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In his paper [3] R.E. Tarjan introduced the problem of sorting permutations with networks
of stacks and queues. He made significant progress in cases where the nodes of the
network were all queues and began the study of networks of stacks (see also [2]). In the
latter case his results were not so complete and he observed that "many questions are
unanswered". Since that time there appears to have been no progress on the problem
although it is mentioned by Knuth in [1, pp169-170]. In this paper we introduce an infinite
permutation group associated with a network of stacks and study its structure. We then
specialise to the case of a network of k stacks in series and give some extensions of
Tarjan's work. '

Formally, a network of stacks is a directed graph whose nodes are stacks. An edge from
node S to node T signifies the possibility of popping the top element from stack S and
pushing it onto stack T. Such an operation is called a transfer. In the network there are
two distinguished nodes: the input node and the output node. It is assumed that there is at
least one directed path from the input to the output. A permutation is said to be sortable by
the network if, when placed in the input stack (first symbol at the top, last symbol at the
bottom), there is a sequence of transfers which results in the output stack containing all the
symbols in increasing order from bottom to top.

In Tarjan's paper the input and output nodes were defined to be queues. However, in
interesting networks, the in-degree of the input and out-degree of the output are each zero
and whether they are stacks or queues is immaterial. By taking them to be stacks we
achieve some economy of notation.

The simplest non-trivial network is
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The permutations o=[sj, s3,..., Sy] sortable by this network are usually called stack
sortable permutations and are characterised by the condition that there is no triple i<j<k

such that s;>s;>sx. Another way of phrasing this condition is to say that no subsequence
of ¢ is ordered like [2,3,1], or that ¢ does not contain the pattern [2,3,1]. The number of

stack sortable permutations on 1,2,...,n is well-known to be the n th Catalan number
=1 (2n
€n = n+1( n )

We adopt the following notation. Stacks will be denoted by upper-case letters and the
corresponding subscripted lower case letter will be used to denote the positions of the
stack. Thus sy,s2,.... denote the positions of the stack S (s1 being the top position).

Consider a directed edge (S,T) in a general network of stacks. When an element is
transferred from S to T all other elements of S move one position towards the top of S and

all elements of T move one position further down so a transfer from S to T corresponds to
the infinite permutation n(S,T) defined by

$i—sj-1, i>1
S1—

ti—tj41, i>1

(all positions in other stacks being fixed).

The group of the network is defined to be the group generated by all permutations ®(S,T)
for all edges (S,T) in the network. It is convenient to extend the nt(S,T) notation to every
pair of nodes S,T in the network to mean the operation of transferring an element from the
top of S onto T whether or not S and T are connected by an edge. This operation has the
same permutational description as the one above. It is easy to verify that
7(S,T) = n(T,S)"! and that =(S,T)r(T,U) = n(S,U). We shall say that a network is
connected if it is connected as an undirected graph. For connected networks nt(S,T)
belong to the group for every pair S,T of nodes.

THEOREM 1 If G is the group of a connected network with n>2 nodes then



1. The derived group G' is the restricted symmetric group on the set of all stack
positions, and

2. G/G' is a free abelian group of rank n-1.

Proof. If S,T,U,V are any 4 distinct nodes then, by direct computation of commutators,
[7(S.,T),n(U,V)] = 1, and

[n(S,T),n(T,U)] = (t1,u1), a transposition.

Since G' is generated by the conjugates of all commutators of generators of G and each of
theses commutators and their conjugates are finitary permutations G' is a group of finitary
permutations.

Furthermore, G' contains every transposition. To see this, let S,T,U be any 3 nodes. As
above, (t1,u;)e G'. Conjugating this element by powers of n(S,U) shows that every
transposition (tj,uj)e G'. Then conjugating these elements by powers of n(S,T) and
n(T,U) shows that G' contains every (t;,tj) and (tj,uj). Thus G'is the restricted symmetric
group.

Let E be a set of edges which forms a spanning tree of the network. The relations
(S, T)n(T,U) = n(S,U) prove that G is generated by the n-1 elements n(S,T) with
($,T)eE. To prove that their images in G/G' generate G/G' freely suppose that there was
some relation

[[xs DD e G
(S,T)eF

where F is a subset of E with all f(S,T)#0. The graph formed by F is a forest so there is

some node T incident with only one edge (S,T)eF. Then n(S,T) maps each t; to tj+1 and

every other (U,V) with (U,V)eF fixes each of ty,t,.... Hence Hn(S,T)f(SfU isnota
(§,T)eF

finitary permutation and so no relation of the stipulated form can exist.

