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Abstract

A fundamental problem in information theory involves computing and estimating the
probability density function associated with a set of random variables. In estimating this
density function, one can either assume that the form of the density function is known,
and that we are merely estimating parameters that characterize the distribution or that
1o information about the density function is available. This problem has been extensively
studied if the random variables are independent.

If the random variables are dependent and are of the discrete sort, the problem of cap-
turing this dependence between variables has been studied in [2]. The analogous problem for
normally distributed continuous random variables has been tackled in [3]. In both these in-
stances, the determination of the best dependence tree hinges on the well-acclaimed Expected
Mutual Information Measure (EMIM) Metric. Valiveti and Oommen studied the suitability
of the chi-squared based metric in-lieu of the EMIM metric, for the discrete variable case[10].

In this paper, we study the use of the chi-squared metric for determining dependence
trees for normally distributed random vectors. We show that for such vectors, the chi-
squared metric yields the optimal tree and that it is identical to the one obtained using the

EMIM metric. The computational gain obtained using the chi-squared metric is discussed.
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1 Introduction

Many information theoretic applications require the extraction of statistical information from
the problem domain. The input to the data analysis procedures consists of observations of
features that characterize the sample space. In this context, probably the most frequent
scenario is that of computing and estimating the underlying probability distribution of a set
of random variables. Once this distribution has been obtained, it can be used in host of
applications such as pattern recognition, system identification and information retrieval [4].

Let X = [z1,23,...,2n]7 be an n-dimensional random vector. The components of the
vector X, i.e. zy,Z9,...,ZnN, are the random variables in question and will be synonymously
referred to as the features of the problem space. The basic problem that we wish to address
is one of estimating the joint probability density P(X), from measurements on the vector
itself. Due to the fact that the number of samples may be small, and that real machines
often impose limitations on available storage, it is often necessary to restrict the amount
of information that can be collected from the samples. Keeping this constraint in mind,
it is common to make various simplifying assumptions about the distribution P(X). The
simplest assumption made about this distribution is that the random variables or features
are statistically independent. Obviously, this assumption does not necessarily model the
underlying real life situation adequately.

This assumption, namely that regarding stochastic independence, typically simplifies the
solution that is obtained. In the interest of brevity, we shall clarify this for the case when the
random vector is jointly normal. Let us consider a pattern recognition scheme, and focus on
the aspect of analyzing the features of only one class. Since the features may be completely
dependent, in general, the covariance matrix % may be full. However, by redefining the
features so that the feature vector is a linear combination of the original vector, it is easy to
see that the transformed set of features can be made statistically independent [5, pp.31-35].
Indeed, the linear transformation essentially involves pre-multiplying the original feature
vector by the matrix of eigenvectors of ¥, and since ¥ is symmetric and positive definite,
these eigenvectors will be orthonormal and the resulting covariance matrix of the transformed
feature vector will be diagonal.

The question is a little more complicated when we are studying the features of two
classes, say w; and w,. Let us suppose that the class-conditional densities of these classes
have covariance matrices ¥; and X,. Using a transformation analogous to the one described
above, it is easy to diagonalize Iy (i.e. make the features of class w; independent) while

the features of the class w, are still dependent. Let us denote the transformed covariance



matrices as £} and T} respectively. By appropriately scaling the transformed features of the
class w;, is possible to render it to have the identity matrix as its covariance matrix. If the
new covariance matrices are LY and L7, then, this operation renders Ly = I. Subsequently
the axes of the features can be “rotated” so as to be parallel to the eigenvectors of the
covariance matrix £4. Thus even in the two class problem, after the appropriate rotation
and scaling operations, we can always assume that we are working with independent features.
This process is typically referred to as whitening and since this is not the primary topic of
this paper, we refer the reader to Fukunaga’s book for an excellent treatise on the topic [5,
pp.31-35].

When the number of classes is more than two, the question of dependence is extremely
pertinent. Notice now that although the vectors can be transformed to permit a whitening
process between any two classes, such a scheme will not be applicable for the rest of the
classes. Thus the Bayes’ classifier will have to resort to computing the Mahalanobis’ distance
in the original feature space.

The question is now one of modeling the dependence between features. In the strictest
sense, it is possible that every feature is dependent on every other one. Thus, in general,
both the covariance matrix ¥ and its inverse £~ are full. However if the dependence is of the
tree-type (i.e. r; is dependent on z; only if z; is the parent of x;) it is interesting to note that
although X is full, £~! is sparse and fully captures the dependence information[3]. Since it
is this quantity which is required in computing the Mahalanobis’ distance, a significant gain
in computing can be achieved in all such cases by modeling the dependence as a tree-type
dependence.

In this paper, we shall consider the problem of studying the dependence of an arbitrary
random vector. To pose the problem in all its generality, we will not pay attention to the
number of classes, but merely concentrate on a single random vector X = [z, 2q,...,2n]7
whose covariance matrix is £. In the first case we assume that there is a tree-type dependence
between the components of X. We shall study the problem of estimating this dependence
tree and show that the estimate of the dependence tree converges to the true underlying
(unknown) tree. However, if the underlying dependence is not of the tree type, our endeavor
is to obtain the best tree-type dependence which adequately models .

At this juncture, it is appropriate to query the word “best”. Indeed, by this we mean that
we are investigating how one can quantify the “goodness” of any tree. In this context, the
most straightforward metric is the well-known Information Theoretic comparison between the

“real” distribution and the distribution based on a given tree dependence. The computation



of the best dependence tree naturally leads to the Expected Mutual Information Measure
(EMIM) metric for capturing the dependence between pairs of variables. Although this
metric is exact, it is difficult to compute, because of the logarithms, exponentials, and ratios
involved.

In contrast to this, we advocate the use of an alternate metric, the chi-squared metric, to
represent dependence information between pairs of random variables. The latter involves no
logarithms but is merely computed using sum of squares. In the case of discrete valued fea-
tures, in an earlier paper [10] we showed analytically that for various families of distributions,
the chi-squared metric always yields the optimal tree. In other cases, the experimentally
obtained accuracy of it yielding the optimal tree was 100%. However, in this paper we
shall show that for the case of continuous normal vectors, the result is much more powerful.
Amazingly enough, we show that the chi-squared metric always yields the optimal tree,
implying that the entire process of computing and manipulating the EMIM metric can be
short-circuited.

