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Abstract.

We describe the design and implementation of a workbench for computational geometry (WOCG).
We discuss issues arising from this implementation, including comparison of different algorithms.
The workbench is not just a library of computational geometry operations and algorithms, but is
designed as a geometrical programming environment, providing tools for: creating, editing, and
manipulating geometric objects; demonstrating and animating geometric algorithms; and most
importantly, for implementing new algorithms. In particular, automatic garbage collection, high-
level debugging facilities, and control mechanisms are provided.

A triangulated 1000 vertex polygon and the shortest path tree from a query point, generated by the
workbench.

Research partially supported by the Natural Sciences and Engincering Research Counci! of Canada and Carleton University.

+  Research was carried out in part while the authors were at the University of Passau, Germany.



INTRODUCTION
MOTIVATION

During the past decade, algorithms have been developed for solving a wide spectrum of
problems in computational geometry. Research activities have focused mainly on the
design and analysis of geometric algorithms. However, many of these algorithms have
never been implemented. Those that have been implemented have often been treated in
isolation. Constant factors, numerical stability, conversion between representations, and
other implementation concerns are sometimes discussed in algorithm descriptions but the
results of actual implementations are seldom made available.

As a consequence of these and other factors, much of this large body of knowledge
remains inaccessible to application-oriented researchers from within the computational
geometry community and from areas such as computer graphics, robotics, image
processing and pattern recognition which have been the source of many geometric
problems.

Forrest emphasizes the need for a “geometric computing environment” [F] which can
provide a unified framework and a suite of tools to reduce difficulties in the
implementation, application, and evaluation of geometric algorithms. There is also a need
expressed from within the computational geometry community also for more direct
comparisons of algorithms in terms not only of worst-case complexity, but of execution
time and space (including constant factors), ease of implementation, robustness, handling
of special cases, numerical stability and average-case performance. Information on these
characteristics is important in assessing an algorithm, particularly to the implementation-
oriented researcher.

We describe here the design-goals, concepts, and some implementation aspects of the
geometric computing environment we have developed, and which we refer to as the
Workbench for Computational Geometry (WOCG). We summarize the design and some
major features, illustrate the system in operation, discuss issues arising from this
implementation-oriented work, and mention empirical comparison of implemented
algorithms performed using the system.

HIGH-LEVEL DESCRIPTION

For portability, the user interface and other machine-dependent components of the
system are isolated as much as possible from the algorithmic components. In this paper,
we will focus on the algorithmic components, illustrating aspects of the user interface
briefly.



o
= =}
he]

P

Y—- ey

O (¢

2 g

g o

2 2

- 2 - -

d ~ “

s s s S S A S e S S S S U8 S W W W, Illllllllllll!\/
Y e S S S S T D S A0 W W SO R S D U S AU SV e o 5000 VUL N (S R SR N SO0 UURY RN M UOOR WO R G MU VU NS W WSS 0 R NV S i M SN S S S SOR S S S Sen e .
lllllllllllllllll111111111111llllllIlllllllrllllllllllllllll

frmerrrrrorrmre prospective applications

Fr T I rrr I T 1T T 1T L1 1L 1)
AArrrrcrrerxxrrrrrr 1 T 1T Ll L L | NN T S0 W U S AN ) S I S 5
) S S o I I > s ¢ o o e o

