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Abstract

We consider enumeration problems relating to Dirichlet’s theorem on the
probability that two integers, taken at random, are relatively prime. We
study weighted versions of the asymptotic number of lattice points inside
a domain A which are visible from the origin. This leads to a uniform
approach in the study of the asymptotic behavior of several problems
in combinatorial and computational geometry like, the number of lines
traversing at least k vertices of a cube or simplex, as well as the number
of incidencies between a set of points and lines and the complexity of the
edge visibility region.
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1 Introduction

An old theorem of G. Lejeune Dirichlet dating back to the year 1849 states that
the probability that two integers, taken at random, are relatively prime is 6/n>
[12, page 324], [10, page 269). This theorem is also known in an equivalent
geometric formulation: the probability that a vertex of the infinite lattice (of
pairs of integers) is visible from the origin is 6/ x2. This equivalence is merely
due to the simple observation that in the integer lattice, a vertex P = (z,y)
is visible from the origin (i.e. the line segment joinning P and (0, 0) meets no
lattice points other than P and (0,0)) if and only if ged(z,y) = 1 (here we
assume that the obstacles are the vertices of the integer lattice).

Dirichlet’s theorem admits several interesting generalizations. One of them
concerns the probability that two integer square matrices, chosen at random,
have relatively prime determinants [9]. Another one concerns the probability
that a vertex P is visible from each of the points of a fixed subset S of the lat-
tice. This problem was considered by several researchers. The most important
contributions are those of Rearick [18] who solved the case where the points of
S are pairwise visible and Rumsey who solved the most general case of arbi-
trary sets S [19]. A nontrivial application of Rumsey’s theorem is in the study
of the camera placement problem, which is concerned with the placement of a
fixed number of (point) cameras on an integer lattice in order to maximize their
visibility [13]. For more related problems the reader should consult [1] and [7].

1.1 Results of the Paper

This paper is concerned with a more geometric formulation of Dirichlet’s theo-
rem: if A is a bounded region in the plane and if G(A) is the set of points of A
with integer coefficients which are visible from the origin then

IG(A)] ~ % area(A)

as A grows by homothety to the entire plane [10, page 409]. Our subsequent
analysis of several geometric problems requires the asymptotic evaluation of
multidimensional versions of sums of the form

> f(P)

PEG(A)

as a function of f, a Sy where f is a real function which is either monotone
or Lipschitzian. Intuitively one can think of f as a function measuring (for
an observer sitting at the origin) the visibility of a point P, while the sum
> PeG(A) f(P) quantifies the total visibility from the origin.

We give a “weighted version” of Dirichlet’s theorem and use it in order
to give a unified approach to the study of the asymptotic behavior of several



enumeration problems in combinatorial and computational geometry. These
problems are

1. the number of lines passing through at least k vertices of the cube C¢ =
{(z1,...,24) € N* | 0 < z; < n}, simplex §¢ = {(z1,...,2z4) € N9 |
Yizi<n } and more generally of the cartesian product of such simplexes,

2. the maximal number of incidencies between a set of points and lines (of a
given size) in the plane [22],[6, chapitre 6],

3. the complexity of the plane region illuminated by a segment in the presence
of other segments [16, pages 219-223].

We show how to calculate asymptotically optimal bounds for the first problem
and constants of known lower bounds for the other two. A slightly modified
version of the first problem allows us to calculate the average asymptotic length
as well as the moments of higher order of a maximal segment in the cube CJ.
For other similar applications consult [20, 8], as well as problem E 3217 [1987,
549; 1989, 64] in the problem section of the “American Mathematical Monthly”.

2 General Results

Let A be a convex compact subset of R? (d > 2) and let f be a real func-
tion defined on A. Let G(A) be the set of points P = (z1,...,24) € A
with integer coordinates which are visible from the origin, i.e. ged(P) :=
ged(zy, ..., 24) = 1. The following two theorems give an asymptotic estimate of
the sum Y PEG(B) f(P) when f is either monotone (i.e. either non-decreasing
or non-increasing with respect to all the variables of f simultaneously) or Lip-
schitzian, respectively. Recall that ((d) denotes the Riemann zeta function

21121 n=d.

