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ABSTRACT

In this paper we study the object partitioning problem in which the elements of a set € are

accessed by users according to an unknown partitioning ®. The joint access probabilities of the

objects are unknown and furthermore, the objects are accessed in groups of unknown size which

may or may not be equal. The object partitioning problem involves partitioning the objects into a
partition H isomorphic to ® in sucha way that the objects accessed more frequently together are

located in the same class. It is well known that this problem is NP-hard [22,23]. In this paper, we
propose a fast hierarchical stochastic learning automaton solution to the problem. Unlike the
previously reported automaton solutions [24] the number of computations per iteration required by
this method is logarithmic in the number of objects to be partitioned. Experimentally, this solution

converges much faster than the best known algorithm in the literature which does not use learning
automata [22,23].
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I. INTRODUCTION
Let L2 = {Aq, ..., Ay} be a set of W objects. We intend to partition €2 into R classes

H={H1, ..., IIg } in such a way that the objects that are accessed (used) more frequently together

lie in the same class. This problem is called the Object Partitioning Problem (OPP). Indeed, to
render the problem non-trivial, we assume that their joint access probabilities are unknown.

In order to appreciate the problem and to motivate a need for studying it, we shall first
informally state a variety of applications where the problem is encountered. Consider a library

environment [17], in which the set Q represents the set of disciplines (e.g. history, geography,

biology, etc.) and the partitioning represents the physical location of the books and documents in
these individual disciplines. Assuming that a person working in geography required books in
geology more frequently than books in mathematics, it is desirable that books in the former two
disciplines (i.e., geography and geology) be located on the same floor rather than books in the
disciplines geography and mathematics. But apart from such conceptual applications, the OPP is
also encountered in a number of computer applications. We list some of these below.

(1) Let €2 be a set of attributes belonging to a normalized relation. Because of the size of

Q, it may be that these attributes cannot all be physically incorporated in one single relation. In

such a case it is desirable to partition the attributes into sub-relations in such a way that the
attributes accessed simultaneously in a query are located in the same sub-relation [4,5,22]. This is
indeed the traditional attribute partitioning problem.

(i) Let €2 be a set of records stored on a disk. The record allocation problem involves

partitioning these records so that the jointly accessed records are available on the same block (or
track) of the disk. A solution to the OPP can directly be used to solve this problem. So too, can
segment clustering in IMS trees [22,23] be considered as a record clustering problem [18].

(iii) In a distributed data base, the files that are distributed can be located at various sites. In
this case, it is desirable that files which are jointly accessed more frequently together are physically
located in the same geographical site. Obviously this would minimize expensive communication
costs [9,23].

Various other applications of the OPP are also found in the literature [8,20,21]. Our aim is to
obtain a general solution to the OPP which, with minor modifications, lends itself as a solution to
any of the above mentioned problems.

A basic underlying assumption of the OPP is that the users who are accessing the elements of

€ are accessing them based on an underlying partition O. This, in a sense, is determined by the

user's query (or access) patterns and is referred to as the grouping imposed on €. As far as the
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person who is solving the OPP is concerned, we assume that this grouping is unknown. A

solution to the OPP aims to partition €2 into classes that mimic the underlying grouping.
To formalize the problem, let Q- { Ay,. ... Ay] be the set of objects to be partitioned. Let
® be an unknown partitioning of Q where

© ={01,69,...,0g) such that for all 1Sij<s,
0 " 6;=0¢,and
S

9. = €.

=1 !

Let ¥ be an infinite stream of queries, where each query is a pair (Aj, Aj), i#j, such that if
Pr(Aj,Aj) is the probability of Aj and A; being accessed together, then
Pr(Aj, Ap >> Pr(Aj, Ax) if Aj Aje 0yand Ax € Oy foru=v.
Thus, the queries come in such a way that the probability of the user concurrently accessing objects
in the same group is much larger than the probability of the user accessing two objects from
distinct groups.
The aim of the OPP is to learn the partition ®. Indeed, by processing Y we intend to obtain

a partitioning II= {1y, ..., IIr} of €2 such that :

G S=R
(i) TNT=¢ forall 1<i,j<R

R
(iif) U1 1L = £2, and,

(iv) There exists an isomorphism m(i), where 1< m(i) €S, such that for all i, ITj = em(i}
Observe that the OPP assumes that S, the number of groups in the user's partition, is unknown.

Even the simplified versions of the Object Partitioning Problem (OPP) have been shown to
be NP-hard [22,23] due to the exponential growth in the number of partitions of the objects. Our
aim is to try to use an adaptive scheme which converges to the exact underlying partition with a
relatively high probability.

The most obvious method of solving this problem is to process the queries and to maintain a
frequency count of the accesses for various combinations of the objects. Since the number of
combinations is exponential, the use of such statistics is impractical and infeasible. Observe t0o
that strategies (such as the Move-to-Front, Transposition, Move-to-Root, Splaying etc.) which
adaptively reorganize lists and trees [1-3,6,10,15,16] are inappropriate for the OPP because the
assumption that the objects are accessed independently is quite meaningless in this context.
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Further, the question of physically moving the objects after every query (or access) seems quite
unreasonable, especially in the case of attribute partitioning or distributed file allocation. Thus, the
the research in this field has taken alternate directions.