£ 1 L T H L ' ) LD SR IS SN G S S A S—
y
Ee < =B g S8 &8, B E
& 8 T S a & 2 5.2 £ 2
4 o 5 E %g S g = =&
&5 3 < & & & % 2 Z
=N i M 8' B o - = oo
=3 <3 ZIN~| £ v 2 =]
@ =3 = ] @
2 < S ®
- . Z . - - - - - - - -
L 4 o é J‘ r - <
LI T T 1T =t 1 lllllll\lﬁl i l]]‘llllﬁ‘_!_l LTI i1 Y rr r 111 —r 1 T 1T 1T T 117 11 1 1L .. 1F
,]]IIIllllllll[lllllllll]llllllllIllllllllll : ov—— " — e = ey SN S N SR O D O S SN AR DU N SN SN AN MR SIS UNR GUNE SUNE S SN S
’Illl:l:l:I:l:l:l:l:[:l:lil:l:l:l:l:l:l:l:l;l:ltl ----------------
AT rrr1rr 1 1 1T T 1T I 1T 1..J I1Illllllllll
’I:l:lll|l:I:lll]lllllllllllllll[llllill rrreerrrrrrrr 1T r Tl 1 e Ll I 1 .1
1} e L S b S T } SO0 UNER WD W AN ANED SN S SN D SN GUI SR GHE VD S W
o
= k=
- g P E—B I's
Lt Pk o
5 =g ) g - sgE
| 63 8 Q9o g < =M= 228
g < =] 2 a w o o,
I 1 £3 B138 38
g o 26
g E & 5 ©
o
| | > | =
L T TS £ PR VAN < g , ‘
Y s som o e T L 1 LT T 1T Ty} 1 {1
y AN 1 1 1 LI!IlIlIIllll llIILHIIlLIII]llllllllI'lIIllllIllllll
eometric and non-geometric data types
frrrrr—r1rr1ra 1111 1 ) & L L 1 1 1 2.1 rrTr[errTsrtrrroc ey 3 1T T T L L L L LR
II||Illlllllllllllllllllllllll]llILJIT1]1|IIllllllllllllLlll]'
IIl|IllIlllllllllllTlllIllllllllllllllllllllllllllTllllllll[l'
y . 1 1 13 1 1 1 1 ) . e " T L I T | S b 8 T T T T e T b A o 7 k S oy 1 T T B W S M S G o Lw“
| 5 - |
=l =N 7 =y, o
= 8% = oo < %q%
| 2 = Q6 =g o2 Wi
o @ = =3 = < ©®
“ el <] L e = a .2
& g
I 2 2 g~ =
Q wl o'
| = ] . g5
2]
—_— - - — - =
— -t C ) -_— < N =T < >
\—/ \-——/

primitive operations

Figure 1: illustrated are the four layers of WOCG with a few sample operations,
algorithms and data types. (Operations and data types are given as below:)

<operations/algorithms> <data types>




The algorithmic part of the workbench provides several layers of support, covering a
wide range of complexity (see Figure 1). In the uppermost layers are applications and
complex algorithms, making use other geometric algorithms and data types as "building
blocks". These lower-level structures in turn make use of the elementary operations and
data types which form the base layer.

In the workbench, "base layer" operations are typically simple and require constant time.
Examples of such operations are functions to determine the angle spanned between three
co-planar points and to detect and/or compute the intersection of two line segments. The
geometric data types at this level are the primitives from which more complex objects may
be built, and include, (in 2 and 3-d) points, line segments, and lines.

On the second layer are located more complex structures and operations. Operations
here will often make use of lower-level primitives and require more than constant time. At
this level, the operations are often subordinate to the complex data types and data structures
which appear. Many such operations combine to provide the functions of a single abstract
data type.

Data types at this layer include the standard non-geometric types, such as stacks, priority
queues and dictionaries. For representation, these may require the availability of balanced
search tree structures and their attendant operations, also at this level. Most importantly,
this layer contains geometric data structures (e.g. segment trees and range trees), and data
types, including graphs, planar subdivisions, polygons, and polyhedra.

An important design criteria, which will be discussed in more detail below, is the
generality of operations and data types. It is extremely important for maintenance to avoid
the proliferation of variations on common data structures. We attempt to do this by
providing structures which are as general as possible, and are able to accommodate most
variations without change. As an example, a balanced search tree should be able to
accommodate any type of keys for which a total ordering is defined. This may include
points, line segments, or even different types within the same tree (e.g. a tree of trapezoids
with point queries).

The third layer contains algorithms, operating on the geometric data types defined in the
second layer, and covering a wide range of complexities. Naturally, this separation into
layers is not strict, and complex algorithms at this layer may make use of several simpler
algorithms on the same layer. As an example, finding the visibility polygon from a point
inside a simple polygon makes use of triangulation, itself a complex algorithm. Operations
such as finding the convex hull or the Voronoi diagram are fundamental to many
algorithms.
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The fourth layer (currently under investigation) will contain "real” applications from
outside the immediate area of computational geometry using the available algorithms on the
third level.

