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1 Introduction

One of the main themes of investigation in distributed computation concerns
the design- of network topologies which have optimal efficiency characteristics
with respect to several selected parameters, like complexity of routing and mes-
sage transmission, fault tolerance, leader election, etc. Many network topologies
have been studied in the literature, ranging from rings and meshes to hypercubes
and butterflies. To optimize the complexity characteristics of the resulting al-
gorithms one introduces labelings on (a subset of) the underlying network links
in order to give the network a sense of direction (or orientation). However, even
within such topologies the efficiency of distributed algorithms may vary widely
depending on how the network links are labeled.

Intuitively speaking, by labeling of a network we understand an assignment
of different labels (or directions) to some (or all) of the network links in order
to give the network a globally consistent sense of direction. There are many
different options for choosing a labeling on a subset L of the network links. For
example, the links of a hypercube may be left unlabeled (in this case L = @),
have a label representing the dimension along which the adjacent links are con-
nected (in this case L is the set of all links of the hypercube), or even be labeled
according to a Hamiltonian circuit (in this case L is the set of links constituting
the Hamiltonian circuit). Although the underlying topology is the same (i.e.
the hypercube), surprisingly the three networks have completely different com-
putational characteristcs.: For example, of the three cases previously specified
only the second takes full advantage of the hypercube topology; in the first case
the hypercube has no sense of direction, while in the third case it behaves like
a ring.

The problem of labeling a network in order to achieve a globally consis-
tent direction has been studied in the literature. There has been considerable
interest in the problem of orienting a ring [13], [8]. A more general study is
[14] which considers algorithms for labeling cliques, tori and hypercubes under
the assumptions of (a) existence of a leader, (b) existence of processor iden-
tities, or (c) the processors being anonymous. In addition, the availability of
a suitable orientation may significantly affect the message complexity of many
important network computations [11], like leader election [9], computation of
boolean functions [10], etc.

In this paper we are concerned with the impact of the introduction of label-
ings on Cayley networks. In particular we compare the computational power of
labeled versus unlabeled networks by using the size of the corresponding class of
boolean functions computable in the network as a comparison tool. The class of
boolean functions computable on a network was first considered in [17, 16] for
arbitrary networks. Here instead we consider only the class of Cayley networks.
It turns out that in this case we can take advantage of the rich underlying group
theoretic structure of the network in order to obtain a more systematic study
of the corresponding classes of computable functions,



1.1 Anonymous Cayley networks

Cayley networks are connected graphs constructed from a group G and a set G
of generators for G in the following way. The set of vertices is G, and the set
of edges E is defined by E = {(u,v) : u"!v € G}. We assume that G = G~1,
where G~! is the set of g~! such that ¢ € G. To avoid loops in the network
NG we assume e € G. Further if ¢ = g~! then we identify the edges gand g™1.

This graph is denoted by Ng.

We consider the followmg natural labeling L on the Cayley graph Ng: the
label of the edge (u,v) is u=!v. We denote the resulting graph Ng[C¢s]. By an
automorphism ¢ of the labeled Cayley graph we mean that the edge-labels are
preserved under ¢, i.e. if (u,v) € E then

La(u,v) = La(d(u), $(v)). IR ¢V

The group of automorphisms of N satisfying (1) is denoted by Aut(Ng[Ls)).
Clearly every Cayley graph is vertex transitive, in the sense that for any nodes
u,v € G there is a label preserving automorphism ¢ of Ng such that ¢(u) = v.
The desired automorphism is z — ¢(z) = vu~'z. In fact this automorphism is
uniquely determined from u and v, which makes the action of Aut(Ng[Lg]) on
the vertices of N¢ regular [15]. The Cayley graph has |G| nodes and the degree
of each node is |G|, denoted by d(G)

An anonymous Cayley network is a Cayley graph whose nodes are anony-
mous (i.e. having no identities), identical, and deterministic processors. We
also assume that the processors know the network topology as well as the size
of the network and the links are FIFO.

