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Abstract

Efficient methods for the probabilistic assessment of damage from fire spread
and other invasive hazards in segmented structures are developed. The methods
exploit a basic relationship between the fire spread problem and the probability
of reachability in communications networks. A novel efficiently computable
upper bound is developed for reachability and for fire spread probability, using

noncrossing cuts.

1 Invasive Hazards in Segmented Structures

Buildings and other segmented structures are subject to numerous hazards; among
these are invasive hazards such as fire spread and contamination. Typically, buildings
are partitioned into volumes (rooms, corridors, and so on); in addition to structural
and utilitarian reasons, this is done to reduce damage by invasive hazards. A basic
reason for limiting such damage is naturally to prevent damage to the building itself.

However, it is often more important, than merely to protect the building, to keep
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active certain critical functions housed within the building. For example, if the build-
ing houses the control centers for a nuclear reactor, or an air traffic control center,
or an emergency dispatch center, the consequences of damage by an invasive hazard
depend primarily on its interruption to the function performed within the building,
rather than the (coincidental) damage to the structure.

Naturally, if a building houses such an important function, we expect that there
are critical components or subsystems that are replicated in the system to prevent
failure through the loss of one subsystem. In general, we consider a building in which
there s a critical subsystem replicated in a number of different volumes of the building.
The failure of one or more of these subsystems may adversely affect performance, but
typically only the failure of all of the replications of the critical component is deemed
catastrophic.

Our concern in this paper is to estimate the probability with which an invasive
hazard, such as fire, starts in a building and spreads in such a way as to disable all
critical components. An extensive literature exists on the growth of fire within a com-
partment, flashover and spread to other compartments. Stochastic and probabilistic
methods have been widely advocated as supplements, or even as replacements, for the
standard tables used in building codes and insurance; see, for example, [4,5,8, 13, 14].
The stochastic models studied are concerned with fire spread when there is an ac-
tive effort to extinguish the fire, and hence are of necessity time-dependent models.
However, our concern is primarily with the spread of fire in the absence of effective
countermeasures, enabling us to view the fire spread as instantaneous. We establish
that this concern is a very natural complement to a main problem arising in commu-
nication networks: determining the probability that a message can be delivered to all
of its intended recipients in the network. In order to develop this correspondence, we
first describe the problem with invasive hazards more precisely. We use nomencla-
ture for fire spread, but emphasize that the problem concerns invasive hazards more
generally.

A segmented structure is a set of volumes vy,...,¥n and an adjacency relation
between neighbouring volumes; examples are buildings, ships and aeroplanes. The
adjacency relationship is arbitrary, but is typically taken to be the usual geometric
adjacency, such as sharing a wall in a building. Each volume has an ignition frequency,
which is the frequency with which a fire begins in the volume; we use the ignition
probability ip; of volume v; to be the probability that a fire begins within a specified
time period (chosen in such a way that the probability that two independent fires
ignite within the time period is negligible). The ignition probability is taken to be

the probability that a “significant” fire erupts in the volume (insignificant fires are
P y g 8 |



those that a priori have no chance of establishing themselves in the volume.) Once
a significant fire is initiated in a volume, it may or may not become established to
the point where it threatens the barriers of the volume. Each volume v; has a spread
probability p; that a fire entering the volume or igniting there becomes established. An
established fire in a volume renders all critical components in the volume inoperative.
In addition, an established fire may breach the barrier into a neighbouring volume (or
many barriers into neighbouring volumes). For every two neighbouring volumes v;
and v;, the breach probability p;; is the probability that an established fire in volume
v; enters volume v;. It may or may not become established in volume v;. Once a
volume has been breached, the spread probability determines whether or not a fire
becomes established; a subsequent breach of a second barrier into the volume does
not alter this probability. This requirement can be accommodated by a “single fire
entry assumption” that every volume is only entered once; however, in order to avoid
the time-dependency this necessitates, we instead stipulate that, while a volume may
be breached more than oni:e, the spread probability depends only on whether or not
a breach into the volume occurs. Naturally the determination of the probabilities
used in the model is itself a difficult problem; arguably it is more complex to obtain
reasonable breach and spread probabilities than to determine the extent of fire spread
given these probabilities. These probabilities have, however, been studied in some
depth; for spread probabilities, see for example [16], and for breach probabilities see
[9] and references therein.