All of these layers contain code which is independent of the particular machine and
environment. Separated from this is the user-interface component of the system. A similar
hierarchy might be seen in the organization of this component, with the lowest layer
containing graphics primitives and the interface to the MacIntosh operating system, a
second layer containing routines for editing and display of geometric objects, and third
containing the algorithm animation facilities and graphical editor which are the aspect of the
system most visible to the user.

DESIGN GOALS

The design phase of a system such as WOCG is crucial. At the highest level of
abstraction, the system must be "useful”; this simple term encompasses many other design
criteria discussed in more detail below. For example, if the system is to provide a set of
tools, then these tools should be as general and as re-usable as possible. Unnecessary
restrictions should be avoided, and code should be made flexible enough to allow a wide
variety of uses. The system must also cater to different users who have different interests,
knowledge and demands. Finally, the system should not be tied too closely to any
particular operating environment.

Utility

As mentioned above, utility/usefulness is in some sense the paramount design goal for
any system. We make this more precise and define a computational geometry workbench
as a system which can provide the following:

(1) representations of (at least) 2 and 3-dimensional geometric objects (polygons, line

segments, polyhedra, etc.) with their respective operations.

(2) geometric data types and data structures (segment tree, range tree, etc.)

(3) non-geometric data types and data structures (priority queues, dictionaries; 2-3

trees, finger trees, splay trees, heaps, etc.)

(4) algorithmic tools, correctly implemented, running in the specified time and space

complexities, and in as general a form as possible.

(5) numerical support. The system should be able to handle not just integer and floating

point arithmetic, but also arbitrary precision and rational arithmetic, as well as infinite
quantities, transparently to the user.



(6) graphical support, including graphical display, creation, and editing of geometric
objects, and animation of algorithms.
This is an important facility for a geometric environment, since geometry is a visual
discipline. The ability to quickly and easily create and edit examples is extremely
valuable, and algorithm animation can be an important tool for debugging,
presentation and understanding of algorithms.

(7) a good programming environment and debugging facility
A geometric workbench should allow the programmer to concentrate on geometric
issues. The programmer should not be forced to deal with low-level issues, or to
work without adequate support. Tools provided should include source-level
debugging and allow access to the graphical representations of objects from the
debugger. Graphical support as described above is important, as are tools to assist in
storage management and reclamation, code browsing, and version control. It should
be possible to store geometric objects to and retrieve them from secondary storage,
preferably in a form which is also human-readable. Naturally, these tools must be

well-integrated with each other, providing as congenial an environment as possible
for geometric computing.

The workbench for computational geometry (WOCG) is implemented in an object-
oriented style and environment. This is a style of programming which has proven very

appropriate for graphics-oriented applications (see e.g.[G]); particularly for algorithms
which operate on geometric objects.

Many concepts of computational geometry fit well into an object-oriented model.
Classes of geometric objects are well defined, with a common set of operations (e.g.
convex hull, triangulate) which can be applied to many such classes. There often exist

natural subclassing relationships (e.g. MonotonePolygon is a subclass of SimplePolygon is
a subclass of Polygon).

The workbench is implemented in Smalltalk/V, a dialect of Smalltalk similar to, but
distinct from, Smalltalk-80. In addition to the advantages of object-oriented programming
described above, this offers a sophisticated programming environment, a large, mature,
and well-integrated library which includes source code for the windowing environment,
good reflective capabilities, weak typing of variables (allowing greater flexibility of code),
and automatic storage management. It has disadvantages in terms of execution time and
space requirements relative to some other languages, but these were judged to be less

important than the advantages in programmer productivity for a large research project with
relatively few programmers.



