A Geometrical Approach to Polygonal
Dissimilarity and the Classification
of Closed Boundaries

R.L. Kashyap* and B.J. Qommen**

SCS-TR-18
January 1983

* Department of Electrical Engineering, Purdue University, W. Lafayette,
IN, 47907, U.S.A.

** School of Computer Science, Carleton Uniyersity, Ottawa, Ontario, KIS 5B6,
Canada.

To be published in the IEEE Transactions on Pattern Analysis and Machine
Intelligence. Details of the Issue of Publication are not known.



A GEOMETRICAL APPROACH TO POLYGONAL DISSIMILARITY

AND THE CLASSIFICATION OF CLOSED BOUNDARIESf

R. L. Kashyap and B. J. Oommen

ABSTRACT

The problem of quantizing the dissimilarity between two irregular po-
lygons has been considered. Two measures which are geometrical in nature
and which capture the intuitive notion of the dissimilarity between shapes
have been presented. Both these measures are related to the minimum value of
the common area of the polygons when they are superposed on one another in
various configurations. The first of these measures is edge based and the
second is vertex based. Both are pseudo-metrics and are equally informative,
An alternative measure of dissimiltarity, referred to as the minimum integral
square error between the polygons has also been proposed. The Llatter is
closely related to the the area based dissimilarity measures, but is more
easily computable. Using the minimum integral square error as a criterion,
pattern classification of closed boundaries can be performed. Experimental
results involving the boundaries of the four Great Lakes, Erie, Huron,

Michigan and Superior justify the theoretical results presented in this pa-

per.

+ Partially supported by the National Science Foundation under grant
ECS-80-09041.



Folygaonal Dissimilarity, Minimum Integral Error Dissimilar-
i1ty Yaasures, Area Dissimilarity Measures. Geomeirical Pat-

tern Classitication: The Great Lakes.



1. INTRODUCTION

This paper considers the quantificatioﬁ of the dissimilarity between
two irregular polygons, normalized to have either the same area or the same
perimeter, and the use of the dissimilarity measu;e in the classification of
a closed boundary into one of a finite numoer of classes. The theory of
pattern classification of closed boundaries has a myriad of applications,
including the automatic recogniton of characters(3,13,15,241, chromo-
somes(13], chairs(35], industrial partsC16, 311, keys([361, maps{7], and air-
planes(8, 9, 25, 33, 34, 37]. With no loss of generality we assume that the
boundaries are specified as irregular polygons.

Most of the current pattern classification procedures for the classifi-
cation of closed boundaries 1implicitly or explicitly involve a distance
measure for the comparison of two polygons. A careful study of these exist-
ing measures reveals some major defeciencies, primarily because none of
these measures take into account all the geometrical features of the po-
{ygons. One can conjecture that a dissimilarity measure between polygons
which emphasizes their geometrical properties would give better results in
the pattern classification of closed boundaries than the measures currently
in use.

We will briefly review the literature on distance measures between po-
lygons and the related recognition problem. In the first approach, a set of
global numerical features are extracted from each polygon. Some popular
feature sets are the fourier descriptors and their variants(15, 24, 25, 33,
35, 381, moments{3, 9, 171, chord distributions[301, and the circular auto-
regressive model parameters{18]. Some of these feature sets possess in-
teresting properties such as invariance to translation, rotafion and scaling

of the polygon. The distance between a pair of polygons is defined in terms



of a norm in the feature space, for example, the Eucledian metric. Since
both the above’ steps have only indirect relevance to the shapes of the boun-
daries, it is not too hard to see that the above measures can only partially
capture the intuitive geometric concept of the differences in the shapes of
two boundaries. In other words, it is possible to construct a pair of boun-
daries which are significantly different in shape and yet have a relatively
small value of the dissimilarity measure which involves these features.
However, our observation does not render the recognition algorithm using
such descriptors useless, since there will be many situations where the de-
feciency mentioned above does not cause any major problem.

The second approach(5, 10, 11, 12, 131, is to reduce each polygon into
a Llinear string of symbols. The distance between the two polygons is de-
fined as the distance between their respective string representations, such
as their correlationf10]. The Levenshtein metricl32] between the two
strings can also be used after making due allowance for the fact that the
strings represent closed figures. However the Levenshtein metric has not
been used for the classification of boundaries, because it suffers from the
drawbacks mentioned earlier in that it does not capture the intuitive notion
of the dissimilarity between two shapes. Some of these distance measures
are especially sensitive to noiselsee the comments in 7]. Hence it is pos-
sible to have two boundaries which are similar in shape but which are quite
distinct as viewed from their distance measure and vice versa. Similar com-
ments are valid for the technique discussed in[13 (pp.61-62)1].

