equal to N.
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[] )
Let (X ,Y ) be any arbitrary elerent of Gx and let

,Y

] ]
p(yi/xi) (&)

where I represents arithrmetic rultiplication.

]
H2 is the product of the probabilities associated with the pair (X',Y')

1 1]
given that every y; was caused by the corresponding X Since p(a/a) = 0

[ ] L]
for all a2 € A, NZ is identically zero whenever the pair (X ,Y ) represents
the insertion of at least one syrbol in Y.

We define P(Y/X) as the likelihood of receiving a Y given that a X is

transritted. P(Y/X) is defined as unity if both X and Y are g. Otherwise,

it is defined as the sumr of Nz over all pairs (x',Y') in GX e That is,
I'd
L]
x| v
PCY/X) = b3 T ply./x.) (53
] ] i_—_“ 1 1
X ,Y )<GX'Y

The quantity P(Y/X) has the following properties.

Theorer 2.

Let Té be the algebraic structure defined in Example 2. P(Y/X), the
Likelihood of receiving a Y when X is transmitted, is exactly the measure
between X and Y induced by the systemr (A,t’,dz), where d2(-,-) is defined

by:
dz(a,b) 2 p(b/a) for all a,b € A.
Proof. The theorem follows directly by applying (2) to the system (A,t',dz)

and comparing it with (5).

ki
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Theorem 2:

The Likelihood P(Y/X) is a valid probability assignrent for the

bility of receiving Y, given X is transsitted.
Proof. Since P(Y/X) > 0, all that has to be proved is that

2 PWY/X) =1
*
Y(AN

proba-

4

[ 8
Since the channel cannot cause insertion errors, (X ,Y ) <€ GX Y will yield a
I'd

L 2
nonzero contribution to PCY/X) iff |X | = |Y | = N. Let the subset of ele-
L] [}
rents of G which have |X | = |Y | = N be 6,. Then,
XY N
N t [} ]
PY/X) = 2 I ply./x;), where x. =x., 1 =1,...,N, 7))
v i=1 LI 1 ]
X ,Y )<GN
The sur on the RHS of (7) involves independently considering all the possi-
ble transforrmations of the symbols of X. Thus,
N
2 PWY/X)= 1. 2 p(v/xi)
* i=1 "
Y(AN 21
which equals unity due to (3).
ki

Remark:

The fact that we have not required @ to be idempotent as in [2], has

permitted us to let @ and & represent the arithretic addition and rultipli~-

cation respectively.
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IV. Subsequences, Supersequences and Shuffles

The measure D(X,Y) induced by the syster (A,T,d) captures all the pro-
perties involving the subsequences, supersequences and shuffles of a pair of

strings. We study these properties in this section.

IV.1. The Length of the Longest Common Subsequence

A string Z € A* is a subsequence of X if it can be obtained from X by
deleting some of the symbols (not necessarily contiguous) of X. A commron
subsequence of two strings X and Y of maximur length is defined as one of
their Longest Comron Subsequences (LCS) and its length is referred to as the
Length of the Longest Common Subsequence (LLCS) C1, 3, 4, 5, 9, 10, 11, 13,
14]. Determining the LLCS of two strings has applications in molecular
biology [1, 111 and in data processing [1].

Most of the research that has involved the LCS of two strings, has been
related to efficiently computing the length of their LCS. Hirschberg pro-
posed a linear space algorithr to compute the LLCS between two strings, and
any one of their LCS [4]. He later proposed [4] two fast algorithes to com-
pute the LLCS of two strings, and in the special case when the LLCS was of
the sare order as the length of the strings, the second algorithr in [4] re-
quired tire that was much less than quadratic. Hunt and Szyranski [5] pro-
posed an algorithem to compute the LLCS which had a worst case complexity
which was of O(n2 log n), where n is the length of the strings. However,
for strings in which most positions in one sequence ratch relatively few po-
sitions in the other, the algorithm requires only 0(n Log n) time. | Bounds
on the complexity of the LCS probler have also been derived L1, 151.
Although the LCS probler has been extensively studied, there has been no al-
gorithr presented to compute the set of all the LCS between two strings.