Reusability and Generality

The tools provided by a computational geometry workbench may be used for many
different purposes, some far beyond the scope of their original conception. Further, many
geometric algorithms require variations on standard data types and methods. Thus the tools
provided should be as general and as flexible as possible, and they should be able to
accommodate such variations within a single structure. Without this generality, many
different versions of what is fundamentally one data type will need to be created and
updated separately, causing duplication of code, confusion for the user, and difficulties in
maintenance and version control. By way of illustration we provide three specific
examples from the workbench. The first deals with the dictionary data type using
comparable elements, commonly implemented using a balanced tree structure. The second
concerns the general method of plane sweep, and the last illustrates the storage of additional
information required for specific algorithms.

Generality of Data Types

A very common data type in computational geometry is the dictionary; it supports the
operations: f

« Insert(Key,Value);

 Search(Key);

» Delete(Key);

A data structure (e.g. a tree) which implements this data type must be able to provide
such operation for arbitrary comparable key values. A dictionary may be required to
contain points, line segments, trapezoids, polygonal chains, or even more complicated
structures, perhaps simultaneously. The underlying data structure must likewise be able to
contain these objects.

Furthermore, such a data structure must support the use of different comparison
operators. Even in a tree containing only points, there exist at least three different,
commonly used sort orders (horizontal, vertical, circular). In the Fournier and Montuno
plane-sweep algorithm for triangulation of a simple polygon, the sweep structure is a
balanced tree of trapezoids. However, in addition to insertion and deletion of trapezoids,
the structure must respond to point location queries.

A fully general tree structure must support not only the use of arbitrary objects as keys
and values but also the use of arbitrary functions for comparison of elements (including
equality comparison).

The workbench implementation supports this general dictionary data type by performing
all comparisons and equality tests using functions which can be overridden by the user, and
by allowing any object to be used as a key or value.



It is also important that data types and their underlying representation be separated. It is
tempting, given a data structure such as a splay tree, simply to provide it with dictionary
operations and to use it in place of a dictionary. We believe that this is inappropriate and
can lead to confusion and difficulties in maintenance. This is particularly true when, as in
the case of the splay tree, multiple data types can be represented using the same structure.
For example, in the Tarjan and van Wyk triangulation algorithm, finger trees (or splay
trees) are used as a dictionary type (representing family lists). They are also used as an
ordered collection type (representing the boundary of the polygon). The classes of
operations which are used are distinct. In the first case they are Insert, Delete, Find,
etc.; in the second case they are Append, RemoveLast, AtIndex, etc. Combining these
classes will result in an inconsistent data structure and errors.

In order to keep data types unambiguously separated, the workbench defines classes to
represent each data type with its implementation. Thus there exist classes
PriorityQueueSplayTree, PriorityQueueHeap, DictionarySplayTree, and so on. These data
types provide the mapping between the data type operations and the operations of the
underlying representation, and restrict the operations available so that the data structure is
always used in a consistent fashion.

Generality of Methods (Paradigms

A common problem-solving technique in computational geometry is the plane-sweep
method. In this paradigm, a line sweeps across the plane, stopping at "event-points".

"The intersection of the sweep-line with the problem data contains all the relevant information for the
continuation of the sweep. Two basic data structures are used:

1) The event-point schedule, which is a sequence of abscissae ... which define the halting positions of the
sweep-line.

2) The sweep-line status, which ... contains the information that is relevant to the specific application. The

sweep-line status is updated at each event-point, and a suitable data structure must be chosen in each case” -
[PS].

The workbench includes a general mechanism to support plane sweep operations. The
implementor of a plane sweep using this mechanism provides:

1) The sweep ordering, which allows any direction of sweep, including circular.
2) A sweep status structure.

3) Functions for:
+ initialization of structures
 a discriminant function for event-points (e.g. is this point the start or end of a
line segment)
+ actions to be performed at each event-point, based on the result of the
discriminant function (e.g. test for intersection)
« update of the sweep status structure, also based on the discriminant function
(e.g. insert or delete the line segment corresponding to this event-point)



A simple example of how a plane-sweep might be used is in solving the interval overlap
detection problem. In this problem we are given a set of intervals on a line and are to
determine if any pair of intervals overlaps. The following code (See Figure 2) solves this
simple problem, illustrating the general mechanism by which plane sweeps may be

conducted in the workbench.
testIntervalOverlap: aCollectionOfIntervals relativeTo: aVector

"Given a collection of intervals, to a plane sweep to determine if they
overlap in the direction specified by aVector. If they do, return the first pair of
overlapping intervals encountered, otherwise return nil"

Isweeper schedule |

sweeper := PlaneSweeper new.

schedule := OrderedCollection new.

aCollectionOfIntervals do: [:eachinterval |
schedule add: (Vertex eventPointAt: eachInterval start from: eachlnterval).
schedule add: {Vertex eventPointAt: eachInterval end from: eachInterval)].