Apart from the above results, we shall also prove results that involve the estimate of
2 (denoted as E) as opposed to X itself. We shall show that the tree obtained by using
the estimate ¥ is the Maximum Likelihood Estimate (MLE) of the dependence tree, chosen
from among all the possible trees, and that this estimate converges to the “real” unknown
underlying tree as the number of samples increases. We note in passing, that in typical cases,

this estimate converges to the true underlying tree when the number of samples is even as

small as 50.

2 Approximating Discrete Distributions

In this section, we shall briefly discuss the problem of representing the information regarding
the stochastic dependence between the random variables when they are discrete-valued.
Clearly, this constitutes a large number of cases in the field of traditional pattern recognition,
and indeed includes the entire field of problems encountered in information retrieval. But
in the context of this paper, this section is included to present the problem in the right
perspective and to motivate the obvious generalizations.

The central issue in tackling this problem is one of approximating the joint distribu-
tion/density P(X), where X is the vector [z1,Z2,...,zn]7. Because of the largeness of the
dimensionality of the vector X, it is both infeasible and impractical to store estimates of the
joint density function P(X) for all possible values of X. It is infeasible because, if each fea-

ture z; could take one of a set of k distinct values, the number of estimates that would have



to be maintained is of the order of k. Obviously such a scheme would be impractical also.
A second alternative is one of approximating P(X) by a well defined and easily computable
density function P,(X).

When using an approximation density function P,(X), the question is now one of mea-
suring how well this function approximates the “real” density function P(X). In order to
quantify this “goodness” of approximation, we must rely on a distance measure, between

these two density functions. The most prominent one is the an information theoretic measure

referred to earlier, and is given by:

P(X)

I(Papa)=§P(X)logF‘(—X_) (1)

It is well known that I(P, P,) > 0 and I(P, P,) = 0 only if the approximation is exact (ie.
P(X) = P.(X), for all X). Hence I(P, P,) is a measure of the closeness of the approximation;
the smaller this measure, the better the approximation. In other words, the intent in finding
the best approximation for a given density function P(X) is to find a density function P,(X)
from the set of available approximations such that I(P, P,) is minimized.

A discussion of the techniques for approximating discrete distributions appears in [7.
Since our present focus is based on the approximation technique based on dependence trees,

it is appropriate to summarize the method due to Chow and Liu, in all brevity [2].

2.1 Dependence Tree Approximation

To introduce the method due to Chow et. al. [2], we use the following well established rule,

the Chain Rule, which expresses the joint probability distribution in terms of conditional
probabilities:

P(X) = Pr(zy)Pr(z: | 1) Pr(zs | z1,22) - - Pr(zn | z1...2Nn-1) (2)

We notice that in this expression, each variable is conditioned on an increasing number
of other variables. In this context, it is important to point out that estimating the k** term
of this equation (i.e. a conditional probability term, in which a variable is conditioned on
k —1 other variables), requires maintaining the estimates of all the k** order marginals. If we
restrict ourselves to computing only the (first and) second-order marginals, we are assured
that we can compute all the conditional probabilities of the form Pr(z; | zj). Thus we
explore the approximation that results if we ignore the conditioning on multiple variables,
implying that we shall attempt to retain only dependencies on at most one variable. This

leads us to the following approximation:



N
Po(X) =1 Pr(zi | zj;)  where  0<j()<i. (3)

t=1

Notice that in this equation, each variable is dependent on exactly one variable that has
appeared earlier in the equation. To include the case when J(2) = 0, we use the conven-
tion that o is a dummy variable, which does not influence any other variable. With this
understanding, Pr(z; | zo) will be the same as Pr(z;).

In the above case, there is a “natural ordering” among the components {z: | 1 =
1,2,..., N} of the vector X, such that the variable z; was conditioned on z j(i)» Where j(7) < 1.

In the general case, the product approximation takes the form:

N
Py(X) = H Pr(zy, | xmj‘(.‘)) (4)

i=1
where, m1,my,...,my is a permutation of the integers {1,2,..., N}.

The dependence assumed in the above equation can be given a graph theoretical inter-
pretation. Consider a graph G, with N nodes, labelled as {z;, z,,... ,zn}. In this graph,
the edge (Zm;, Tm ), represents the fact the variable ., is (statistically) dependent on the
variable Tm,;- It is easy to see that G is indeed a tree, with the node Zpm, as the root. This
tree is completely defined by the permutation (m;,m,,...my) and the function j (-)-

It is well known that there are N®W=2) spanning trees on a graph with N nodes. Also,
each tree is associated with a unique approximation of the form given in (4). The prob-
lem of finding the “dependence tree” is one of finding the tree, for which the associated
approximation is the best.

It is proved in [2] that the closeness measure, I(P, P,), computed for the product approx-

imation in (4) can be expressed as:-

I(P,P,) = — é I (Emgy T ) + é H(=:) — H(P) (5)
where, ) )

H(@) = Y Pr(z)log Pr(z)

HP) = - ; P(X) log P(X)
and

Fmoe) = 5 Priss)log ﬁ%%%; (6)



The problem of finding the dependence tree, is one of finding the permutation
(my,my,...,my) and the function j(-) (or equivalently an array (41,2, --Jn)) which will
minimize the right-hand side of (5). Clearly S, H(x;) and H(P) are independent of the
approximation since they only depend on the underlying distribution P(X). Therefore, in
order to minimize the RHS of (5), we must maximize Y7 I “(Zomir Tmjiy)-

It can be seen that this minimization process is essentially the same as the operation of
finding the maximum spanning tree (MST) of the graph G, with N nodes, {z1,%2,...,2N},
where the edge between nodes z;,z; is assigned the weight I*(z;,z;). In practice, the prob-
abilities required for computing the edge weights of the graph are not known a prior:, and
their estimates must be used instead of their “real” values. In [2] it was proved that the
estimate of the dependence tree so obtained, is also the MLE of the dependence tree. This is
by no means an obvious result, and it is no small task to generalize this for the case involving
a vector of continuous random variables.

In the light of the above result, it is clear that the metric defined in (6) is the best
possible metric for capturing dependence information between pairs of variables, if the overall
approximation is to be ideal in the sense of obtaining the minimum value of [ (P, P,), as
defined in (1). The only drawback with the I* measure is that it is computationally very
expensive and time consuming (especially for large values of N), as it involves the evaluation
of O(N?k?) logarithms where, as before, k is the number of values which each feature of the
sample can take. To alleviate this problem, a new metric was earlier proposed [10], called
the I, metric, which essentially captures the x2-statistic of the distributions and which can
be used as a measure of dependence between the variables. Applications of approximations

based on dependence trees can be found in [4, 12].