Further, there has been no algorithm proposed to even compute the LLCS of
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rore than two strings. In this paper and its companion {61, we shall
present algorithrs which compute these qgantities.

We shall refer to the LLCS between two strings X and Y as LLCS(X,Y).
By definition if X =Y = u, LLCS(X,Y) = 0. Consider the nontrivial case
when either X or Y (or both) is not u.

Let d3(-,-) be a function defined from A x A to Z; by:

ds(a,b) = 1 ifa=b# a,b <A

0 otherwise

L] L]
Consider any pair (X ,Y ) < Gx - Corresponding to this pair we can associ-
I'4

]
ate an integer H3, where,
1] 1]
d3(Xi1Y1)-

By the definition of d3(-,~), the value of H; is exactly the numrber of non-i
pairs of symbols (x;,y;) in (X.,Y') Wwith x; = y;, which if concaten;ted from
left to right will yield a comron subsequence between X and Y. Hence H; is
the Llength of a comron subsequence. By the definition of GX,Y' the maximum

L]
value of H3 is the value LLCS(X,Y). Hence,

]
Ix |
LLCS(X,Y) = Maxirum 3 d3(x;,y;) (8)

] ] ‘i=1
X,y )<GX,Y

This leads to the following theorem.

Theorer 4.
$
Let T3 be the abstract structure (Zp, MAX, +, 0, 0), where
(1) Z; is the set consisting of the nonnegative integers and o

(i1) MAX is the commutative binary operator defined by
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MAX (p,q) P, ifp2>aq

q otherwise
(ii1) + represents arithmetic addition

Then the LLCS(X,Y) is the measure induced by the systemr (A,tg,ds).

Proof. The theorer follows by applying (2) to the syster (A,té,d3) and com-
paring the result with (8).

ik

Iv.2. The Set of Common Subsequences
A similar result can be obtained for the set of comron subsequences
between X and Y. Let dk("') be a function defined as in Example 4. Con-
sider two strings, X and Y, where either or both X and Y are not null. for

t [ ]
any pair (X ,Y ) € G

Ry let H4 be the set given by:
[}
§ lx l | ] ®
w4 = nc da(xi,Yi)
i=1

where Ic represents the iterative use of '-', the set concatenation opera-

tor.

]
By virtue of the elerentary measures, Ha is a singleton set containing

a comron subsequence of X and Y. Further, since Gx Y is an exhaustive en-
- 2

4

is the set of all the common subsequences between X and Y, and is given by

[} [ ] ] ]
nureration of all the pairs (X ,Y ), the union of W, over all pairs (X ,Y )

9.

I X

U I
(l J ._C
X LY )<GX,Y i=1

l _
da(xi,yi) (9

The Latter is exactly the measure induced between ther by the syster



- 17 -

(A’T',da). Hence we have the following theorer.

Theorem 23

Let TZ and d4 be as defined in Examples 3 and & respectively. The set

4

of comron subsequences between X and Y is exactly the weasure, D (X,Y), in-

duced between themr by the system (A,tz,d ).

4

Kk k

Rerark: The set of all the LCS of X and Y can be obtained by extracting from

4

D7(X,Y) the elerents of greatest length.

IV¥.3. The Shortest Cormon Supersequence Probler

An analogous probler to the LCS probler is the Shortest Comron
Supersequence (SCS) Probler [9]. Z is a supersequence of X if it can be ob-
tained from X by inserting symbols into it. A common supersequence of X and
Y of minirur length is one of their Shortest Comron Supersequences (SCS),
and its length is the Length of the Shortest Supersequence of the strings X
and Y, written as LSCS(X,Y).

The next two theorems concern the SCS probler. The arguments proving
the theorers follow the same reasoning as the previous two and are omitted

here to avoid needless repetition.