We now turn our attention to series networks where the network topology is as shown:

Output=Stack k+1  Stack k Stack k-1 Stack 2 Stack 1°  Input=Stack 0
' ® -G < — — — —@ o e




DEFINITION A permutation © is said to be k-stack sortable if it can be sorted by a series
network of k+2 stacks (k internal stacks, that is, k stacks not including the input or output
stack).

The definition is less anomalous than it seems since the input and output stacks play little
part in sorting the permutation. Notice that 1-stack sortability is precisely the same as stack
sortability. In our discussion of k-stack sortable permutations greek letters will denote
permutations (not always of {1,2,...,n}).

LEMMA 1 A permutation is k-stack sortable if and only if it is the product of k 1-stack
sortable permutations.

Proof. If a permutation ®=[py,py,...,pn] is input to a stack and is output in the order
p=[r1.r2,....1n] then p=ntc (permutation product) where the permutation & depends only on
the particular sequencing of push and pop operations and not on ©. The permutations G
that a stack can induce are precisely the inverses of 1-stack sortable permutations since T is
sortable if and only if there is some & for which p is the identity permutation.

For a network of k+2 stacks in series the output to each stack becomes the input to the next
stack and so an input permutation r is related to an output permutation by an equation
p=n0102...0k where each oj is the inverse of a 1-stack sortable permutation. The k-stack
sortable permutations are precisely those for which the equation ©G103...0x = 1 can be
solved.

COROLLARY The number of k-stack sortable permutations is at most cnk = 47K, where ¢,
is the nth Catalan number.

Any algorithm to sort a permutation may be described by the sequence of stack movements
that it requires. Let X denote the operation of transferring an element from the top of stack
i-1 to the top of stack i. A word in Xj,...,Xk+1 will represent an algorithm if and only if it
contains equal numbers of each symbol X; and if, in every initial segment, the number of
symbols Xj is never less than the number of symbols Xj;1 (i=1,2,...,k). (The latter
condition is the one that ensures that no operation attempts to remove a symbol from an
empty stack). We shall call these words well-formed. If w is a well-formed word of
length (k+1)n we may define an associated Young tableau with k+1 rows of length n; in the
ith row we place the positions of occurrence of the symbol X; within w. Conversely any
Young tableau with k+1 rows of length n defines a well-formed word in X1s s Xk+1. The



hook formula from the theory of Young tableaux allows us to determine the exact number
of well-formed words. ' '

(kn+n)!213!.. k!

LEMMA 2 There are I+ 1)...(n+k)] well-formed words. For fixed k and n—oo this is

O((k+1)(k+D)n),

We can see from this lemma that, whereas for k=1 there is a one-to-one correspondence
between well-formed words and k-stack sortable permutations, for k>1 there are very
many more algorithms than permutations. It is often possible to demonstrate that two well-
formed words sort the same permutation by using relations that hold in the group of the
network. Some simple relations are:

XiXi+j = Xj+jXi, if j>1

Xi-1XiXi+1 X = XiXj-1XiXj+1
2

Xi-1XiXi+1 = XiXi+1Xi-1Xj

There are many others, too many it seems to make this the basis of a method for testing
when two words sort the same permutation.

To each well-formed word w=w(Xj,...,Xk+1) there is a well-formed word
w*=w(Xk+1,..-.X2,X1)R (where uR denotes the reverse of u) and w**=w.

LEMMA 3 If ¢ is the k-stack sortable permutation corresponding to the well-formed word
w then 00-16 is the permutation that corresponds to w* where 0 is the involution i —
n+1-1,

Proof. In an input [p1,p2,.--.Pn}] P1 is at the top of the input stack while for an output
[r1,r2,....,rn] 11 is at the bottom of the output stack. Suppose that the permutation ¢ carries
input permutations ©t=[p1,p2,...,Pn] t0 output permutations p=[ry,ry,...,ry] by the equation
p=no. Then the permutation 6*, which corresponds to w*, carries [rp,ry-1,...,r1]=p0 to
[Pn.Pn-1»-.-.P1]=T0, s0 pBG* = 1O = po-10. Hence c*=05"16.

