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Abstract

Sorting is a well studied problem in the field of computer science. Many excellent sorting
methods are known today, including the recent adaptive methods which sort all sequences of
data (or permutations) and perform particularly well on sequences that are “almost sorted”
according to some “presortedness” measure. The methods existing in the literature have
focussed on assigning a “presortedness” measure to a single input sequence. The particular
measure in question can then be related to the computational complexity of the algorithm
being utilized. Such a measure, in itself, cannot be used to predict the expected complexity of
an algorithm. A comparison of any two sorting algorithms (in the expected sense) necessarily
requires a knowledge of the distribution of the data sequences presented to the sorting
program.

In an attempt to capture the nature of the distribution of data sequences presented to
a sorting program, we propose a presortedness metric which characterizes the properties of
an ensemble of data sequences by a single parameter. This parameter indicates how sorted
or unsorted the ensemble of random data sequences is. Various theoretical properties of
the metric are derived. The estimation procedure for determining the Maximum Likelihood
Estimate of the “Ensemble Presortedness metric” for a given ensemble of data sequences is

also included. The results have been experimentally validated.
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1 Introduction

Sorting is a problem of paramount importance in the field of computer science. The optimal
sequential time complexity of sorting a sequence of M elements is O(M log M). While
many optimal techniques are known, there also exist algorithms (e.g. Quicksort) which
are not optimal in the worst case sense. These algorithms can be presented with specific
sequence of data elements, for which a running time of O(M?) results. This phenomenon
has led researchers to seek alternate sorting methods which never encounter this worst case
quadratic behaviour. The key idea motivating this research is to find methods whose time
complexity increases “smoothly” as a function of some measure of “presortedness” of the
input sequence [1, 5, 6].

The class of “adaptive” sorting methods achieve exactly this goal. These methods monitor
some measure of the input sequence, such as the number of inversions [2] or the number of
oscillations [3]. Such a measure in essence defines the “distance” of the input data sequence,
from its sorted form. Algorithms based on these measures have a time complexity which is
O(M) when the “distance” measure is small and approaches the lower bound for sorting as
the measure increases [4].

While such adaptive algorithms perform rather well on specific input sequences, an objec-
tive comparison of these algorithms with other existing methods (or even among themselves)
cannot be achieved by just studying the “distance metrics” of individual sequences. An ex-
ample will help clarify this point. Let us suppose that the set of data elements to be sorted
is {1,2,3,4,5}. If an Insertion Sort (IS) is presented with the sequence 7y = (1,2,3,5,4)
the sorting is achieved by performing exactly one swap and O(M) comparisons. However if
the input sequence was m, = (5,4,3,2,1), O(M?) swaps would be necessary.

As opposed to the Insertion Sort, let us suppose that the same data sequences were
presented to an adaptive scheme, such as the Adaptive HeapSort (AHS) described in [3].
The AHS would take O(M) operations to sort each of the sequences 7; and 73. The question
now before us is to objectively compare IS and AHS.

If the data to be sorted was only of the type m, clearly the IS is superior. IS only make
O(M) comparisons and also avoids the overhead encountered in maintaining and updating
the heap used by the AHS. However, if the data set was always of the type 7, clearly the
AHS is superior. In order to objectively compare the two algorithms, not only should the
presortedness metric of a sequence be considered, but the comparison must also involve the
probability distribution on the set of permutations on the data set.

Thus our stand in this paper is that whereas distance metrics such as Inversions {2}, Runs,



and especially Oscillations [3] are extremely powerful in quantifying the presortedness of a
single data sequence, they are incapable of characterizing the presortedness of ensembles
of sequences. Instead of assigning metrics to each data sequence contained in an ensemble,
we assign a single Ensemble Presortedness ieasure to the ensemble as a whole. This single
parameter reflects the divergence of the various sequences in this ensemble from the purely
sorted from. This is the fundamental contribution of this paper.

