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Abstract. We consider the problem of finding a small set of edges whose
removal divides a given graph into roughly equal parts. We show that every

planar graph with n vertices and a maximal degree k has an O(v kn)-edge
separator, which bound is asymptotically optimal. This improves the previously

best known upper bound of O(k fr?). We prove that the bisection width of the

class of planar graphs and trees of n vertices and degree k is O(\/k—n) and O(k log
nl/log k) respectively, both optimal within a constant factor. All proofs are
constructive and yield optimal O(n) algorithms. The separator theorems are
applied to embed efficiently planar and outerplanar graphs into binary trees,
hypercubes, butterfly graphs, CCC graphs, shuffle-exchange graphs, de Brujn
graphs, and d-dimensional meshes. The embeddings are shown to be optimal or
almost optimal with respect to the average dilation and the expansion of the

embedding.

1. Introduction.

One basic technique in the design of efficient algorithms on graphs is divide-
and-conquer. For planar graphs one uses the fact that there exists a small subset
of vertices or edges whose removal divides the graph into roughly equal pieces.
Formally, we say an n-vertex graph G has an f(n)-vertex separator if there
exists a partition of its vertices into three sets A, B, and C such that |C|<f(n),
|A|<2n/3, |B|<2n/3, and no edge joins a vertex from A with a vertex from B. It is
known that each tree has an 1-vertex separator and each outerplanar graph has a

2-vertex separator. Lipton and Tarjan [20] showed that planar graphs have Y 8n-

vertex separators. Djidjev [6] improved this to v 6n-vertex separator. Vertex
separator of planar graphs were extended to graphs of genus g by Djidjev [8]

with f(n)= Y 6(2g+1)nand an O(n)-time algorithm for finding an O(v (g+1 Yn)-vertex
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separator was proposed [7]. Independently, Gilbert, Hutchinson, and Tarjan [10]
proved a 6 (g+1)n -vertex separator theorem. Miller [22] showed that every 2-

connected planar embedded graph has an 2v dn -simple cycle vertex separator,
where d is the maximum face size. Gazit and Miller [13] constructed a parallel

algorithm for finding O( /F)—vertex separators of planar graphs. Applications of
vertex separators include solving sparse systems of linear equations [17,11],
NP-complete problems [1], network flow problems [16], and many others
[21,26,27].

We say an n-vertex graph G has an f(n)-edge separator, if there exists a set of
edges C and a partition of the vertices into two sets A and B, such that |C|<f(n),
|A|<2n/3, |B|<£2n/3, and each edge joining a vertex from A with a vertex from B
belongs to C. Edge separators have applications to graph layouts for VLSI
[18,19,31]. However, only graphs with vertex degrees bounded by a constant were
studied in those applications. On the other hand, notice that general planar
graphs do not have o(n)-edge separator. For example, a minimum edge separator
of a star of degree n-1 has size n/37. Thus it seems that the minimum size of
an edge separator, unlike the case of an vertex separator, essentially depends on
the degree of the graph. The best previously known result is the existence of

O(k /F)—edge separators for planar n-vertex graphs of degree k proved by Lipton

and Tarjan [20]. In this paper we improve this bound to O(/k—rT) and show that the
corresponding edge separator can be found in O(n) time. Next we prove that any
n-vertex outerplanar graph of a maximal degree k can be divided into subgraphs
of <[n/27 vertices by removing O(k log (n/k)) edges. For the case of trees this
bound can be improved to O(k log n/log k), which is shown to be optimal within a
constant factor. A linear algorithm for finding the separator is described. As a
consequence of these results, we obtain estimations on the cutwidth and the
bisection width of planar graphs and trees of n vertices and degree k. In Section
3, we consider applications of the edge separator theorems for embedding planar
and outerplanar graphs into a binary tree, a hypercube, a butterfly graph, a CCC
graph, a FFT graph, a shuffle-exchange graph, a 1-dimensional and a 2-
dimensional mesh. All of the embeddings are proved to be optimal or almost
optimal with respect to the average dilation and the expansion.

2. Separation of planar graphs

In this section we are going to prove the existence of an O(Y kn)-edge separator
of planar graphs. Then we estimate the bisection width of the class of n-vertex
planar graphs of degree k. We will make use of the following theorem proved by
Miller [22].



Theorem 2.1.[22] Let G be an embedded n-vertex biconnected planar graph, # be
an assignment of nonnegative weights to the vertices, edges, and faces of G
which sum to no more than 1, and let no face has weight >2/3. Denote by d the

maximum face size of G. Then there exists a simple cycle of size 2/ 2Ld/2In
whose removal divides the graph into two parts of weight <2/3 each.
Furthermore such a cycle can be constructed in O(n) time.

Next we prove the main result of this section.

Theorem 2.2. Let G be an n-vertex planar graph of degree k. Then G has an edge

separator of size <2 2kn. Furthermore such a separator can be constructed in
O(n) time.

Proof. Embed G in the plane and construct the dual graph G'of G. Let n, m, f and
n' m', f be the number of vertices, edges, and faces of G and G' respectively.
Then f'=n, m'=m and n'=f. From the Euler's formula n-m+f=2. Since 2m=3f, then
f<2n-4, whence n'<2n-4. Assign a weight 1/n to each vertex of G.