2.2 The ? statistic

The metric I,(z;,z;) to quantify the degree of dependence between two discrete (random)

variables is defined as follows [10]:-

I(znz) =3 L ’"<wi’gz(;;"§zc2§’r(x,-)} o

iy

From the definition in (7), it is clear that I, has the following desirable characteristics of

a metric capturing dependency information:
1. I (zi,z;) 20
2. I (zi,z;) = 0 iff Pr(z;,x;) = Pr(z:)Pr(z;)-
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Observe that the latter equation represents the case when the variables z;, z; are statistically
independent.

At this juncture, it is worth recapitulating that Section 2.1 concluded with the very
important result due to Chow et. al. which is that the I* metric defined in (6) naturally
appears in the process of selecting the MLE of the dependence tree. This is true, since we
are constrained by the laws of probabilities, to choose a product form approximation for the
joint distribution P(X), and the only metric which minimizes the closeness measure defined
in (1) is the EMIM given in (6).

In this light, it is clear that the metric defined in (7), cannot be related to the closeness
of approximation defined by (1). Although I (z;,z;) cannot be related to I(P, P,) defined
in (1), it is not entirely futile to pursue it. Observe that for the first part, it is far easier to
compute it rather than to compute I* because the latter involves the evaluation of numerous

logarithms. Furthermore, this metric possesses the following properties [10}:

(i) In the case when the random variables x;,x; are binary valued, the metric I, (z;, z;)

defined in (7), increases or decreases monotonically with I*(z;, z;).

(ii) For a restricted class of probability distributions, i.e. for a specific type of dependence
between the individual random variables, the quantities I (z;,z;) and I*(z;, ;) are
shown to be equivalent. Thus within this family, the I, metric indeed yields the MLE

of the underlying tree, even though the computation is achieved without computing
the matrix I*(-,-).

Notice that in general, the I, metric yields marginally sub-optimal dependence trees. As
reported in [10], the computational gain in using the I, metric is significant — since a good
approximation to the optimal dependence tree can be found in 20-25% of the time required
to computed the latter. Also, if the underlying dependence is tree-type, the experimentally
observed accuracy of the I, metric yielding the optimal tree was 100%, thereby proving that

it is an efficient metric — both theoretically and experimentally.

We shall now study the effectiveness of chi-squared metric for the case of continuous

random variable case.

3 Approximating Continuous Distributions

In the case when the vector X = [z4,22,...,% ~]T is composed of random variables z;, which

are all continuous random variables. P(X) denotes the joint density function of the random



vector X. This joint distribution is said to be of tree dependence if P(X) can be written in

the form:

N
P(X) = H P(mmilmm,'(.')) (8)

i=1
where 0 < j(¢) < ¢ and (my,mg,...,my) is a permutation of the integers {1,2,..., N} and
mg = 0.

Observe that in the RHS of (8), the term P(z,;|Zm, ) represents the conditional density
of the random variable z,,,, conditioned on the random variable z,, . Equation (8) can
be seen to be a straightforward extension of (4) for the discrete vector case, obtained by
substituting probability density functions in place of absolute probabilities. Observe too,
that, in the dependence tree 7, corresponding to the approximation (8), there is an edge
between the nodes z,,, and z,,,,. (8) can be easily rewritten in the symmetric form as

follows:

i P(zmnxmj(.-)) N

PX) = 11 P(Zm) P(Tmy,)) ﬁIIlP(wmi)
_ P(z;,z;) X 2 {since (m1.m ) s & oermutation
- [iE]IG‘r P((I),)P(;EJ) EP( ‘) { ( 1971250+ N) P tat } (9)

Since the notion of tree dependence in continuous distributions has been established, we

now proceed to determine the best dependence tree ! for a given continuous distribution.

3.1 Optimum Dependence Tree

In selecting the best approximating density function, we use as the measure of closeness of
approximation, the natural extension to the information theoretic measure defined in (1).
The metric for closeness between the “real” density function P(X) and the approximating
density P,(X) is quite simply given by:

P(X)
5 (x)dX. (10)

I(P,P,) = / P(X)log

Note that the above integral is an N—fold vector integral with respect to the variables
T1,Zg,...,TN. Again, as in the discrete case, it is well known that I(P, P,) > 0 with the
equality holding only if P(X) = P,(X) almost everywhere.

11f the dependence tree is of the tree-type, the best dependence tree will be the underlying tree — and
this is merely a consequence of the metric properties of the closeness measure. In all other cases, the best
dependence tree 7 is the one which minimizes the closeness measure between the “real” density function
P(X) and the density P-(X) based on the tree dependence model with the dependence tree being .



In the case when the tree dependence is being used as model for approximation, the
probability density derived from the dependence tree replaces the term P,(X) in (10). If
the dependence tree in question is denoted by 7, the following equation gives the measure of
closeness for the approximate density function derived from (3):

I(P,P.)=K - Y I'(z:,z;) (11)
{i,gler
where K is a constant independent of the approximation, and
I"(z;,2;) = E [log ﬁ%%] (12)

Notice that I*(z;,z;) is simply the Expected Mutual Information Measure (EMIM) be-
tween the variables x; and z;. An observation of (11) shows that its LHS can be minimized
by choosing the dependence tree to be the MST of the complete graph with the EMIM values
as the edge weights. This result is quite analogous to the discrete variable case.

There is one important difference to note here. In the discrete case, the evaluation of
the EMIM between two variables z; and &; only depends on actual discrete probabilities
of the joint events. In the continuous case, we encounter probability densities instead of
actual discrete probabilities, and hence, there is no straightforward method to numerically
compute the quantity defined by (12) if the analytic form of the density function is not
known. Even if the analytic form of the densities are known, the quantity defined by (12)
may not be computable, if the integrals cannot be evaluated to closed-form expressions?. We

now investigate the best dependence tree for the case when the random vector X is normally
distributed.