In this paper we shall present some hierarchical learning automata solutions to the OPP.
Learning automata were introduced in the literature about three decades ago and have since then
been used to model biological learning systems and also to determine the optimal action which an
environment offers. The learning is achieved by the automaton interacting with a random
environment and processing the responses that the environment gives. Various applications of
learning automata have been reported in the literature and among these are parameter optimization,
statistical decision making and telephone routing [7,11,12]. The reader is referred to the following
review paper by Narendra and Thathachar [11] and two comprehensive books in the field [7,12]
for an overview of the families and applications of learning automata.

The learning process of an automaton can be described as follows: The automaton is offered
a set of actions by the environment with which it interacts, and it is constrained to choose one of
these actions. When an action is chosen, the automaton is either rewarded or penalized by the
environment, and the environment provides this response stochastically. A learning automaton is
one which learns the optimal action, i.e. the action which has the minimum penalty probability, and
eventually chooses this action more frequently than the others. Although a few extremely fast
learning automata solutions to the OPP have been reported in the literature [24], these schemes
possess inherent drawbacks which can be quite prominent. These drawbacks are overcome here by
presenting a new hierarchical automaton solution for the OPP.

For the rest of this section we briefly discuss the fundamentals of learning automata. In the
next section we shall discuss the BAM and some existing automata solutions to the OPP. We shall
then present the non-hierarchical solution to the OPP which will serve as the as the basis for the
hierarchical automata solution proposed. We conclude this paper with a presentation of the
experimental results which we have obtained.

1.1 Fundamentals of Learning Automata
Stochastic learning automata can be classified into two main classes :
(a) Fixed Structure Stochastic Automata (FSSA), and,
(b) Variable Structure Stochastic Automata (VSSA).
Some examples of the former type are the Tsetlin, Krinsky and Krylov automata [19]. Automata
of the latter type are completely defined in terms of action probability updating rules which are
either of a continuous [7,11,12] or discrete nature [13].

The automaton-environment interaction is described as follows. The automaton selects an
action based on its structure and state, and this action serves as the input to the environment which
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gives out a response B(n) e {0,1} at time 'n'. The environment penalizes (i.e., f(n) = 1) the
automaton with the penalty c;, where,
¢i = Pr(Bm=1lam)=04] (i=1,,R).

Thus the environment characteristics are specified by the set of penalty probabilities {c;} (i =
1,...R). On the basis of the response B(n) the automaton performs some internal computations
and a new action is chosen at time (n+1). Of course, to render the problem meaningful, the {c;} are
unknown initially and it is desired that as a result of interaction with the environment the automaton
arrives at the action which gives it the minimum penalty response. Let ¢ be the minimum penalty
probability, and let P;(n) =Pr [ a(n) = oy ]. Then, the convergence of Py (n) to unity and the
convergence of P;j(n) to zero for i # L achieves this result. Automata are designed with this
solution in view.

As mentioned earlier, a Variable Structure Stochastic Automaton (VSSA) is essentially
[7,11,12] an updating rule by which the action probability vector at the (n+1)St time instant is
computed using the probability vector at the n'h time instant and the automaton-environment
interaction at the nth time instant. Thus, if P(n) is the action probability vector at time 'n’, the
VSSA is fully defined by specifying a function H, where,

P(n+1) = HP(n), on), B(n)).

Let E[M(n)] be the expected penalty at time 'n'. An automaton is said to learn expediently if,
as time tends towards infinity, the expected penalty is less than the initial penalty. It is said to be
optimal if E[M(n)] asymptotically equals the minimum penalty probability as time approaches
infinity. Finally, it is e-optimal if in the limit, for any arbitrary € > 0, E[M(n)] < ¢, + &, where ¢,
is the minimum penalty probability. This could be achieved by a suitable choice of some parameter

of the scheme, such as the multiplying constants characterizing the updating functions.

II. PREVIOUS SOLUTIONS TO THE OPP

To present our solution in the right perspective, we shall first present a brief summary of the
some of the adaptive solutions to the problem. This is done, not only for the sake of completeness,
but also because, in this present solution, we have tried to incorporate various advantages of these
solutions, and have simultaneously tried to eliminate the disadvantages that the previous schemes
have possessed.

The earliest adaptive solution for the OPP is probably due to Hammer ez al [4,5]. This
solution is clever algorithm, which is conceptually a "hill-climbing" technique that tries to converge
to the optimal partitioning by using a variety of heuristics. The best known adaptive solution,

which does not use learning automata, is the one due to Yu et al [22,23] which has been clearly
demonstrated to be superior to the algorithm in [4].
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The method due to Yu ez. al. [22,23] is called the Basic Adaptive Method (BAM), and is a
truly ingenious scheme. The three major advantages of the BAM are (i) the method is adaptive, (ii)
it does not involve computing any query statistics and (iii) as opposed to traditional data
reorganization strategies (such as the Move-to-Front, Transposition, Move-to-Root, Splaying
etc.), the objects are not moved on processing every query. The BAM works as follows.