Suppose that G is biconnected. Then its dual, G', is also biconnected. Assign a
weight to each face of G' equal to the weight of the corresponding vertex of G
and a weight 0 to each vertex and each edge of G'. Apply Theorem 2.1 to G' and
denote by c' the corresponding separating cycle. Then c¢'contains no more than

2J/2Lk/21In" vertices of G". One can easily notice that the corresponding set C of

edges from c¢' forms a separator of G. Moreover, |C|<2 Y 2Lk/2In"<2 J2Lk/21(2n-4)
<2 2kn ‘

Assume that G is not biconnected. Let By,...,Bp be the biconnected components of
G. Consider the graph H(G) containing a vertex v; for each Bj, 1<i<b, and an edge
joining vjand v;iff Bj and B; share a common vertex. Assign a weight
whv)= 2 1/z(w
(Vi) weV(B) (w)
to v;, where z(w) denotes the number of biconnected components of G to which w

b
belongs. Then ,21 wt(v)=n. Let F(G) be any spanning forest of H(G). There exists a
I=

vertex vjof F(G) whose removal divides F(G) into connected components of
weight not exceeding (2/3)n. Then removal of Bj from G leaves no connected
component of more than (2/3)n vertices. Identify each component of G-B; with
the corresponding articulation point of B; Let K1,...,K, be the connected
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components of G-B; corresponding to an articulation point AP. Assign a weight
(|K1]+...+|K/]+1)/n to AP. If the weight of some vertex AP" in the modified graph
has become greater than 2/3 (this will be possible if AP* is an articulation
point belonging to more than 2 biconnected components), then C can be chosen to

be the set of all edges incident to AP", whence ]Clsksx/ kn<2v2kn. Otherwise
assign a weight 1/n to each vertex of Bj that is not an articulation point and
apply to Bjthe proof for the case of biconnected graph.

Since embedding the graph in the plane and constructing its dual requires O(n)
time, then by Theorem 2.1 the edge separator of G can be found in O(n) time. O

The bisection width of a graph G is the minimum number of edges whose removal
divides G into two parts whose number of vertices differ at most by one. We will
call such a set of edges an edge bisector hereafter. The problem of finding the
bisection width is known to be NP-complete [12]. Next we will obtain an
(optimal up to a constant factor) estimation of the bisection width for the class
of planar graphs.

Corollary 2.1. For any n-vertex planar graph G of degree k there exists a set C

of 3(6/_2-+4/§) v kn edges whose removal divides the vertices of G into sets A
‘and B such that |A|<['n/27, |B|<Tn/21, and each edge connecting A and B belongs to
C.

Proof: Follows directly from Theorem 2.2 by divide-and-conquer (see [20]). O

Corollary 2.2. The bisection width of any n-vertex planar graph of degree k

does not exceed ((6/5+4f§) Jkn.
Corollary 2.2 is an improvement over the O(kfr?) result mentioned in [14].

Remark. The constant before v kn in Corollary 2.1 and 2.2 can be further reduced
by using the more precise techniques of [6] and [32,33].

The above results can also be used to obtain an optimal estimation of the
cutwidth of planar graphs. The cutwidth problem arises in the realization of
fault-tolerant arrays of VLSI processors. Formally, a linear layout L of a graph G
is a one-to-one function from V to {1,...,n}. The cut of L at a point p of the real
line is the number of edges connecting vertices on left with vertices on right of
p. The cutwidth of L is the maximum cut of L over all real points. The cutwidth
of G is the minimum cutwidth of a linear layout of G.
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Corollary 2.3. The cutwidth of any n-vertex planar graph of degree k is O(Y kn).

Proof: By breaking the graph recursively into smaller parts using Theorem 2.2

one can easily construct a layout with cutwidth O(v kn). O

An O(k/_r;) bound on the cutwidth of n-vertex planar graphs of degree k is
mentioned in [14]. For obtaining a lower bound on the minimum size of the edge
separator and of the cutwidth we will apply the method of Leighton based on the
following statement.

Lemma 2.1.[18] Consider an embedding of the complete n-vertex graph K, into
an n-vertex graph G so that the edges of K, are mapped into paths in G. Let each
edge of G is utilized by at most g paths. Then the minimum edge separator of G
contains at least 2n2/(9q) edges.

Theorem 2.3. Theorem 2.2 is tight to within a constant factor.

Proof: To prove the theorem we will show that for any k>0 such that k=0(mod 4)
there exists an infinite sequence {G} of planar graphs of degree k such that
ni<ng<... where n; is the number of the vertices of G; and the minimum edge

separator of G, is of size at least m, /9. The sequence of graphs can be
constructed in the following way. Consider a mesh of size pxp. Replace each edge
by k/4 new edges and on each edge place exactly one new vertex. We get a graph
G, of degree k and n=np=p2+(p-1)p(k/2) vertices. Each two neighbour mesh
vertices create with the additional vertices adjacent to both of them a
hammock.

Indicate the hammocks as follows:

- H; .1 be the hammock between the mesh vertices (i,j) and (i,j+1) including the
vertex (ij+1) and except the vertex (i),

- F;; be the hammock between the mesh vertices (i,j) and (i+1,j) including the
vertex (i,j) and except the vertex (i+1,j);

- H;; be the mesh vertex (i,7), 1<i<p;

- Fp,; be the mesh vertex (p,i), 1<i€p.