Strictly speaking, given a set of M elements, the probability associated with each possible
data sequence can be fully defined by enumerating M! probabilities. Apart from this char-
acterization being unrealistic and impractical, it does not provide a single parameter with
which we can compare two ensembles of data sequences. In this light, as alluded to above,
we shall present a new metric called the Ensemble Presortedness metric. This metric is
completely specified by a single parameter p. Given the parameter p, the Distribution on all
possible data sequences is completely described by means of an M — dimensional probability
vector. The ** component of this vector is recursively defined in terms of the (1 —1)*, and
is obtained by merely multiplying the latter by p. Indeed if p = 0, it represents an ensemble
consisting only of the sorted sequence. Furthermore we shall show that as p increases, the
number of inversions increases.

The approach taken in this paper is as follows. We shall first show how to generate
ensembles of data sequences, given the parameter p. Subsequently we also study the problem
of evaluating the parameter p for a given ensemble. In other words, given an ensemble of data
sequences, we present an estimation procedure by which the Maximum Likelihood Estimate
(MLE) of the parameter p can be obtained. A natural consequence is that we can now
compare sorting algorithms not only in terms of their worst case time complexity but also
their expected time complexity.

Section 2, presents our model of data sequence generation. This model is based on a
fairly general model for permutation generation, called the S-model. Several properties of
the p-model of data sequence generation are derived in the same section. Section 3 describes

the procedures used to obtain the MLE of p. Section 4 presents our experimental results.

2 The S-model for Data Sequence Generation

Let R be the set of records {Ry, Ry, ..., Ry}, where there is an implicit ordering among the
elements of R that R; < R; if ¢+ < j. In order to extract features from an ensemble of data
sequences obtained from the set R, a very simple method would recommend maintaining

the M! frequency counters which estimate the probabilities with which the given source



generates the various possible data sequences (or permutations). Clearly such a strategy is
infeasible even when M is as small as 10. Considering the above, our first major deviation
is to model permutation generators in a fashion which requires a linear (as opposed to M!)
number of parameters. This model, called the S-model, was initially proposed by Oommen
and Ng in [7].

In an S-model, we assume that the underlying data generation strategy can be completely
specified by a control vector of dimension M. This vector § is an M x 1 probability vector

denoted by [s1,s2,...,sp]" which satisfies:

M
Z S = 1.
=1

Let V be any subset of R. We define the vector Sy as the conditional control vector of
(normalized probabilities) in which only the quantities corresponding to the members of V
have non-zero values. Thus Sy consists of normalized probabilities [s}], where:

{o if R ¢V
/
S, =

8 .
: otherwise (1)
ZR,‘ (2% S'i

Observe that the vector § is exactly equivalent to Sg.

Given the vector parameter S, we assume that the underlying generation strategy is
as follows. Let II be the set of all permutations of the elements of R. For the sake of
explanation, let X = (zy, 29, ...,zp) be a randomly generated data sequence (X € II). The
generation of a random data sequence X clearly consists of randomly assigning a position
to each element of R. The S-model proposes that this is done by computing the prefix
subsequence of X in succession. Initially z; is randomly assigned an element in R, based
on the control vector S(which is the same as Sg). By this we mean that element R; is
chosen with probability s;. The subsequent problem is simply one of generating a (random)
sequence of the (M — 1) elements of R —{;}. The S-model proposes that this generation is
done using the conditional probability vector Sy and the process is recursively repeated by
successively updating V. The algorithmic form of this procedure (referred to as Algorithm
S-model) is presented in Program 1.

Having defined the S-model for data sequence generation, the next question is that of
specifying the individual components of the vector §. To enable us to have a single parameter

distribution metric to compare the presortedness of ensembles, we define s; as follows:
3 = kpi—l
Observe that this implies that the complete vector S is given by:

4



Algorithm S-model

Input:
The control vector § = [sy, s9,...,5u]7,
where the components of S satisfy ™M s, = 1.
Output:
A permutation (zy,2,,...,z5) of R.
Method:
begin
V=R,
fori:=1toM do
begin
Compute the conditional distribution Sy
according to (1).
Choose an element z; according to this distribution.
Vi=V-—{z;}
endfor
end

End Algorithm S-model

Program 1: S-model for permutation generation

S=k[L,p,0% ..., oM. | (2)

where k is a normalizing factor chosen so as to render S to be a probability vector. It will
be seen that if p < 1, the components of § in (2) are in the descending order of magnitude.
This fact can be used to show that the data sequence (R;, R,,..., Ra) occurs with the
highest probability. In the limit as p — 0, the data sequence (Ry, Ry, ..., Ry) appears with
probability 1. In other words, the ensemble generated by the model consists only of the
sorted list.