The central question about k-stack sortable permutations is: for which values of n is every
permutation on n symbols k-stack sortable? To investigate this question we introduce the
concept of criticality. We shall say that an integer n is k-critical (or simply critical if the
value of k need not be emphasised) if there exists a permutation of n symbols which is not



k-stack sortable but every permutation of fewer than n symbols is k-stack sortable. In
addition, if n is k-critical then any permutation of n symbols which is not k-stack sortable
will also be called k-critical.

It is well known that both permutations of {1,2} can be 1-stack sorted and that [2,3,1] is
the only permutation of {1,2,3} which cannot be 1-stack sorted. Thus 3 is 1-critical and
[2,3,1] is the unique 1-critical permutation.

Tarjan [3] reported that 7 was 2-critical (though not with this terminology) and, by
computer search, we have proved

THEOREM 2 There are precisely 22 2-critical permutations and they are

2435761 2536471 2537461 2463571 2547361 2647351
3246571 3254761 3264751 3257461 4253761 4263571
4263751 5263741 4257361 4265371 3524761 3624751
3527461 4625371 4627351 3572461

(for brevity we have written 2435761 instead of [2,4,3,5,7,6,1] etc.)

Permutations which cannot be 1-stack sorted are precisely those which contain some
pattern [2,3,1], the unique 1-critical permutation. This phenomenon does not extend to
larger numbers of stacks. The permutation [5,2,7,4,6,1,8,3] is not 2-stack sortable yet it
contains none of the 22 2-critical patterns.

The 22 2-critical permutations are drawn in graph form below. Two permutations are

joined by an edge if one can be obtained from another by interchanging two symbols. The
symmetry of order 2 is the one corresponding to the operation w— w*,
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This graph S is, of course, a subgraph of the 5040 node graph T of all permutations of

degree 7. In T every node has degree 21 and so a random 22 node subgraph of T would

2 21
have an expected number of edges%—szé—%—- < 1. The fact that S is so much denser than
X

a random subgraph is some indication of the similarities among the 22 2-critical

permutations.

The k-critical values for k23 are unknown. Despite this it is possible to find properties of
k-critical permutations for general values of k as we show below.

THEOREM 3 Critical permutations of {1,2,....,n} end in 1.

Proof. We begin by showing that a critical permutation cannot have 1 as its penultimate
symbol. Let & be k-critical and of the form p1t. The permutation 1 can be sorted using k



stacks. The algorithm that does this will eventually output t-1 and, since 1 is the first
symbol that is output, all of p1 will have been read at this point. Thus if we insert, at this
stage of the algorithm, instructions X1 X2 ... Xk+1 which move the next input symbol
directly to the output, we shall obtain an algorithm that sorts G. This contradicts the k-
criticality of . Next we show that if ¢ = ol is sortable with k stacks then so is ©' =
aluf. The sorting algorithm for aulP begins with an initial sequence of operations
r(X1,X2,....Xk)X1 where the last X places u in the first stack (the word r contains no
Xi+1 because the symbol 1 has not yet been ouput). Without loss of generality the
algorithm may be taken to next transfer symbol 1 through each stack in turn so that the
entire sorting algorithm for aulf has the form r(X1,X2,....Xk)X1 X1 X2 ... Xkl
$(X1,.0r Xka1). But now r(X1,X2,....Xk) X1 X2 ... Xik+1 X1 s(X1,..., Xk+1) sorts ©'.
The proof of the theorem is now completed by a reverse induction showing that critical
permutations cannot have 1 in position j, j=n-1,...,2,1. The base of this induction was
established above and the inductive step is justified as follows. Assume that for j=n-1, n-
2,..., h+1 any permutation with 1 in place j is not critical (that is, in this case, any such
permutation is sortable) and consider a permutation ¢ = oluP with its 1 in place h. Since
aulf has 1 in place h+1 it is sortable and so therefore is G.

THEOREM 4 Let o be a k-critical permutation of {1,2,...,n}. Then

1.If 2<b<n G cannot end in a permutation of {1,2,3,...,b}. In particular, the penultimate
symbol of ¢ cannot be 2,

2.If 0<i<k, n-i cannot occur among the first k-i positions of o,

3.If k is even ¢ cannot contain an adjacent pair i,i+1 and if k is odd ¢ cannot contain an

adjacent pair i+1,1.
Proof.