To apply Lemma 2.1 we will construct a suitable mapping of vertices and edges

of K, into vertices and paths of G,. An edge of Kpp joining a vertex from Hij, ;, and
a vertex from Fi2'j2 is mapped to a path p in G, defined as follows:
- if i;<i, and j;<j,, then p traverses hammocks
H,'1,j1,H,'1,j1+1, e H,'1J‘2,F,'7,j2,F,'1+1,j2, ,Fiz,jz,'
- if iy<i, and j;>j,, then p traverses hammocks
FigioHipjoHigip +15 s Higjys FipjyiFip -tjyr o s Figjg Higjys
- if iy>i, and j;<j,, then p traverses hammocks
Hiy,j1'Hi1,j1+1’ ceey Hi1,j21Fi7-1,j2’Fi1-2,j2’ ’Fi2'j2"
- if iy>i» and j;>jo, then p traverses hammocks
FiniorHigjoHigjp 10 s HigjpsFig jyiFip ety o Figerjy Higjy-
Further, an edge of K,, joining a vertex from H,-1,j1 and a vertex from H,2,j2 is

mapped to a path p defined as follows: (Without a loss of generality suppose that
i1<i5.) «

- if j4<jo then p traverses hammocks

H/'11:/'1’H"1J1+7’ ’H"1y/'2’F"1u"2’Fi1+7’/2’ ’/:"2'7:/2’H"2J2"

- if jy>j> then p traverses hammocks

HI1,]1’FI1,_[1’F/1+1J1’ .o ’F-l.2'1,j17 HI2,]77 H12,j1 75 eee ,Hi2,j2.

Finally, an edge of K,, joining a vertex from F,-N-” and a vertex from F"2:/2 is

mapped to a path p defined as follows: (Without a loss of generality suppose that
i41<is.)
- if j4<jo then p traverses hammocks

F H H; H F;

F F,

ity iz Digdg+1s o g jor Digjor Dig+1,j0 = s Figjor
- if j;>j, then p traverses hammocks
Firjg Fig +1,jg Fizirr Higjyr Higjg-1s - Higjpr Figjp

To complete the definition of the mapping, an edge of K,, joining two
nonadjacent vertices from either H;;or F;;is mapped to a path of length 2: from
the first endpoint to a mesh vertex (i,j) and then to the second endpoint.



It is evident that g paths traversing a hammock can be distributed in the
hammock so that every edge is utilized by at most 4g/k paths. From the
definition of the paths it follows that the most utilized are the hammocks Fry o7
1p and Fryp1p, if pis odd and Fppp if p is even. In both cases the above.
hammocks are traversed by less than npk/4 paths and hence each edge is utilized
by g<np paths. Then by Lemma 2.1 one gets for the minimum size of an edge

separator a lower bound of 2n2/(9g)>2n/(9p) >V nk9. O

Corollary 4.2. The cutwidth of the graph defined in Theorem 2.3 is Q(V kn).

Proof: It is easy to see that the cutwidth of any graph is not smaller than its
edge separator. O

3. Separation of trees and outerplanar graphs

It is well known that any tree has a 1-vertex separator [20] and any outerplanar
graph has a 2-vertex separator [14]. Obviously, this yields a k-edge separator for
trees of degree k and a 2k-edge separator for outerplanar graphs of degree k. To
be able to estimate the bisection width of trees and outerplanar graphs we have
to obtain bounds on the size of a set of edges dividing the original graph into two
subgraphs of not more than [n/2] vertices each. By the above mentioned method
[20, Corollary 3] one can get an O(k log (n/k))-edge bisector for both trees and
outerplanar graphs. Below we show that for the case of trees it is possible to
improve this bound to O(k log n/log k), which is proved to be tight upto a
constant factor.

Lemma 3.1. Let T be an n-vertex tree of degree k and p be an integer, 1<p<n/2.
Then one of the following cases holds:

(i) T can be separated into two subgraphs Ty, T, such that |V(T;)|=n-p, IV(T5)|=p
by deleting a single edge;

(i) T can be separated into three subgraphs Ty, Ty, T3 such that |V(T4)|<n-p,
|V(T,)|<p, |V(T3)|sn/l, whereby T3 is a tree, by deleting at most | edges, for
some integer /, 3<Kk.

Proof. Find a vertex veT whose deletion separates T into trees Gy,Gg,...,G,, k=rz2
such that n-p2n,2n,>...2n,and ny=p, where n; denotes the number of the vertices of
G;



If r=2, then the first case holds.

If r=3, we have either ny<n-p, or np<p. Delete the edge joining v with G3 and
either the edge joining v with G4 (if no<p), or the edge joining v with G, (if
ny<n-p).

Let 4. We will construct the graphs T4 and To iteratively, ensuring that after
each -iteration it holds |V(T;)|<n-p, |V(T,)|<p. Let | be the smallest integer such
that 23 and nzn, +...+n=n". Then n<n;.¢+...+n=n"for 3<i<i-1.

We will prove by induction that for any j, 2<j</-1, the set {1,2,...,/} can be
divided into two sets A*, B* such that

N, = iea* ni<n-p, N2'=i€%, n<p .