On the other hand, if p > 1, the components of S are in ascending order. As the value
of p becomes increasing larger, the last component of S becomes much larger than the rest,
thereby implying that the data sequence (Rar, Rpr—1,...,Ry) will occur with the highest
probability. In the limit as p — oo, this probability reaches the limiting value of unity
and in this case the only sequence presented to the sorting algorithm is the reverse of the
sorted list. It will be shown in Section 2.1 that the expected number of inversions increases
monotonically with p.

Since intermediate value of p are of interest, we observe that the value p = 1 corresponds

to the case in which the components of § are all equal. In this case all the M! data sequences



are generated by the p-model with equal probability. This corresponds to the uniformity

assumption traditionally made in expected case analysis.

2.1 Properties of the S-model

We use the notation R, — j to denote the fact that the element R, appears at the j*
position in the permutation. Furthermore, R,, R, —<1,j > represents the fact that the
elements R, and R, appear at the positions 7 and j in the permutation, respectively. The
extensions to this notation, where we are specifying the position of more than two elements
are straightforward and are interpreted in an intuitive fashion.

R, < R, denotes the event that element R, preceds element R, in a given permutation.

We now present some of the theoretical properties of the data sequences generated by
the S-model. The first result derived in the context of the general S-model [7] is given below

for the case when the probability vector is described in terms of the Ensemble Presortedness

Metric p.

Lemma 1 Let S =[1,p,0%,...,pM 1] be the (M-dimensional) control vector of the S-model.
Also let u,v be two distinct indices belonging to the set {1,2,...,M}. Then, in the ensemble

of data sequences generated, the probability that a record R, preceeds another record K, 1is

given by:

b(u,v) = Pr(R, < R,) = p“i— ol

Proof:
For ease of derivation, we let S = k[1,p,p%, ..., pM 71 = [s1,50,... ,sp)T.. With this
notation, s, (s,) is the probability that record R, (R,) is accessed.

Let &,,(n) be the event that position n contains the first appearance of R, or R,. That
is, neither of them have appeared before and that the nt* position contains one of them.
Note that the events in the set {£,,(n) forn =1,2,..., M — 1} are mutually exclusive and
collectively exhaustive. By virtue of the generation scheme, R, ultimately precedes R, if it
is selected before record R,,. k

We first consider the case when n = 1. Given &,,(1), R, ultimately precedes R, in the
data sequence every time R, is the first element selected. Clearly, because of the strategy
used in Algorithm S-model, the probability that R, appears in the first position is s,.
Similarly, the probability that R, ultimately precedes R, in the data sequence is s,. Thus,
Su

Pr(Ry < Ryléun(1)) = PP




We now consider the general case in which the value of the parameter n takes on values other
than 1. Since R, and R, have so far been not selected, and n — 1 other elements have been
already included in the data sequence, the set V in Algorithm S-model must be of cardinality
M —n + 1. Moreover V D {R,, R,}. The generation of the element for position n will be
done using the conditional probability vector S|V = [s}, s},...,s},]T. CLearly s/, and s/ will
be non-zero, since both s, and s, are positive. The conditional probability that R, precedes

R, given &, ,(n) is simply given by:

Pr(R, < Ry|€un(n)) = Pr(R, is selected for position n|é, ,(n))
= Pr(R, is selected for position n)/Pr(&,,(n))
s

!