1. Suppose to the contrary that there is a k-critical permutation of the form 6 = o where
B is a permutation of {1,....b} (and o is a permutation of {b+1,...,n}). Now consider
o' = ab, a permutation of fewer symbols, which, since © is critical, is k-stack sortable.
The sorting algorithm for ¢' cannot transfer any symbol of o to the output stack before first
transferring b from the input stack (because b is smaller than any symbol of o). At this
point there is no loss in generality in assuming that b is transferred directly through each
stack in turn to the output stack, and so the sorting algorithm for ¢’ has the form
r(X1,X2,... X)X 1X2... Xk+15(X2,....Xk). However B is also k-stack sortable (since



b#n) and has a sorting algorithm t(Xy,...,Xk+1). Then, clearly,
r(X1,X2,.... XK)t(X1,....Xk+1)5(X2,...,Xk) is a sorting algorithm for ¢ which is
impossible. Finally, the penultimate symbol of G cannot be 2 otherwise, by the previous
theorem, ¢ would end in a permutation of {1,2}.

2. Suppose 0<i<k and n-i occurs among the first k-i positions, that is, ¢ has the form
a,n-i,B with at most k-i-1 symbols in o. The permutation of is k-stack sortable and we
consider its sorting algorithm A. After all the symbols of o have been transferred from the
input there will be a set U of at least i+1 empty internal stacks. Later in the algorithm just
after n-i-1 has been placed on the output stack only i symbols remain to be output and so
one of the stacks Sy in the set U will be empty. A sorting algorithm for a,n-i,B can be
devised as follows. We follow the algorithm A until all the symbols of o have been
transferred from the input stack, transfer n-i from the input through each stack in turn until
it reaches the empty stack Sy, resume algorithm A until n-i-1 has been output, transfer n-i
(now the unique symbol on stack Sy) through each stack in turn until it reaches the output,
and finally resume and complete algorithm A

3. If k is even and 0=04,i+1, is critical then aif is k-stack sortable. We apply its sorting
algorithm to ¢ except that whenever it is called upon to transfer i from one stack to the next
we transfer instead the pair {i,i+1}. After an even number of such moves the pair {i,i+1}
is in the right order. The case k odd is similar; here the pair {i+1,i} would be interchanged
an odd number of times and would again end in the right order.

Knuth {1, p169] observed that if every permutation on m symbols was (k-1)-stack sortable
then every perrmutation on 2m symbols would be k-stack sortable. Since we shall use
some variations on his basic method we outline it here along with some observations that
will be useful below.

1If every permutation on m symbols is (k-1)-stack sortable then, given an arbitrary input
permutation ¢ and arbitrary output permutation T, there will be an algorithm (the one that
sorts 67-1) which produces 1 from ¢ in a series network of k+1 stacks. Now consider an
arbitrary permutation ¢ of 2m symbols and a series network of k+2 stacks S,S1,...,Sk+1-
the first m symbols of ¢ can be sorted in ascending order from top to bottom on stack Sy
(regarding Sk as the output stack of a series network of k+1 stacks). The remaining
symbols of ¢ are (k-1)-stack sortable but rather than sort them on stack Sy we transfer

each one from Si to Sk4+1 immediately it is placed on Sx. As we do this we interleave



transfers of the first m symbols of ¢ from Si to Sk41 in such a way as to merge all the
symbols onto Sk+1 in sorted order.

In the next theorem we use results about critical permutations to improve on Knuth's
method.

THEOREM 5 If every permutation on m symbols can be sorted with k-1 stacks then every
permutation on n=2m-+1 symbols can be sorted with k stacks.