The case j=2 is trivial. Let the claim be true for some j</-2. Then either
Ni"+nj4<n-p, or Np"+n; 4<p; otherwise

n-1=Ny "+ Np"+nj 4 +0'j 12Ny + Np"+2n;, >0,
Thus the claim is true for j+1 and consequently for all j, 2<j</-1. Notice that
this proof yields an O(/) algorithm for constructing the sets A* and B”, given the
numbers nq,...,n.q. If we take j=/-1, the claim shows that there exists a partition
of the set {1,...,/-1} into two sets A*, B* such that

Ny= ie§* ni<n-p, N2=ie%* n<p .

Then either N{"+n'i<n-p, or Ny, +n'|<p; otherwise a contradiction as above will
arise. Thus we have divided the set {1,...,r}-{}} into two sets A, B such that

= <n- = <
Ni= 2 Misn-p, Ng= 2 nisp

and either A or B contains the set {/+1,...,r}. From the inequalities ny>...2n, and the
choice of |,

Ingin y=(F1)n+n4S(ny+..+nq)+n 40" =n-1<n.
By definition, A contains the number 1 and B contains the number 2. Suppose that
{I+1,...,r1c B. Delete all edges joining v with Gj, for kAu{}}. Clearly, the number of
those edges is at most 1. Let Ty be the graph
induced by | J V(G)), T, be the graph induced by |_J V(G)) v {v} and

ie A ieB

Ta=G, Evidently |V(Ty)|sn-p, |V(Ty)|sp+1. If [V(T,)|=p+1, then we separate a leaf u
of T, by deleting one edge and we add u to T;. A similar proof applies if
{+1,...,fcA. O



Theorem 3.1. For any n-vertex tree T of degree k and any p, 1<p<n/2, there
exists a partition A, B of the set of the vertices of T such that |A|=n-p, |B|=p, and
any edge connecting a vertex from A with a vertex from B belongs to a set C of
<k log n/log k edges.

Proof. For k=2 the theorem is obviously true. The set C can be found applying on
T the following recursive procedure. (C is empty at the beginning.)

procedure SEPARATE (T,p)
begin
if 7 is a star graph then
C=C|J {any p edges of T}; return;
fi;
find a set M of edges and a partition Ty,T,, T3 of T satisfying
Lemma 3.1 (possibly T3 is a null tree);
C=CuM,
if IM|=1 (i.e. case (i) of Lemma 3.1 applies) then return;
if [M|>1 then
SEPARATE(T; , min{ p-|V(To)| , n-p-|V(T1)| } );
end

We will show that the size of C satisfies the theorem. Let k=3 and c(n,k) denote
the maximum size of a set C found by the algorithm when applied on any n-vertex
tree of degree <k and for any p, 1<p<n/2. We will prove by induction on n that

c(n,k)<k log n/log k.
Obviously, c(k+1,k)<k/2<k log (k+1)/log k. Assume that the claim is true for all j
such that k+1<j<n-1. Then

c(n,k)y<max{+c(|V(T3)|,k) : 3<Kkk}<max{l+c(Ln/l],k) : 3<IKk}

<max{/+ klog (n/l) / log k) : 35Kk}

< k log n/log k + max{log / (//log I-k/log k) : 3<kKK} = k log n/log k. O

Corollary 3.1. For any n-vertex tree T of degree k and there exists a partition
A, B of the set of the vertices of T such that |A|<n/27, |B|<In/27, and any edge
connecting a vertex from A with a vertex from B belongs to a set C of <k log
n/log k edges.

Corollary 3.2. The bisection width of any n-vertex tree T of degree k is <k log
n/log k.



Theorem 3.2. The bisection width of n-vertex k-degree trees is Q(klog n/log
K).

Proof. We will show that for arbitrary k>3 there exists an infinite sequence
Ty, T,,... of trees of degree <k such that each edge bisector of T, is of size
>(1/10)k log n;/log kand ny<n,< ... , where n=|V(T)|. Consider the following two
cases with respect to k.

Case 1 : k=3. Let hbe odd, ny=2h+1-1 and let T(h) be the ns-vertex complete
binary tree. Denote n=2n:/3. Let M be the minimum set of edges whose deletion
divides T(h) into three subforests F,, Fy, F» of equal sizes. We will make use of
the result of Chung and Rosenberg [5] that |M/>(3/16)(h-19/16). Let M, be the set
of edges of M connecting F(i1)ymod3 and F(i2) mod 3 /=0,1,2. Clearly
Mou MyuMo=M, MnM=3, i=]. Let |Mo|2|M/|2|M,|.

Consider the forest Fiu F,. We claim that the edge bisector of Fju F5 is of size at
least |My|. In the contrary, let My* be an edge bisector of Fiu Fy and [Mg*|<|Mg].
Then the set My*uM;uM, of edges also divides T(h) into three subforests of
equal sizes and |My*u M,u M,|<|M|, which contradicts to the minimality of M.

Construct an n-vertex tree T of degree 3 by adding suitable edges to Fyu F».

Evidently, the size of the minimal edge bisector of T is at least |My|. According

to the choice of My, ,
IMg|2|M|/32(1/16)(h-19/6)=(1/16)(log(3n/2+1)-25/86).