There are many other methodologies for classification like the syntac-
tic approachl1, 8, 13, 22, 23, 31, 36, 37] and the relaxation approachl7,
271 which do not explicitly need the «concept of a dissimilarity measure

between polygons. The syntactic techniques have been critically reviewed in



the literaturel22, 34]. Relaxation techniques have been used in the clas-
sification problem, but are usually slow and are computationally more expen-
sive than both chain-code techniques and the techniques that utilize the
global numerical properties of the polygons[7]. )

It is also appropriate to mentibn the existence of algorithms in artif-
icial intelligence, which are used for testing whether two polygons are ro-

tated, translated or scaled versions of one another(2, 29]. However, these

algorithms do not deal with the dissimilarity in shape beteen two arbitary

irregular polygons, and are thus of little use in pattern classification.

In this paper many geometric measures of dissimilarity between a pair
of polygons are developed. The pair of polygons are suitably normalized to
have either the same area or the same perimeter. The dissimilarity measures
defined fall 1into two categories -—- those which are edge based and those
which are vertex based. An edQe based based dissimilarity measure 1is de-
fined by geometrically superposing the two polygons ¢ and yu so that the ith
edge of ¢ falls alongside the jth edge of y with their midpoints coinciding.

Let E (g,u) be the non-overlapping area between the polygons in this con-

1,3
figuration, defined as the sum of the areas of the two polygons minus twice
their overlapping area. The minimum of Ei,j(g'“) over all i and j is de-
fined as E(g,u), the dissimilarity between the two polygons. The vertex
based dissimilarity measure is analogously defined except that in the defin-
ition of their non-overlapping areas, Vi'j(g,u), the polygons are superposed
with the ith vertex of one coinciding with the jth vertex of the other with
their angular bisectors falling alongside each other.

Such measures do not involve the arbitrary choice of features which al-

ways result in a loss of information[14]. The actual geometrical superposi-

tion ensures that the overall shape of the two polygons are considered in



the dissimilarity measure, and not merely their glopbal features. Further,
both the edge based dissimilarity, E(g,yu) and‘the vertex based dissimilarity
V(g,u) between ¢ and y are zero if and only if ¢ is a rotated, scaled or
translated version of u. It is intuitively pLaus%bLe that both E{(gf,u) and
V(g,u) are small if and only if the geometrical resemblance between & and
is great.

One of the disadvantages of the non-overlapping area measure 1is that
its evaluation is computationally time consuming. Here another geometrical
measure is introduced which behaves Like the non-overlapping area, but is
easier to compute. This measure is termed as the minimum integral error
between the polygons.

In this paper, algorithms will be developed for the classification of
closed boundaries based on this dissimilarity measure. The given test boun-
dary is first converted into an irregualr polygon. Usually this polygon has
hundreds of edges. Since the computation of this dissimilarity measure is a
monotonic function of the product of the number of edges of the polygons, it
is imperative that the given polygon be smoothed to reduce the number of
edges. Any of the smoothing techniques used in the Lliteraturel21] can be
used for this purpose. In this study, a variant of the minimum perimeter po-
Llygon[19] has been used to smooth the polygons. (Classification of the test
boundary is acheived by computing the dissimilarity between its polygonal
representation and the individual polygonal representations of the ideal
boundaries of the various classes.

In Section II we present the various edge based and vertex based dis-
similarity measures. In Section III we consider the computational aspects of
the minimum integral error dissimilarity measure. In Section IV we propose

the wuse of this measure in a pattern classification problem. We conclude



the paper with the experimental results obtained in the study of the boun-

daries of the four Great Lakes, Erie, Huron, Michigan and Superior.

II. EDGE AND VERTEX BASED DISSIMILARITY

In this section we present two dissimilarity measures between two ir-
regular polygons in terms of their areas and their intersecting areas. The
polygons can have an arbitrary number of edges and their respective number
of edges need not be equal. The first of these dissimilarity measures is
edge based and the second is vertex based. We also propose two alternative
measures, which are closely related to these but which are more easily com-
putable.

Definition : A dissimilarity measure between two polygons ¢ and u is
said to be a pseudo-metric if and only if :

(1) The dissimilarity measure between £ and y is exactly the dissimilari-
ty between u and £..
(2) The dissimilarity measure between £ and u is zero if‘and only if ¢

and u are scaled, rotated or translated versions of one another.