Theorer g:

[
Let tg be the structure (Zp,MIN,+,a»O). Let ds(-,-) be a function

-~ - '
which specifies a set of elerentary mreasures. ds(-,-) raps A x A to Zp by:

dS(a,b) =1 if a = b, a,b € A
= © otherwise
ds(a,A) = dS(A,a) =1 for all a € A,
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Then DS(X,Y), the measure induced between X and Y by (A,tg, dS)’ is exactly

equal to LSCS(X,Y).

kk

Theorenr Z:

Let tz be the algebraic structure defined in Example 3. Further, let

dé(-,-) be a function fror A x A to the power set of A* defined by:

dé(a,b) = {a} ifa=b, a,b €A
= ¢ otherwise
dé(A,a) = db(a,A) = {a} a €A,
Then Dé(X,Y), the measure between X and Y induced by (A, 47 db)’ is the set

of their common supersequences of Length less than or equal to |X|+|Y].
*kk
Comrmrents

(i) The set of all the SCS of X and Y can be obtained by extracting
from Dé(x,Y) the strings of srmallest Length.

(i1) If we follow through the results of the the above four theorers,
we notice a rarked similarity between the LCS and the SCS probler. A closer
exarination will reveal that if we are given X, Y and any one of their LCS,
we can obtain at Least one of their SCS. An SCS is generated by including
in it every syrbol not in the LCS, and by including every syrbol in the LCS
exactly once. Thus we obtain the following result relating the quantities

LLCS(X,Y) and LSCS(X,Y).

Corollary 1.

Let X,Y < A*. Then,
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LLCS(X, Y)Y = |X] + |Y] = LSCS(X,Y)

Proof.

Let X=x1...xN and Y=y1...yM, and let Z=z1...zR be any LCS of X and VY.

Then, by definition,

xik =z, for k=1,...,R with ip_1 < ip »0=2,...,RR, and,

y. = z, for k=1,...,R with j

< j
Yk

< - N

p-1 p

We edit X using the edit operation of insertion as below. Examrine X start-
ing from the Lleft. When the symbol X; in the LCS is encountered, insert

k

before it yj if jk-1>0‘ Finally, concatenate to X the substring
k-1
yj 17 ne Let the resulting string be V. Clearly V is a comron superse-
R

guence of both X and Y since both of ther can be obtained by editing V using
only the edit operation of deletion.

V is a Shortest comron supersequence of the strings, since, reroving
any syrbol fror it will not result in a supersequence. This can be easily
seen by considering all the possibilities of deleting in V one syrbol either
frorm X or fromr Y.

By the construction,

IVl = IX] + (Y} = 121>,  |V]=LSCSCX,Y), |Z]=LLCS(X,Y).

IV.4., The Set of Shuffles
A string 17 < A* is referred to as a shuffle of X and Y if it satisfies
the following conditions:
a) 1 is a comron supersequence of both X and Y.

b) There exists sore way of deleting the syrbols of X from Z to
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leave the rernant string exactly Y, and vice versa.
The following theorem shows that the set of shuffles of the strings X and Y

is the reasure induced between ther by the syster (A,tk,d7) described below.

Theoremr §,

Let Th be the algebraic structure defined in Example 3. Let d7(-,-) be

a function mapping A x A to the power set of A*, defined by:

d,(a,b)

7 $ for all a,b € A

d7(a,A) d

7(A,a) = {a} for all a € A,

Then D7(X,Y), the weasure between X and Y induced by the system (A,th,d7) is

the set of all the shuffles of X and Y.
Proof. The proof of the result follows directly fror the fact that the con-

7

] ]
tribution of every pair (X ,Y ) to D' (X,Y) is a singleton set which, by vir-

tue of the elerentary measures, is a shuffle of X and Y. Since GX,Y is the
exhaustive collection of all the pairs (x',Y'), for every shuffle Z, there
is some pair (X',Y') € GX,Y which yields its contribution to 07(X,Y) as 1
itself. Thus, the union of all these singleton sets will be the set of all

the shuffles of X and Y. Hence the theorenr.