Associated with the set of physical objects Q={A1, Aj.....,Ay] is a set of abstract objects
{01,037, ...,0w}. The BAM manipulates these abstract objects as the queries are processed.

Notice that this can be done in the background, in a fashion which is invisible to the user.
Periodically, the set of physical objects €2 are re-partitioned (typically, when the queries on the

actual physical objects are not expected, for example, at back-up times) so as to conform to the

partitioning dictated by the BAM. The way the abstract objects are manipulated is as follows.
Initially the BAM assigns for each abstract object O; a real number Xj. On processing a query

requesting the physical objects A; and Aj, the quantities X; and Xj are moved toward their centroid
by a small constant A1*. This tends to group the points into clusters. Subsequently, two distinct
random indices p and q are chosen, 1< p,g < W, and Xp and Xq are drawn a\ifay from their
centroid by a constant Ay*. Generally speaking, it is possible that the indices p and q assume the
particular values of i and j in the same iteration. The techniques of “deterrnining" A1, Ay and the
initial Xj's are informally discussed in [22,23]>k . After a fairly long time (T accesses), the
partitions are created based on the proximity of the Xj's. The technique for creating these

partitions is also discussed in [22,23] for the case when the number of partitions is known a priori.
In the absence of any a priori information, heuristics are used to decide on the actual partitioning
based on the value of the {X;}. An algorithmic version of the BAM is given in [14,24].

The first attempt to solve the OPP using stochastic automata was presented by Oommen e.
al. [14] for a special case of the OPP, the Equi-Partitioning Problem, in which the underlying
groups of the objects were of the same size. Of the three deterministic automata solutions to the
EPP presented in [14] the most elegant was a new machine called the Object Migrating Automaton
[14]. For the case when W=4 it was shown to be expedient in all random environments.
Experimental results involving the OMA demonstrated its excellent accuracy and showed that itis
an order of magnitude faster than the BAM.

* A1 and Aj need not necessarily be constants. In general, they can be quantities proportional to
the proximity of the numbers X1 and X».
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The first reported automata solutions for the general OPP were presented in [24]. Initially, a
variant of the Object Migrating Automaton called the Stochastic Move Automaton was suggested
and its capability in solving the OPP was demonstrated. The latter automaton converged much
faster than the BAM although, in terms of accuracy, it was inferior in some environments. Finally,
in [24] a new VSSA similar to the traditional Linear Reward Penalty Scheme was presented. This
automaton, termed as the Modified Linear Reward Penalty (MLgrp) scheme, was shown to be
expedient in all random environments. Experimentally, it was shown to possess a remarkable
accuracy in that it converged to the exact underlying partitioning almost all the time. Yet it is about
ten times faster (and sometimes even about twenty times faster) than the BAM.

Although the MLgp scheme had the advantages mentioned above, it possesses one
fundamental disadvantage, and that is that for each iteration a linear (in the number of objects to be
partitioned) number of probabilities have to updated. This is unfortunately a marked disadvantage.
With this in mind, in this paper, we shall tackle the general OPP again. However, rather than have
a single MLgp aiming to dictate the partitioning, we shall use a technique which utilizes a
hierarchy of automata. Indeed, in this case, rather than execute a linear number (measured in terms
of the number of objects to be partitioned) of probability updates for each iteration, only a
logarithmic number of probabilities are updated. This scheme is again expedient and quite accurate.

Experimentally, if the rate of convergence is measured in terms of the number of iterations, this
scheme is still much faster than the BAM and is almost as fast as the MLgp scheme.

[II. THE MLy, SCHEME

The scheme which we introduce in this paper involves a hierarchy of learning automata,
which, at each level uses machines which are analogous in operation to the MLgp scheme referred
to in the previous section. Since the understanding of our present scheme requires a rather
thorough understanding of the latter, in this section we shall briefly describe the philosophy behind
the MLgp scheme and explain its inherent drawbacks.

Unlike the BAM, in the use of automata, we assume that the W abstract objects have to each
choose a class (partition) to be in. In the case of the scheme suggested for the Equi-Partitioning
Problem this choice is made using a fixed structure automaton. But for the general OPP the choice
is made on the basis of a VSSA. On processing a user's query for objects Aj and A;, this scheme
makes a decision as to which classes the abstract objects Oj and Oj should reside. If both Oj and Oy
choose to be in the same class, then the choice of this partitioning is rewarded. Otherwise, it is
penalized. Based on this feedback the automaton updates its internal structure (which in this case is
a probability vector) and awaits the next user's query. It must be noted that the main motivation for
the use of VSSA for the OPP (as opposed to the fixed structure scheme suggested for the Equi-
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Partitioning Problem) is essentially the fact that these automata allow objects to choose two
different classes at two consecutive time instants.

