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Abstraét. An algorithm is presented for testing whether the group G generated by a given
set of m permutations of degree n is regular. The algorithm has a worst case time
complexity of O(m2n). Then a probabilistic modification is proposed which is designed to
reduce the execution time in cases where the generating set is redundant. The group
parameters which control the execution time of the modified algorithm are discussed.

1. Introduction

For computational purposes it is attractive to represent finite groups as permutation groups
ona set Q = {1, 2, ..., n}, the group being specified by a set A of m generating
permutations. Of course, by Cayley's theorem, every finite group can be represented in
this way. Such a representation can be very compact since most finite groups require only
a small number of generators and have permutation representations with n considerably
smaller than their order.

Algorithms for computing with the group generated by a given set of permutations have
been studied for many years (see [3] for a survey). Initially the main concerns were with
practical and efficient programs but in recent years the complexity of such algorithms has
been investigated. Some of the algorithms require a strong generating set [7], or a
complete labelled branching [5], and these structures cannot, at present, be computed with
worst case complexity less than n5. On the other hand very much more efficient algorithms
are known for testing transitivity (folk lore dating from the 1960's) and primitivity [1].
Besides these two problems there is one other notable problem which can be solved



without the use of a strong generating set:- the question of whether a permutation group is
regular (recall that a transitive group is said to be regular if its degree and order are equal
or, equivalently, its point stabiliser is the identity subgroup). In lectures given in Oxford in
1973 Sims presented an algorithm for solving this problem whose execution time was
O(m?n) and it eventually appeared in print in [4]. The purpose of this paper is to describe
a new algorithm for the regularity problem whose execution time is similarly bounded
although in actual practice the new algorithm has a slightly superior performance. Both
algorithms therefore deteriorate quadratically as the number of generators for G rises and so
behave poorly for groups described by a redundant set of generators. We shall show how
our algorithm can be modified to largely avoid this degradation in performance. We
discuss the factors which influence the execution time of the modified algorithm and
present results which indicate that its execution time is, in many cases, O(mkn) where k is
the minimal number of generators required by G.

2. The new regularity algorithm

We shall assume that the group G generated by the set A of m given permutations on
{1, 2,....,n} is transitive. This is not a drawback since a transitivity test is very
efficient ( complexity O(mn)). The new algorithm (and the Sims algorithm also) could be
used to test for regularity on each orbit (that is, semi-regularity).

The key ingredient of our algorithm is an efficient implementation of a function that we call
EQUALSTABILISERS(a,e) which decides whether the two stabilisers G and Gg are
equal. To see how this may be done recall that, if {uB | B e Q} is a set of permutations
with the property that oug = B then this set is a set of representatives for the cosets of Gg,
and the set {uﬁguﬁg'1 |Be Q, ge A} is the set of Schreier generators for Go. The

coset representatives and Schreier generatoi‘s may be calculated by the following well
known algorithm.

Input: a set A of permutations on 2 generating a group G, and an element 0 € Q
QOutput: representatives {uB}for the cosets of G, and generators for Gg

I':={a}); A:={(}; ug =1

repeat

choose e T—A
for each ge A do
Y:=Pg
ifye I then



Uy = uBgi I'=Tu{y}
endif
compute the Schreier generator uBguY'1

endfor
A:=Au {B}
untilC = A

The correctness of this algorithm follows from the observation that it keeps invariant the
assertions

1. A8 ¢ T < o for all generators g, and

2. forallye T, Quy =Y

If, to this algorithm, we added the statement
if e(uB guy'l);te then return(false)

immediately after uBguy'l has been calculated it would return with false whenever any
generator of Gy, failed to fix € and could only exit naturally if Go = Ge. So the algorithm
would decide the Gq # G¢ question.