fkk

V. Computational Properties of D(X,Y)

Let Z be defined as the Left derivative of any string 7 € A*, so that

1= 2400020 4 if 2 = 24...25. By definition Z = g4 if {Z|] < 1. In this sec-
tion we show that D(X,Y) is explicitly dependent only on the quantities
DX, Y), DY, X, DX,Y), and the elewentary measures d(-,<) involving the
Last symbols of X and Y. This result is prirarily due to the properties of

the operators @ and ® and the way they appear in the expression for D(X,Y).
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This property of D(X,Y) renders it recursively computable and Leads to the
interesting and computationally efficient feature that though D(X,Y) is de=-
fined explicitly in terrs of the set GX,Y' it can be computed recursively
without ever computing GX,Y‘ Thus, though the set GX,Y’ whose size is given
in section 3, is extrerely large, the measure D(X,Y) can be computed using
rerely 0C{X]||Y]) computations involving the operators & and e.

We shall first prove the recursive computatability of D(X,Y), and
present an algorithm to compute it. The algorithr is written in terms of
the syster (A,t,d). By using various concrete systers, the sare algorithmr
can be erployed to compute all the weasures discussed in the previous two
sections, such as the GLD(X,Y), P(Y/X), LLCS(X,Y), LSCS(X,Y), and the sets
of corron subsequences, supersequences and shuffles of X and Y.

We make use of the following notation that if Z = 24..02p, 1 € A*, then

Zi is the prefix of Z of length i. By definition, Z0 =pand L = ZR-1‘

Theorer ?_.

Let X = Xqaeaxy and ¥ = Yqeo-Yy, Wwhere both X and Y are not null.

Then,

a) pOx,u) DX, M) @ d(xN,A)
b) DGu,Y) = DQ,Y) @ d(A,yM)
[D()_‘.'.Y.) 2 d(xN,yM)] 8 [D(X,l) 2 d(A,yM)] ]

[DQ(_,Y) 8 d(xN,A)]

c) D(X,Y)

The proof of the theorer is given in Appendix A.

kdk

Theorer 9 leads to the following algorithr to compute D(X,Y).
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Algorithm I.

Input: Two strings X = Xqe0eXy and Y = YqeeoYye
Qutput: The Abstract Measure D(X,Y) induced by (A,t,d).
Method:

Du,u) = 1.

for i=1 to N do D(Xi,u)

D(Xi_1,p) [ ] d(xi,A)

for j=1 to M g_c_;_D(p,Yj) D(u,Yj_1) 8 d(A,yj)
for i=1 to N do
for j=1 to M do
DIX;,Y) = |:D(X1._1,YJ._1)Dd(xi,yj)]o[D(Xi,qu)Dd(A,yj)]D
[?(Xi_1,Yj)Qd(xi,Ai}
end
end

return D(XN,YM)

END Algorithmr I.

The algorithr is best understood by means of the trellis shown in Fig.

1. The nodes of the graph correspond to the prefixes of the strings,

(Xi’Yj)' There is a directed edge to (xi’Yj) from each of the nodes

(Xi-1'Yj)'(xi’Yj—1) and (Xi—1’Yj—1)' The tatter three nodes are referred to

as the nodes adjacent to (Xi,Yj). Associated with the edges of the graph

are the following elerentary measures:

N(i) d(xi,A) is the measure associated with the edge connecting
(Xi—1’Yj) to (xi,Yj), for all 1 < j < M.

(i) d(A,yj) is the measure associated with the edge connecting
(xi,vj_1) to (Xi,Yj), for all 1 < 1 < N.