Proof. Suppose for a contradiction that the theorem is false. Since every permutation on
2m symbols can be sorted with k stacks n must be k-critical. Let obe a critical permutation
of 1..n (which necessarily ends in 1). We shall derive our contradiction by showing that ©
is k-sortable. Note that m+1 is (k-1)-critical. If the first m+1 symbols of ¢ could be
reverse (k-1)-stack sorted we would be able to sort ¢ so we may assume that this is not so
and therefore G4 is larger than its predecessors. We now sort the first m symbols into
the last stack smallest at the top. Next we stack Opy+1 in the first stack. If we ignored
Om+1 it would be possible to sort the remaining symbols by the Knuth sort-merger process
achieving any desired order for the symbols not among the first m symbols of ; the
ordering we actually require is one where the symbols less than Oy are in increasing
order and the symbols greater than it are in decreasing order. We do this process up to the
point that it has output Om+1 - 1. So now the input is exhausted and the final stack is
empty, and it is possible to sort the remaining symbols (save for Gm+1) in decreasing order
without using the last stack except for to transfer directly to the output. Rather than
directing the symbols to the output we direct them to the last stack. Eventually we reach a
point where the symbols are in reverse order on the last stack except for Opm+1 Which is still
on the first stack. It is now an easy matter to finish off the process of sorting C.

COROLLARY With k stacks 2K-2.7 - 1 symbols can be sorted.

Proof. Letuz = 6 and, for k>2, uk = 2uk+1+1. Then the previous result shows that with k
stacks ug symbols may be sorted. However, it is easily shown by induction that uk =
2k-27 - 1.

Tarjan [3] reported that he had found a permutation on 41 symbols which cannot be sorted
with 3 internal stacks. We now describe a permutation on 38 symbols which cannot be
sorted with 3 internal stacks. We require the following auxiliary permutation:

10



LEMMA 4 The permutation [2,3,1,5,6,4] cannot be sorted by a series network with 3
internal stacks by any algorithm which has an interim stage where all the symbols are in
stack 2. '

Proof. Suppose it were possible to sort this permutation in the manner described. Then
after symbol 1 has been transferred from the input stack into stack 1 not all of 2,3, and 1
can be in stack 1 (otherwise their order in stack 1 would be 1,3,2 from top to bottom, and
when they were transferred all to stack 2 their order in stack 2 would be 2,3,1 from top to
bottom; but the permutation [2,3,1] cannot be sorted by the remaining stack). So there
exists a symbol, x say, among {1,2,3} which must have reached stack 2 before the symbol
5 is transferred from the input. According to the hypothesis the symbols 5,6,4 must all
reach stack 2 before symbol x has been transferred from it. However 5 ,6,4 1s not 1-stack
sortable and so the order of the symbols {x,4,5,6} in stack 2 cannot be 6,5,4,x from top to
bottom. Therefore there are two symbols y<z among {4,5,6} which have y closer to the
top of stack 2 than z. So stack 2 will contain a pattern y,z,x from top to bottom which is
not sortable using the remaining internal stack.

Note: Computer searches have shown that [2,3,1,5,6,4] is the only permutation on 6
symbols with this property and there are 38 such when n=7.

LEMMA 35 There exists a permutation on 38 points which cannot be 3-stack sorted.

Proof. Consider the pattern n=[1,8,3,5,2,7,9,6,4]. This contains both the pattern
[2,3,1,5,6,4] (as [3,5,2,7,9,6]) and the pattern [1,6,4,2,7,5,3] (as [1,8,5,2,9,6,4]). The
latter pattern is the reversal of one of the 22 2-unsortable permutations. Suppose that this
pattern occurs within some 3-stack sortable permutation. The algorithm that sorts the
permutation cannot, at any interim stage, have all the symbols of 7 on stack 2 (by Lemma
4). Nor can there be an interim stage where all of the symbols of 7 are on stack 1
(otherwise, top to bottom, stack 1 would contain a pattern [3,5,7,2,4,6,1] and such a
permutation cannot, by Theorem 2, be sorted by the remaining two internal stacks).

We shall show that the permutation

1=(2,7,5,3,8,6,4;, 16,21,19,17,22,20,18; 9,14,12,10,15,13,11;
30,37,32,34,31,36,38,35,33;  23,28,26,24,29,27,25; 1]

11



cannot be sorted by a series network of 3 internal stacks. The punctuation in this
permutation gives some guidance to its structure. It is of the form [02,04,063,016,005,01]
where op,014,03,0t5 are each of pattern [1,6,4,2,7,5,3] which is a reversal of one of the
22 2-unsortable permutations in Lemma ?7?, 0 is of pattern 7, and aj=1. Moreover the 5
subscript order 2,4,3,6,5,1 is in accord with the relative values of the symbols in
09,004,003,006,005,00 1.