The Modified Linear Reward-Penalty (MLgp) is quite similar to the traditional Linear
Reward-Penalty (Lgp) scheme in which the automaton chooses its action based on the distribution
P(n) = [p1(n), pp(»), ..., pR(n)]T. If o is the action chosen and the environment penalizes the
automaton, the action probability is updated by by multiplying pj(n) by a constant b < 1, and the
probability mass (1-b)pj(n) is divided up between the other R-1 action probabilities. Similarly, if
the action is rewarded the action probabilities of the remaining R-1 classes are decreased by a
constant a < 1, and the probability p;(n) is incremented accordingly. Explicitly, the Lrp scheme is
defined below for 1 <1,j <R :

piln+l) = pi(m) + Ly apj(n)

= pi(n) +a.(l —p(m) if o is chosen and § =0
pi(n+tl) = pi() —a.pin)

= (1-a).pin) if o is chosen and p =0
pin+l) = pi(n) - Zjy {[b/R-1)]-b.pj(n)}

= p(1-Db) if o; is chosen and B =1
pi(n+l) = pj() + [b/(R-1)] - b.pi(n)

= [b/(R-1)] + (1 —b).pi(n) if a; ischosenand B =1

(D

The rationale for the MLgp scheme is as follows. The abstract object O; chooses to be in a
particular action based on the probability vector Pi(n) = [p;;(n), pja(n), ..., piw(n)]T. Whenever a
pair of objects (A;, A;) is accessed if O; and O; choose the same action, say Oy, then they will be
rewarded by the interacting environment. Just like the Lyp scheme, this is achieved by increasing
the probability of them choosing oy and at the same time decreasing the probabilities of them
choosing all other actions. On the other band, if O; and O; choose actions o, and oy respectively, |
where o, # 0, then this choice will be penalized. Since it may be the case that A; and A; should
be in the same class, both O; and O; will increase the probability of "trying" to choose a common
action. In such a case, instead of letting O; move to &y and O; move to o, we modify the
probabilities so that O; chooses 0,y and O; chooses or, with higher probabilities. Since the other
actions oy, (for k # p,q) are not involved, the probabilities of them being chosen by O; and Oj are
not changed. To be more specific, since oy, is considered as an inappropriate action for O; and 0ig
is the one that O; should try, pj, (the probability of O; choosing o) is decremented, and this
decrement is added to pjq (the probability of O; choosing o). Analogously, the value of pjq 1s also
decreased and the value of pj, is increased by the corresponding amount. However, since the
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query system is stochastic, the request for the pair of objects (A, Aj) may be a "misleading" query.
By this we mean that the pair of objects (A, Aj) may not actually belong to the same underlying
partition, but are still requested by the user, and so we must be conservative in forcing them to be
in the same partition. To achieve this, the amount of change upon receiving a penalty is rendered
small so that a recovery due to an erroneous choice can be more easily achieved. The above
informal discussion is formalized below.

If {Aq, ..., Ay} is the set of W given objects, there will be W actions offered to the MLrp
automaton, where each action represents a certain class. The MLyp is defined as a quadruple

(a, B, B, F), where, (2)

G o ={ay, .. oy} is the set of actions from which the abstract objects must choose.

(i) P ={0,1} is the set of inputs. The value ‘0’ represents a reward, '1' is a penalty.

(i) P ={Py,.., Pw]} is the set of action probability vectors such that P; = [pil,...,piw]T,
for all 1 <£i<W. Each component pjj, 1 < j < W, represents the probability that action o will be
chosen by O;. Also, for alli, 21<j<w Py = 1.0

(iv) F is the probability updating scheme. If A; and A, are the accessed objects and their
abstract counterparts choose actions Oy, and a,, respectively, 1 Sm, n = W, then the MLgp
scheme is defined as follows, for 0 < Ag, Ap < L.

If B=0(Ge., Oy =0y
pim(n+1)
pik(n+1)

i

1-2g * (1 - pim(n))
AR * DPik(n) ' 1<k<Wandk=#1 (€))

It B =1 (e, 0y # 0y
pin(n+1)
pim(n+1)

Pin(M) + (1 =Ap) * pim(0)
Ap * Pim(n) 4

The probabilities {pjk} are updated in an analogous manner. Also, the way the constants
AR and Ap are chosen is described in [24].

Since the objects must be given the complete freedom to arbitrarily choose their actions, and
since the cardinality of any particular class could be as small as two, we initially assign each of the
actions to be in a class of its own. Thus, if O; and Oj are two distinct objects, with no loss of
generality, we can assume that O; is assigned to choose o (i.., pji = 1.0 and p;; =0.0for 1 <4, j

<'W and i # j). Also, just as in the case of the BAM, after T accesses, the physical objects will be

partitioned based on the actions chosen by the abstract objects. For the sake of completeness, we
present below an algorithmic version of the MLgp automaton. ‘ '
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Algorithm MLyp Automaton
Input : The abstract objects {Oy, ..., Oy}, the reward parameter Ag, the penalty parameter Ap,
the periodicity constant T, and a stream of queries {(A;, Aj)}.
Output : A periodic partitioning of the objects.
Notation: o, and o are the actions chosen by O; and Oj at a given instant. They are integers
between 1 and W. py;, defined as in (2), is the probability that O; chooses class j at a given instant.
Method :
Initialize p;; = 1.0 and p;; = 0.0 for all 11 <W.
Repeat
For a sequence of T queries Do
ReadQuery (A;, Aj)
If (0!,p =m and oy = m) (* Reward *)
Pim =1 —Ag (1 - Dim)
Pjm =1 = AR (1 - Djm)
For (k=1to W,k#m) Do