The building houses k critical components C4,...,C. A volume may contain many
components, and a component may reside in many volumes. One example of impor-
tance is when the “components” are escape routes from the building. A component
is inoperative if any volume in which the component resides has an established fire.

Under the assumption that the ignition, spread and breach probabilities are all
independent, we are interested in the probability that all critical components are
rendered inoperative. In general, we may also ask what the expected number of
operative critical components is, or what the probability that at least ¢ of the k
components remaining operative is.

It appears that the probability that a fire spread damages critical components
depends on the spread of the fire through the structure over time. In particular, to
determine whether or not a fire is established in a volume, we must determine whether
the volume is breached. Nevertheless, we can adopt a static view that is equivalent
in terms of probabilities to the dynamic view of fire spread. A random state of the

structure is obtained by determining:

1. for each volume, whether or not a fire ignites in the volume;



2. for each volume, whether or not a fire becomes established in the volume, given

that a fire enters the volume; and

3. for each barrier, say (z,y), whether or not the fire breaches the barrier given

that a fire is established in volume z.

In determining a random state, each decision can be made independently using the
known ignition, spread and breach probabilities. Hence the probability of a specific
state can be easily computed. It is important to note that, while we assume knowledge
of the conditional probabilities precisely as part of the formulation of the problem,
we do not know with what probability a specific barrier is actually breached, or a
specific volume contains an established fire.

The specific fire spread probability of concern to us is the probability that a
state chosen randomly with the specified probabilities permits a fire to reach all
critical components. In a dynamic view, we “start a fire” and determine with what
probability the fire spreads through portions of the structure; in the static view, we
decide a priori what the outcomes will be if a fire enters a volume, or attempts to
breach a barrier, and then examine what fire spread would actually occur for such
a set of outcomes. While the first mirrors our physical understanding of fire spread
more closely, the second is equivalent and removes the apparent time dependency. In
fact, using this static view, we establish a close connection between fire spread and
reachability in communications networks, a well-studied problem. In order to explore
this connection, our first task is to develop a network representation for segmented

structures.

2 Network Models

A convenient representation for a building or other segmented structure is a directed
network (see, e.g., [3]). The nodes of the network are the volumes {vy, ..., v,}. Between
any two neighbouring volumes v; and vj, there is an arc (vi,v;). Each node v; has an
associated ignition probability ip; and spread probability p;, while each arc (v;,v;) has
an associated breach probability p;;. In general, we do not assume that Pij = Pji, and
hence we treat directed networks. Components Ci, ..., C are associated with subsets
Vi,..., Vi of the network nodes. The network model is far from unique. A physical
volume may be partitioned for convenience into a number of virtual volumes among
which the breach probabilities are unity, changing the network model.

While this network model is a close analogue of the physical structure, the presence

of three kinds of probabilities, and subsets representing the components, is somewhat
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inconvenient. We therefore modify the network model in a number of steps to arrive
at a model whose description is simpler.

First, we introduce a new node w; for each component Cj; w; has ignition prob-
ability zero, and spread probability one. For each v; € Cj, we add an arc (v;,w;)
having breach probability one. To maintain the physical analogy, we are treating
each component C; as a volume that never initiates fires, but develops an established
fire whenever one of the volumes containing the component does.

In the original problem, there are n potential sources of fires, namely the n vol-
umes. We can introduce a single source of fire, that we call f, whose ignition proba-
bility is one (it is always on fire). Then for each volume v;, add an arc (f,v;) whose
breach probability is the ignition probability of v;. All ignition probabilities on the
nodes are eliminated thereafter. If we treat the network as always having an estab-
lished fire at node f, the probability that a fire commences next at node v; is precisely
the original ignition probability of v;, as required.

Next we transform spread probabilities into breach probabilities as well. Split
every node v; into two nodes z; and y;, replacing all arcs of the form (a,v;) by
(a,2;), and all arcs of the form (v;, b) by (, b). Then add an arc (z;,y;) whose breach
probability is the spread probability of node v;, and eliminate all spread probabilities.

The resulting network has only breach probabilities, but it is an easy exercise to
see that the probability of fire spread to a component is the same as in the original
network. Moreover, the original assumption about independence of the probabilities
translates into statistical independence of all breach probabilities in this transformed
network. We henceforth assume that this sequence of network transformations has
been done, and call the resulting network model of the building its structural network.
See Figures 2.1 and 2.2.

In the structural network, we need not distinguish between fires that “enter” a
volume and fires that are “established” in a volume; this distinction rests only on
whether the entering arc to the node represents an original breach probability or an
original spread probability.