II.1. An Edge Based Area Dissimilarity (EBAD) Measure

Let ¢ and y be any two polygons normalized to either have the same area
or the same perimeter, and let their areas be AE and Au respectively. Let
the polygons be superimposed with the ith edge of ¢ falling alongside the
jth edge of y with the midpoints of these edges coinciding. Let ei,j(g’”)
be the common area of the two polygons in this configuration. We define the
dissimilarity between the polygons in this configuration as Ei,j(g'“)'

By jGEw) = AL+ A= 20 (g,

i £ i,
The Edge Based Area Dissimilarity (EBAD) measure between the polygons,

E(g,u), is defined as the minimum of Ei j(E,u) over all i and j. Thus,
’



ECg,u) =A_+A -2 Max. Max. [e.
g 1,

.(g,u)] 2.1
H i=1,..,N j=1,..,M

]

where ¢ and y have N and M edges respectively, N not necessarily equal to M,

Theorem I

The EBAD measure E(g,u) between two arbitrary polygons & and u is a
pseudo-metric, i.e., E(£,u) is symmetric and is equal to zero if and only if
€ is a rotated, scaled or translated version of u.
Proof.

The symmetry of E(+,*) follows by definition. Further, by observation,
E(g,w=0 if ¢ is a rotated, scaled or translated verion of .

To prove the converse we note that E(g,u)=0 implies,

A+ A =2 Max. Max. [e. -(g,u)]
¢ i=1,.0,N j=1,..,m8 T/]

Let the maximum value of e. j(g,u) occur when i=p and j=q. Then,
I d

Ag - ep’q(g,u) = ep’q(g,u) - Au

The left hand side is a nonnegative quantity since ep,q(g,u) is an area
which is always Lless than or equal to AE' Similarly, the right hand side is
a nonpositive quantity. Both these conditions can be satisfied if and only
if A _=e q(11;,11)=Au, implying that the polygons exactly register on one

£ P,
another. Hence the theorem.

*k*k
Besides being a pseudo-metric, the EBAD measure captures the intuitive
geometrical aspects of distinguishing between shapes. Thus we expect the
quantity E(g,u) to be small if g and u are intuitvely similar and the quan-

tity to be relatively larger if the polygons are more dissimilar. wWe illus-



trate the EBAD measure by considering two simple geometrical figures.

Example I

Let £ be the square ABCD and u the irregular-pentagon PQRST, normalized
to have the same perimeter, as shown in Fig.II.1. Let the length of the
edge of the square be unity, and the lengths of PQ and ST be a. Then, the
length of QR is 1.5-a. By geometrical superposition we observe that the
quantity E(g,u) is identical to E4’5(g,u), which is the dissimilarity
between the figures in the configuration shown in Fig.II.1. Using geometric

and trigonometric arguments we obtain the following:

A =1 and Au=a+0.5\/a2+2-3a

g

2
(£ = 1 - 0:501=a)

%5 » \[7?________
a + 2 -3a
AE + Au - 2e4’5(5,u)
L. Na® +2 3, (1-2)°
Va2 + 2 =3a

This dissimilarity is a monotonically decreasing function of a in the

Hence, E(g,w)

-1.

interval [0,1], and it has the value of zero only when a is unity. This is
the case when the pentagon reduces to a square. The dissimilarity s max-
imum when a is zero, which is a measure of the dissimilarity between the
square and the corresponding isosceles triangle.

* ke k

11.2. An Vertex Based Area Dissimilarity (VBAD) measure

Analogous to the edge based area dissimilarity measure between two po-
lygons, we can define the Vertex Based Area Dissimilarity (VBAD) measure., As
before, let £ and u be any two polygons normalized to either have the same

area or the same perimeter. Let their areas be Ag and Au respectively. We



now superimpose ¢ and y so that the ith vertex of g coincides with the jth
vertex of y, and their angular bisectors at these vertices fall alongside
each other. Let Vi,j(g'“) be the area of the intersection of the polygons
-in this configuration. The dissimilarity between -the polygons in this con-
figuration is given by Vi,j(g'“)'

. = + - 2V. .
v1’J<g,u> A A, 2v1'J(g,u)

12

The minimum of V. j(g,u) over all i and j is defined as the Vertex Based
’

Area Dissimilarity (VBAD) measure between £ and u. The expression for this

measure, V(g,u), is:

v(g,w = AE + Au - 2 Max. Max. Vs .(E,u{} (2.2)
i=1,0 N =1, M 1D

where £ and u have N and M edges respectively, N not necessarily equal to M.