3
! !
Sy T S,

= —: (since s}, and s, are scaled by the same factor)
Sy + 8y

Now by the laws of total probability, the required probability can be written down as:
M-1

b(u,v) = Z PT’(Ru - R‘u'fu,v(n))Pr(éu,v(n))

n=1
M-1

= Pr(R, < R,|€u(n)) > Pr(€..(n))(since Pr(R, < R,|¢,.(n)) is indep. of n)

n==1
= Pr(R, < R,[{u.(n))
Sy P
Sy + 8y ~pu+pv'

and the Lemma is proved. O

Theorem 1 Let § = [1,p,p%...,pM Y] be the (M-dimensional) control vector of the S-
P

model. Then, in the ensemble of data sequences generated, the expected number of inversions

is given by:

: Pt
E[Inversions|p] = e
[ ; 1 + pJ—z

Proof:

Let Y;; be the random variable defined as follows:

V. — 1 if Record R; appears before record R; in a data sequence
Y71 0 otherwise

Then the number of inversions in a data sequence X is given by:

Inversions = 2 Y

>t



Hence the expected number of inversions in the data sequences characterized by p is:

E[Inversions|p] = >_ Y Y;iPr(X). (3)

Xell j>1

We observe that Y- x Y;;Pr(X) is very simply the probability, b(j,¢) that record R; precedes

R; in a random data sequence. With this understanding, (3) can be rewritten as:

E[Inversions|p] = Z b(j,1). (4)
P>

Using Lemma 1, (7,¢) can be written down as:

. Pt
b(j,1) = Pt
_ T
= T (5)
Substituting (5) in (4), we obtain the desired result. o

Observe from (5) that b(j,i) (for all § > ¢) increases as p increases. As a natural
consequence, the expected number of inversions also increases. Moreover when p = 0,
b(i,7) = 0 whenever j > 4. Also for j > ¢, limy o b(j,¢) = 1. This implies that
lim,_., E[Inversions|p] = ¥;5;1 = M x (M — 1)/2. This is obviously the maximum num-
ber of possible inversions in a data sequence of length M. We are currently investigating
the relationship between the parameter p and the expected values of other “presortedness”
metrics such as Runs and Oscillations.

Besides (5), a more general probabilistic property of the data sequences can be derived

[8]. In the case when the vector S is specified in terms of the parameter p, the following

result is true.

Theorem 2 Let S = [1,p,p%,...,pM 1] be the (M-dimensional) parameter vector of the
S-model. Also let Ry, Ry,, ..., Ry, be distinct elements of R. Then the probability that the
element R, precedes each one of the elements of the set {R,,,..., Ry} in any data sequence
generated by Algorithm S-model, is given by:

P -
Pr(R, < {R.,,..., R, )= ——— (6)
( { 1 I(} I ) pu + Zﬁ\=1 pUJ
Proof:
For ease of derivation, we let & = k[1,p,p%,...,pM 1T = [s1,52,...,5m]7.. We prove
this result by induction. Observe that the result stated in Theorem 2 must be proved for all

(feasible) values of K and M. Since {R,,,..., Ry} can at most include all the elements of
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R — {R,}, it follows that K < M — 1. A traditional induction on K would merely involve
proving that the result is true for all K satisfying X < M — 1. Although M is a constant
in our original setting, it must be treated as a parameter, to render the proof valid. The
rationale for considering M as a parameter is as follows. For a given M the result could be
proved by induction, without thereby implying that the result would continue to be true if
the dimensionality of the problem M ‘15 changed. Observe that (6) states the assertion of
the theorem independent of the dimension of the set R.

As a consequence of the above reasoning, it appears that a “two-dimensional induction”.
i.e. an induction on two variables is unavoidable. However, we shall reduce this into a single
parameter induction. This is done as follows. For a given M, we shall prove that (6) is valid
if it is valid for all values of K and M = M — 1. The formal steps of the proof follow.

The theorem is trivially valid if K = M — 1. In this case, the denominator of (6)
essentially consists of the sum "M s; which is unity. The expression in (6) thus simplifies
to s, — which is indeed the probability that the element R, appears before each of the other
elements of R, i.e. in the first position.

We now proceed by induction on the parameter M. Let us assume that the theorem
holds for all values of K < M — 1, for a specific value M, of the parameter M. We will
establish that the same property holds for M = M, + 1 as well.

To establish the basis for the induction, we examine the case when M = 2. In this case
the only meaningful value of K is 1. Since K = M — 1, the result indeed holds for the case
when M = 2. We now proceed with the induction step.