Now we turn to fire spread probabilities. A random state S of the structural
network G = (V, A) is a subset § C A. Arcs in A are in four types:

1. ignition arcs (f,z;) carrying original ignition probabilities;
2. spread arcs (z;,y;) carrying original spread probabilities;
3. original arcs (y;,z;) carrying original breach probabilities; and

4. sink arcs (y;,wy) carrying probability 1.



A random state S arises with probability [TcsPa [laca\s(1 — Pa); hence a random
state of the structural network arises with the same probability as the corresponding
random state of the structure. Here, by a random state of the structure, we do not
mean the extent of actual fire spread, but rather the states of each volume with
respect to ignition and spread, and each barrier with respect to whether it will be
breached if a fire is present in the neighbouring volume.

Consider state S C A. If for some critical component w € V, § contains an f, w-
path, a fire will travel from f to w thereby rendering the component at w inoperative.
On the other hand, if S has no f,w-path, no fire can reach w notwithstanding the
fact that S may contain an arc into w. Call a state T-reachable if for every t € T,
the state contains an f,t-path. Then if 7 is the set of all T-reachable states, the fire
spread probability FS(G,T) is Tserp(S).

To recapture the dynamic view of fire spread, we observe that a minimal state that
is T-reachable is a directed tree rooted at f, in which every sink (node with no exiting
arc) is in T; we call such a minimal T-reachable state a T-fire tree. FS(G,T) accounts
precisely for all states of the structural network containing at least one T-fire tree.
Naturally, FS(G,T) can be computed' in a “dynamic” fashion by determining the
probability that fire spread occurs along each of these fire trees; this requires that the
probability of following a particular fire tree be corrected to account for the probability
that other fire trees are not followed. More precisely, if a network has s T-fire trees
Fy,...,F., FS(G,T) is the probability that at least one of these fire trees operates,
which can be expressed by inclusion-exclusion as follows. Let F; be the collection of

all (:) unions of T-fire trees. Then FS(G,T) = Ti_1(—1)! Trex; [aeF Pa-

3 Reachability

This formulation of fire spread probability bears a remarkable resemblance to a well-
studied problem arising in communication networks. A communications network is a
set of nodes representing network sites (communication processors), and a set of arcs
representing undirectional communication links between nodes. A typical operation
is for a processor to initiate a message and to attempt to communicate the message
to a set of intended recipient nodes. Intermediate nodes can be used to forward
messages not intended for them, and all nodes are assumed to be completely reliable.
However, arcs fail randomly; each arc is assumed to operate independently with known
probability. In general, the T-reachability, or s, T-connectedness, for an initiator node
s and recipient nodes in T is the probability that a message originating at s reaches

every node of T when arcs operate independently with the specified probabilities.



An analogy with the fire spread problem is immediate, with message spread
through the network in place of fire spread. The connection is more than superfi-
cial: interpreting the structural network of a building as a communications network,
with breach probabilities as link operation probabilities, critical components as mes-
sage recipients, and the source f of fire as the initiator of the message, the fire spread
probability is precisely the T-reachability.

Although we have established a direct correspondence between the two problems,
some important differences remain. In a communications network, our primary ob-
Jective in design is to mazimize the probability that a message reaches its recipients,
while in structural design our objective is to minimize the potential disruption by
fire damage; hence communication networks typically have probabilities close to one
for link operation probabilities, while any stable structure should have breach prob-
abilities as near zero as possible. Similarly, in network analysis, for communications
networks we are concerned with establishing strong lower bounds on the reachabil-
ity in order to ensure adequate performance; for structural networks, we are instead
concerned with establishing strong upper bounds, to ensure acceptably low risk of
disruption via fire damage. For these reasons, although reachability in communica-
tions networks has been studied extensively, the fire spread problem poses different
concerns.

Using results for s, T-connectedness as a prototype, we develop a practical method
for assessing risk from fire spread. We refer the interested reader to [6] for a detailed
survey on the s,T-connectedness problem, but recall the most relevant results as
needed.