Theorem II

The VBAD measure between g and y, given by V(g,u) is a pseudo-metric.

*x*x
The proof of the theorem is similar to the proof of Theorem 1I. The
properties of the VBAD measure are illustrated using two simple geometrical

polygons in Example II.

Example II
Let £ be the square ABCD and u the rhombus PQRS. Let the Lengths of

all their -edges be unity, so that the two figures have the same perimeter.
Let the minor angle of the rhombus be y. Then, A€=1 and Au=sinw.

To compute V(g,u) we need to consider only two cases, namely case (a),
when the acute angle of the rhombus falls on the right angle of the square,
and case (b), when the obtuse angle of the rhombus falls on the right angle

of the square. These two cases are given in Fig.Il.2 and Fig.II.3 respec-



_10...

tively.
Consider Case (a). Using extensive geoMetric and trigonometric argu-

ments it can be shown that the intersecting area PQKCSP is

90-y Sin452+3¢ Sir90“¢

"4
Sinz 272+¢

_ Sin
1 - Singg v 2

Using Ag and Au’ the value of the dissimilarity in this configuration sim-
plifies to (2.3).

Sin450+3w Sirgo-w

. . 90- 4 A
Siny + 2Sinm=—¥ 1 + -1 (2.3)
2 Sinz 272+g

In Case (b), similar agruments yield the dissimilarity as given by

(2.4).

2 si 9g'¢

1+ 8iny | ——5——
X 270-y

-1 (2.4)
The quantity V(g,u) is the minimum of (2.3) and (2.4). A plot of these two
expressions reveals that for all ¢ the expression (2.3) is Less than or
equal to the expression (2.4). Hence V(g,u) assumes the form of (2.3).

Note that V(g,u) is a monotonically decreasing function of ¥ having the
value zero only when =90, i.e., when the rhombus reduces to a square. The
maximum dissimilarity is when y tends towards =zero, in which case the

rhombus tends towards becoming a straight Lline equally inclined to both the

axes.

* %%k
Although the quantities E(g,yu) and V(g,u) quantify the dissimilarity

between the polygons ¢ and u geometrically, they are not too easily comput-



able. We shall present some other geometrical dissimilarity measures, which
are more easily obtainable, and which are geometrically closely related to

these above measures.

11.3. Integral Error Dissimilarity Measures

Let £ and u be two polygons normalized to have the same unity perime-~
ter. We superimpose the two polygons so that the ith edge of ¢ falls along-
side the jth edge of u and the midpoints of the two edges coincide. This
midpoint can be made the origin of a new rectangular coordinate system, with
the abscissa falling alongside these common edges. Let both the polygons
be traversed in a clockwise direction starting from the origin. Let Hi(x)
be the unique point reached on ¢ after a traversal of length A, and Llet
Gj(x) be the unique point reached on u after a traversal of A, ef0,1].
Any well defined norm in R2 can now be used to quantize the pointwise dis-—
simitarity between the points Hi(x) and Gj(x). In particular, we use the
square error criterion and express this dissimilarity as IIHi(x) - Gj(x)IIZ.
The cumulative effect of this local dissimilarity is obtained by integrating
the latter quantity over i in the interval [0,1]. We refer to this integral
as the integral square error between the two polygons relative to their i-j
edges, written as Di,j(g'”)' ?ymboticatty,

0 §CEow) = fo 1 H O - sjmnz da

The minimum of this quantity over all possible values of i and j is de-

fined as the minimum integral square error, D(g,u) between them.

/

p(E,u) = Min. Min. [f{t Hy OO = G.(A)HZ dX
i=1,..N j=1,..M |0 .

where £ and u have N and M edges respectively, N not necessarily equal to M.
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Theorem III
The edge based minimum integral square’error between £ and u given by
D(E,u) is a pseudo-metric.
* % *

The proof of the theorem is straightforward.

Exa@RlS I

Let ABCDEF and PQRSTUW be two normalized polygons & and u respectively,
with unequal number of edges as in fig. Il.4. The superposition indicated in

the figure 1.4 leads to the computation of D The superposition indicated

1,17

in the figure 11.5 leads to the evaluation of D By inspection, we can

1,5°
conclude D=D, .. In the figure I1.6, we have graphed 1IHF(K)-G](X)Ei2

—
-
a—

and }]H](K)-G (X)IIZ versus .