But, as it stands, this procedure would take time on the order of mn2. We can effect a
saving of a factor of n by maintaining an array T with the property that T[B] = eug. For

we have
e(uBguy'l) = ¢ if and only if T[B]g = T[y]

At the point that uy is calculated as ugg we can define T[y] since
Tyl = euy = gugg = T[Blg. The test that T[Blg = T[y] does not require that the set of
coset representatives be calculated at all and we can recast the test that Go, = Gg as

EQUALSTABILISERS(q, €)

Input: a set A of permutations on generating a group G, and elements o, e € Q
Output: true if Go = Gg, false otherwise

I:={a}; A:=(} Tla] :=¢

repeat

choose e T—A
for eachge A do

Y:=Bg



ifye I' then

T[y] := T[Blg’ I=Tu{y}
endif
if T[B]g = T[Y] then return(false)
endfor
A:=AuU {B}
untilT' = A
return(true)

The choosing of B € I'— A can be done in constant time by listing the elements of I in an
array of which A is some initial segment and defining B to be the element of I which
follows the last element of A. Also the test that Y& I' can be done in constant time by
keeping the characteristic vector of the subset I' of Q. Consequently the
EQUALSTABILISERS function takes time O(mn).

Using this function the regularity algorithm is easy to describe:
Algorithm REGULAR
input: a set A of permutations on Q
output: a boolean value (true or false)
for each ge A do
if not EQUALSTABILISERS(a, ag) then return(false)
endfor
return(true)

Lemma 1 If A generates a transitive group G the algorithm REGULAR returns frue if and
only if G is regular. The execution time of the algorithm is O(m?2n).

Proof. The algorithm can return false only if it discovers that Gg#Ggg which certainly
implies that G is not regular. If it returns frue it is because Go=Ggg for all generators g,
and therefore, since G is transitive, Go=Gp for all Be €; it follows that Go=1 and so G is
regular. It is immediate from the execution time of EQUALSTABILISERS that the
execution time is O(m2n) .

We now suppose that m is somewhat larger than the minimal number of generators of G
and that the quadratic dependence on m of the REGULAR algorithm results in
inconveniently long execution times. We therefore seek to reduce the number of times the
EQUALSTABILISERS function is called by modifying the REGULAR algorithm.



The modified algorithm works with equivalence relations on £ and these are most
conveniently represented by their collection of (equivalence) classes. A G-invariant
equivalence relation is, of course, just a block system for G. The equivalence relation of
most interest is the one defined by

o = 1t if and only if G5 = G¢

and we shall denote it by £*. Clearly G is regular if and only if [Z*] = 1 (that is, Z* is the
universal relation with just one class). The algorithm tests regularity by constructing Z*.

Given two equivalence relations on Q we shall say that the second is coarser than the first if

the classes of the first relation are subsets of the classes of the second. Throughout the
algorithm we shall be manipulating a variable £ which represents an equivalence relation.
Initially X is the trivial equivalence relation and it is replaced by coarser and coarser

relations as the algorithm proceeds. It is convenient to denote the class to which a point
6 € Q belongs by Zg.

The modified algorithm is as follows:

Algorithm MODIFIED_REGULAR
input: a set A of permutations on €2
output: a boolean value (true or false)
T:={{0}10e Q}
while 1ZI > 1 do
choose e e Q—2Xy
if EQUALSTABILISERS(q, €) then

CLOSE(q, €)
else
return(false)
endif
endwhile
return(true)

Here the function CLOSE(q, €) transforms X into the least coarse G-invariant equivalence
relation strictly coarser than X in which o and € are equivalent. An implementation of it is
described below.



Lemma 2 The algorithm MODIFIED_REGULAR returns true if and only if G is regular.

Proof. When the algorithm returns false it is because it has discovered that Gg # Ge for
some 0, € and this certainly means that G is not regular. When the algorithm returns frue it
is because T has become the universal equivalence relation. If we can show that,
throughout the algorithm, £ is coarser than X it will follow that T* is universal and hence
that G is regular. Initially, Z* (indeed every equivalence relation) is coarser than 2. When
CLOSE(0, €) modifies Z, the points o and € are equivalent in z* and so ¥ is a G-
invariant equivalence relation coarser than X in which « and € are equivalent. Since
CLOSE constructs the least coarse equivalence relation with this property X* remains
coarser than the new equivalence relation Z.