We first establish that the fire spread problem is computationally difficult. Let
G = (V,E) be an undirected network in which each edge e € E has the same prob-
ability p of being operational. K C V is a set of target nodes that are required to
participate in the communication. The (k-terminal) reliability Rel(G, K ;p) is the
probability that, when each edge operates independently with probability p, there
exist paths of operating edges between every two nodes of G. Provan [12] established
that computing Rel(G, K;p) is #P-complete even if G is planar and K| = 2 (see
[7] for undefined terms in computational complexity). Vertigan [17] established that
computing Rel(G, K;p) is #P-complete even if G is planar and K = V. We describe
a simple transformation from the k-terminal reliability problem to the fire spread
problem. First, we form a structure whose volumes correspond to the nodes of G,
with two volumes of the structure adjacent if and only if the corresponding nodes
are adjacent in G. Such a structure can always be constructed for a planar graph
G by taking the volumes of the structure to be the faces of the planar dual of G; in



fact, the structure so produced is a single storey structure, although admittedly its
volumes may have irregular shapes and sizes!

In any undirected network with target nodes in K, the k-terminal reliability is
identical to the probability that for any one node w € K, there exist operating paths
from w to each other node in K; that is, reliability for K and reachability for w to
K \ {w} are the same. In addition, the replacement of an undirected edge {z,y}
having probability p by two arcs (z,y) and (y,z) each having probability p leaves
the reachability unchanged [6, 11], and hence we replace each edge by two arcs in
antiparallel.

Now we determine probabilities to assign to the structure corresponding to the
dual of G. We assign all spread probabilities to be 1 (since nodes do not fail). We
assign all breach probabilities to be p. Every barrier {v;i,v;} corresponds to an edge
of G; the breach probabilities p;; = pji = p correspond to a pair of arcs in antiparallel
that is equivalent to the undirected edge. Next choose any s € K to serve as a “root”;
assign it ignition probability one; assign all other nodes ignition probability zero.
Finally, place a critical component at each of the nodes of K, except possibly s (the
presence of a critical component at s is irrelevant in terms of fire spread probability).
The probability of reachability from s to K \ {s} is the fire spread probability in the
structure; it is precisely Rel(G, K;p).

Hence we have proved:

Lemma 3.1 Computing fire spread probability is #P-complete for single storey struc-
tures with a single fire source, all breach probabilities equal, and all spread probabilities
. unity, even if there is only one critical component, or if every volume contains a crit-
ical component. O

One might hope that the problem is easier if all breach probabilities are unity.
However, AboElFotoh and Colbourn [1] established that when every node has oper-
ation probability p, and every edge is perfectly reliable, determining the probability
that a planar graph G contains an s,¢-path for fixed nodes s and £ is #P-complete.
By a transformation similar to the above, we obtain:

Lemma 3.2 Computing fire spread probability is #P-complete for single storey struc-
tures with a single fire source, a single critical component, all spread probabilities

equal, and all breach probabilities unity. O

These two lemmas establish that any exact algorithm to compute fire spread prob-
abilities apparently requires an amount of time that is exponential in the size of the
structure. In fact, they say something much stronger: that even under severe con-

straints on the type of structure, and selection of probabilities, the problem remains
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just as difficult (up to a polynomial). While these complexity results are essentially
negative, they indicate that in order to analyze fire spread efficiently (in polynomial
time), we must resort to approximations or bounds.

In view of our assumption that the components are critical in nature, the most
useful information is a reasonably tight upper bound; although lower bounds and
Monte Carlo estimates may provide valuable information about the fire spread prob-
ability, we are most concerned with getting conservative assurance about fire safety

with a modest investment of computational resources.

4 An Efficiently Computable Upper Bound

A good first approximation yielding an upper bound for fire spread probability is
obtained by examining the first term in the inclusion-exclusion formula. If breach
probabilities are near zero as expected, the probability of obtaining the union of two
T-fire trees is small compared to the probability of obtaining any one T-fire tree.
Hence we expect that if one enumerates all T-fire trees, computes the probability
of each, and sums the probabilities ignoring the overcounting, one obtains a useful
upper bound. For small buildings (say 25 volumes), this is quite feasible. However,
the number of T'-fire trees grows exponentially with the number of volumes; in fact,
simply counting the T-fire trees is a #P-complete problem (by an easy transformation
from counting Steiner trees in an undirected network), and hence is computationally
equivalent to computing fire spread probability ezactly.

One might instead attempt to enumerate the T-fire trees that are the most likely to
support fire spread to the critical components, but again we encounter an apparently
intractable problem: determining the probability of the single most likely T-fire tree
is an NP-hard problem, since it includes the problem of finding a minimum Steiner
tree in an undirected planar graph, which is NP-hard [7].