Pik = AR Pik
Pik = AR Pjk
Endfor
Endif
If(ocp=m and aq=n) (* Penalty *)
Pin = Pin + (1 = Ap) Pim
Pim = AP Pim
Pjm = Pjm + (1 —Ap) Pjn
Pin =Ap Pjn
Endif
Endfor

Print out partitions based on the probabilities p;;
Forever
End Algorithm MLgpp.

With this understanding of the MLgp scheme we shall now present the Hierarchical Modified
Linear Reward-Penalty (HMLgp) which is the fundamental contribution of this paper.
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[II. THE HIERARCHICAL MLy, SCHEME

The MLgp scheme discussed above is very accurate and it converges to the exact underlying
partition almost all the time. Also, in terms of speed it converges in a remarkably small number of
iterations. Thus, for example, when fifteen objects were partitioned into four classes of unequal
size, whereas the BAM converged after 3507 iterations the MLgp automaton converged in only
383 iterations when the parameters were Ag = 0.5 and Ap = 0.975. This represents an increase in
speed of the order of 9.1. However, as mentioned earlier, the MLgp automaton has one major
drawback. This drawback is that whenever the scheme is rewarded there is linear number of
computations involved in evaluating the probability vectors for the next time instant. This
drawback is unfortunately quite a significant drawback.

To overcome this drawback we shall perform the partitioning using a hierarchy of automata.
The philosophy behind this hierarchy is quite straightforward. Let us suppose that W, the number
of objects to be partitioned, satisfies W = 2 for some J. The partition or class to which an object
O belongs is represented by a binary string Bj;Bj)...Bj;. Rather than have a single automaton
decide on the class of the object Oj, each abstract object is associated with J distinct automata. Each
of these automata has two actions which is the set {0,1}. When the kth automaton for O; chooses
a binary value as its action, it is deciding on the value of the bit B;,. Observe that once all the J
automata for a particular object Oj have made their choices, the partition chosen by O; is well
defined, and thus the process of penalizing and rewarding the automata can be executed just as in
the case of the previous automata solutions.

To be more specific, each abstract object O; has J automata {Mj1,Mi2,..Mjy }associated with
it. The automaton Mjx is a 4-tuple (o, B, Pik, F), where,

(i) o ={0,1} is the set of actions. The action chosen is the value of the bit Bik.

Gi) P ={0, 1} is the set of inputs. The value ‘0’ represents a reward, '1' is a penalty.

(i) Pik = [piko- pikl]T is the action probability vector, where piko 18 the probability of Mjk
choosing the action o = 0, and, pik1 is the probability of Mik choosing the action o = 1.

(iv) F is the probability updating scheme. If A; and A; are the accessed objects, let their
abstract counterparts choose classes 0, = Bj1Bjp...Bjyand oy = BjBjp...Byy respectively, where
1 <m, n £ W. Then the Mj; automaton updates the probability vector Pjy as follows :

If B =0 (.e., By=Bjw.
Let d = By = By, and d' be the complement of d. Then,
Pid@+l) = 1-Ag* (1 -pija®)
Pika@+l) = AR * Pikg®) | &)

If [3 =1 (e, Bik # B_]k)
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Let Byy=dand = Bjk = d', where d' is the complement of d.

Pikg(+1) =  pia@) + (1 —Apy) * Pig(n)

Pikd@+tl) = Apy * Pixg(n)

Pikd@+l) = Pya(® + (1 —Ap) * Pikq(0)

Pjka@+l) = Apx * pjxa(n) : (6)

Before we explain the philosophy behind the algorithm, a word concerning the initialization
process is not out of place. As in the case of the MLrp scheme, since the objects must be given the
complete freedom to arbitrarily choose their actions, and since the cardinality of any particular class
could be as small as two, we initially assign each of the actions to be in a class of its own. Thus, if
0O; and O; are two distinct objects, with no loss of generality, we can assume that O; is assigned to
choose oj and Oj to o] where i # j. As in (3) and (4), for any binary digit d, let d' be its
complement. Then, the values of pjg and pjgq are set to zero and unity in such a way that each
object is placed in a class of its own. This is trivially done since each action can be associated with
the binary string representing the index of the action, and thus the corresponding binary bits Bik
can be easily assigned their values. Thus, for example, if the number of objects was four, the
hierarchy will be of two levels, and the binary bits representing the actions will be the binary
strings {00, 01, 10, 11}. Thus, in this case, the probability vectors -associated with the action 03 =
"10" will be assigned the values :

p311 =10, p310=00, p3z3 =00, andp3g=10.