THEOREM 1 Let A be a conver compact subset of R® of diameter § and let f
be a monotone real positive function defined on A. Then

1 _ blogé ifd=2
Z f(P)—Z(Tl) /Af _O(maxf{ 591 otherwise )

PeG(A)

THEOREM 2 Let A be a conver compact subset of R? of diameter § and let f

be a real positive function defined on A and satisfying the Lipschitz condition
|f(z) = f(y)| < Alz —y|, for some constant A > 0. Then

> f(P)—E(-lcT)/Af = 0((5A+maxf){§}‘_’%5 ifd=2 )

otherwise
PeG(A)




Figure 1: Nustrating the proof of the lemma

We begin with a lemma.

LEMMA 3 Under the hypothesis of theorem 1 we have

/Af— S f(P)

PeA,

= 064! max f)

where Ay is the set of points of A that have integer coefficients.

Proof of the lemma. First it will be necessary to extend f on IR? by pre-
serving its monotonicity. Without loss of generality we may assume that the
function f is non-decreasing. Then we extend f on R? by setting f(z) :=
inf { f(y) | y € A,z < y} with the convention that inf @ = sup, f (by abuse of
notation we use the same symbol for the function f and its extension). It is
then easy to verify that the extension is still positive, non-decreasing, upper
semi-continuous and its supremum does not change, i.e. suprs f = supy f-

The proof that follows generalizes the principle result of Nosarzewska [15].
Let S be the cube with vertices the 2¢ points (z1, ..., z4) where z; € {0,1}. For
each point Plet P+ S ={PxQ|Q € S} and define S} (respectively, Sp)
to be the cube P + S (respectively, P — S). Let A be the set of points whose
distance from the boundary of A is < V/d, i.e. A = { P | d(P,dA) < Vd} and
let At = AUA and A~ = A\ A. It is obvious that A~ C A C A* and
At\A™ C A. Moreover the reader can easily verify that

U Stcatand | Sp24-.
Pea; Pea,



Since the function f is non-decreasing

f(P)= min f(Q) = max f(Q)
QeSy QeSg

€

from which we can deduce the following inequalities
GRS e | <[.s
S ey Yy " . f<f . f

PGAI . P€A1
fz2/ f
5p a-

Y £(P) 2 Z/S;fz/

PeA; PeA,

Peay

Peay

By combining these last two inequalities we obtain

/Af—Zf(P)s/Mf—/A_fs/Kf.

Ped,
/ f < area(A) max f < area(A) max f.
a a a

Moreover we have!

We now show that area(A) = O(6%~!). In fact since A is convex the area of
A is less than 2 times the area of A\ A. According to the formula of Steiner-
Minkowski [3, page 141] or [2, théoréme 12.10.6], we can write the area of this
last set in the following form

d .
area(A\ A) = ZE,-(A) d3

where the functions £;(.) have the property of being bounded on the set of convex
subsets of the unit ball and satisfy the following identities £;(kA) = k9 £;(A).
It follows, under the non-restrictive hypothesis 0 € A, that

d
- —~i 1 s -
area(A\ A) = ;_1: &4 ti(z4)d? = o(8* 1),
which completes the proof of our lemma. ®

Proof of theorem 1. Let A; be the set of points of A with integer coor-
dinates all divisible by k. We observe that

G(A) =\ | 4,

PEP

1For the sake of simplicity we write area{E) for the d-dimensional Lebesgue measure of the
set E C R



where P is the set of prime numbers. Using a standard sieve argument (see for
example [14]) we can write

S fPY=Y_uk) Y f(P)

PEG(A) E>1 PeA,

where p is the Mobius function. We now use the lemma in order to estimate
the sum Y pc,, f(P). Consider the homothety hi(P) = kP. It follows from
the equality Ag = k(+A N Z9) that

Y fP)= Y Fom(P).