"Sort with respect to the given vector”
sweeper schedule: (SortedCollection sortBlock:

[:a:b!(a dotProduct: aVector) <= (b dotProduct: aVector)]).
sweeper schedule addAll: schedule.

"The status is a single location”
sweeper status: (Array new: 1).

"Characterize each event point as the start or end of an interval”
sweeper discriminant: [:eventPoint |
(eventPoint = eventPoint owner start) ifTrue: [#start]
ifFalse: [#end]].

“If an event point is the start of an interval and the status already
contains something, then terminate, returning both intervals”
sweeper action: [:eventPoint :planeSweeper |
(eventPoint type = #start) ifTrue: [
sweeper status first isNil ifFalse: [
sweeper result: (Array with: eventPoint owner copy with: sweeper status first copy).
sweeper abortSweepl]].

“If an event point is the start of an interval, then put it in the status,
otherwise remove it from the status”
sweeper update: [:eventPoint :planeSweeper |
(eventPoint type = #start) ifTrue: [
sweeper status at: 1 put: eventPoint owner]
ifFalse: {
sweeper status at: 1 put: nil]].

"Perform the sweep and return the result”
sweeper sweep.
Asweeper result.

Figure 2: A simple illustration of the plane-sweep paradigm implementation used for
detecting overlap between a pair of intervals in a set.

This mechanism has been used to implement several algorithms, including: the line
segment intersection test of Hoey and Shamos; the regularization of a planar straight line
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graph of Garey, Johnson, Preparata, and Tarjan; and the Fournier and Montuno algorithm
for triangulation of a simple polygon.

Storage of additional information

Many algorithms, while using standard structures, also require the storage of additional
information. For example, an algorithm may require that each vertex of a polygon store a
pointer to the corresponding vertex of a planar straight line graph which represents the
polygon. In the plane sweep paradigm described above, event-points often store the
structure which contains them (line segment, polygon, etc.).

This can also lead to a situation in which many different versions of similar data
structures exist, with the same difficulties described above. It can also give rise to
excessive complexity and overhead for algorithms which do not require it, as one is
tempted to implement as many contingencies as possible in the basic types.

The standard object-oriented approach would resolve this by subclassing. This option is
available, the workbench also provides the option of using "labellings". Any geometric
object can be labelled with information in addition to what is normally stored. Labels are
stored in a dictionary, using the name of the label as a key. As long as the total number of
labels remains bounded by a constant, this requires only a constant amount of extra time for
retrieval. Responsibility for the creation and deletion of labels lies with the algorithm
which uses them, and thus labels which are needed for only a short time or in limited
circumstances do not affect the class adversely.

Code which does not require the use of a label need not consider, and space is required
only for those labels which are currently in use. While subclassing can be used for more
permanent or frequently used data, this provides a valuable alternative.

Portability

Portability is a very desirable feature in a geometric computing environment. To some
extent, however, the need for portability conflicts with the need for sophisticated graphical
support and an interface to system facilities. As windowing environments and graphics file
formats are not standardized, a system which uses such features must be to some extent
non-portable.

The approach taken in the workbench is to isolate the system-dependent code as much as
possible from the algorithmic and data structures code. All geometric objects must
implement a specific set of messages, which are used by the geometric object browser and
other user interface tools to manipulate these objects.

These operations include displaying and moving the object as well as adding, moving,
and deleting components. The operations are sufficiently general that the user interface
does not need to know the type of geometric object which it is manipulating.
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Further, it is worth noting that display of geometric objects is handled using the abstract
notion of a pen. A pen is defined as an object which is capable of drawing on some
medium. This medium can be the screen, a bitmap, a graphics metafile (e.g. the MacIntosh
PICT format), a printer, plotter, or any other medium. The same code is used by the
routine which draws the geometric object, regardless of the medium. All medium-
dependent code is encapsulated within the pen.