The graph of {[Hi(k)-Gj(X)Ifz versus A for the optimal configuration (i,]j)

Ji-e., when D=Di j) yields information about both local and global similarity
o¢ the 2 shapes. For 2 strongly similar shapes as in figure I1.L4, the quantity
i%H](X)-G](K)ilz is uniformly small for all X. On the otherhand, consider the

4

2 shapes in figure 11.1 which share an identical common portion QPADTS. Here

",_S)vlgce.i ' )
[the graph of ;§Hh(x)—65(x){g2 vs % will be

the optimal confinuration is (4,5).
zero for 0 < Y « Af whe re k] > 1/2 (length of the smaller of the 2 common edges) ,

we can conclude that the 2 shapes have partial similarity.

We now proceed to obtain an explicit expression for the minimum in-
tegral square error between the two figures considered in Example II, and

relate it to the edge based area dissimilarity measure E(e, ).
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Example IV

Consider the two figures ¢ and u given by the square ABCD, and the
rhombus, PQRS, of Fig.II.7. Let y be the minor angle of the rhombus. Due
to the symmetry of the figures, we need to consider only one configuration,
for example, that of Fig.II.7, to compute D(g,yu). In this configuration,
the origin, g, is the midpoint of the common edges AD and PS. The value of
A corresponding to A, B, C, and D are 0.125, 0.375, 0.625 and 0.875 respec-
tively, which are also the values of A corresponding to P, Q, R, and §S

respectively. A sketch of the computation of D(f,u) is given below.

For  0<0.125, || H,(0-6, (112 = g

2 2 90+y

For 0.125€1<0.375, || H; =6, 11° = 401-0.125)° cos® 22

1

2 90+y
2

For 0.375€<0.625, || H,(0-6, (W 11% = 0.25 cos

2 2 90+
For 0.1251<0.375, || (=6, 11% = 40.875-07 cos® 2J1¥

For 0.875<3<1.0, H H1(>\)-G1()\)H2 = 0

Hence, D(g,u) = CosZ-Z%iE [:4 ?iZS p2 dp + 0.25 01?25 dx + 4 D]?S p2 dp }
0 0.375 0
=}g§ (1 -5in .
Consider now the edge based area dissimilarity measure E(f,u). Using
(2.1), this can be shown to have the value,
ECE,w) = 0.0625C 1 = sin¥ + SinV CosV ]

If 1-Siny = u, then, 1 = Sin ¢ + Siny Cosy is given by u+(1-u) V2u-u2, which
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is a monotonically increasing function of u in the interval (0,1]. = Hence
the quantity D(g,u) is a monotonically increasing function of E(g,u). This
relationship confirms use of D(g,u) as a measure of the dissimilarity

between £ and yu.

**k%k

Remarks

(1) In the definition of Di,j(g’u)’ the square of the L2 norm was used
to measure the pointwise dissimilarity between Hi(k) and Gj(x). Any mono=-
tonically increasing function of a well-defined norm in R2 can be wused to
obtain measures which are equally informative.

(2) By studying the geometry of the situation, we conjecture that for
two arbitary polygons g and j, the integral square error D(g,u) is a mono-
tonically increasing function of their edge based area dissimilarity measure
ECg,u).

(3) Just as we have defined the minimum integral error by making the
edges of the polygons . fall alongside each other, we can analogously work
with the vertices coinciding with each other. The Llatter would yield a
measure closely related to V(g,u) defined as in (2.2). Intuitively we anti-
cipate that the integral error dissimilarity defined in terms of the
vertices will be just as informative as the integral error defined in terms

of the'edges. We choose to work with the latter formulation primarily for

computational simplicity.

II. COMPUTATION OF D(g,u
Obtaining an explicit expression for D(g,u) involving two arbitrary po-
lygons ¢ and y having different number of edges would be rather tedious and

often impractical. In such cases, the measure D(g,y) can be computed numer-
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ically by computing Di j(g,u) for various values of i and j.
’

To compute Di j(f;,u) for any two indices i and j, the functions Hi(k)

’
and Gj(l) are evaluated at K points, where the integer K is determined by a
the step size of ), and is independent of the number of edges in both g and

ye The integratl

1
S = 6.0 (1% da
0 ]
is approximated by the sum,
K-1 >
Y IIHi()\k)-Gj(xk)H A , where Ka =1.
k=0

Since the above expression involves the computation of K values of Hi(x) and
Gj(x), K squared errors, and 2K additions, the time required to compute any
one integral is approximately a linear function of K.