PeAy Peranze

Therefore by applying the lemma we obtain

Z fohp(P)— / foh| = ((%)d“kl rrkluzxf o hk) .

JE AnZ
maxfollk—max’,/ 'ohk—""l/ ’.
.,‘-IA A IA k A

Simple calculations show that

By summing on k it follows that

Y qp-y e [ 1

PeG(A) E<6

0 (Z(%)“ mAaXf)
k<s

which we simplify to
u(k) 6log6 ifd=2
PE};‘(‘A) (P) - kz<:6 A otherwise

Using the well-known identities

pk) 1
2 =

k21

E plk)| _

k>6

o)

(see for example [12, exercise 10, section 4.5.2]) and the fact that area(A) =
0(6%), the proof of the theorem can be completed without difficulty. »

To give the proof of theorem 2 it will be necessary to prove a second lemma
similar to lemma 3.




LEMMA 4 Under the hypothesis of theorem 2 we have that

IREDIEL

Pea,

=0 (61 (46 + max f)),

where Ay is the set of points of A with integer coordinates.

Proof of the lemma. We extend f on IR? by preserving the Lipschitz con-
dition. By the compactness of A for each z € IR? there exists a point z* € A
such that
z —z*| = min|z - y|. 1
jo = 2| = minlz - ] )

Using the convexity of A it can be shown that for each z the point z* € A,
defined as above, is unique (indeed, if both z*, 2] € A satisfied (1) then so
would tz* + (1 —t)z}, for all 0 < ¢ < 1) and the mappingz € R — z* € A is
non-increasing on distances (i.e. |¢*—y*| < |z —y], for all z, y). This guarantees
that the function f(z) := f(z*) (by abuse of notation we use the same symbol
for the function f and its extension) is well defined for z € IR? and satisfies the
same Lipschitz condition.

We use the notations introduced during the course of the proof of the first
lemma. For each point P let Sp be the unit cube with center P and put
A’ =pea, Sp. We see easily that (A\ A)U(A'\ A) C A. It follows that

IRE RN E:

Due to the Lipshitzian character of f we can write
> #e)- [ os S lm- [ g
Pea, af Pea, Se
Combining these last two inequalities we obtain

Zf(P)—/ 5/3_f+AEl.

Pea, a Peo,

<A L

Pea,

f

Now we use the first lemma in order to write
_ d—1 - d
_/Kf_O(mfxfé ) and P:l;l_O(&)

which allows to complete the proof of the lemma. B

Proof of theorem 2. The proof is similar to that of theorem 1. We need
only mention that if the function f satisfies the Lipschitz condition with constant



A then the function f o h; satisfies the Lipschitz condition with constant k A.
B
Remark. In the two dimensional case d = 2 the convexity condition on the
domain A is__ not necessary. In fact it is possible to obtain an upper bound on
the area of A under the hypothesis that the boundary of A is rectifiable. Let
£(A) be its length. Partition 8A in r arcs A;,..., Ay, the first » — 1 having
length V2 and the last A, having length < V2. Then we have
£(4)
r<[(A)/V+1< ==+ 1.
<AV +1< 7
On the other hand since OA is contained in the union of r discs each of radius
< +/2, the domain A is contained in the union of r discs each of radius < 2V/2.
Consequently
— 8
area(A) < 87r < —£(A)+ 8.
(A) < <% (a)
Hence the proof of the first lemma is valid in this case as well.
We use our theorems on relatively complicated functions f. Here we only

mention the case where the function f is a monomial and the summation is over
the cube {(z1,...,24) |0 < z; <1 = 1,...,d}.

THEOREM 5 For fized d we have

. 1 nax+1 nad+1

ay d
E z LTy .
1 d . .
0<%y ,...,2q8En C(d) ai + 1 ad + 1
ged(xy,...s Tg)=1

asymptotically in n. ]

In particular, if the a;’s are equal to zero we get the d-dimensional version of
the previously mentioned theorem of Dirichlet.