(i) d(xi,yj) is the measure associated with the edge connecting

(Xiqr¥oq) tO (XY,



(,m) d(y,) (wyy,) a0,y Gy,

L
(xy,u) Q¢

d(xz,l)

(x‘xztU) (9]

Fig, 1.  The trellis to compute D(X,Y). Note that the edges of the trellis
correspond to the abstract elementary neasures d(.,.). The measure
D(X,Y) at a node K is computed via the operators @ and P from the
measures D(X,Y), D(X,Y) and D(X,Y) at the tail of the edges leading

to the node K.
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Associated with the node (xi'Yj) is the mreasure D(xi,Yj) which is to be
corputed. The 1initialization step makes DQu,u) = I. The X and Y axes are
then traced using the edit operations of insertion and deletion respective-
ly. Subsequently, the rest of the trellis is traced, row by row, using only
the previously computed measures. We emphasize that to corpute the rmreasure
associated with any node, we need to use only the reasures associated with

its adjacent nodes, i.e., (Xi_1,Yj), (xi’Yj—1) and (Xi-1'Yj-1)’

V.1. Remrarks

(1) As stated earlier, the above algorithm is written in terms of the
parareters of the syster (A,t,d). Based on the concrete syster used, Algo-
rithr I can be used to compute the various quantities discussed in the pre-
vious sections. In particular, it can thus be erployed to corpute (a)
GLD(X,Y), (b)Y PCY/X), (c) LLCS(X,Y), (d) LSCS(X,Y), (e) the set of common
subsequences of X and Y, (f) the set of corron supersequences of X and Y and
(g) the set of all the shuffles of X and Y.

(ii) The computational complexity of algorithrs similar to Algorithr I
has been studied in terms of the nurber of syrbol corparisons reguired by
the algorithr C1, 15]. On this basis, it is easy to see that Algorithr I
requires MN syrbol comparisons. The algorithr perforrs the operation @ ex-
actly 3MN+M4N times, and the operation @ exactly 2MN times. Thus to compute

all the numerical quantities discussed in the previous sections, the algo-

rithr has a tire complexity of O(MN). To compute nonnurerical quantities
that are sets, (such as the set of all the LCS between X and Y), the algo-
rithr will perforr the corresponding operations such as the set union and
set concatenation G(MN) tires. The complexity of the algorithm however, witl
be a function of the number of elerents in the set computed, and not rmerely

a function of the parareters % and N. An asymptotically wore efficient al-
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gorithr to compute only nurerical gquantities relating two strings X and Y

(specifically, GLD(X,Y) and LLCS(X,Y)) is suggested in [10]. Considering
the large arount of preprocessing needed in the latter algorithsr, it can be
useful only when |X] and |Y| are very large.

(iii) A Llower bound for the nurber of syrbol comparisons required to
cormpute the LLCS between two strings has been derived in [1]. Fror Corol-
Lary I, this is also the lower bound for the nurber of syrbol comparisons
required to cowpute the LSCS between two strings. An unanswered question is
whether similar Lower bounds exist for the other reasures defined in this
paper.

We shall now illustrate Algorithr I by applying it to corpute a nonnu-

merical quantity.

V.2. The Algorithe for the LCS Problemr
We shall show how Algorithr I can be used to compute the set of all LCS
between X and Y. We have already shown that the measure induced between X
and Y by (A,tk,d4) js the set of all the common subsequences between ther.

4

Let this measure be designated as D (X,Y).

Let us suppose that in the process of computation we retain in the sets
4 b 4 :
D (xi—1'Yj)’ b} (xi’Yj-1) and D (xi-1'Yj-1)’ only the elerents of raxirur
Length. Then, by keeping track of the Lengths of the elerents in these sets
we can compute DA(Xi,Yj) and retain in it only the elerents of maxirur
length. This too can be done iteratively and thus the set of all LCS

between X and Y can be computed iterativelyt. In a sirilar way, the set of

+ This can be easily formalized as follows. Let § and T be two sets of
strings, where all the elerents in S and T are of Lengths s and t
respectively. We define an operator(:)which operates on sets S and T
and to yield the resultant set which is either S or T depending on
whether s>t or s<t respectively. If s=t, S@T is defined as S U T.
Using () and the set concatenation operator, the set of all the LCS can
be seen to be a particluar case of D(X,Y).
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all SCS between X and Y can be computed iteratively.
This algorithr yields the set of all the LCS between X and Y without

perforring any backtracking. Currently, there is no known algorithr to com-

pute this set recursively.