If £ and u have N amd M edges respectively, the brute force method of
evaluating D(g,u) requires the computation of all the MN integrals

D, J.(«E,u). However, by computing Di j(E,u) for a subset of the MN in-
7 ’

tegrals, the same minimum can be effectively computed.

Let OE and Ou be the centers of gravity of £ and 1 respectively. Let

§'73 be the distance between OE and Ou in the configuration when the ith

edge of ¢ falls alongside the jth edge of u. From the geometry of the situa-
tion, we observe that if Di,j(g’“) attains its minimum when i=p and j=q,
then 6p,q will be relatively small. Conversely, if s775 is relatively large,
it is unlikely that Dr’S(g,u) will be the minimum integral (see Fig.III.1).
Using the quantities 5i’j a proper subset 1 of the set {1,...,N} X {1,...,M}
can be chosen so that we need to compute Di,j(g'“) only for those configura-

tions (i,j)er for evaluating D(g,yu).

111.1. The Set of Configurations to be Considered

The pair (i,j) is said to be a competing pair if & /7 is less than or

. * .
equal to a predefined threshold, say, 6 . The set of all the competing
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pairs is defined as r, the competing set.

r= G, LD e CLuLNYXCT,u M, 573 <% )
By studying the particular contours under consideration, usually a
*
small value of § can be specified so that

D(E,u) = Min. [ D. .€{g,u) 1 3.1
Gi,jder- 173 -

It must be noted that the positions of 0_ and Ou relative to the ver-

£
tices of £ and u respectively, need be computed only once. They are con-
veniently stored in their polar representations. Subsequently, to test if

any pair (i,j) is in r, the locations of 0_ and Ou'in this configuration can

g
be computed using merely one linear transformation.

The question of obtaining a suitable value for & must now be con-
sidered. In a practical pattern recognition system, we are usually given
training samples for each class. For each training sample, the value of
5i’j for the optimum integral can be obtained for the various classes. Us-
ing these, a conservative estimate for §* can be obtained for each class.
Occasionally, the value of 5" may be underestimated, but this is not too
serious, since the expression defined in (3.1) will then have a value close
to D(g,u), and will thus be a good approximation to it.

An alternative approach is to order the pairs (i,j) in the set {1,..,N}
X {1,..,M} 1in ascending values of éi’j. The integral Di,j(g’”) is computed
for the first Z pairs. A safe value for the number of elements in I can be
estimated from the polygons under consideration. A good rule of thumb which
yields a conservative set T is to make #r=M+N. In such a case, out of the MN
distinct integrals, only M#N of them will even be attempted.

An upper bound for the complexity of the computation of blg,u) is ob-

tained as below. Let a, be the cost associated with testing whether a pair
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(i,j) is in r, and let a, be the cost associated with evaluating any one in-
tegral Di j(E,u). Then the total time required to compute D(&,H) would be
’

of the form a1MN+a #I. Since the cost for the former computation is usually

2
negligible compared to the cost associated with ‘the computation of an in-
tegral, the total computation time is approximately Llinear in #I, the number

of elements in r, the set of competing pairs.

111.2. Additional Reduction in Computation

In practice, all the integrals corresponding to the pairs in T need not
be completely evaluated, since we are interested only in the one that yields
the minimum. Initially, D(g,u) is assigned the value of the first integral
computed. If in the subsequent computation of any Di,j(g’”)’ the value of
the integral exceeds the currently stored value of D(g,u), the computation
of that integral is terminated. If however the integral is evaluated to its
completion, the value of D(g,u) is updated as the minimum of its current
value and the latest Di’j(i,u). This reduces the compuation time consider=
ably.

In a typical example involving the boundaries of the Great Lakes Erie
and Michigan, their polygonal approximations had 17 and 21 edges respective-
ly. Using a conservative 5* of value approximately 0.05, the set of compet-
ing pairs had only 27 elements. Of the 27 integrals which were attempted,
only 3 of them had to be completely evaluated. In all the remaining 24
cases, the computation was terminated before the integral was evaluated com-
pletely, because its current value exceeded the most updated value of the
dissimilarity measure. In this case the time required to compute D(g,u) on

the PDP 11/70 UNIX system was only 3.2 seconds.
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Iv. CLASSIFICATION USING POLYGONAL DISSIMILARITY

Consider a pattern clasification problem with J classes. Let £; be the
jdeal polygon associated with the ith class. Let ' be the test boundary to
be classified, approximated by the polygon . The.cLassification of 4 can
be performed by computing D(Ei,u) for i=1,...,J and the pattern assigned to
the class which minimizes this dissimilarity measure.