3 Applications
In this section we give applications of our main theorems to the calculation of

the number of lines traversing vertices of domains, and analyze the incidence
and illumination problems.

3.1 Calculating the Number of Lines

As a first application of theorem 1 we give an asymptotic evaluation of the
number of lines traversing at least k + 1 points of the cube

C8 = {(x,...,24) € N* |0 < &; < m},



Figure 2: Examples of products of simplexes.

of the simplex

d
S& ={(z1,...,2) E N |0 <Dz < m}

i=1

and more generally of a cartesian product of such simplexes. We formalize this
as follows. Let J be a partition of {1,...,d} and let n = (n;)je s be a function
of J into Z. Put

'D(n):{(zl,...,zd)ewd|0_<_Z.’B,‘<n1, VIEJ}.

i€l
For example,

D({{i} | i € d} — m) is the cube C¥,, while
D({{1,...,d}} — m) is the simplex S¥,.

In general D(n) is the cartesian product of |J| simplexes of dimension |I| and
size n; for I € J,
D(n) = [] SIA.

Ieg

Let é6(n, k) be the number of lines with positive slope passing through at least
k + 1 points of the domain D(n). The following theorem gives an asymptotic
evaluation of the function §(n, k).

THEOREM 6 Let J be a partition of {1,...,d} and letn = (ns)1es be a function
of J into Z. The number §(n, k) of lines with positive slope traversing at least
k + 1 points of the domain D(n) ts given by the formula

e n2Ml {1 1 } L logltl ifd=2
6(n, k) = 0 E @D Lk~ (k+1)d +0 M;: otherwise

where |n| = maxyny.



Figure 3: Lines with slope (1,1) passing through at least 5 points of a cube.

Proof. Let p = (p1,...,pd) € IN? be a positive slope, i.e. a d-tuple of positive
integers such that ged(py,...,pd) = 1. We denote gi(p,n) the cardinal of the
set, denoted G(p,n), of the lines with positive slope p each traversing at least
k + 1 points of the domain D(n). By partitioning the set of lines according to
the value of their slope the following equality is obtained

s(n k)= Y. a(pn), (2)
ged(p)=1

which immediately indicates a possible application of the general theorems in the
previous paragraph. We show that g (p,n) is a polynomial in the coordinates
p1,...,pa of p. The proof is divided into two lemmas.

LEMMA 7 gi(p,n) = [D(n — kp)| — [D(n — (k + 1)p)l, where (n — kp)r =
nr—k 3 ierpi-

Proof. The mapping which associates to each line of Gi(p, n) the unique point
a such that

a,a+p,a+2p,...,a+kpeD(n)anda+(k+ 1)p ¢ D(n)
is a bijection of G(p,n) on the set E of points a of the domain D(n) such that
a+kpeD(n)and a+ (k+1)p & D(n).

Let E; be the set of points a of the domain D(n) such that a+ip € D(n). Since
E; = D(n —ip) and Eiy1 C E; we obtain gk(p,n) = |Ex| = |Ek+1], which gives
the desired expression. [
LEMMA 8

-1

o) =] ‘—}T I] (o +9)
i=0

leg

10



Proof. Since the set D(n) is a cartesian product of simplexes, it suffices to
show the result for a simplex. Let a(d, m) be the cardinal of the set of d-tuples
of positive integers (z1,...,24) such that 0 < 3, z; < m. Using, for example,
the recurrence relations

m

a(l,m)=m, and a{d+ 1,m) = Za(d, i)

=0

it is easily shown that
d-1 .
a(d,n) = Lizo (" +8)
d!