Let § = [s1,52,...,8m|, where M = My + 1. In order to derive the probability that
the element R, preceds each one of the elements in {R,,,..., Ry, }, we note that this event

happens if:
(i) R, appears in the first position.

(ii) Any element not contained in the set {R,} U {R,,, ..., Ry, } appears in the first position
and then R, (recursively) preceds {R,,,..., R, } in the permutation of the remaining

M —1 elements.

Note that the events labelled as (i) and (ii) are mutually exclusive and hence using the

notation defined in this section, from the law of total probability, we have:

Pr(Ry < {Ruy,..., R} | S)

= Pr(R,— 1)+ > Pr(R; — 1)Pr(Ry < {Ru,.. ., Ruy} | Sr_(ry)
Ri¢{Ru}U{Ryy,....Rup }



= 8§, + Z SIPT(Ru ~ {va, e ,RUK} I SR—{R,}) (7)
Ry¢{Ru}U{Ruy s Ruge }

We note that Sg_(g) is a control vector of dimension My, and can be denoted as
[sh | B€{1,2,...,Mp} — {I}]T and hence each of the probabilities in the RHS of equa-
tion (7), can be calculated using the induction hypothesis. To illustrate, let us consider the
term:

Sl

PT(Ru ~< {va, NN ,Rv;(} l S’R-—{Rl}) = m (8)

Notice that sj = s3/(1 — s1), since 1 — s; is the normalizing factor for all the probabilities

in the control vector Sg_(r,;. Therefore:

Sy

PT(RU < {va, .. .,R-UK} | SR—{R;}) = m (9)
u j—_—1 vj

Notice that this probability does not dependent on the index I. Combining (9) with (7), we

have:

Su
Pr(Ri < {Rusy...,Ru} | 8) = su+t ) og—x
R (R Ry poRuge} S8 T L=t S

> st

Rig{Ru}U{Ro;,....Rup }

frunan su ]_ =
Sy + Z?:l S'Uj
Su Mpy+1
= ——gy——— 31
Su+ Ljs S, ;
S
S S (10)
Su + Z?:l S’UJ

Let f(K,M) represent the fact that (6) is true for specific values of K and M. Thus, as a

consequence of (10) we have,
VK < M —1}[f(K,M)] = {VK < M =1} [f(K,M +1)]
Since f(M, M+1) is trivially true, we have effectively proved that
(VK < M —1}[f(K, M) ] = {VK < M}[f(K,M +1)]

This completes the proof. O
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3 Evaluation of p, the Ensemble Presortedness Metric

Till now we have focussed on the problem of obtaining data sequences which are generated
based on an M-dimensional vector S. We demonstrated how the components of this vector
S can be completely specified in terms of a single parameter p, called the Ensemble Pre-
sortedness metric. We derived several properties of the data sequences generated under this
model. In this section, we concentrate on the aspect of estimating the best value of p which

describes a given data sequence ensemble. We state with a mere sketch of proof, our first

result in this regard.

Theorem 3 The mazimum likelihood estimate of the parameter p can be obtained only if

we maintain O(2M) statistics.

Proof:

The proof mainly involves writing the expression for the likelihood function and making
some simplifications. It is shown in [8] that the information to be maintained essentially

consists of the following counters:
1. the number of times record R; appears in position j in the data sequence.

2. The number of times the record pair R,, R, appears in the first two positions etc.

A simple enumeration of these counters leads to the required result. O

Theorem 3 has established that in order to rigorously obtain the Maximum Likelihood
Estimate for the parameter p, we are required to maintain O(2M) statistics. This is an
impractical amount of information to maintain. For example, even if M is as small as 10,
we would be faced with maintaining almost 1000 counters. This is clearly infeasible. The
amount of information to be extracted from data sequences can be substantially reduced if
we only chose to observe events of the form “Record R, precedes record R,”. This implies the
maintenance of (];I) counters. Our next result develops the method to be used for estimating

the parameters, if only these O(M?) statistics are available.