We now consider the implementation and execution time of the CLOSE(a, €) function. We
shall use a method similar to that given in [2] which in turn was a refinement of the
algorithm of [1].  This method requires two operations, FIND and UNION, to be applied
to the current equivalence relation Z. The operation FIND(0) returns a distinguished point
within Zg; this distinguished point serves as the name of this equivalence class. The
operation UNION(6,0) replaces Z by the coarser equivalence relation obtained by uniting
the classes g and Z¢. The classes of T are represented by rooted trees defined by a
‘father' function f:- f(¢) is the node immediately above ¢ in the set of trees (or ¢ itself if ¢
is a root). This representation allows an efficient implementation of the FIND and UNION
operations. The FIND(¢) operation uses the function f to trace a path from ¢ to the root of
its tree. The UNION(¢,y) operation inserts a branch between the roots of the trees
containing ¢ and  (if these trees are different). The weighting and path compression rules
described in [8] are used. The function CLOSE(«, €) also uses a set C-of tree branches
which are represented as pairs of end points.

CLOSE(o, €)
input: a G-invariant equivalence relation on €2, and two inequivalent points o, €
output: another G-invariant equivalence relatioh on Q

o* := FIND(o); £* := FIND(g)

UNION(a*, €%)

C:= {(a*, ")}

repeat

delete some (,d) from C
for eachge Ado



¢ =178 y=0g
o := FIND(¢); 1 := FIND(y)
if 0 # T then
UNION(o,1)
add (0,0) to C
endif
~endfor
‘until Cis empty
return(X)

Lemma 3 CLOSE(q, €) returns the least coarse G-invariant equivalent relation which
contains all the equivalences of the input relation and in which o and € are also equivalent.

Proof. CLOSE(«, €) manipulates a set of trees using UNION and FIND. Let us suppose,
temporarily, that path compression is not performed in the FIND operations. Then it is
clear that the pairs in the set C all represent tree branches. From the body of the for

statement it follows that, at the end of each iteration of the repeat loop, we have the
following condition:

For every branch (G,7) of the set of trees which represent the current equivalence relation
one of the following holds:

1. (0,1)e C,or
2. og and tg lie in the same tree, for every g € A.

But on termination C is empty and so, for all tree branches (0,1), 6g and 1g lie in the same
tree, for every g € A. Thus the output equivalence relation is indeed G-invariant and,
because of the initial steps in the CLOSE function, a and € are equivalent. It is also clear
that the output equivalence relation is the least coarse equivalence relation with these
properties because the algorithm only joins two classes together when forced to do so to
fulfil the properties. Finally, note that the equivalence relation computed by CLOSE(q, €)
is unaffected by how FIND is implemented so that the assumption above that path
compression is not used can be removed.

Lemma 4 The execution time of the algorithm MODIFIED_REGULAR is bounded above
by O(kmn + mno(n)) where k is the number of times that EQUALSTABILISERS is
called. |



Proof. During all executions of CLOSE(«, €) at most n-1 UNION operations can be
performed because each one decreases the number of classes by 1. Thus a total of at most
n-1 pairs are placed in C and so at most 2(n-1)m FIND operations are performed in all.
Thus, according to the main result of [8], the total time spent in all calls on CLOSE(q, €) is
O(mnou(n)), a(n) being a very slow growing function related to the inverse of Ackerman's
function. The other significant contribution to the execution time is the time spent in the
EQUALSTABILISERS function and, as we have seen, EQUALSTABILISERS takes time
O(mn). '

It is clear that the quantity k defined in the Lemma 4 cannot exceed the number of divisors
of n since each call to CLOSE(«,€) transforms X into a block system whose number of

blocks is a divisor of what it was previously. Moreover a simple modification to the

algorithm along the lines of the initial version ensures that k <m. Rather than choose
each point € arbitrarily from Q — Z¢ we could choose € from among {aglge A}.

This makes very little difference to the performance of the algorithm in practice because it
appears that k is usually very close to the minimal number of elements required to generate
G anyway; therefore no effort is required to ensure k <m. In the next section we attempt
to partially explain this phenomenon.