Case 2 : k>4 and k is even. We will apply the method of Rosenberg [28]. Let T(h)
denote the complete (k-1)-ary tree of height h and A and B be disjoint sets of no
more than [n/27 vertices of G each. Denote by C the set of edges joining a vertex
from A with a vertex from B. Let h=5 and n=((k-1)h+1-1)/(k-2). Define the level
of each vertex of T(h) to be its distance from the root and the level of each edge
to be the maximum of the levels of its two endpoints.

Let e; denote the number of edges on level i that belong to C. Define the function

h-j

f(i)=2 ej Ak-1)1, j=1, .. h-1.
=1
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Lemma 3.2. For each j, 1<j<h/2, it holds f(j)2(1-(k-1)2/-h-1)/2.

Proof: Assume that there exists j, 1<j<h/2, such that
f(j)<(1-(k-1)2J-M-1)/2.
Let A; and B, denote the vertices of the j-th level that belong to A and B
respectlvely As k-1 is odd, then either |A|2((k- 1)/+1)/2, or |Bj=((k- 1)j+1)/2.
Without a loss of generality assume that |Aj|>((k 1)i+1)/2. Then we have
h-j
A2 [((k-1)/+1)/2].[((k-1)h-T+1-1)/(k-2)]- Z €jsi ((k-1)h-j-i+1-1)/(k-2).

The first term corresponds to the contrlbutlon to A of the level-jvertices and
their subtrees, if no edge of C has level exceeding j, and the second term
corresponds to the maximum number of vertices by which the first term could be
diminished by considering also the edges of C at levels j+1,... ,h. Then

J
2(k-2)|Al2 ((k-1)h+1-1) & (k-1)h+T - (k-1)] -(k-1)h4+T . ,21 €
=
((k-1)h+71-1) + (k-1)hi+1 - (k-1)J - (k-1)h4+1 5(j)

> ((k-1)h+71-1) + (k-1)hi+1 - (k-1)J - (k-1)h-/+1(1-(k-1)2]-h-1)/2
= ((k-1)h+7-1) = (k-2)n, this being a contradiction. O

| From Lemma 3.2
Lh/2] Lh/2]

Z f(j) 2> (1-(k-1)2i-h-1)2 > h/5.

J= =1
On the other hand :
Lh/2] h-1 h-1 h-j h j- 1
2 ) <> 1) = Z S ejlk-1)i=3 eJE k-1)°
j'- j— j— J= 1 ' =2 = 1
h -2 h -
- }:ez 1)< U(k-1) D e . (k-1)7!
< 1/(k-1) |C| (k-1)/(k-2) = |C|/(k-2).

11



Thus |C|>(k-2)h/5. Since kh>n, we obtain
IC|> (k-2)(log n/log k)/52(k log n/log k)/10.

Case 3 : k=4 and k is odd. Then k>5. Construct the complete (k-2)-ary tree of
height h. Add to the tree a new vertex and connect it to a vertex at level h-1. We
have constructed for n=((k-1)h-1-1)/(k-2)+1 an n-vertex tree of degree k.
Assume that this tree has an edge bisector of size <((k-1)log(n-1)/log(k-1))/10
-2. Then it is straightforward to construct an edge bisector of the complete (n-
1)-vertex (k-2)-ary tree of size <((k-1)log(n-1)/log(k-1))/10 - 1. O

We can generalize Theorem 3.2 in order to prove that the worst-case minimum
set of edges dividing an n-vertex k-degree graph G into two disjoint parts of Lpn]
and n-Lpnl vertices is of size Q(klog n/log k) for any p, O<p<1. The proof uses a
similar idea, but is technically more complicated.

4. Applications

In this section we will apply the edge separator theorems from the previous
sections to obtain results on embedding planar graphs, outerplanar graphs, and
trees on binary trees, linear arrays, meshes, hypercubes, butterflies, CCC
graphs, perfect shuffle graphs, and de Brujn graphs. (For definition of these
graphs one can see i.e. [24].

A large variety of important computational problems can be mathematically
formulated as graph embedding problems. For instance, problems concerning
representation of some kind of data structure by another kind of data structure
[9], adaptation of the interconnection structure of a parallel algorithm differing
from the interconnection structure of the used parallel computer [4], simulation
of interconnection networks of parallel computers [3], and minimizing wire
lengths in VLSI layouts [25].

Formally, an embedding of a graph G, into a graph G, is a mapping ¢:V(G)=> V(G>).

There are three widely used measures for estimating the properties of ¢ : the
worst dilation, the average dilation, and the expansion of ¢, defined as follows:
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WDIL(y) = max {d2(y(u),¢(V))},
(u,V)eE(Gy)

ADIL(p) =D da(9(u),9(V) /IE(GY),
(u,V)EE(Gy)

EXP(g) = [V(G)I/|V(GY)l,
where ds(x,y) denotes the distance between vertices x and y in Go.