Now we are in a position to give the expression for gi(p, n); the two preceding
lemmas show that

LA , M=
It

ge(p,n) = T H ("I—kZPj+i)+—H L H (nl—(k+1)2pj+i)+,
" i=0 Ies i=0

Ieg JEI jerI

where t* is equal to ¢t if t > 0 and 0 otherwise. In particular, gi(p,n) is
zero if for a certain I, ny < kY ;p;j. We apply theorem 2 with the function
p € RY — gx(p,n) € Ry on the convex domain D(%). Recall that this domain
is defined by the system of inequalities

ZPJ'S%

jel

and note that its diameter is !—'%l In the following lemma we compute precisely

the maxima of the functions p — gx(p,n) and p — & ’:,,p'_'" .
LEMMA 9
maxgi(p,) = OGI) ®)
pEIR? k+1
max 220 O(jaf?t). (@
Proof. Introduce the function f(¢1,...,ts) which is defined by
d d

f(tl,...,td) = H(l — at; +Ci) - H(l —1; +€)

i=1 i=1

where ¢; and o« are parameters which we compute in the sequel. By factoring
the ny’s in the expression of gx(p, n) as given by equation (3.1) it follows that

n”l
gk(p,n) = (H —II—"> f(tl,...,td)

1eg

11



where the ¢;, a, ¢; are given by

k+1
ti-:"‘—"+ pj€[0,1],a=
ny

jeI

k
m,f{ = O(d/n,),

where I is the equivalence class of i. Hence taking derivatives with respect to

pi we obtain
dg(p,m) _ (k+1 i a 5 8f(ty, ... ta)
apl'o n’IO IEJ lIl! jEIo atJ

Consequently our lemma is a consequence of the affiliation of the sizes of the
maxima of f and g—;{; to O(ziy)- The proof of this result is given in the next

lemma. ™
LEMMA 10 The mazima of the function f(t1,...,ta) and its partial derivatives
are in

1 +0( 1
k41 ming ny

).

Proof. Let f*(t1,...,t4) be the function obtained by substituting in the ex-
pression of f(t1,...,t4) the ¢ by 0. Since the function f(t1,...,ts) is bounded
on the unit cube we have

flty, ..t = f(t,... )+ O(miaxc;).

Similarly,
t1,...,1 *(t1,...,1
oK 1(,?t,~ ta) _ 9f ( IB’t,' .t4) +0(m?.xei).
The expressions of f* and %{—:— are sufficiently simple in order to allow the

calculation of the respective maxima. Since the calculations are elementary
we give directly the results. The search for an extremum on the open unit
cube, by setting to zero the partial derivatives, shows the existence of a unique
extremum obtained for t; = t;. We denote by 71 the extremum of f* and by 1

the extremum of %-E-, respectively; their values are

. (1-w)f _ l-a -1
ne (1- aT%)d—l’ and 7 = o(1 - o) 1 — qd+i/d-1 )

Using the fact that the function a — ® is non-decreasing it can be verified that
7, and 7o are < 1—a. By examining the values of the functions on the boundary
of the domain it follows that their maximum is exactly 1 —a = ;i—; =

In order to complete the proof of our theorem it remains to calculate the
integral [ e 96(P) n)dp. Since this calculation is elementary we leave it to the
reader to verify the following two lemmas.

12



LeMMma 11

ﬁ(u +i)=al i u' T di(a)
=0 §=0

where di(a) = 31 <q,<-<ai<a 1/(ay...a;). »

LEMMA 12

1 n2M
[ o= kpldo =TT S o121 1m0
Ieg

where p(a,b) = Y6 di(a) By we- .