Theorem 4 Let ,N, represent the number of times the element R, appears before the el-
ement R,, in the ensemble of N data sequences that were observed. If only the frequency
counts of the form N, are available for all pairs u, and v, then the mazimum likelihood

estimate for the parameter p can be obtained as the solution of the non-linear equation given

below:

j—1 N
21+pj—i=EN(J—’)- | (11)

i<j 1<

11



Proof:

We emphasize that in this part of the proof, we are not attempting to maximize the
likelihood of generating the N sample data sequences presented to us. Instead we focus on
maximizing the likelihood of explaining the frequencies of the events of the form “element R;

precedes element R;” (symbolically represented as “R; < R;”) given only the (JZI ) statistics.

For ease of derivation, we let S = k[1, p, p?, ..., pM 17 T

= [81,82,--.,8m]" -
Consider the event in which the element R; appeared before the element R; for a total
of ;N; times. Since the N sample permutations are statistically independent, we can write

down the probability of occurrence of this event as:

U

Pr(R; < R; occurs ;N; times) = (%) [Pr(R; < R)™ [Pr(R; < RPN

Note that as a corollary of Theorem 2, we have the following result:

S;
P"(Rl%R]) - 3i+8j
P . . = Sj
PT(R] < Rz) s; +S]
and hence,
. N si \7 si \""
Pr(R; < Bjoccurs:N; times) = (iNj) (si + 3j> (Si + 3j>

) (N ) s (12)
iN;) (si+ s;)N
The statistics extracted from the data samples consists of counts ;IN;, for all 7 # j, i.e.
M(M-1)/2 counters and these are sufficient to evaluate terms of the form (12).
In order to arrive at the best estimates for the control vector S, we have to maximize the
quantity Pr[Ni¢;(R; < R; occurs ;N; times)]. Assuming that these events are statistically

independent *, we shall consider the likelihood function £ (given only the statistics ;N;) as

shown below:

g

L Pr[Ni¢;(R; < R; occurs ;Njtimes]

= [] Pr{(Ri < R; occurs ;N;times]

i<y

11 ( ; ) T en
e e 1onl &
i iV ) (si 4 s)N

I"This assumption is strictly not true. See [8] for a counter example.

12



Hence the logarithm of the likelihood function, ¢ £ log £, can be written as:

{ = 7+ Z {,‘Nj log S; +jNi lOg S; — Nlog(s,' + Sj)}
i<y
(substituting s; = kp'~?)

= 7+ Z {iNj(i —1)logkp + ;Ni(j — 1) log kp — N log(kp' ™ + kpj_l)} (13)
i<y
where Z stands for the quantity 3, ; log (x)
i4Vj
It is clear that the MLE for p can simply be found by differentiating (13) w.r.t. the

parameter p and setting the result to 0. Hence we obtain,

iN; Ni . . N
ci —=(1—=1)+1 —1)— : .
i< p =1+ p G=1) (kp=t + kp7-1)

(i = kP + (5 = ko] = 0
or,
1 . .
Cici ;(iNﬂ +;Nij — N) —

which simplifies to,

m{(i—l)*‘@—l)pj“i} =0

N

N, 1 . . .
2ics {WJZJFWj_l}w 1+pj—i{(z—1)+(‘7_1)pj f=0

or equivalently,

Iy N
i< T T ZWJ(] —1).

and the theorem is proved. O
Remark: It must be noted that the above equation is a non-linear equation involving p.

Clearly, an analytic solution is not feasible. In general it can be solved by using a root-solving

technique such as the Newton-Raphson (NR) method.

4 Experimental Results

Having completely described the model for data sequence generation and given an estimation
procedure to evaluate the Ensemble Presortedness metric (p), is not out of place for us to
examine how effectively this quantity reflects the presortedness of various ensembles. To do
this, various ensembles of sequences of data were generated. Each ensemble was characterized
by the mean number of inversions. The effect of the mean number of inversions on the MLE
of the parameter p was studied. The experiments were conducted as follows.