For results concerning the worst-case dilation one can consult [29]. In this paper
we consider the average dilation and the expansion measures. At first we
mention some related results. Lipton and Tarjan proved in [21] that every n-
vertex planar graph of degree k can be embedded into a binary tree with average
dilation O(k) and expansion 1. De Millo, Eisenstat and Lipton [9] embedded the n-
vertex 2-dimensional mesh into the n-vertex one dimensional mesh with optimal

average dilation @(/ﬁ). Scheidwasser [30] and Jordanskij [15] showed that every
n-vertex tree of degree k is embeddable into a 1-dimensional mesh (a linear
array) with average dilation ©(k log n/log k). Lower bound techniques for the
average dilation of embeddings of graphs into meshes were developed in [34].

4.1 Upper bounds

The divide-and-conquer method [21,15,30] is the standard technique for
constructing efficient average dilation embeddings. Firstly, we apply the method
on the problem of embedding planar graphs.

Theorem 4.1. Every planar graph can be embedded in a binary tree with average
dilation O(log k) and expansion one.

Proof: Let G be an n-vertex planar graph of degree k. Define an embedding of the
vertices of G in the vertices of a binary tree T by using the following recursive
procedure. If G has one vertex v, embed v into a tree of one vertex, the image of
v. Otherwise, apply Corollary 2.1 to find a partition A,B of V(G) and a set of

edges C. Let |A|=Ln/2] and ]Clscm Let v be a vertex of A. Embed the subgraph .G,
induced by A-{v} into a binary tree T; by the same method recursively. Embed the
subgraph G, of G induced by B into a binary tree T,. Let T consists of a root (the
image of v) with two children: the root of T, and the root of T.

13



Denote by h(n) the maximum depth of a tree T of n vertices that can be produced
by this algorithm Then if n>1 h( )<h(Ln/2J)+1, whence h(n)<log n.
Let us define s(G)= D da(y . Then
(u, v)eE(G)
s{G)=0, if n=1,

s(G)<s(Gy)+s(Gp)+2¢cYknlog n+k log n, if n>1.
This follows from the fact that for every edge (u,w)eG belonging neither to Gy,
nor to G, it holds

dr(9(u),p(v)) <2 log n, if (u,v)eC;

d>(p(u),9(v)) < log n, if this edge is incident to the vertex v.
If s(n) is the maximum value of s(G) for all n-vertex planar graphs of degree Kk,
then

s(n) < 4n log n, for k<n<2k,

s(n) < s(I'n/21) +s(Ln/2]) + 2cY knlog n + k log n, for n>2k.

A direct solution to this recurrence gives
s(n) = O(n log k- Yknlog n).

Since G is connected and has therefore at least n-1 edges, then
ADIL(9)=0O(log k). O

Theorem 4.1 improves the best previously known bound of O(k) due to Lipton and
Tarjan [21]. ,

From the proof of Theorem 4.1 it is evident that the result holds for embedding
an n-vertex planar graph into the complete n-vertex binary tree with expansion
<2. Since this result will be used below, we give it in a separate statement.

Corollary 4.1. Every planar graph can be embedded into a complete binary tree
with average dilation O(log k) and expansion one.

There is a number of results concerning embeddings with worst dilation O(1) and
expansion O(1) of the complete binary tree into other regular structures. Such
structures include the hypercube, the butterfly graph, the cube-connected-
cycles (CCC) graph, the shuffle-exchange graph, and the de Brujn graph [2,3,24]. .
All these results can be used in combination with Corollary 4.1 to obtain
efficient embeddings of planar graphs into the latter structures. In order to do
this we make use of the following obvious fact.
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Lemma 4.1. Let ¢y be an embedding of a graph G, into a graph G, and let y be an
embedding of G, into a graph Gs. Then there exists an embedding § of Gy into Gs
such that ADIL(E)<ADIL(p)WDIL(y) and EXP(&)<SEXP(9)EXP(y).

Corollary 4.2. Every n-vertex planar graph of degree k can be embedded into a
hypercube, a butterfly graph, a CCC graph, a shuffle-exchange graph, or a de
Brujn graph, with average dilation O(log k) and expansion O(1).

The method used in the proof of Theorem 4.1 can be applied with minor
modifications to other embedding problems. In the proofs of the next theorems
we will omit obvious details.
Theorem 4.2. Every n-vertex planar graph of degree k can be embedded in the 1-
dimensional mesh with average dilation O(Y kn) and expansion 1.
Proof: The corresponding recurrence relation gives

s(n) € 3n2, for k<n<2Kk,

s(n)<s(fni21)+s(Ln/2l)+c Y knn, for n>2k.
The solution satisfies s(n)=0(Y knn), which gives ADIL(y)=O( v kn). O

Theorem 4.3. Every n-vertex outerplanar graph of degree k can be embedded in
the 1-dimensional mesh with average dilation O(klog(2n/k)) and expansion 1.

Proof: We have the following recursive relation
s(n) € 2n2, for k<n<2k,
s(n)<max{s()+s(n-i): n/3<i2n/3}, for n>2k.

The solution satisfies s(n)=0(nklog(2n/k)), which yields
ADIL(y) =O(klog(2n/k)). O

Theorem 4.4. Every n-vertex planar graph of degree k can be embedded into a
two dimensional mesh with average dilation O(/Elog(Zn/k)) and expansion <2.
Proof: Assume for the sake of simplicity of notations that n=4/ Choose a mesh
of size 2ix2i. The corresponding recurrence relation is

s(n) < 6nYn, for ken<2k,

s(n)<4s(nid)+c/kn. 2/ n+ c/km2. 2/n for n>2k.