If we are to obtain bounds efficiently, these complexity results apparently close
off the avenues using T-fire trees. Naturally, we could go on to list many possible
approaches that are stopped by the same obstacle of requiring the solution to an
NP-hard problem; see, for example, [6]. Instead, we focus on an efficient approach

that appears to provide bounds of practical value for the fire spread application.

4.1 Noncrossing Cuts

The s,T-connectedness is precisely the probability that no s,t-cutset is failed for
every t € T. Our strategy is to consider a subset of the cutsets, and to compute

ezactly the probability that no cutset in the chosen subset is failed; this is evidently
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an upper bound on the s, T-connectedness. We denote an s, T-cutset as a partition
(A, B) of the vertex set V, having s € Aand TN B # 0.

Two cutsets (A, B) and (4, B') are noncrossing if at least one of AnA', AnNB', BN
A' or BN B' is empty; otherwise they are crossing. Lomonosov [10] and Shantikumar
[15] have used noncrossing cuts to bound reliability in undirected networks when
K =V and |K| = 2, respectively. Here we use noncrossing cuts for the most general
case, s, T-connectedness; our method encompasses that of Shantikumar when there is
a single critical component, and improves on that of Lomonosov when every volume
houses a critical component. Most importantly, it has no direct dependence on the
number of terminals, or critical components. ‘

First, we find a maximal set of noncrossing cuts for the directed graph G = (V, A)
as follows. Assign each arc a capacity —In(1 — p,). Find a minimum capacity cut
(A, B) with s € A, BN\T # 0. Place this cut in the collection. Now form two directed
graphs G4 and Gp as follows. To obtain G4, identify all nodes of A with s; to obtain
G, identify all nodes of B with any one of the terminals t in B. We call a cut of G4
(Gp) nontrivial if it has not already been selected at a previous iteration in forming
the current graph. Every cut of G is either a nontrivial cut of G4, a nontrivial cut of
Gp, a cut already selected such as the cut (4, B), or a cut that crosses (A, B). Then
recursively find a nontrivial cut of G4 and of Gp, each of minimum capacity; repeat
the process as long as the reduced graphs have nontrivial cuts. This greedy method
yields a set of |[V| — 1+ |T'| — 1 pairwise noncrossing cuts (this is easily proved by
induction on |V] and |T'|). Since minimum capacity cutsets are chosen at each stage,
typically very failure prone cuts are chosen. It is not as obvious how to prevent the
algorithm from selecting the same cutset twice. We employ a simple heuristic. When
a cutset is found, and new graphs G4 and Gp are formed, one of the arcs of the cutset
is contracted in both G4 and Gp, making it impossible to find the cutset at a later
stage. The contraction of this sacrifice edge results in the absorption of a node. If
the node so absorbed is an active terminal, we obtain an additional cutset by taking
all arcs entering the active terminal being absorbed, as one of the noncrossing cuts.
This absorption occurs exactly |T| — 1 times during the course of the algorithm.

Now consider a set C of £ pairwise noncrossing cuts (A4;, By), ..., (A¢, Br). Form a
directed graph H on £ + 1 vertices co, ..., ¢s; associate with co the “cutset” partition
(Ao, Bo) = (8, V). Place an arc labelled (4;, B;) from ¢; to c; whenever B; C B;, and
there is no cut (A, Bx) with B; C B, C Bi. It is easy to verify that H is a directed
tree, whose unique source is the cutset (,V). Each sink (leaf) of H represents a
cutset (V \ {t},{t}) for some t € T. Of significance here is the fact that each arc
of the directed tree is associated with one of £ the noncrossing cuts of G. If all arcs
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in one of these cutsets fail, the root of the tree disconnects from at least one of the
leaves.

An arc a of G may lie in many of the cutsets of C. For each arc a, let H(a) be
the subgraph of H induced by the arcs of H whose corresponding cutsets contain a.
We claim that H(a) is a directed path in H. To see this, consider a = (z,y) and
find the smallest B; containing y. Arc a appears in the cut (A;, B;) whenever y € B;
and z € A;. Now every cut with y € B, is a predecessor of (Ai, B;) in the directed
tree H, and hence H(a) is a subgraph of the directed path from the source of H to
(A:, B;). Now on this path find the smallest A, containing . On the directed path
from (A, Bi) to (A;, B;), every cut contains z on the same shore as s, and contains
y on the opposite shore.