Using the existing algorithrs to compute the LLCS and using backtrack-
ing, we can envision the corputation of this set of all LCS in two stages.
The matrix of the LLCS between the prefixes of X and Y is first corputed.

Let this matrix be L, whose elerent Li j is the LLCS between Xi and Yj. In

’
this stage pointers are raintained through L, which will Later be wused to
retrieve a LCS. After the entire ratrix is computed (i.e., LN,M is corput-
ed, if |X] = N and |Y| = M), one backtracks through L, fror LN,M to LO,O er-
jtting a LCS as a path is traced. However,even if the pointers through L
are raintained optirally, it can be seen that the nurber of distinct paths
from LN,M to LO,O’ is, in general, greater than (and never less than) the
nurber of distinct LCS, implying that rore than one path yield the sare LCS.
Thus, in the process of backtracking, invariably a Lot of redundant computa-
tions will be perforrmed, because of the inevitable traversing of paths which
yield no new LCS.

The algorithr presented earlier involves no backtracking and conse-

quently no redundancy. The exarple below illustrates the corputation of the

set of all LCS between X and Y.

Exarple 6. Let X = ators and Y = tares, where A = {a,e,r,0,5,t}. The ele-

rentary reasure da(-,') is used.

d4(u,v) = {u} if u=v, u,v €A,



..26..

={ur , otherwise,
The corputation of the set of LCS between X and Y is given in Table 1.

VI. Conclusions

We have presented a unifying theory for sirilarity properties involving
a pair of strings, X and Y, and which require the preservation of the order
of the syrbols of both the strings. Using this theory we have given expli-
cit expressions and a corputational algorithr for (i)GLD(X,Y), (ii) the pro-
bability of receiving Y given that X was a string transritted through a
channel causing independent substitution and deletion errors, (iii)
LLCS(X,Y), (iv) the set of comron subsequences of X and Y, (v) LSCS(X,Y),
(vi) the set of corron supersequences of X and Y, and (vii) the set of all
the shuffles of X and Y.

It is well known that string correction can be done by comparing two
strings using the GLD between ther[12]. However, due to the results of this
paper, we can extend the results of previous researchers to perforr string
correction using any of the nurerical reasures discussed in this paper. Be-
sides, a finer comparison between alrost sirilar strings can be rade, by us-
ing sore of the nonnurerical indices we have studied. For example, consider

three strings x1,x2 and Y. Let us suppose LLCS(X Y)=LLCS(X2,Y). If the

1-
LLCS Dbetween two strings 1is used as a reasure of the sirilarity between
ther, the two strings X1, and X2 will be considered equally sirilar to VY.
But if we consider the nurber of elerents in the set of the LCS between X1
and Y, and the nurber of elerents in the set of LCS between X2 and Y, we
would have a finer measure of similarity to distingush between X1 and xz.

The results that have been obtained for a pair of strings will be ex-

tended for sets of strings in the corpanion paper(é].



M M M M M M M
a M M a a a a
t M t a,t a,t a,t a,t
o] M t a,t a,t a,t a,t
m M t a,t am,tm am,tm  am,tm
s M t a,t ar,tm  am,tm ams,tms

Table 1 : The computation of the set of LCS between X=atoms and Y=tames.
The entry corresponding to x., and y. is the set of LCS between X,
and Y.. Hence, the set of Led betwden ‘'tares' and ‘ators' is
{ams,]tws}, the entry in the right corner of the last row.
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APPENDIX

Proof _ci Theorer 9 - (a)

Since GX’“ has only one elerent (x.‘xz...xN,M\...A), by (2),

N
DCX,u) = @ dlx.,A)
i=1 K

which by the associativity of & reduces to:

N-1
( d(xi,o\) 8 d(xN,A)
i=1
N-1
But @ d(x;,4) 2 p(X,m). Hence D(X,u) = D(X,u) 8 d(xy,A), proving (a).
i=1

In an exactly sirilar way (b) can be proved. We proceed to prove (c).