This last lemma allows us to write

n

?Ul 1 1 |n|2d-1
[ = T it {55 = ) + 05

By combining the preceding lemmas we obtain the complete proof of the theo-
rem. ®

The following result generalizes the preceding theorem to the case where
the lines are assigned weights by a function which is homogeneous with respect
to their slopes. The particular form of this generalization concerns the study
of the length of segments of the cube C3. The proof of the following theorem
resembles the proof of the theorem just derived. Since the technical dificulties
were resolved during the proof of the previous theorem we only state the result
leaving it to the interested reader to verify the O("H,‘:-1 )-Lipshitzian character
on the ad hoc domain of the function p — h(p) |Gk (p)l-

THEOREM 13 Let h be a real function which is homogeneous of degree a > 1
and of class C* on (R3)*. Let Gi(p) be the set of lines of posilive slope p =
(p1,---,Pd) € IN? traversing at least k + 1 points of the cube Cé. The number

§(h,n, k)= > h(p)|Gx(p)l

ged(p)=1
is given by the formula
not2d 1 log R ifd=2
§(h,n, k) = - R+ 0O ke¥7 O5 &
(k. E) ¢(d) (k“‘*'d (k+ 1)°+d)W( )+ ({ Q—kl,,z:;z— otherwise
where w(h) = f[0.1]" I1;(1 = z:)h(z1, . - -, zg)dz, ... dzq4. e

13



As an example of an application of theorem 13 we can calculate the average
length I, and standard deviation o, of the maximal segments of the cube C4.
- A segment of the cube with slope p € IV 4 and endpoints A; and A3 is called
maximal if for each i one of the points A; £ p is not a point on the cube. Thus
using theorem 13 we can show that these quantities are given by

22d
b~ syl 1) n,

y 92d 9 92d 2\ -
on? ~ o= { (20(d+2) = Dw(| ) = =g @l )" )
2¢ -1 2¢—~1
where || || is a norm on JR?. For example in two dimensions and using the

euclidean norm /z2 + y2 we get I, ~ (0.695...)n and o ~ (0.185.. )n.

3.2 Analysis of the Incidence Problem

In [22] it is shown that the maximal number of incidencies I(m,n) between m
points and n lines in the plane is less than 1080(m?2/3n2/3 + m + n). With a
different approach [4, 5] reduces the constant and shows that

I(m,n) < 3/6m?/3n/3 + 25n + 2m.

The above bound is tight in the sense that I(m,n) = Q(m?/3n?/3 + m + n).
Only the case where m?/3n?/3 is the preponderous term (that is m = o(n?) and
n = o(m?) is difficult. The example of [6, theorem 6.18], used to achieve the
lower bound, is based on the set of points and lines traversing points of a square
grid. Theorem 1 allows us to make exact calculations which we summarize in
the following theorem.

THEOREM 14 Assume that m = o(n?) and n = o(m?). Then

liming 75T 2 YETE
Proof. Let £ be a line in the grid of size p x p. Denote by contr(f) the
number of points of the grid lying on the line £. Let L be the set of lines
of the grid with positive slope < a(p,p) and ny the number of such lines.
Put contr(L) = ¥,  contr(£). It is clear that contr(L) is a lower bound for
I(p?,n4). To calculate precisely the numbers n, and contr(L) we proceed as
follows. Let ug(P) = Hf(p — kp)* and gi(P) = ur(P) — uk4+1(P) the number
of lines of slope P = (p1, p2), with ged(p1, p2) = 1, each traversing at least k+1
points of the grid of size p (see equation (2)). Then we have

Mg = Z 91(P)

ged(P)=1,PLap

14



Figure 4: Grid of size p =6 and the slopes < (3,3).

and

contr(L) = Z E(k + 1){g(P) — gx+1(P)} = Z {2u1(P) — u2(P)}.
PLap k=1 PLap
ged(P)=1 gcd(P)=1

Trivial calculations show that max g, (P) = O(ap?®) and max(2u;—uz) = O(p?).
According to theorem 1 and assuming that ap — co we obtain

o = g7 (@) + O(ePlogap) ®)
and ]
contr(L) = RQ_)p4 fa(@) + O(ap® log ap) (6)

where fi(a) = o3(1 — 20), fa(a) = o*(1 ~ 1a?) for a < 3 and fi(a) =
a¥(1-1a)? — &, fale) = 2°(1 - la)? — & for a > §. Combining these last

two equations we obtain

contr(L) = ((2)'1/3111/3174/3 #(?&(;!—2)/—3 {1 +0 (l—gé—:—g)} . )]