15



The solution of the recurrence satisfies s(n)=0(n /Elog(Zn/k)), which yields
ADIL(9)=0( Yk log(2n/k)). O

Theorem 4.5. Every n-vertex outerplanar graph of degree k can be embedded
into a two dimensional mesh with average dilation O(fk_) and expansion <2.
Proof: Assume that n=4/. Choose a mesh of size 2/x2/. The corresponding
recurrence relation is

s(n) < 4nY/'n, for ken<dk,

s(n)<4s(ni4)+4k /' n, for n>4k.
The solution satisfies s(n)=0(n /TZIog(Zn/k)) yielding ADIL(¢)=O(/E ). O

Theorem 4.6. Every n-vertex planar graph of degree k can be embedded into a d-

dimensional mesh, d=3, with average dilation O(dk1/d) and expansion<2 for
sufficiently large n in comparison with d.

Proof: Let n=2/d The recurrence relation is
s(n) < 3ndn1/d, for 2d T(log k)/d 1< n<29k,

s(n)<2ds(n/29)+(2+v2)ed Ykn n1/d, for n>29k.
The solution satisfies s(n)=0O(dnk?/d) which implies ADIL(p)=0(dk1/d).

If n is not of the form 2/dthen we embed the graph into a mesh of size r 9 where
r is the smallest integer such that rd>n. This implies EXP(p)<(1+1/n1/d)d, whence
EXP(y) is less than 2 for n»d. The proof is similar, but technically more
complicated. O

Corollary 4.2. Every n-vertex outerplanar graph of degree k can be embedded

into a d-dimensional mesh, d=3, with average dilation O(dk1/d) and expansion<2
for sufficiently large n in comparison with d.

4.2. Lower bounds
We start by describing two techniques for deriving lower bounds on the average

dilation. The first method is a natural generalization of Theorem 2 from [9]. We
state it without proof.
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Lemma 4.2. Let ¢y be an embedding of an n-vertex graph G into the 1-
dimensional mesh. Let fpo(n) be the minimum cardinality of a set of edges that
divides G into two parts of p and n-p vertices respectively. Then

nl2
ADIL(9)2D f:(n) / |E(G)I.
=1

The second method is a straightforward extension of Theorem 2 [34], originally
proved for embeddings into meshes, applied to star graphs.

Lemma 4.3. Let ¢ be an embedding of the k-vertex star graph Ty into a graph H.
Define
r=min{radius(H'): H'is a k/2-vertex induced subgraph of H}.
HI
Then ADIL(y)2r/4.

Theorem 4.7. Any embedding of the complete (k-1)-ary tree into a binary tree,
a butterfly graph, a CCC graph, a shuffle-exchange graph, or a de Brujn graph
requires average dilation Q(log k).

Proof. Consider CCC graphs. For other graphs the proof is similar, because it is
essentially based on the fact that all these graphs are of bounded degree.

We proceed by induction on the height h of the complete (k-1)-ary tree Th .
Clearly lV(T,,)l=((k-1)h+1-1)/(k-2), |E(Ty)|=|V(TH)I-1. Let p be any embedding of Tj
in any CCC graph. We will prove that ADIL(y)=(log k)/8.

If h=1, then T, is a k-vertex star. Let H be any CCC graph and H' be an arbitrary
k/2-vertex induced subgraph of H. Choose a vertex v in H'. As the degree of H is 3,
at most 1+3+3.2+... +3.2L(log k)/21 < k/2 vertices of H’' lie within distance <(log
k)/2 from v. According to Lemma 4.3, this implies ADIL(y)=(log k)/8.

Let h=2 and let Ty ;, i=1,..,k-1, denote the trees that arise from T, by deleting
the root tof T,. Denote by Ty, the star graph induced by t and the vertices
adjacent to t. Then T, is isomorphic to T;. According to the inductive
assumption
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|E(Tp)|.ADIL(p) = D da(p(u),9(V))
(U, VIEE(T})

k-1
= O dp(we(M) +2 D dale(u)p(V)
(U, V)EE(Th.1.0) i=1 (U,V)EE(Thy)

>(k-1)(log k)/8+(k-1)|E(T}.1)|(log k)/8=|E(T)|(log k)/8. O

Corollary 4.2. The worst case average dilation of embedding of a planar or an
outerplanar graph into a binary tree, a butterfly graph, a CCC graph, a shuffle-
exchange graph, or a de Brujn graph is Q(log k).

Unlike the graphs from the previous statements, the n-vertex hypercube Q,
(n=2M has degree log n. Thus the proof of Theorem 4.7 does not directly apply to
embeddings in a hypercube. Moreover, one can easily notice that for any graph G
there exists an embedding of G into Qp with worst dilation <2, if his sufficiently
large (h=|V(G)|-1). Therefore, it is not possible to obtain a tight lower bound on
the dilation of an embedding in a hypercube if the expansion of this embedding is
not considered. We will examine embeddings into a hypercube with O(1)
expansion and will obtain a lower bound that matches the corresponding upper
bound of Theorem 4.1.

- Theorem 4.8. Any embedding with expansion O(1) of a k-vertex star into a
hypercube requires average dilation Q(log k).