Hence H(a) is a directed path.

Computing the probability that no cut of C is failed is therefore equivalent to
the following problem. Let H = (V, E) be a directed tree rooted at r having leaves
V1,-., V7). Let A be a set of directed subpaths of H; each a € A operates inde-
pendently with probability p,. What is the probability that the operating subpaths
permit connections from r to each leaf of H? (When a subpath a € A operates, all
nodes on it are reachable from the first node on it.)

H together with the directed paths in A is a directed path model. Our task in
obtaining an upper bound is now reduced to computing the probability of reaching
all leaves in a directed path model. When H is itself a directed path, this problem
can be reduced to computing reliability with imperfect nodes and perfect links on
interval graphs [2]; here we generalize to the case when H is arbitrary.

4.2 Directed Path Models

Given a directed path model (H, .A), we compute the probability of reaching all leaves
by a dynamic programming method. We repeatedly treat one arc at a time, pruning
the tree H when all arcs ending at a vertex of H have been treated. In the pruning,
we amalgamate terminals when their common subtree has been completely pruned
off. An active terminal is either one of the leaves of the tree H , or (during the course
of the algorithm) a subset of terminals in a common subtree that has been pruned.
In the dynamic program, for every vertex v of H , and for every active terminal
¢, we maintain the probability Pr(v,t) that using the directed paths a € A already
processed, the closest node to the root that can reach the active terminal t, not using
paths to other active terminals, is v. Recall that ¢ may represent many original leaves;
if so, the probability maintained is that all leaves represented by the active terminal

can be reached.
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Initially, for every leaf v;, we set Pr(v;,v;) = 1; we set Pr(v,v;) = 0 for all vertices
v and all leaves v; provided v # v;. We associate with every vertex v of H a set T, of
active terminals for v; initially this is the set of all leaves in the subtree rooted at v
in H.

In updating these measures, our strategy is to choose a leaf of the current (pruned)
tree H, merge all active terminals at the leaf to form a single active terminal, process
all directed paths in A that terminate at the leaf, and finally to delete the leaf.

If there is a leaf v with two (or more) active terminals t,t', we merge the two
terminals t and ¢’ as follows. Let r = vg, 1, ...,V¢—1,v¢ = v be the unique root to leaf
path. Let p; = Pr(v;,t) and p'; = Pr(v;,t'). Observe that if v; is the vertex closest to
the root that can reach the active terminal ¢, v; is the first vertex that can reach both
t and #’ provided no vertex v;, j < ¢, can reach t' and that some vertex vy, ¢ < k<,
can reach active terminal ¢/. Therefore we replace ¢t and t’ by a single active terminal
u with Pr(vi,u) = pip'; + pi Ei=i+1 PatP Ei=i+1 Pz-

Once every leaf has a unique active terminal, we examine all directed paths ter-
minating at a specified leaf v having active terminal t. Consider a directed path
Vi, ...,U¢ = v having probability p,. If the directed path operates, v; becomes the
earliest vertex that can reach active terminal ¢ provided some vertex on the directed
path can already reach t. On the other hand, if the directed path fails, the ear-
liest vertex that can reach t remains unchanged. Hence we update measures by
setting Pr(vi,t) = Pa Lto; Pr(vzyt) + (1 — pa)Pr(vi,t), and for i +1 < = < ¢,
Pr(vg,t) = (1 — pa)Pr(vz,t). Once measures are updated in this way, remove the
directed path.

Once all directed paths ending at a specified leaf are processed and removed, delete
the leaf from H.

When H is reduced to a single vertex, there remains only one active terminal; the
probability that this active terminal can be reached is precisely the probability that

all leaves of the original directed tree can be reached.

4.3 Correctness and Timing

The dynamic program maintains O(n?) measures (n = |V|). It performs |T| -1
amalgamations, each requiring at most O(n?) time, and processes |A| directed paths,
each requiring O(n) time. In computing the probability that none of a maximal set
of cuts is failed, we have |A| = |A| = O(n?), and hence the total time required in
the dynamic program is O(n®). It is important to note that while O(n?) paths are
processed, and O(n?) measures are maintained, only O(n) measures are updated for

each path.
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Correctness of the algorithm is easily verified by checking that the rules for merg-
ing active terminals and processing directed paths update the probabilities Pr(v,t)
correctly.