Let now m, n be as in the theorem and let p = |/m]. Since ny/, = p = v/m and
n; ~ p* &~ m? and since n, is an increasing function of o we get an 0 <o < 1
such that nq < n < ng4/p- Furthermore we can easily verify that ap — oo and
that o — 0 from which we deduce that ny41/p ~ na ~ n. Then according to (M
we can write contr(L) ~ ((2)"1/3n?/3m?/3 and we use the fact that contr(L) is
a lower bound for I(m,n) to conclude. »

15



luminescent rays
1 ‘ /

=

Figure 5: The Visibility Region

luminescent edge

3.3 Analysis of the Edge Visibility Region

The problem is to calculate the plane region illuminated by a segment in the
presence of other segments. Suri and O’Rourke [21] have established an Q(n*)
lower bound on the complexity of any algorithm that calculates explicitely the
boundary of the illuminated region. The example used by [16] is illustrated in
figure 3.3. It consists of a horizontal luminescent edge (y = 0); at the vertices
(4,0), —n < i < n light sources are located emitting light in all directions.
Above and parallel to this edge place two rows (y = 1, y = 2) each consisting of
n closely spaced line segments, thus permitting ©(n?) beams of light to emerge
above them. Since these beams intersect in ©(n*) points above the second row
we obtain a region with ©(n?) vertices and edges. The mathematical analysis
that determines the Q(n*) lower bound is based on the evaluation of the number
N(n) of distinct intersections located on the half-plane y > 2 between lines
passing through the points (i,1) and (j,2) for —n < 1,5 <n. Theorem 6 can be
used to give an asymptotic evaluation of the number N(n). Indeed by using the
duality which maps the line passing through the points (z,1) and (y,2) to the
point (z,y) (see figure 6) we see that the number 2N (n) is also the number of
lines with positive slope passing through at least two points of the grid of size
n. Hence we get using theorem 6 ‘ ‘

3 4

i
N(n)~—c—(—2—5-3—2-n .

16



duality

~A

Figure 6: The duality

For generalizations and further applications of this duality to computational
geometry the reader may consult [11].

4 Conclusion

We have given two general theorems which facilitate calculations of asymptotic
evaluations on the number of incidencies between points (with integer coordi-
nates) and lines of a cube and more generally of a product of simplexes. Two
natural questions arise. Is it possible to generalize our results to more general
classes of convex sets, like spheres and polyhedra? What is the number of in-
cidencies between points with integer coordinates and d-dimensional subspaces,
(d>2)?

It is clear that our results generalize to convex sets C for which it is possible
to express “simply” (as a function of the slope and the integer k) the number of
points with integer coordinates included in the domain CN(—kp+ C)\ (—(k+
1) p+C). However, the class of convex sets for which this is possible still remains
to be determined. The answer to the second question seems to be more delicate
since a subspace of dimension > 2 is not uniquely defined by a “slope” as is in
the case of lines.

A natural generalization of our theorems concerns the asymptotic evaluation
of sums over visibility sets. If V(S) is the set of lattice points which are visible
from each of the points of S then define

s(f,S,8):= Y f(M).

MeANV(S)

Rumsey [19] treats the case where the “weight measure” f is constant and the
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set S is fixed: the density of the set V(S) is given by the infinite product

(-5

pEP

where S/p denotes the set of equivalence classes of S modulo the congruence
relation mod p. Using techniques similar to those developped in section 2 it can
be shown (under ad hoc hypothesis on the function f and for S a fixed finite

set) that
s(f,5,8) ~ [1 (1-%”-‘) /Af.

p€P
Eventual applications of this result as well as its generalization to the case of
“variable” sets S (for example when it is assumed that the points of S are

located on the boundary of the domain A, as A grows by homothety) are still
to be explored.
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