Proof. Let k=3, h>Tlog k1 and Q,, be the hypercube of 2/ vertices. Let ¢ be any
embedding with expansion O(1) of the k-vertex star Sy into Q.. Denote by v the
image in Qp, of the root of S and by N(i) the number of the vertices of Sy that are
mapped by ¢ onto vertices at distance i from v. Then

h h h
| V(Si) | ADIL(g) = D iN() 2 min { Din;: D.nj=| V(SK)|, 0 < ny< Cp 1}
i=0 =0 =0
h'
>2> i Cp,
i=0
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h!

= ;T(h_/)/ and A' is the maximum

where Cpj is the binomial coefficient Cp j

h’
integer such that 2 Cj; < k.
i=0

Since | V(Sk) |=Q(| V(Q,)|, then k=Q(2/) and thus h'=Q(h). Denote c=h"h =Q(1).
Then

ch ch
| V(Sk)| ADIL(y) 22> i Cp; 22 Tch21 D Ch;
i=Tch/2] i=Tch/2
ch h'
> [ch/21D Cpi= (chi2) D Cp;.
i=0 i=0
hl
Denote A =2 Cp;. We will prove that A=Q(k). If h'=Lh/2],
i=0

then A=k. Suppose h'<Lh/24. Then
Ch,h'+1 = C'h,h' (h-h' )/(h’+1) < Ch,h’ (1'C)/C,
whence
h'+1
k<2 Cpj=A+2C,py <A+ Cpp (1-0)/c < Alc.
i=0
Therefore
| V(S,) | ADIL(p) = Q(h)Q(K) = Q(klog k). O

Corollary 4.3. The worst case average dilation of any O(1)-expansion
embedding of a planar or outerplanar graph of degree k into a hypercube of O(k)
vertices is Q(log k). :

Theorem 4.9. For any k>0 and any n>24 there exists an n-vertex planar graph G
of degree <k such that any embedding ¢ of G into a 1-dimensional mesh requires

average dilation >V kn/108.
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Proof: Combining Theorem 2.3 and Lemma 4.2 we get

Ln/2]
|E(G)|ADIL(y)> Z v kW9>(n/2-n/3-2) v kw9=(n/12) V/ k9.
p=n/37

As |E(G)|<2n, then ADIL(y)>(1/216) Vkn. O

Theorem 4.10. Any embedding of the complete (k-1)-ary tree into the d-
dimensional mesh requires average dilation Q(dk1/d), for k>(2e)d.

Proof: We prove that any embedding of the k-vertex star into the d-dimensional
mesh requires average dilation Q(dk1/d). The rest of the proof is the same as in
Theorem 4.7. Let v be a vertex of the mesh. Consider the set M of all the vertices
that are at distance at most 2 from v. We can assume that the mesh is embedded
into the d-dimensional space with unit distance between adjacent vertices.
Define a unit d-dimensional cube around each vertex u of M such that u is placed
in the center of the corresponding cube and cubes are oriented along the axes.
The set of all cubes forms a polyhedron Py. This polyhedron entirely lies in the
minimal convex polyhedron P, containing all points whose i-th coordinate is
equal to /+d/2 and other coordinates are zeroes, i=1,...,d. Because the volume of
P, is 29(/1+d/2)d/d |, at most (2i+d)9/d | vertices lie within distance </ from v.
Choose I=dk1/d/(4e). Then at most (dk1/d/(4€)+d/2)0/d I<k/2 vertices lie within
distance </ from v, for k>2(4e)d. Therefore the radius of any k-vertex induced
subgraph of the d-dimensional mesh is at least dk!/d/(4e). O

The upper and lower bounds of the average dilation of embedding planar and
outerplanar graphs with O(1) expansion obtained in this section are summarized
in the following table. The lower bound marked by * is due to [15,30].

5. Conclusion

We investigated edge separation problems for planar graphs, outerplanar graphs,
and trees of given degree. The results were used for obtaining estimations on the
bisection width and the cutwidth of these graphs as well as for obtaining
efficient average cost embeddings. Most of the bounds found are optimal within a
constant factor. The results of this paper evoke some open problems:
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bin.tree,hypercube,

1-dimensional

2-dimensional

d-dimens.

the separators.

5.2.

edge separator.

5.3.

case does not depend on n.

5.4.

planar and outerplanar graphs.

21

ADIL
CCC,SE,butterfIy, mesh mesh mesh,d>2
de Brujn graph
1/d
olanar O(log k) O{kn) O(v/klog(2n/k)) | Odk )
h 1/d
grapns Q(log k) Q(/kn) Q(/K) Q(dk )
I 1/d
outerplanar O(log k) O(k log(2n/k)) O( Vk) O(dk )
graphs * 1/d
Q(log k) Q(klog n/log k) Q( /) Qdk )
n - number of vertices
k - degree
Table 1. Summary of embedding results
5.1. Improving the constants in the upper and the lower bounds for the size of

We conjecture that any n-vertex planar graph G has an edge bisector of
size <n (independent on the degree of G). We know a graph requiring an n-

Reducing the gaps between the upper and lower bounds for embedding
outerplanar graphs into 1-dimensional meshes and planar graphs into 2-
dimensional meshes. We conjecture that the average dilation in the latter

Obtaining upper and lower bounds on the worst dilation of embeddings of
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