APPLICATIONS OF THE WORKBENCH

The workbench is designed for and is, in itself, implementation-oriented algorithms
research.

For the authors, the work provided an invaluable experience in the design process for
such a complex system. It provided insight into what the important features of a good
geometric programming environment are, where the difficulties lie in their realization and
how to overcome these difficulties.

Such a system can be applied to a number of different problem areas. We provide
examples of its use in problem-solving, algorithm implementation, implementation-oriented
research, and algorithms research.

Users of the workbench may

« apply available algorithms to their own problem sets,

« demonstrate algorithms, possibly in animated form, for educational purposes, or
« use the geometric editor with its capabilities and algorithms for preparing
documents (papers, texts, COurse notes, €tc.).

Regarding the latter point it is particularly important that the workbench provides an
interface to the MacIntosh clipboard. Any geometric object created by the workbench can
produce a graphical representation in PICT format which can easily be incorporated into
other application programs, such as MacWrite, Microsoft Word, or MacDraw.

Algorithm implementors using the workbench may

+ wish to add implementations of new algorithms,
« incorporate other systems into the workbench, or alternately
« translate (portions of) the workbench into an existing system.

This last would be most useful where there is a large investment in an existing system
(e.g. a CAD system). Translation of an existing implementation would be substantially
easier and more reliable than implementing a complex algorithm independently.
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Implementation-oriented researchers may wish to use the workbench to explore
implementation issues such as

implementability/difficulties in implementation
constant factors

comparison studies to other existing algorithms
special case handling

stability

e © 9 o o

Algorithms researchers may obtain feedback during the design phase of a new algorithm
on implementability, completeness of description, and correctness of case analyses. The
workbench can also provide a useful tool for the generation of counter-examples or for
enumeration of combinatorial examples. Timing of an actual implementation may also aid
in guiding the complexity analysis.

COMPARISONS

A major design goal of this project is to provide an environment in which constant
factors and implementation concerns of algorithms can be compared. Here we can only
sketch some of the comparisons performed (for further results see [K], [Ep]).

Attempts at empirical comparison of algorithms are always difficult. Different
languages, coding styles, and hardware can greatly obscure the results. To help overcome
these difficulties, the algorithms compared below have all been implemented in the same
environment (WOCG), using the same primitive operations, and (in most cases) coded by
the same person. Thus we can expect the resulting comparisons to reasonably reflect the
efficiency of the algorithms themselves as far as this is possible.

None of these implementations have been optimized to any significant degree, and they
are as close as possible to the original algorithmic description. The degree to which an
algorithm admits optimization is also an important concern, but one which has not been
addressed here.

Many algorithms, including the triangulation algorithm of Tarjan and van Wyk [TvW]
use finger search trees. These are a complex data structure which provides good amortized
time bounds. However, as Tarjan and van Wyk say "Finger search trees are sufficiently
complicated that one would probably not want to use them in an actual implementation".
The complications of finger trees arise not just from their structure, which in itself induces
numerous special cases and exceptions, but from the operations which are to be performed
on them, including very complex three-way splits.
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An alternative data structure is the splay tree, a form of self-adjusting search tree [ST],
which is considerably simpler, but whose worst-case complexity in this context is not
proven. Tarjan and van Wyk also state that "the use of splay trees might lead to a practical
implementation of our algorithm <ed.: the triangulation algorithm>, although this must be
verified by experiment”. We discuss these alternatives with respect to code size, ease of
implementation and timing.

Table 1, below, shows approximate code sizes for the workbench implementations of
finger trees, splay trees, and two different triangulation algorithms. Note that the figure for
finger trees includes both the homogeneous and heterogeneous variations.