3.2 Optimal Dependence Tree for Normal Distributions

We assume that the random vector X = [y, z3,...,zn]T is jointly normal with mean vector

g = [p1, 2, .., un]T and the covariance matrix ¥ = [oy;]. The distribution of X will be
denoted as N(u,X) and the density function P(X) is given by:

5 (X - (X - ) (13)

where || is the determinant and X! is the inverse of the covariance matrix . Notice that

P(X) = (2r) ™S]S exp {

¥ is an N x N symmetric, positive definite matrix and hence its inverse exists.
The marginal density of the random variable z; has the usual uni-variate normal density

P(z;) given by:

2For example, for the Cauchy distributions, the mean is not defined.
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P(z;) = -—\/—%—r—;exp{—% ("”';”‘)2}, (14)

where o; is the square root of the diagonal entry o;; of the covariance matrix ¥. Also the
joint distribution of the pair of random variables x; and z; has the density P(z;,z;) given
by:
P(z;,z;) = ! 5 exp{—~q(z;, z;)} (15)
pij)ll 2

"~ 2moy0(1 —

where,

q(z;yz;) = 6 ip?j) [(mi;l‘i)z + (%)2 — 2p;; (iEs ;u;) (.’Ej ;’ﬂj)} (16)

J
and p;; = 0yj/{0i0;} is the correlation coefficient between the two variables z;, z;.
The reader must observe that (15) can be obtained from the general form (13) by taking
the mean vector g and Covariance matrix X to be column vector of dimension 2 x 1 and a
square matrix of size 2 X 2 respectively. The entries in these matrices involve only parameters

related to the variables z; and z;.

In order to motivate the algorithm to compute the optimum dependence tree, we now

state the following result.

Lemma 1 For all jointly normal pairs of random variables z;, z;, the EMIM metric between

these variables is given by:

P(zi,z;) | _ 1 2
E [log P(:n,-)P(xj)} = 2log(l pi;)-
Proof:

The ratio of the joint and marginal densities can be obtained by combining (14) and
(15) as follows:

P(zi, z;)
P(zi)P(z;)

= (1 —p2%)1/2 Pij (1‘5 - ue) Tj— B\ _
( p,]) P [1 - P?j of o;
2 2 2
2(1 "P?j) { o + ( o; ) }] ( 7)
and hence,

P(z;,z;) 1 2 Pij (me — Hi) Tj— ki
P(:z:,)P(xJ) - 2 log(l pij) + 1- p2 o3 g;

2(1/%,031.) {(m, ;u;)z N (wj;#j)2H (18)

11

log




Taking expectations of both sides of (18), we get,

_ ! 9 pij TiT W) (i K
= 2log(l Pij)+[1__p2E[( o; ) o; -

i

)= o

The RHS of (19) can simplified making use of the fact that El(z; — pi)(z; — pj)] = 0y =
pijoio; and that E[(z; — p;)?/0?] = 1. This leads us to:

Pz, z;) | 1 2
E |:10g W} = —-ilog(l - pij)' (20)

and the lemma is proved. a

As a result of Lemma 1, we can now algorithmically present the procedure to compute
the best dependence tree for jointly normal random variables. This is given formally® as

Algorithm DepTree_.EMIM in Program 1.

Algorithm DepTree_ EMIM (u, T, 7*)

Inp’;‘llt;:e parameters g and X for the normal distribution obeyed by X.
Output:

The best dependence tree, 7*, as per the EMIM metric.
Method:

1. From X, compute R := [p;;], the matrix of correlation coefficients.

2. Form a complete undirected weighted graph G* = (V, E,W*), where
V= {$1,$2,.--,$N}
E:={{zi,z;)li,j = 1,2,...,N;i # 5}
W*((zi, z5)) = I*(2:, 25) = —3 log(1 — p3).

3. 1" := MaximumSpanningTree(G*)

End Algorithm DepTree EMIM

Program 1: Algorithm to Determine the Optimal Dependence Tree for Normal Distributions.

Having described the procedure to compute the best dependence tree for Gaussian Dis-

tributions, it can be beneficial to try to visualize the distribution characterized by tree

31t is interesting that although the random variables may have “functionally dependent” means, the mean
vector itself does not come into the picture when evaluating stochastic dependence.

12



dependence. Consider (9) which determines the form of the approximating density function

generated by the dependence tree. Notice that the term [N, P(z;) is a product of densities

of the form defined by (14) and leads to expressions which possess purely quadratic terms

in their exponents. Furthermore, the first product in (9) groups terms whose form is given_
by (17). The net result is a density function with a form exactly identical to a normally A
distributed variable. In other words, the tree dependence for jointly normal vectors, approx-

imates N(p,X) by another normal distribution N(g,X,). Whereas the means of the two

are identical, ¢ the covariance matrix of the latter is a “condensed” form of the covariance

matrix of the former.

As a consequence of the above, it can be seen that the “cross-product” terms of the form

(z; — wi)(zj — p;)/{oio;} appear only for those indices for which there is an edge between
nodes z; and z; in the dependence tree. The number of such “cross-terms” is clearly N —1,
which is the number of branches in the trees. Combining this information with the fact that
such cross terms are contributed by the off-diagonal terms of the symmetric matrix X7, we
can conclude that although X, may be full, ¥7! is sparse and has at most 3N — 2 elements,
which are the N diagonal and 2(N — 1) off-diagonal elements !!

The main strength of using the tree approximation is that the computation of ;! can
be achieved without the need to invert ¥,. This is natural consequence of the fact that
the elements of this square matrix can be simply expressed in terms of the relevant means,
the standard deviations, and the correlation coefficients. The applications of approximating
normal distributions with tree dependence has been presented in [3]. We now investigate the
dependence tree that results if the chi-squared metric is used for the edge weights.

It must be emphasized that Algorithm DepTree_ EMIM assumes that the “true” covari-
ance matrix of the distribution of the random vector X is known. On the other hand, if
only a finite number of samples of the vector X are available, the question is now one of
obtaining a MLE (or for that matter any consistent estimate) of the dependence tree. We
shall tackle this matter in a later section and turn our attention to the chi-squared metric

being proposed in this paper.

3.3 x? Metric For Determining Dependence Trees

Let us now turn our attention to the problem of using a more computationally effective
metric for determining the dependence tree. This metric is the chi-squared metric, I (z;,x;),

which, for continuous random variables, quantifies the degree of dependence between random

4Although this is not obvious, it becomes clear when one studies the quadratic form in the exponent of
the exponential.

13



variables z;,z; as

heon)= [ [ {P(:c,,?))(m— P((:c )) )

From the definition of I,(z;,z;), it is clear that I, has the following desirable properties

that any metric which captures dependence information should possess:

(21)

1. L(ziy2;)>0
2. Ix(:c,-,:cj) = 0if P(:ct-,xj) = P(.’II,)P((I:J)

In view of the fact that the I* metric appears naturally in the process of selecting the best
dependence tree for continuous distributions, it might be inferred that I, cannot possibly
lead to the optimal dependence tree. We shall prove that for Gaussian distributions I » can be
used instead of I* to yield the optimal dependence tree — and this increase in computational
efficiency is not forfeited by any optimality.

To do this, we first state our next result which involves the expression for I, (z;,z;) for
the case of the normal random vector X. In the interest of brevity, many of the intermediate

steps in the derivations are omitted.