Since the gi's and p usually have a large number of edges, the computa-
tion of D(gi,u) for any i is time consuming. Hence it is better to smooth
the polygons under consideration, before evaluating the dissimilarity meas-
ure. The smoothed version of any polygon t, is a polygon r* which approxi-
mates it accordihg to some criterion and which possesses fewer edges. The
actual smoothing process can be performed by using any of the techniques
known in the literaturel21], such as the split and merge technique. We
prefer to smooth the polygons by using a variant of its minimum perimeter
polygon[191. This variant, termed as its Linear Minimum Perimeter Polygon
(LMPP), has some interesting scale preserving properties and is described in
the next subsection. The actual classification is acheijved by computing the
dissimilarities between the smoothed versions of tne gi's and the smoothed
version of .

If the number of classes is large, the classification can be acheived
using a pyramidal approach. Initially, the ideal patterns of the various
classes and the test pattern are crudely approximated, so that the number of
edges in their smoothed versions is relatively small. The dissimilarities
between the smoothed polygons are computed for all the J classes. The
classes are now ordered in ascending orders of their dissimilarities, and a
subset of the classes which have thé smallest dissimilarities are chosen for

a more precise examination. Typically, this subset may contain about 20% of
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the number of classes in the original problem. Finer approximations of the
ideal boundaries and the test boundary are now used to more precisely assign

the test boundary to one of the classes in this subset.

IV.1 Smoothing by the Linear Minimum Perimeter Polygon (LMPP) Approach

Let 1 be any polygon whose smoothed version r* is to be obtained. The
goal of the LMPP, r* is to merge the adjacent edges in 1 which are almost
collinear. The extent of smoothing is controlled by a parameter ¢, 0< e <1.
The larger the value of ¢ the smaller will be the number of edges in r*_

We precisely define the LMPP r* of a polygon t as below. Let 1 be de-
fined by the vertices Pi" i=1,...,R. Let T be any smoothed version of ¢
described by the ordered set {Pi' i=1,...,R}Y. The polygon r*, which is ob-

tained by the following minimization procedure is termed as the LMPP of r.

r* = Argument Min.( f(r1) ]
‘r - -

1
subject to || Py' - P. Il < el i=1,....,R 4.1
where L is the perimeter of t and,
R
) = 1‘2:'1 | Py = Piy P with Pas1 = P4

The formulation of the LMPP T* is similar to the formulation of the
minimum perimeter polygon by Montanaril19] except that the right hand side
of (4.1) is a linear function of the perimeter of 1.

By the theory of optimization, the polygon 1~ is completely descriped

Dby those vertices at which the constraints given by (4.1) are equality con-

straints. Hence,
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T* = {Pik’k=1"""N}
where || Pik' - Pik [] = <L, | k=1,...N, N<R.
It can be proved that fhe LMPP 1* has the following desirable proper-
ties if the constraint regions given by (4.1) are Hisjoint.

D) T* is exactly 1 if and only if ¢ = Q.

(2) Let 1 and n be two polygons, where n is a scaled version of ¢, the
scaling factor being k>0. Then their LMPPs r* and n* computed for the same ¢
are exactly scaled versions of one another, and the scaling factor is exact-
ly K.

(3) 1f r* is normalized to have a perimeter of unity, the sequence of an-

gles and sides of the normalized polygon is independent to scaling and

translation of the coordinate axes.

Example VI
Let t be the quadrilateral ABCD, given in Fig.IV.1. The radii of the

constraint disks around these vertices are given by eL, where
L=l A I + 118 |l +{lcofl +1lDpAll.
The LMPP of ¢ is r* given by the triangle PGR.

*kk

V. EXPERIMENTAL RESULTS
A pattern classification experiment was performed using the boundaries
of the four Great Lakes, Erie, Huron, Michigan and Superior. The maps of
the lakes were obtained from [20] drawn at a scale of 32 miles/inch. They
were appropriately scaled to fit an 8" X 11" frame. These pictures were
photographed using a television camera to fit a 90 X 90 pixel array. A sim=—
ple boundary tracking algorithm utilizing constant thresholds was then em-

ployed to extract the boundaries of the lakes.



v.1. Generating Noisy Boundaries

A procedure similar to the above was used to obtain test boundaries for
classification. To provide a difficult matching environment for the clas-
sification process, unsmoothed boundaries were noisily degraded as follows.