The elements of the automaton, My, namely, o, B, Pix are easily understood. However to
understand how the function F operates, it is well worth studying equations (5) and (6). Let us
suppose the user requests A; and A together, and let their abstract counterparts choose classes oy,
= Bj;Bjp...Bjy and o, = Bj;Bjp...Bjy, respectively. Clearly, if every Bjx = Bjy, all the automata
have made a choice which has to be rewarded, because their choice supports the query system.
But if the actions &, and o, are not the same, clearly the automata which have made the choice
must be penalized. However, in this case, it is easy to see that some of the automata may have
made a correct choice, and indeed these are ones for which By = Bjx. These automata are
rewarded, and this is achieved using (3). Thus, whenever the choices are to be reinforced the
probability of choosing the particular action is increased, and the probability of choosing the
complementary action has to be decreased. This increment and decrement are.done using a linear
function, where Ag is a constant, referred to as the Reward Constant.

The case of penalizing the actions chosen, however, is also straightforward. In this case, the
actions chosen by the abstract objects are not the same. Thus, the individual automata which have
made "erroneous” choices are penalized. Since it may be the case that A; and A; should be in the

same class, both O; and O; will increase the probability of "trying" to choose a common action.
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This is achieved by modifying the probabilities so that My, and M;y choose the same action with
an increased probability. Let us suppose that My chose the action d and Mj, chose d', where d and
d' are complementary. Then, the probability of Mjx choosing d and Mjx choosing d' are
decremented, and the corresponding probabilities of My choosing d' and My choosing d are
incremented. In this case, this is achieved using (6) using again a linear updating rule in the spirit
of the Lrp scheme. Observe that in this case the constant Ap is the penalty constant.

Rather than use a single constant Ap as in the case of the MLrp scheme, in this case we have
chosen to allow the penalty constant Apy to vary with the depth of the automaton, k. The reason
for this is as follows. The higher the automaton is in the hierarchy the greater will be its influence
on the choice of the action. This is primarily because a smaller value of k indicates that the
automaton in question controls a more significant bit of the bit string B;; Bjp...Bjy. Thus changes
made to the probability vector Pj; should be more conservative than the changes made to Pjj, and
this is achieved by decreasing the value of Apy as k increases. We have opted to achieve this be
defining Ap  in terms of Ap x4 as follows

Apx =Apx+1 + 0.5.(1-Ap x+1)- )
Notice that in this case the value of Apy is increasingly closer to unity than Ap x+1- Observe too
that if Ap y is sufficiently close to unity,( 5) can be equivalently written as :

Apxs+1 =2Mpk-1. , ®)
For the sake of completeness the pseudo-code for the hierarchical system is given below. Observe
that in the pseudo-code the value of Apy is defined using (8).

Throughout the above discussion we have assumed that W, the number of objects to be
partitioned, satisfies W = 2J for some J. The extension for the case when the number of objects is
not an exponent of two is handled in an identical way, because dummy objects can be introduced to
increase the number of abstract objects so as to render it to be an exponent of two. However, since

these dummy objects are never accessed, they never come into any formal computation.
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Algorithm HMLgrp Automaton (* The Hierarchical MLgrp Scheme*)
Input : The abstract objects {Oy, ..., Oy}, the reward parameter AR, the penalty parameter
KPJ, the periodicity constant T, and a stream of queries {(A;, Aj) }.
Output : A periodic partitioning of the objects.
Notation : o and o are the nodal partitions chosen by O; and Oj at a given instant. They are
strings of length J, where J = Logy(W) containing binary directions taken at each junction of a
node. pjq is the probability that the automaton My, chooses direction d € {0,1}, or equivalently
that Oj chooses direction d € {0,1} at a node of depth k at a given instant.
Method :
For k =1 to Loga(W) Do
Initialize pyq and pyq to O or 1 so as to place each object in a class of its own.
Repeat ‘
For a sequence of T queries Do
ReadQuery (Aj, Aj)

Fork=1toJDo (* For each depth *)
Choose Bjk and Bjk using the vectors Pjk and Pijk
If Bix = Bjx Then (* Reward Mjx and Mjx*)

d = By ; d'= Complement (d)
Pika = 1 —AR* (1 =Pixd) 5 Pikd =R * Pika'
Pikd =1 —AR * (1 =Pjka) 5 Pjkd =R * Pjka

Else (* Penalize Mjx and Mjx*)
d = Bjy ; d'= By
If (k=1) Then (* Optional : Modify the Penalty Constant *)
Ap=2Ap,
Else
Ap=2.Ap-1
Endif

Pikd = Pikd * (1 =2Ap) * DPid 5 DPikd=Mp * Pika
Pkd =DPjkd * (1 =Ap) * Pjka' 5 Pjkd' = Ap * Pikd
Endif
Endfor
Endfor
Print out partitions based on the actions chosen by Mix's.
Forever
End Algorithm HMLgp Automaton
We shall now present a result concerning the hierarchical MLgp scheme.
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Theorem I
The Hierarchical MLgp automaton is expedient if for all k, 0 <Ag, Apx < 1.0.
Proof :

As explained above, since the objects must be given the complete freedom to arbitrarily
choose their actions, and since the cardinality of any particular class could be as small as two, we
initially assign each of the actions to be in a class of its own. Thus, each object O; is initially
assigned to the distinct action (representing a class) o, 1 <1< W, where the binary representation
of i exactly specifies P4 and Pjq, which are the probability-assignments for all the J automata
associated with O;. Thus, since each Oj is in a distinct cléss, the probability of an accessed pair of
objects being rewarded is zero. Thus, the initial expected penalty, denoted as My, is unity.