The application of the upper bound developed here in the fire spread problem is -
immediate. Most importantly, the technique developed supports arbitrary probabili-
ties, and exploits the presence of failure-prone cuts. It also treats the multiterminal
aspect of the problem, improving on the (obvious) upper bound obtained by bounding
the probability of reaching a single terminal.

5 An Example

In the following figures, we illustrate the application of the cutset selection algorithm
and the reduction of the cut tree directed path model using the dynmaic programming
approach of section 4.2. Consider the simple graph of Figure 5.1. Node 1 is selected

Qﬁ—\;‘;—ra\\%

| QK %ﬂ

as a source, and nodes 4 and 7 as targets; edge operation probabilities are as shown in
Figure 5.2. The resulting graph is an instance of the k-terminal reliability problem;
we are to compute the probability that the source node S can reach both target
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nodes marked T, when edges operate? randomly with the stated probabilities. The

e

Figure 5.2

1

@

computation tree of Figure 5.3 shows the generation of consecutive noncrossing cuts.
A minimum capacity cut is found; then the shore of the cut containing the source is
collapsed to form a new graph, and the opposite shore is collapsed to form a second
new graph. In each, cuts are then found recursively. Each node of the computation
tree indicates the cutset edges selected by darkened edges in the graph icon. Left
branches of the tree occur when the shore containing the shore is collapsed, and right
branches when the opposite shore is collapsed.

In order to prevent the same edge from being selected a number of times, one
of the arcs of a selected cutset is contracted — this ensures that the cut cannot be
selected again. The edge labels show the cutset edge that is “sacrificed” in this way.
In the event that the contraction of the sacrifice edge results in the absorption of a
target node (or a collapsed node containing a target node), the set of arcs entering

the node is taken as one of the cuts. This occurs [T'| — 1 times during the course of
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the computation.

Q/Q
R

- N
3\Q Q

l

Figure 5.3 :};

Figure 5.4 illustrates the resulting cut tree, and the directed paths of the di-
rected path model. The tree shows that consecutive cutsets arranged as a cut tree,
as described in section 4.1. (To be consistent with section 4.1, the cutset is actually
associated with the arc of the tree terminating at the node containing the cutset.)
Figure 5.4 also shows the directed paths resulting when a particular cutset arc op-
erates. The directed paths are labelled d;, where 7 is the arc label from the original
graph in Figure 5.1. An upper bound on the k-terminal reliability is the probability
that the root of the tree can reach all of its leaves via the directed paths, with each
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path operating with the specified probability.

ds d4

dt d?

( 2
)

C dé
d2 Q
<L

Figure 5.4

In Figure 5 (a)-(h), the dynamic programming reduction of the directed path
model is shown. At each stage, all active terminals at a leaf are amalgamated, all
directed paths terminating at the leaf are processed, and then the leaf is deleted. The
process terminates when the tree consists of a single node. In the figures, the label of
a node in the computation tree is the probability that the node is the closest node to
the root that can reach the targets in its subtree. When two probabilities are stated,
they give the probability of reaching the two targets separately, with the first being
for the leftmost target in Figure 4, and the second for the rightmost target.

Figure 5(a) shows the initialization of this process. Target nodes commence with
a probability of 1, and all other nodes with probabilities of 0. Figure 5(b) shows
the effect of processing directed path d; with operation probability .3. The node of
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d7 closest to the root now has probability .3 of reaching this target. Continuing the
reductions as shown in Figure 5 (c)-(h) yields a result of .00462.
The actual k-terminal reliability is .0010 (to four places) for this simple example.

6 Concluding Remarks

The fire spread problem is a natural analogue of the connectedness problem in com-
munications networks, and hence it comes as no surprise that methods applicable to
one are also applicable to the other. However, fire spread assessment-concerns a more
detailed model than is often used for communications networks, and the range of
link probabilities is less constrained. Nevertheless, using ideas from bounds obtained
from noncrossing cuts, and a dynamic programming strategy, we have given an easily
implementable O(n®) algorithm for computing an upper bound on the fire spread
probability of a structure with n volumes.

We remark that the bound developed here, when applied to an undirected network
in which every vertex is a terminal, improves on Lomonosov’s upper bound [10], which
is competitive with the best available efficiently computable bounds on all-terminal
reliability [6].

In closing, it is important to reiterate that using the correspondence developed
here with network reliability models, one accounts for fire spread in the absence of
effective countermeasures. A truer model of fire spread must account for the agents

attempting to control and extinguish the fire.
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