2
Theorem 1 If X has a Gaussian distribution N(u,X), then I (z;,z;) = I p"pz )
tJ

Proof:

L (z;, ;) given by (21) can be rewritten as:

_ [ [ Plsz)?
Ix(x,-,a:j) ——-/ mdw,dfb] 1

Now, from (15) we can easily write down the expression for (P(z;,;))? (denoted for conve-

nience as P?(z;,z;)) as:

Pz(.’lt,', ZL‘J‘) =

1
—2q(z:, z; 22
47r20'-20'2(1 “P?j) exp { 2¢(z a’J)} (22)
where, ¢(z;,z;) is given by (16).
Combining (22) and (14), we get,

P zi zj) 1
P@)P(z;)  Zmowy(1 = o) O P o0 i)}

where,

g\ 2 w2 1402 90 e T —
RS N &Sl T Ti— K + pi; Pij [Ti— i Tj— U,
T'(xn IE]) - {( o; ) + ( ’; ) } 2(1 _ p?J) + 1— ptzj ( o; iy )

J
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Consider the integral:
*(zi,75)
——dy.dz;.
,// P(z;)P(z;) T
By making the s1mp1e substitution of variables

; T — s 1
’ d’ = : s

— and, 7 - —

P%; Y Pij

the integral I’ can be seen to simplify to:

1 1 2. .

Observe that the vector integral can now be evaluated by first evaluating the integral

5:-”

w.r.t. the variable  and then performing the integration w.r.t. variable {. The integration
w.r.t. n can be completed, if we observe that the exponent of the exponential can be reduced

to a purely quadratic term by “completing the square”. Subsequently, we can make use of

the standard definite integral given below:

/_ exp{ }dm =

By carrying out the steps mentioned above, the integral w.r.t. the variable n can be

shown to be:

o0 1+ p} 4€pijn 2p%;€* 27
/ exP{(' ) J)<’72' T o7 ) J =\ T2 [ T3 7
—oo 5 i i

Therefore, the integral I’ can be simplified to:

1 [ 14 0% 2p% 2
r— _ 1] _ Ty 2 de¢ -
I'= 5 /.ooeXp [{ TN Al R\ Fw)

1 foe 1-p4)2 .2 27
= ﬂ/-ooe"p{{ 2<1+p,]>}5}d5' s
1

1—P?j

Hence the chi-squared metric between the two variables z; and z; has the form:

2
Pi;

IL(zi,z;)=T'-1= .
x(i, ;) 1- g%

(23)

and the theorem is proved. m]

Thus far, we have shown how to compute the edge weights I,(zi,z;) in terms of the

correlation coefficient p;;. It is now a trivial matter to incorporate these edge weights to yield
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Algorithm DepTree CHI (p, %, 7, )

Inp;;i;: parameters g and ¥ for the normal distribution obeyed by X.
Output:

The dependence tree, 7,, as per the chi-squared metric.
Method:

1. From X, compute R := [p;;], the matrix of correlation coefficients.

2. Form a complete undirected weighted graph G, = (V, E, W, ), where
V= {1, 2,,. ,.:vN}
E = {{zi,z;)|i,5 = 1,2,... ,1\£;z #7}

Wi({zi, z5)) == (i, w5) = i‘?ﬁg-
3. 7, := MaximumSpanningTree(G, )

End Algorithm DepTree CHI

Program 2: Algorithm to Determine the Dependence Tree for Normal Distributions as per
the chi-squared metric.

a dependence tree. The procedure to do this is given below in Algorithm DepTree CHI® (see
Program 2).

Having given a procedure to obtain the dependence tree 7,, the question of how 7, relates
to the optimal tree 7* has now to be considered. Indeed we shall show that 7, is exactly
identical to 7*, the best dependence tree. To establish this claim, we first state an auxiliary

result.

Theorem 2 Let z; and z; be any two components of the normal random vector X. Then

L (z;,z;) is a monotonic function of I*(z;, z;).

Proof:

Equation (20) which gave the expression for I*(z;,z;) can be rewritten as:
p?j =1 —exp{——?]"‘(w,-,a:j)} (24)
Substituting the expression for pf; into (23), we get

1 —exp{—2I*(zi,z;)}
exp {—21*(zi, ;) }
= exp {2I*(zi, z;)} - 1 (25)

5Please see footnote for the input parameters in Algorithm DepTree . EMIM

Ix(xi’xj)
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whence the claim that I,(z;, ;) is a monotonic function of I*(z;, ;) follows. O

This theorem naturally leads us to our fundamental result which establishes that 7, and

7* are the same.

Theorem 3 Let X be a normally distributed random vector. Then T, (obtained by Algo-
rithm DepTree_.CHI) is either identical to, or is an equally good approximation as the
tree 7 produced by the Algorithm DepTree.EMIM.

Proof:

Consider the complete graphs G* and G,. By virtue of (25), we can arrive at the
straightforward conclusion that

W*(x;,xj) > W*(wk,xz) = Wx(m;,xj) > Wx(xk,:cz) Vi # i, k r,é L

This implies that the relative ordering among the W*(-,-) and the W, (-, -) weights are iden-
tical.

The equivalence of the tree produced by the I* and the I, metrics will be shown by
simulating Kruskal’s algorithm [1]. This algorithm essentially sorts the edges in the descend-
ing order of weights and selects the (IV — 1) edges that do not form cycles. It is apparent
that since the relative ordering of the edge weights under the two metrics are identical, the
corresponding MSTs computed will be identical.

It must be noted however that the MST is unique only if all the edge weights are distinct.
If two edges have identical weights under I* metric, it can be trivially observed from (25) that
they have identical weights under the I, metric. Thus in these cases, the MST’s produced
by the two metrics can only differ in the selection of an edge from the set of edges with equal
weight. The sum of the weights of the edges included in the MST will indeed be identical
and hence both the MSTs will be equally good approximations. Hence the theorem. O

We shall now turn our attention to the more fundamental task of estimating the depen-

dence tree from the set of samples X instead of the parameters g and X.

4 Estimating Dependence Tree From Samples

Throughout our presentation, we implicitly worked with the assumption that the “true”
covariance matrix of the random vector X was available to us. This knowledge enabled us
to determine the optimal dependence tree by Algorithm DepTree_ EMIM, or equivalently,
by the computationally efficient Algorithm DepTree CHI. The situation however changes if

instead of the true parameters of the normal distribution of the random vector X, only a
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finite number of representative samples are presented to the procedure which estimates the
dependence tree.