Suppose at the first time instant the pair (A;, A;) is accessed. Since both O; and O; are in
different classes O; and O; will not be able to choose the same class. Thus if a; = Bj;Bjy...Bjj
and o; = Bj; Bjp...Bjj, there will be at least one bit position, say k, for which By # Bjx. Let us
suppose that By = d and that Bj, =d". This implies that since the choice of the hierarchy of
automata will be penalized, at least the automata My and My, will be penalized. According to the
hierarchical MLgp scheme, pjiq is updated to be pixg' + (1 — Ap)*pikq and that pixg is updated to be
Ap*pikd. Similarly, pjq is updated to be pjq + (1 - Ap)*Pjkq and pijiq: is updated to be Ap*Dikd-
Thus, after the first query, the expected probability that O; and O will be rewarded if (A, Aj) is
accessed will become non-zero, if the parameters of the scheme are as in the statement of the
theorem. Thus, if E[M(1)] denotes the expected penalty at the first time instant, E[M(1)] < M,.

Notice too that after the first instant, independent of whether O; and Oj are rewarded or
penalized, if the parameters of the scheme are as given in the statement of the theorem, the values
of the probabilities {pig and pikg} and {Pjkq and pjka'} cannot be changed back to zero and unity
s0 as to assure that O; and O; always choose distinct actions. Therefore, the limiting expected
penalty, E[M(eo)], will be less than My, and hence the theorem is proved. ¢ 64

IV. EXPERIMENTAL RESULTS

Experimental results comparing the MLRp and the BAM were described in great detail in
[24], and since the MLRp has already been shown to be superior to the BAM both in terms of
speed and accuracy, in this paper, in the interest of brevity we shall merely compare the
performance of the Hierarchical MLgp discussed above with the MLgp scheme. The experiments
were done primarily to compare the rate of convergence and the accuracy of the HMLgp
automaton with the MLgp as a function of the number of objects to be partitioned. In order to
standardize the query system, the queries were generated based on an underlying grouping, and the

assumptions on the distribution of the underlying groups were identical to those made in [14,24]
and are explained below.
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In all the experiments performed, queries were generated according to an underlying
distribution having the following properties :

(@)  The probability of accessing any pair of objects in one group is the same as that of
accessing any other pair of objects in the same group.

(b)  The probability of accessing any pair of objects in different groups is the same as
that of accessing any other pair of objects in different groups. In other words, for all
jandk, Pr(A;, Ay) is the same whenever A; and A are not in the same group.

(¢)  The probability of accessing a pair of objects in the same group is greater than that of
accessing a pair of objects in different groups.

Thus, if 7; was the group in which the physical object A; is located then these queries
obeyed the following distribution:

Z Pr[A;, Ajaccessed together] = 6, i#j

Ajem; _ ©®

Observe that if & = 1, then the partitioning is ideal, which implies that queries will involve
only objects in the same underlying grouping. However, as the value of d decreases, the queries
will be decreasingly informative about the underlying distribution governing the queries. Indeed,
the value of d should be greater than 0.5 due to assumption (c). Also, to render the problem non-
trivial, the underlying distribution which generated the queries was unknown to the algorithms that
adaptively obtained the clusters.

In each set up, one hundred experiments were performed in order to obtain accurate results.
The parameters determining the MLzp scheme and the HMLgp scheme, and the probability &
defined by (9) were assigned as follows:

@ AR and Ap for the MLgp scheme were set to 0.5 and 0.975 respectively as
recommended in [24].

(i)  Agand Ap; for the HMLgp scheme were set to 0.5 and 0.975 respectively.

@iii)  In all the experiments reported the value of the joint access probability 8 defined by

(9) was set to be 0.9.

(iv)  Rather than have the penalty parameter vary with the depth of the automaton, various
simultaneous experiments were also conducted for the case when Apy = Ap ; for all
k. Whereas these experiments have been reported in the tables under the columns

"Constant A", the case when Ap varies with the depth of the automaton has been

reported under the columns "Graded A"
The experiments were done for various values of W, the number of objects, which varied
from four to twelve. Additionally an automaton was considered to have converged if any action
probability attained a value greater than or equal to 0.95. This is quite realistic because when such
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a situation occurs the automaton will not be able to change its action all too easily. A summary of
the results that have been obtained is found in Table L

she sfe sk sk 3o ok o e dbe ke dke e ol ole ke ke Insert Table I oo o e e sle e sk sfesle sle she ook ke e

From Table I, we observe that the number of iterations required by the hierarchical MLgp
scheme is more than the number of iterations required by the MLgp, but is of the same order. For
example, when twelve objects were partitioned into three classes of size four, the MLgp automaton
converged in 239 iterations with an accuracy of 98%. The corresponding figure for the case of the
HMLgp scheme with constant penalty parameters is 1519, the accuracy being only 50%.
However, if kp,k is made to obey (8) the accuracy increases to 90% and the number of iterations
required for convergence is only 463. Notice that in this case, the number of iterations required by
the BAM is as high as 2925 [24]. Thus the improvement obtained by using the HMLgp is a factor
of about 6.3.