For a given number of elements M we allow at most MAXINV = M * (M — 1)/4
inversions in any random data sequence examined. This number represents half of the
maximum number of inversions possible in a list of size M. The ensemble characteristics were

fixed by imposing a distribution @ = [0, q1,92, - ., @maxinv]T on the number of inversions

13



contained in any particular data sequence. In other words, g; represents the probability of a

random data sequence possessing exactly j inversions. For our experiments, we chose Q to

obey:

Q = [q07q1a Q25+ -+, qMAXINV]T
= A[l,(1-9),(1- 52), G 5)MAXINV_1]T

where § is a parameter used to generalize the experiments, and A is a normalizing factor
chosen so as to ensure that the components of @ sum to unity 2

The method of random data sequence generation for each ensemble was as follows. For
a specific value of M, various ensembles of data sequences were generated, based on values
of § in the interval [—0.9,0.9]. Negative values of § imply a preference for higher number
of inversions, whereas the strictly positive value of § yield a small number of inversions.
6 = 0 1s a special case and it represents the case when the number of inversions is uniformly
distributed in the interval [0, MAXINV]. A random number of inversions R was chosen,
hased on the distribution Q. This number, R, was then randomly partitioned into an array
of integers [b;]: = 1,2, .. ]\I] such that S, b; = R. Following the procedure outlined in [2,
pg.11-12], this array b was used as the inversion table to generate the unique data sequence
that it corresponds to. Using each such sample data sequence, statistics of the form ;N; were
updated. This procedure was repeatedly invoked to generate an ensemble of 10,000 samples
After the ensemble was obtained, the MLE of the parameter p was obtained by solving (11

Table 1 shows the results for the case in which M = 8. Figure 1 and Figure 2 show
similar results for the cases in which M equals 16 and 24 respectively.

Observe that the value of p increases monotonically with the increase in the expected
number of inversions. When the list is almost sorted, the values of p are close to 0. On the
other hand, as the expected number of inversions rises to values close to M * (M —1)/4,
find that the estimate of p approaches unity. This is just as is expected. The use of p as a

presortedness metric for the ensemble is obvious.

5 Conclusions

Adaptive sorting algorithms have focussed on assigning a “presortedness” measure to spe-
cific input sequences and utilizing this information to improve the time complexity. These

metrics, however, cannot be used in isolation to objectively compare the expected behaviour

2The reader must take care not to confuse between Q and §. @ is the distribution on the number of
inversions. & is the distribution for the data generation model.
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6 | Expected number | MLE of parameter
of Inversions p
0.9 0.1111 1.592e-2
0.8 0.25 3.610e-2
0.6 0.66666 1.002e-1
0.5 0.9995 1.563e-1
0.3 2.2617 _ 3.445e-1
0.2 3.4529 4.751e-1
0.0 7.0 6.918e-1
-0.1 8.72107 7.708e-1
-0.2 10.041 8.214e-1
-0.5 12.034 9.029%e-1
-0.7 12.5767 9.229e-1
-0.9 12.889 9.3619e-1

Table 1: This table shows the increase in the MLE of the parameter p as the Expected
number of inversions in the ensemble of data sequences increases. In this case, the number
of elements in each data sequence is M = 8. The maximum of inversions allowed is 14.

of two sorting algorithms. This requires the knowledge of the probability distribution on the
permutations of the data set.

In this paper we have presented a technique to parametrize the distribution of data
sequences presented to the sorting algorithm. We have proposed a presortedness metric, p, for
an ensemble of data sequences, as opposed to a single sequence. This metric captures the
divergence of data sequences in the given ensemble, from the sorted list. Various propertics of
the metric have been proven and a procedure for obtainin g its Maximum Likelihood Estimale
lor a given ensemble has been described. Experimental results which support the use of the

metric have been included in the paper.
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Figure 1: Figure shows the increase in the MLE of p as the Expected number of inversions
increases. In this case M = 16. The maximum number of inversions allowed is 60.

17



Max. Likelihood Estimate of Rho
(The Ensemble Presortedness Metric)

0.0 T
0 100 200

Expected No. Of Inversions

Figure 20 Figure shows the inerease in the MLE of pas the lxpected number of Inversions

inereascs. In this case A =224, The maximum number of inversions allowed s 138
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