An obvious method can be envisioned. Since the covariance matrix is unknown, one can
first estimate it and subsequently follow either the procedure of Algorithm DepTree.EMIM
or DepTree_ CHI. This procedure is intuitively appealing, but its properties as an estimator
of the dependence tree are not obvious. We shall now prove that this simple minded and
straightforward procedure indeed produces the MLE of the dependence tree when the MLEs
of the corresponding parameters f& and 3 are used in Algorithm DepTree CHI.

Consider Algorithm Estimate_DepTree_CHI (in Program 3). The reader will observe that
this algorithm is identical to Algorithm DepTree_CHi except that instead of having the input

parameters as g and X, the input is a set X of s statistically independent observations of
X.

Algorithm Estimate DepTree CHI (X, )

Input:
X = s statistically independent samples X1, X? ... X*.
Output:

An estimate of the dependence tree, 7, as per the chi-squared metric.
Method:

1. Compute the MLEs of the parameters of X
i'\l’ = lzz:l Xk? and)

B = 180Xk~ ) (Xr — )T
2.  Invoke Algorithm DepTree CHI (fi, $,7%)

End Algorithm Estimate DepTree_ EMIM

Program 3: Estimate Dependence Tree from Samples.

We now state and prove the fundamental property of the tree estimated by Algorithm
Estimate DepTree CHI.

Theorem 4 Algorithm Estimate.DepTree_CHI produces the Mazimum Likelihood Estimate
of the dependence tree.

Proof:
First of all note that a tree type approximation to the given density function is completely

described by the structure of the tree and the parameters associated with this tree. The
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parameters to be chosen consist of the Mean Vector, the Variances of all the components of
the random vector and the correlation coefficient for the pair of nodes connected by an edge
in the dependence tree. In the following derivation, we shall denote the set of parameters as
0 and the tree by 7.

Let X!, X2,..., X" be the s statistically independent samples drawn from the underlying
norma) distribution. Let p(X*|@,7) denote the value of the density function for the sample

Xk given the set of current parameter values and the dependence tree 7. Then, using (9),

we can write:
p(Xkle ’T‘)= H P( f’ .1 Hp(x
’ li.jler P(mk)P(mk) l
where :I:f is the j** component of the sample X k. Equivalently, by taking logarithms,

ok ok
log p(X*|6,T log ——rr-r Sl LA L log P(xf
( l ) B%T P( k)P( k) Z g ( l)
Utilizing (18), we obtain:

P(:v,, : 1
log PEHP(h) —5108(1 L) — R(zf, =}

where,

y E_ .\ (2K —u; 2 e\ 2 ‘ e\ 2
R((E - _ p13 (L',- ﬂ'z 7 l‘l’J _ pl] (mi N:) + :L'J ,u]
He 1-p4 \ o o; 2(1 - p%) o; o;

Also, utilizing the expression for the univariate Gaussian density given by (14), we can obtain

the log-likelihood function £ as:

{ = Z 1ogp(Xk|0,T)
k=1

8

= kz:\:z {—%log(l p,J) R(z¥, J}

=1 {fijler

N1 (k- 1
—g{i( - >+-2—log(27r)+logaz

= ¥ [—%bg(l p,,)—ER(“’n i ]

Ealer

__N - l . llo w) +lo 0}
Z_;k}::]{2< >+2 g(2r) +log oy . (26)

]

In trying to arrive at the best approximation, we are faced with a complex optimization

problem, which is that of choosing the dependence tree, and of choosing its associated
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parameters. The problem would be in a sense “decomposable” if we can independently
choose the tree and the values of the parameters. Fortunately we can show that the “best”
values of the parameters, 9, is the same, irrespective of what the estimated dependence tree
is. This, in turn, permits us to perform the maximization of £ in a straightforward fashion.

We shall first investigate the values of the parameters in 8 that would maximize the
quantity £ for a given tree. In order to achieve this, we merely have to differentiate £ w.r.t.

@ and set the result to 0, which in turn would yield the estimate 6. The set of equations,

ol

Ot
simplifies to

[, sleT k=1 N"‘ k=1

=0 fora=12,...N

which, after some manipulation yields,

- 5 ma (G (52 o) B (557

which equiva,lently is:

5 athe (£ (52} - (5 (52)

(g ()
3 €

Differentiating ¢ w.r.t. pag, where [, f] € T, we get:
ot
=0
0pap

which can be written down as ©
s (2pop) _ - OR(akyaf) DR, 5)
21— Paﬁ k=1 Opap
and can be further simplified to:

2 2
S$Pap Pap > (mg - /"a) + (.’L‘z - l"ﬁ)
1- Pgﬂ (1- Piﬁ)2 k=1 Oa gg
s

1+ Paﬁ Z — o)(2f — o)
(1 - paﬂ k=1 Calp

=0 (28)
Also,

6 Notice that we have made use of the results that the derivatives of the functions p/(1—p?) and p?/(1—p?)
w.r.t. p are (1 +p?)/(1 — p?)? and 2p/(1 — p?)? respectively.
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ol
Baa

yields (on simplification) the following equations:

_ Z [ {sz(—Q) Zs: (m’; ;3%)2} Poj Z ﬂa)(% #s)

[a,5]eT Ugaﬁ

+Z (¥ —3ﬂa)2 _3 o (29)
k=1

ol Ou

=0 fora=1,2,...N,

1_pa1

By direct substitution we can verify that (27), (28) and (29) are satisfied if:

pi = —ch

3k1

& = -Z(wf — fii)?

pij = Z(x - fi)(z; 5 — i)-

86:0; =

which interestingly enough are the MLEs of the parameters of the distribution of X.
Notice that all these parameters are independent of the tree 7. With these values of the

parameters @, let us consider the quantity °3_, R(z¥, = ] which appears in (26). Now,

Zk— R(w1.7 _1

8 N 2 ~ 2
2(1 — [3,2] k=1 &i 6'] ﬁ?] k=1 &1&1

A2 ~ PR
_ Pij 9 Pij $0i0;pij
- A2\ - 2 a o~

2(1 - p% 1—p  6i0;

= 0.
And hence, £ in (26) can be simplified to:
] -
L= -5 Y log(1—p%) + K. (30)
ligler

where k' is a constant independent of the tree and only depends only on the samples. An ex-
amination of (30) reveals that the MLE of the dependence tree can be found as the Maximum
Spanning Tree of a weighted graph, whose edge weights are the values of the corresponding
EMIM metric, calculated using the estimates of the correlation coefficients. The theorem fol-
lows since we have already established that when presented with identical input, Algorithms
DepTree_ EMIM and DepTree_CHI always produce identical (or equivalent) trees. O
Remark:

The reader will recall that the maximization of the log-likelihood function £ required the
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choice of the dependence tree, as well the parameters that completely specify the approxi-
mation. Also worth noting is the fact that the set of parameters associated with different
trees are not identical. To clarify this, consider two dependence trees 7, and 73, where 7,
includes the edge (z;, ;) and 7, does not. Clearly, the correlation coefficient, p;; will be part
of the parameter set associated with 7. However, p;; is not needed when approximating with
the tree 7,. Viewed in this perspective, the proof presented above demonstrates that the
parameters common to any two trees, must have the same value, in order to maximize the
log-likelihood function. This simplifies the search process for the best approximation. In-
deed, in every case, we merely choose all the means, variances and the correlation coefficients
to be their respective MLEs and subsequently compute the best estimate of the dependence

tree as the MST of the appropriately weighted graph.