Component Lines of Code
Finger Trees (2 kinds) 3000

Splay Trees 700

Jordan Sorting (excluding trees) 2700

Tarjan, van Wyk triangulation algorithm 2100
(excluding Jordan sorting and finger trees)
Garey, Johnson, et al triangulation algorithm § 1200
(including AVL trees)

Table 1: Approximate code sizes for various data structures and algorithms in the
computational geometry workbench.

This clearly shows the difficulty of implementing finger trees as compared to splay
trees. The results in terms of implementation time were very similar, with splay trees
requiring only a few days to implement, while finger trees required several weeks.

With the measured running times of the two structures, our results appear to support the
dynamic optimality conjecture of Sleator and Tarjan [ST]. Several different algorithms,
including Jordan sorting [HMRT], and point-to-all-vertices shortest path tree [GHLST]
were run using both data structures (See Figure 3) The results show the algorithms
executing in the correct O(n) time complexity using either structure. In fact, surprisingly
little performance difference was observed in the algorithms, even in terms of constant
factors.

Performance studies using random queries were also conducted for different varieties of
search trees (finger trees, splay trees, randomized search trees). Although there was
significant variation with the distribution of the queries, randomized search trees were
clearly the fastest. Finger trees were faster than splay trees, but by a smaller margin.

These results are quite plausible for random queries, as all of the structures should be
well-balanced and the time would be dominated by the time required to update. Since splay
trees restructure after every search operation, they require the most time. Finger trees need
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not restructure, but their code is quite complex, and thus also requires more time than the
randomized search trees. It should be emphasized, however, that these results are by no
means indicative of performance under all circumstances. Since all of these structures are
designed to exploit non-random access patterns, other tests, particularly those relating to
the access patterns of particular algorithms, are more valuable.

With regards to triangulation, we found that for "random” polygons with less than
10000 vertices (the maximum tested) the O(n loglog n) Tarjan van Wyk algorithm proved
to be slower than the O(n log n) algorithms of Fournier and Montuno or of Garey,
Johnson, et al (Even at 10000 vertices no crossing of the two graphs is in sight). This may
be due to the fact that the "randomly"” generated simple polygons which were used tend to
have few intersections with a horizontal line. If this number of intersections is O(log n) for
an n-vertex polygon then the Fournier and Montuno algorithm would run in O(n log log n)
time (after sorting which is relatively fast). For star-shaped polygons, where the number
of intersections is much larger, the Tarjan and van Wyk algorithm proved to be faster for
polygons in excess of approximately 1500 vertices. Conversely, for y-monotone
polygons, where the number of intersections is constant, the Tarjan and van Wyk algorithm
was at least an order of magnitude slower than either of the other two.

As previously mentioned, algorithms were not optimized to any significant degree, as
we have been primarily interested in relative speeds of algorithms following as closely as
possible their descriptions in the literature. One significant optimization in this case would
be to exploit a floating-point coprocessor, not currently used. This would be most likely
to improve the performance of the Tarjan and van Wyk algorithm, as it performs many
such operations (primarily in computing intersections). Both of the other triangulation
algorithms [FM, GJPT] can avoid floating point arithmetic entirely if given vertices with
integer coordinates, although this was not the case in the tests described here, as all vertices
had floating point coordinates.

&3
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Figure 3: Performance of the point-to-all-vertices shortest path algorithm.

Another interesting point of comparison was between the linear-time algorithm for
sorting Jordan sequences and simpler O(n log n) sorting methods. As might have been
expected, the simpler methods (Quicksort and Heapsort) were much faster than the O(n)
method for all input sizes tested. It is worth mentioning, however, that these simpler
methods could not be immediately used in the Tarjan and van Wyk algorithm, as they do
not produce the upper and lower trees, nor can they provide the required "error correction”.

Generation of Geometric Objects

To perform comparison studies we needed geometric objects with a large number of
points and generated as randomly as possible. In particular, we wanted to compare Jordan
sorting algorithms and triangulation algorithms for simple polygons with many edges.

To obtain timing results for the Jordan sorting algorithm it is necessary to create Jordan
sequences of arbitrary length. The most direct approach is to create a polygon with a large
number of edges, find the intersections of this polygon with some horizontal line, and use
the Jordan sequence which is defined by these intersections. This has two serious
drawbacks. First, it appears difficult to estimate the number of intersections that will be
created. Second, the number of intersections generated for the "random” polygons which
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we used is much smaller than the number of vertices in the polygon. For example, an
8000-vertex polygon might have only 100 intersections with a given line.