Let Pi be any arbitary point on the boundary, whose adjacent vertices are

Pi-1 and Pi Let the centroid of the triangle Pi-1 P. P be the point

+1° i i+

Qi‘ Then the point Pi is noisily displaced to the point Ri which is on the

Line joining Pi and Qi’ where

Ry = P. o+ @ =P

and x is a Gaussian random variable of mean zero and variance 02. Wwhen

0< a £1, the point Ri is a point in between Pi and Qi' Whenever i is
negative or greater than unity, the point Llies on the infinite line joining

Pi and Qi’ but is not in between them. This noise generating mechanism en-

sured a global and a local deformation on the boundary. In an example, when

02 was 6.25, a typical value of A can be 5. This corresponds to a perturbation
of 500% of the point Pi relative to the local centroid Qi' The noise level of
the noisy boundaries generated by this mechanism is much larger than the noise
level obtained by mere variations in thresholding. The ideal boundaries and
some typical noisy boundaries of the four Great Lakes are given in Fig. V.1 with

02 = 6.25. Note that the distortions in the shape are significant.

v.z2. Cltassification Results

The reference boundaries and the noisy boundaries were smoothed wusing
the same ¢ value of 0.005 after appropriately processing them to ensure that
the constraint disks defined by (4.1) are disjoint. The smoothed versions
of the noisy boundaries were compared to the smoothed versions of the refer-

ence boundaries using the minimum integral square error measure, and the
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test boundary assigned to the class which minimized this dissimilarity.

100 noisy boundaries were tested using 2O different maps and 5 dif-
ferent variance Llevels ranging from 1.0 to 9.0. Out of the 100, 97 of them
were correctly classified. The details of the cLaésification are presented
in Table V.1.

We also graphically demonstrate how the measure D(.,¢) 1is able to
discriminate between two classes which are distinct. The value of D(Ideal
Erie, w is plotted against the corresponding value of D(Ideal Huron, p) for
various noisy boundaries of both Lake Erie and Lake Huron. The plot is given
in Fig.V.2. From the figure, one can observe, that just as as the two lakes
are noticably dissimilar, the values of the dissimilarity measures are also
widely different. The clustering of the noisy boundaries naturally
seperates them into the two classes. These results justify the use of the
geometrical dissimilarity measures for the classification of closed boun-

daries.

VI.  CONCLUSIONS

In this paper we have considered thefprobLem of quantizing the dissimi-
Llarity between two irregular polygons ¢ and . Two geometrical measures,
namely the edge based area dissimilarity measure, E(g,,), and the vertex
based dissimilarity measure, V(g,yu), have been proposed. Both these meas-
ures are pseudo-metrics and appear to represent the intuitive concept of
dissimilarity in shapes. A third measure, D{(f,u), termed as the minimum in-
tegral square error between £ and u has been propcsed. The latter nmeasure
is closely related to E(g,u), but is much more easily computable. The com~
putation of D(g,u) has been presented, and its use in pattern classification
has been verified in experiments involving the four Great Lakes Erie, Huron,

Michigan and Superior.
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Lake Variance Number of Number Misclassified
Boundaries Correct Class

Erie 1.00
2.25

4,00

6.25

9.00

Huron 1.00
2.25

4.00

6.25

9.00

Michigan 1.00
2.25

4.00

6.25

9.00

Superior 1.00
2.25

4.00

6.25

9.00

Michigan

(LR R, RV, RV, RV, RV, RV, RV, I, RV, RV, IV, VIRV, RV RV, RV, IRV, V]
(NI R RV, RV, RV, RV RV, RV RV R, RV, RV RV, RV, IR, RV
1
]
]

Total Classification Accuracy = 97%.

Table V.1. : The details of the pattern classification experiment
performed involving tne boundaries of the four Great
Lakes, Erie, Huron, Michigan and Superior,
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Fig. IV.1. The LMPP of the quadrilateral ABCD is the triangle PQR.

The radii of the constraint disks are
e({[AB]| + [{BC|| + [[CD]] + |[DA[]).
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SENSE OF ORIENTATION
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VARYING DIMENSIONS
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TEACHING FIFTH GENERATION COMPUTING: THE IMPORTANCE OF SMALL TALK
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AN EXTREMELY FAST MINIMUM SPANNING CIRCLE ALGORITHM
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