Suppose, for a contradiction, that T is 3-stack sortable. We first prove that just before the
first symbol of o is transferred into the first stack at least one symbol of 0204013 must be
in stack 3. To prove this suppose the contrary, that all the symbols of az0403 are in
stacks 1 and 2. Just before the first symbol of a4 was transferred to stack 1 not all the
symbols of oy can be on stack 1 otherwise stack 1 contains a permutation that when input
to the two remaining stacks can be sorted:- however, from top to bottom, this permutation
has pattern [3,5,7,2,4,6,1] which is impossible. Therefore stack 2 contains a symbol of
ay. By precisely the same argument it subsequently receives a symbol of o4 and then a
symbol of ai3. But now stack 2 contains a permutation, top to bottom, of shape [2,3,1]
and this is impossible to sort with the remaining internal stack.

The presence in stack 3 of one of the symbols of (201403 is a strong restriction on the
subsequent operation of a sorting algorithm. It implies that stack 3 cannot receive any
symbol of a5 until the whole of the permutation has been removed from the input stack
(for it is only after this happens that symbol 1 can be output so, before the whole
permutation has been read, stack 3 must retain a symbol of ap040t3 on top of which no
larger symbol can be placed).

5

According to the remarks at the beginning of the proof at least one symbol of og must be
transferred from stack 1 to stack 2 before the first symbol of a5 is read. We now prove
that, when the first symbol of o is placed in stack 2, stack 2 cannot, in fact, contain any
symbol of ap403. Suppose that it did contain some such symbol, z say, and that a
symbol y of o was placed on top of it. We would obtain a contradiction as follows. The
symbols z,y would have to remain in stack 2 at least until all the symbols of a5 had been
removed from the input stack. But before all the symbols of a5 have been removed from
the input stack one of them, x say, must be placed into stack 2 (since not all the symbols of
a5 can be simultaneously in stack 1). At this point stack 2 would contain the symbols
X,y,z (top to bottom) which have pattern [2,3,1] and these symbols cannot be sorted using
the remaining internal stack 3.

12



We can now deduce that, when the first symbol of o is placed in stack 2, stack 3 must
contain not just one symbol from aipo40i3 but at least one symbol from each of oy, oy,
a3. The reason is that symbols of o, a4, &3 have all previously passed through stack 2

and so must be in stack 3.

Next we prove that when the first element of g is placed on stack 2 not all of the symbols
of oy are in stack 3. Suppose that they were. Before the symbols of ag were removed
from the input stack, stack 2 had already received at least one symbol from each of o4 and
o3; these symbols (x and y say) have left stack 2 when the first symbol of ag is placed
there so must be in stack 3. This implies that the subsequence 7,5,3,8,6,4,x (and the
subsequence 7,5,3,8,6,4,y) of T have been placed in decreasing order on stack 3. But it is
impossible to reverse-sort the pattern [5,3,1,6,4,2,7] in this way since [3,5,7,2,4,6,1] is
not 2-stack sortable.

At the point that the first symbol of o is placed in stack 2 there must be at least one
symbol xe 0 which is on stack 1. Suppose that this symbol is transferred to stack 2
before all the symbols of og have been removed from the input stack. By the argument of
the preceding paragraph x can proceed no further until some of the symbols of stack 3 have
been output and this cannot happen until all the input stack has been cleared. So, by the
time that the symbols of a5 have all been removed from the input stack one of them, y
say, will have been transferred to stack 2 (they cannot all be in stack 1) and will be above
x. But it is now impossible to sort T since y can proceed no further until stack 3 is
emptied, and this cannot happen because it would require x to be output and x lies below y
in stack 2. It follows therefore that x cannot be placed in stack 2 before all the symbols of
0 have been transferred from the input stack. Hence stack 2 will now contain some of the
symbols of 0g and the others will be above x in stack 1. It is impossible to complete the
sorting of T from this configuration. No symbol of o can be placed in stack 3 until that
stack has output all its current symbols from 0403 and this cannot happen until x also
has been output. But to remove x from stack 1 would require that all the symbols of og
were on stack 2 and this is impossible.

Acknowledgement. Part 2 of Theorem 4 was observed and proved by Edward Norminton
with whom I had several productive conversations in the course of this work
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