5 Experimental Results

Simulations were carried out to validate the results in this paper. Since the Chi-squared
and the EMIM metric were analytically shown to be exactly equivalent for normal vectors,
numerous experiments conducted to verify the optimality of the chi-squared metric are not
reported here, because they do not add to the fundamental contribution of this paper.

In our simulations, we chose to monitor the only characteristic that was not analytically
studied — the rate of convergence of the algorithm. In these experiments, we chose an
underlying dependence tree (denoted as 7,) and observed how quickly the estimates 7, (and
hence 7*) converged to it. Besides observing the convergence to the real tree, we also observed
the improvement in the generated approximation, as more and more samples were seen by
the system attempting to learn the characteristics of the distribution. The simulations were
carried out for various values of the dimension of the random vector X. The following
procedure was followed for each value of the dimension parameter N.

Once the dimension of the random vector X was assigned, a predefined dependence tree
was selected as follows. The structure of the dependence tree was initially arbitrarily selected.
The means and variances of each of the variables {z;} were then assigned to be independent,
uniformly distributed values in the interval (0,1). Subsequently, for each edge (@i, z;) in
the dependence tree, the correlation coefficient p;; was uniformly chosen from the interval
(—=1...1). All the parameters characterizing the tree dependence being specified, the inverse
of the covariance matrix (i.e. £~!) was computed. This matrix was inverted to obtain the
“real” underlying covariance matrix X from which the samples, X', were generated. These

pre-processing steps were accomplished in order to completely describe the distribution of

22



X. The subsequent steps consisted of generating the samples and estimating the dependence

tree from them.

Using the technique described in Appendix A samples were generating according to the

distribution N(u,X).” We denote the k** sample as X*. Let my and Cj denote the MLEs

of the mean vector and the covariance matrix, after the k** sample vector were seen. These

estimates were updated as the samples were processed, using the recurrence relations[4,
pp.82):

1
n+1

n n
Cn. - ntl n n+4l T.
+1 = 10 + ( 1)2(X —m,)(X —my)

where, m; = X!, and C; is the null matrix. Notice that the above recurrence relation for

Chy1 is slightly different from the relation that appears in [4, pp.82]. This is due to the fact

Mn1 [nmn + X"*‘]

that C,, refers to the MLE of the covariance matrix, and is not the unbiased estimator used
in [4, pp.82]. |

Once the estimated covariance matrix was available, Algorithm DepTree CHI was invoked
to estimate the dependence tree. In our simulations, we opted not to compute the dependence
tree for the first 50 samples so as to ensure that we were dealing with “reasonable” estimates
for the mean vector and the covariance matrix.

It was observed during the simulations that the estimate 7 produced by Algorithm Es-
timate_DepTree_.EMIM converges very quickly to the underlying “real” dependence tree 7..
However, the distribution generated by the estimate 7, converges more sluggishly to the
underlying distribution, even though 7, and 7. are structurally identical. This is essentially
due to inaccurate estimates for the mean vector and the covariance matrix.

As far as experimental results are concerned, the gradual improvement in the “qual-
ity” of approximation, as the number of samples increases, is reported in the graphs given
below. The quality of approximation, is of course the information theoretic closeness mea-
sure, I(P, P;), between the “real” distribution N(g,X) and the approximating distribution
N(p, f]) This closeness of approximation has the following explicit form:

I(P,P,) = 0.51og % —0.5{N —tx(£7'%) — (n - 2)TE N — i)} (31)

where tr(A) denotes the trace of the square matrix A. That I(P, P;) has the form of (31) is
shown in Appendix B.

"The question of generating random vectors with the distribution N (1, %) is so common and yet a
systematic procedure to achieve it not readily available. We have included it here for the sake of completeness.
A secondary purpose of including it here is to enable other researchers to verify and expand on our work.
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We now present below the results obtained for two typical distributions.

In the first case, the dimension of the vector, N was 6. The underlying dependence
tree is shown in Figure la. Figure 1b shows the closeness measure as a function of n, the
number of samples. Note that the closeness measure reported in this figure is the ensemble
average over 50 experiments, with each experiment lasting for 5000 samples. Observe the
monotonic decrease in the closeness measure with the number of samples. Thus, for example,
in Figure 1b, the closeness measure was 0.363854 after 50 samples were processed. This value
dropped to 0.01 after processing 1000 samples. It was observed that the average closeness
measure attained a value of 0.002681 after the 5000 samples were processed.

Figure 2 presents similar results for the case when the dimension of the vector, N, was
10. The experiments were conducted in a fashion identical to the one reported above. Again
the initial value of the closeness measure was 0.996056, at the end of 50 samples. This
value attains the value of 0.03220 and 0.0061, after 1000 and 5000 samples were processed,
respectively. The power of the scheme is obvious.

Other experimental results justifying the claims of the paper are found in [11] but are

omitted here, in the interest of brevity.
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Closeness Of Approximation

(a) Underlying dependence tree used for generating the samples to measure the rate of
convergence of 7,. In this case, N, the dimensionality of the random vector is 6, which is
equal to the number of nodes in this tree.

0.4
I

0.3 -+

0.2
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0.0 .Ewﬂ-mﬁ?-mﬂ'ﬂﬂ'mﬂﬂﬂﬂ'?ﬂwgqmnﬂﬂgﬂﬂﬂﬂ#
o 1000 2000 3000 4000 5000

Number Of Samples

(b) This figure shows the ensemble average of the closeness of approximation I(P,P,) be-
tween the actual density P and the approximating density P, derived from the estimated
dependence tree. The underlying tree describing P is shown in Figure la.