Proof g_f_ ()

Since |X{, IY| > 1,

]
Ix I
DIX,Y) = @ @ dlxy,yy) (.
vt i=1
(X', )Gy y

¢ t ] [ ]
For any arbitrary pair (X ,Y ) € GX ye let p and q be the last symbols of
Fd

) ]
X and Y respectively. The set Gx y can be partitioned into three rutually
, ,

exclusive and exhaustive subsets.

@
i

1] 1 8 ] ]
g =LY LY e S ys P €A, a <AY

o
i

! L ' L
o T LYY | (X L,Y ) €6y
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1] ] ] ] ] ]
G3={(x,Y)|(X,Y)<GX'Y, p €A, g =A)

The above sets are mrutually exclusive because of their definition.
(] [ ]
Since both p , g <€ AU{A}, and since both cannot be & sirultaneously, every
elerent in Gx Y will be in only one of the above sets. Thus G1, G2 and 63
’

partition Gx v* Using the associativity of @,
r 4

DIX,Y) = ® s'| e ® s'| e ) s'| a2
] ] ] L} 1] )
X ,Y <G, (X ,Y <5, (X Y <Gy
]
1] IX l ] ]
where s = @ dx.,y.).
i=1 v

Consider the terms of (A.2) separately. Using the associativity of &,

the first terr in (A.2) reduces to,

' '
Ix | v e Ix_|=1 "
® @M dix,,y.) = ® @  dlxy,yy) 8 dixy,yy
L 1=1 1 [ i=1 1T N
X ,Y )(G1 (X ,Y )(G,‘

Using the distributivity of & over & the above expression reduces to,

1]
'X t" vt
® @ d(xi,yi) 8 d(xN,yM) (A.3)
1 [} =
' vhe,

Let X and Y be the left derivatives of X and Y respectively.

1]
|x ‘ ] ]
D(X,Y) = ® @ dix,,yd
0 3=
x e, [
Ne

AR

where GX Y is the set defined in (1) for X and Y. For every elerent

(X',Y') € G , there is a unique elerent (X'x ’ Y'y ) in G, and vice versa.

Replacing every elerent in G1 by the corresponding elerent in GX y (A.3) can
'—
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be rewritten as:

——

®
x ‘ 1 1]
D dix;,y )| 8 dlxyy) = DOLY) B dlxy,y). (A

1'

] [ ]
For every elerent in 62, p =& and g =Yy~ Thus the second terr in (A.2)

becores:
] ]
X1 0 x =1,
® @® dlx.,y.) = © dlx.,y.) 8 dA,y,)
(I | i=1 17 L i=1 1 "
X ,Y )662 X Y )<G2
t
‘X "'1 '
= @  dix.,y.)| @ d@,y,)
T 124 1773 M
x ,Y )<G2
= D(X,Y) 8 d(A,YM) ’ (A.S)
] (]
In every elerent in the set 63, p= Xy and @ = A. Arguing as in the pre-

vious cases, the third terr in (A.2) becores:

1]
X', X -1,
® @ dlxi,yy) = & @  dlx;.y;) 8 dlxy,h)
] 1] 1= 1] [] 3=
e, 1 o' vhesy L 1
. _
‘X ‘-1 ] ’
= '(2 f@% d(xi,yi) L] d(xN,A) ,
(X ,Y )€64 -
= DX,Y) B d(xy,A) (A.6)

Resubstituting (A.4 - A.6) in (A.2) proves the theorer.
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