To compare the effect of individually penalizing all the automata associated with an object, the
concept of rewarding and penalizing the entire hierarchy of automata collectively was also
investigated. Thus, if the object Oj selected oy = Bj1Bjo...Bjj based on the choices of the
automata {M;jc}and Oj selected o, = Bj1Bj2...Bj; based on the choices of the automata {Mjk},
then all the automata were collectively rewarded if for every k, Bjx = Bjk. Similarly, all the
automata were collectively penalized if for any k, Bj # Bijx. These results are given in Table II.
For the same example mentioned above, when twelve objects were partitioned into three classes of
size four, the hierarchical MLgp automata with constant Ap converged in 285 iterations with an
accuracy of 90%. The corresponding figures for the case of the HMLgp scheme in which Apx is
made to obey (8) has an accuracy of 84% and required 338 iterations.

she sbe ofe ok ofe o sheoke e sle ke s sk sk ke ok Insert Table II s sle e sle e shedfe sfe sk sk ske sfe e sl ke ok

1V.1 Comments |

From the results reported in Tables I and II and the results given in [24] involving the BAM
we can conclude that, generally speaking, the HMLgp scheme requires fewer iterations than the
BAM. However, it is always less accurate than the MLgp scheme. Also, in terms of the number of
computations required per iteration the HMLgp is far more efficient because it requires only a

logarithmic number (in terms of the number of objects to be partitioned) of computations. It is also
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categorically seen that if all the automata associated with an object are collectively rewarded or
penalized, then the penalty constant must not decrease with the depth of the automata. However, if
Mik and M are penalized if and only if By = Bijk, it pays to vary the penalty parameter 7"P,k-

In the case of the MLgp, from the experimental evidence we have, the best results
recommend that A should take a value in the neighborhood of 0.5 and Ap should take a value
close to unity. In the case of Ap, using a larger value (i.e., closer to unity) is quite plausible
intuitively because, this implies that on being penalized only small changes are made on the action
probabilities. Therefore, any erroneous choice can be rectified easily. On the other hand, the fact
that Ag should take on values near 0.5 seems to contradict our intuition because this causes
substantial changes on the action probabilities upon receiving rewards. These values for the
parameters seem to yield fairly good results for the case of the HMLyp scheme too.

Unlike the MLyp scheme we do not have experimental evidence that suggests that the
HMULyp is €-optimal. But it may be possible that by suitably varying the parameters in the
parameter space such an e-optimal behavior can be obtained. This is still being investigated.

Unfortunately, the accuracy of the HMLgip scheme, measured in terms of the number of
times the computed partition is exactly the underlying grouping, falls as the number of objects
increases. From a pragmatic point of view we believe that this index of measuring the accuracy of a
object partitioning algorithm is unrealistic. Indeed, as the number of objects increases, the number
of possible classes increases exponentially, and it is unrealistic to expect that the class learnt is
exactly the underlying group. A more realistic measure is to quantify the probability of objects
which are in the same underlying grouping being in the final learnt (computed) class. We are
currently investigating the existence of such measures.

Learning automata have been shown to possess superior learning characteristics if the
probability space in which they operate is discretized [13]. In this regard we are currently
investigating the possibility of discretizing both the MLzp and the HMLgp schemes. We believe
that the resulting discretized learning mechanisms will be far superior to their continuous
counterparts and even more superior to the BAM.
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V. CONCLUSIONS
In this paper, we have studied the Object Partitioning Problem (OPP). This problem involves
partitioning a set of objects {A}, Ay,...,Ay/} into classes whose sizes are not necessarily equal.

The intention is to partition this set in such a way that the objects accessed together are found in the
same class.

Earlier, in [24], various stochastic automata solutions for the OPP were presented. One of
these automata was a Variable Structure Stochastic Automaton (VSSA) solution, closely related to
the traditional Linear Reward-Penalty Scheme. This automaton, the MLgp scheme, was extremely

accurate, but converges an order of magnitude faster than the Basic Adaptive Method (BAM)

presented by Yu et. al.[22,23]. Indeed, in certain environments, the latter converges about 20
times faster than the BAM.

In this paper, we have proposed a fast hierarchical VSSA solution to the problem. It is first of
all shown to be expedient. Experimentally, this solution converges with an accuracy which is less
than the accuracy of the MLgp. But in terms of the number of iterations required, it converges

much faster than the BAM, and yet as opposed to the MLRp, it requires only a logarithmic number
(in terms of the number of objects to be partitioned) of computations per iteration.
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