Restricted classes of polygons may admit a large number of intersections. For example,
a star-shaped polygon with n vertices can be intersected with a horizontal line so as to
produce a number of intersections which is a significant fraction of n. However, these
intersections occur in sorted order along the line of intersection. This can be exploited by
the sorting algorithm and thus does not provide an interesting test case.

We have designed two algorithms for generating Jordan sequences of arbitrary length

with run-time O(n log n) and O(n o(n)) respectively; the former has already been
implemented and used for our comparison studies.

Several algorithms exist for generating simple polygons with a given number of vertices
[see e.g. [C], [D], [DE], [E], [O'R], [S] ). These algorithms all generate "nice" polygons
as opposed to the "difficult" polygons needed to provide demanding test cases. More
specifically, we are interested in generating polygon which do not possess properties which
can be exploited by the algorithms under consideration. Such properties include in
particular monotonicity and star-shapedness. We have designed and implemented several

algorithms for generating simple polygons which do not seem to show special properties
that these algorithms were able to exploit (see [K]).

SNAPSHOTS OF THE SYSTEM IN OPERATION

The following snapshots illustrate the system in operation and some of the algorithms
available.

r

é Flle Edit Workbench Debug Animation

T et Geometric Object Bro
Polygon

ATUOLIIE | Windows

Conuves Hull... :
Torjan and ven Wyk
»| Fournier and Montuno
»{ Uie Monotone Decompesition

Triangilation ..
Shortest Path...
bisibility Polygen...
Point Location...
Conversion..,

"

C_Ex Yy (C_Seect ) CEBEDEIER® ( kdidPat ) (DaiteObect ) (C Dulete Part_ )

Snapshot 1: Showing some available triangulation algorithms.
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Snapshot 3: Showing linear time visibility algorithms (from triangulation).
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Snapshot 4: Showing the visibility polygon from the specified query point.
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Snapshot 6: A Voronoi diagram created by Fortune's algorithm.
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Snapshot 7: A weighted Voronoi diagram created by Aurenhammer's algorithm.



Snapshot 8: A triangulated polygon, generated by the workbench, and pasted into
Microsoft Word through the MacIntosh clipboard.
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CURRENT STATUS AND FUTURE WORK

The workbench now contains a large number of algorithms and data structures. For the

sake of brevity we list only the most significant below: |
» For convex hulls of point sets and/or simple polygons: the Graham Scan [Gr],
Gift-Wrapping [J] and Melkman [M] algorithms.
« For triangulation of simple polygons: the algorithms of Tarjan and van Wyk
[TvW], Fournier and Montuno [FM], and of Garey, Johnson, Preparata, and
Tarjan {GJPT]
+ For Voronoi diagrams, the algorithms of Fortune [F87] and Aurenhammer [Au]
(weighted)
« For visibility, shortest path calculations the various linear-time algorithms of
Guibas et al [GHLST]
» For window trees and link distances: the algorithms of Suri [Su]
For point location, the chain decomposition method of Preparata [P]
Visibility graph of a set of line segments, using the algorithm of Welzl [W]
Testing a set of line segments for intersections [PS]

Data structures include:

AVL trees

2-3 trees

Finger search trees [TvW, HM]

Splay trees [ST]

Randomized search trees (treaps) [AS]

Segment and range trees [PS]

Growable arrays

Linked lists, either suffix-sharing or circular doubly-linked
Heaps

¢ o o
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We have succeeded in creating what we believe to be a good programming environment
for implementing computational geometry algorithms. The design has been tested through
the implementation of a number of algorithms of different flavours and complexity of
implementation from simple convex hull algorithms to the Tarjan van Wyk triangulation
algorithm.

In this on-going project a variety of algorithms and geometric classes for 2-dimensional
objects have been implemented and are currently being implemented. We have recently
started work on providing a 3-dimensional geometric editor and algorithms.
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