3. Expected Time Complexity

We concentrate on the case that G is regular since our modified algorithm (and Sims'
algorithm) usually runs considerably faster for non-regular groups.

Let L4(G) denote the number of d-tuples of elements of G which are a generating set for G
and define 7kd(G)=L| (§|(d}) to be the probability that a sequence of d elements chosen at

random generate G. We then have IGid = HZéd(H) an equation which is often useful for
<

determining Ly(H) for small groups H. The probability that a sequence of group elements
X1,X2,....Xd-1,Xd generates G and X1,X2,...,Xd-1 does not generate G is Aa(G)-Ag-1(G);
therefore the expected number of elements of G which have to be generated at random

before a set of generators is found is e(G)= Zd(?»d(G)-?\.d-l(G)).
d=1

Lemma 5 The expected execution time of the algorithm MODIFIED_REGULAR when
applied to a regular group G is O(mn(a(n)+e(G)).



Proof. In a regular group elements gj,....g4 generate G if and only if the smallest block
containing 0.g1,....,0gd is Q. Thus the expected number of elements of €2 that would have
to be generated before the smallest block containing them is Q itself is e(G). In fact the
points € are chosen slightly more carefully since each € is chosen to be outside the block
containing the previously chosen points. Thus the expected number of times that
EQUALSTABILISERS is called is at most ¢(G). The expected execution time is therefore
the sum of the time O(mno(n)) required by the CLOSE operations and the time
O(mn e(G))required by the EQUALSTABILISERS operations.

The quantity e(G) is, of course, very difficult to calculate and so upper estimates of e(G)
need to be found. Let d be any integer. From the random process which generates
X1,X2,... we can define a Bernoulli process in which the independent trials are the
successive blocks of d elements from this sequence, a trial being successful if it generates
G. The expected number of trials required before one is successful is 1/A4(G) and hence
¢(G)<d/A4(G). Kantor and Lubotzky [6] have recently proved that Ax(G) — 1 as IGl — oo
for classical simple groups G. At the opposite extreme one can calculate much more
exactly in p-groups:

Lemma 6 Let G be a p-group with minimal number of generators d. Then,

d
@ 2@ =]J]A-p, and

1=1

k

i.p-d

@ ite0dew® =2 [2E
1=1

Proof. Let ©(G) be the Frattini subgroup of G. Then G/®(G) is an elementary abelian

group of order pd and elements xi,...,xr of G generate G if and only if their images in
G/®(G) generate G/®(G). Thus it is sufficient to prove the lemma for an elementary
abelian group of order pd.

Define it to be the probability that the independently chosen group elements xj,...,.Xr

generate a subgroup of order pS. Then, clearly, jis = 0 if r<s and py = pI. Moreover, if
28,

Hrs = P(l<x1,....xr>l = p$ and I<x1,...,xr-1>l = p%)



+ P(I<x1,....xr>! = p§ and I<x1,...,xr.1>1 = p$-1)
= P(l<xi,....Xr-1>| = pS and X; € <X1,...,Xr-1>)

+ P(l<x1,....xr-1> = pS-1 and x; € <x1,....Xr-1>)
= Hr1,sPYPd + pro1,51(1-pS1/pd)

It may be verified that the solution to this recurrence is

wss = ] J(1-pD, and
i=d-k+1

The lemma follows immediately since Ag+k(G) = Hd+k d.

The formulae in this lemma are rather complicated but there is a handy estimate for Ag,
namely, %l 2 Ag(G) 2 %}% which demonstrates that Ag(G) > 1asp — . The

upper bound follows immediately from the expression for A4 and the lower bound is
because, for all k=0,

k+d oo ) . )
Ak (@ = JJa-pH 2 H(l-p'l) = > -2
i=k+1 i=1 oo oo

1+ Zp(p 1%.2{%)!1
1= 1=

where p(n) is the partition function and we have used its generating function and the
inequality p(n) £ 20-1,

As an example of the numerical effectiveness of the formulae in the lemma we note that, for
a 4-generator p-group with p25, Ag 4(G)>0.99.
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