Figure 1: Rate of Convergence (N=6).
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Closeness Of Approximation

(a) Underlying dependence tree used for generating the samples to measure the rate of
convergence of 7,. In this case, N, the dimensionality of the random vector is 10, which is
equal to the number of nodes in this tree.
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(b) This figure shows the ensemble average of the closeness of approximation I (P, P,) be-
tween the actual density P and the approximating density P, derived from the estimated
dependence tree. The underlying tree describing P is shown in Figure 2a.

Figure 2: Rate of Convergence (N=10).
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6 Conclusion

In this paper, we have considered the problem of approximating the a multi-variate normal
distribution with one derived from a dependence tree. The best dependence tree 7* is known
to be the MST of a complete graph, with I*(z;,z;) as the edge weight between the pair of
nodes z; and z;, where I* is the EMIM metric between the corresponding variables.

This paper proposes a chi-squared based metric, I, to capture the dependence information
between pairs of random variables. For the case of normally distributed vectors, the I,
metric is shown to be a monotonic function of the metric I*. As a natural consequence of
this property, 7, the dependence tree found using the I, metric was shown to be identical
to, or as good an approximation as 7*.

The paper also considers the situation in which only a finite number of samples are
available, instead of the actual parameters characterizing the normal distribution in question.
It is shown in this paper that the “natural” sequence of first estimating the parameters of the
distribution, and then using these estimates as if they were the true parameters, to determine
the dependence tree yields the MLE of the dependence tree.

The paper also includes simulations verifying and demonstrating the power of the strategy
proposed.
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Appendices

A Generating Samples of Normally Distributed Vec-
tors

In this section, we consider the problem of generating a random vector X whose distribution

is N(pt,X), where g and ¥ are known parameters. The generation technique is based on

the following property (stated without proof).

Theorem A.1 Let X be the vector &y, 2a,...,2n]|T which has the distribution N(u,X).
Then the random vector Y = AX has the distribution N(Ap, ATAT).

Corollary A.1 Let p, T be the mean vector and the covariance matriz of a normal distribu-
tion respectively. Let Z be a normal random vector which has the distribution N (0,1). Also

let A = diag(M\1,As,-..,An) and @ be the diagonal eigenvalue matriz, and the eigenvector
matriz of ¥ respectively. Then

X =p+ ®AV2Z
has the normal distribution N(p,%).

Proof:

Tt is clear that the random vector X has the mean vector p. Furthermore, using Theo-

rem A.1, the covariance matrix of X can evaluated as:
Covariance(X) = ®A*2Covariance(Z) {@Al/z}T = dAV2INV20T = §ADT.

Because of the fact that ® is the orthogonal eigenvector matrix for the covariance matrix
¥, it follows that AP = ¥. Hence the result. 0
The above corollary leads to a straightforward technique to generate samples drawn from
a normal distribution, given its parameters. This is given below in Algorithm GenerateNor-

malSamples (in Program 4).
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Algorithm GenerateNormalSamples(u, T, X )

Input:
The parameters g and ¥ for the normal distribution obeyed by X.

Output:
A random vector X drawn from the distribution N (p, X).

Memory requirements:
Z - a vector of dimension N x 1
®, A - square matrices of dimension N x N.

Assumptions:
Assumes that the function “GetUnivariateNormal”, for generating nor-
mal variates with the distribution N(0,1) is available. One method of
realizing this function can be found in [6, pp.117-118]

The procedure “GetEigenValuesAndVectors” is assumed to be present,
for determining the eigenvalues and the eigenvectors of a real symmetric
matrix. The most common procedure for achieving this computation
is the Jacobi method described in [8].
Method:
1. GetEigenValuesAndVectors (2, ®, A)
1. forl:=1to N do
Z (1] := GetUnivariateNormal
3. Compute X = pu+ ®AV2Z,
End Algorithm GenerateNormalSamples

Program 4: Algorithm to Generate Samples from a Multi-variate Normal Distribution.
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B Computing Closeness Measure Between Two Nor-
mal Distributions

In this section, we consider the problem of computing the closeness measure between two
normal distributions described as N(u,X) and N(g,, ;). The expression for the closeness
measure between these distributions was reported in (31) and is given by Theorem B.1. The

derivation makes use of a central result, which is given as Lemma B.1 below.

Lemma B.1 Let X be a random (column) vector of dimension N x 1, whose mean vector

is o and the covariance matriz is ¥. Then, if A is any square matriz of dimension N X N,
the ezxpected value of XT AX is given by:

E[XTAX] = tr(AZ) 4+ uT Ap.

where tr(A) denotes the trace of the square matrix A.
Proof:

The proof can be found in [9, pp.247]. o

Using Lemma B.1, we prove the main result of this Appendix.

Theorem B.1 Let N(p,X) and N(u,,%,) denote two normal distributions. Then I(P, P,),

the information theoretic closeness measure between these distributions is given by:

I(P,P.) = 0.5log 'é““ —0.5{N - tx(Z;'%) — (1 — )57 (1 — o) } - (B.1)

Proof:

We begin by writing the explicit forms of the the density functions for the two normal

distributions under consideration:
P(X) = (2m) NS5 exp {_%(x — TS (X - u)} ,
PuX) = (2m)~N2[5,|"5 exp {—;‘;(x ~ )TE (X - p) (B.2)

From (B.2) we can easily obtain the ratio of P(X) to Po(X) as:

PX) _ 2> 1 -1 1 _ -1y _
P = e exp {5 (X = WX ) 4 (XTI - )

or equivalently,

log '1};(())(()) = 0.5log %‘l - ‘12‘(X - )BT (X - ) + %(X — 1) 27 (X — ). (B3)
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From the definition of the closeness measure I (P, P,), it clear that this quantity is simply

the expected value of the random variable log }}; (X). Thus,
I(P,P,)
= Kk [log

P(X) }
P,(X)

~ 05log 'é“!' —SE[(X = wTET(X - ) + %E (X - )= (X~ 1,)] (Ba)

We can make use of Lemma B.1 to compute the expected values of the two quadratic forms
that are encountered in (B.4). We first concentrate on computing the expected value of the
first quadratic form on the RHS of (B.3). We note that since the mean of the random vector
X is p, the mean of the random vector X — g is 0. Thus by Lemma B.1:

E[X - p)TS7(X - p)] = t(E7'8) = N. (B.5)
Also noting that X — p, has the mean g — p, a second application of Lemma B.1 yields:
B [(X — )78 (X = )] = 6(575) + (1 — 1) 755 (1 — ). (B6)

Substituting the results of (B.5) and (B.6) into (B.4) we obtain the result stated in (B.1).
]
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