In general we are interested in computing Boolean functions on anonymous
Cayley networks. Let By be the set of boolean functions on N variables. Let
Ng = (V, E) be a Cayley network of size N, with node set V = {0,1,...,N -1}
and edge set E C V x V. An input to Ng is an N-tuple =< b, :v €V >
of bits b, € {0, 1}, where processor v receives as input value the bit b,. Given
a function f € By known to all the processors in the network we compute f
on input I =< b, : v € V > as follows. During each step of the protocol the
processors perform certain computations depending on their input value,; their
previous history and the messages they receive from their neighbors and then
transmit the result of this computation to some or all of their neighbors. After a
finite number of steps, predetermined by the initial conditions and the protocol,
the processors terminate their computation and output a certain bit. A network
computes the function f if for each input I, at the end of the computation each
processor computes correctly the value f(I).

1.2 Examples

Many well-known interconnection networks, like tori, hypercubes, n-Star, etc.,
in fact belong to the class of Cayley graphs [1}. Throughout we assume that



n is arbitrary but fixed. The following table gives a few examples of networks
arising from abelian groups.

Network Group Generators Size
Oriented Ring | Cx (1,2,...,N) N
d-Torus (Cn)® direct product N=nd
n-Hypercube | Fa(2 27) | 611}, 942}s--,Bn} | N =27

The generators of F,; (the automorphism group of the hypercube) we will con-
sider are ¢{1}, {3}, - .-y @{n}, where ¢(i}(x1,22,...,2,) is the sequence of bits
obtained from (z,z2,...,2n) by complementing the ith bit, while leaving the
other bits unchanged. The next table provides a few examples arising from the
symmetric group S,,.

Network Group | Generators Size

n-Star Sn (L,k):1<k<n N =n!
n-Bubble-Sort | S, (k—1,k):1<k<n|[N=n!
n-Pancake-Sort | S, Pe,Pr:l<k<n N =n!

Here pi, pi are the reflection permutations.

(1 2 -k
Pe =k k=1 ... 1
. _(n—k+1 n—-k+2 ... n
Pe = n n—1 v om—k4+1 /)

1.3 Automorphisms

Before proceeding any further we need to mention some results on the automor-
phism groups of Cayley networks. The first result connects the group G with
the group of automorphisms Aut(Ng[Lg]). This is easily established from the
fact that Aut(Ng[Lg]) is exactly the set of automorphisms {¢, : g € G}, where
#4(u) = gu. Namely, we have the following theorem.

THEOREM 1 The group of automorphisms of Ng[Lg] is isomorphic 10 G. m

It is important to note that the networks Ng[Lg] can be characterized as
those transitive networks whose automorphism group has a regular transitive
subgroup (see also [3][lemma 16.3]).

THEOREM 2 If the automorphism group Aut(N) of the transitive network N
has a regular transitive subgroup G then there is a labeling £ on N such that G =
Aut(NL]). Conversely, the group of automorphisms of every Cayley network
has a regular transitive subgroup. m ‘

We will not prove these theorems here. Instead we refer the reader to [10] for
details.



1.4 Computability

An important result for all our subsequent considerations concerns a character-
ization of the computability of Boolean functions on Cayley networks. Let S(f)
denote the group of permutations in Sy that leave f invariant on all inputs [5).
In general it is true that if a Boolean function f is computable on a network N
then S(f) > Aut(N). The converse is not necessarily true, in general. However
it is true on oriented Cayley networks. We have the following theorem.

THEOREM 3 For any Boolean function f € By, f is cqmputable in the network
Ng[Lq] if and only if S(f) > Aut(Ng[Lg)). '

PROOF (outline) The necessity of S(f) > Aut(Ng[Lg]) follows from the transi-
tivity of the Cayley network. To prove the sufficiency of S(f) > Aut(Ng[Lg])
the processors execute an input collection algorithm across the labeled links. =
For a complete proof as well as for non-trivial algorithms optimizing the bit
complexity of computing Boolean functions the reader should consult [10].

1.5 Results of the paper

In this paper we compare the distributed computational power of labeled ver-
sus unlabeled Cayley networks by considering the classes of boolean functions
computable in each of these networks. We will consider the following two pos-
sibilities on the network Ng:

1. the processors know the topology but are unaware of any labeling (this
corresponds to computations in the unlabeled Caley network Ne),

2. in addition to the network topology the processors also' know the label-
ing L (this corresponds to computations in the labeled Caley network

NglLa)),

As in (17, 16] we define F(Ng) and F(Ng[Lg]) to be the classes of N-ary
Boolean functions computable in the two cases above, respectively. Clearly
F(Ng) € F(Ng[Lg]) (this is easy, because if an algorithm computeés a boolean
function on the unlabeled the same algorithm will compute the boolean function
on the labeled network). More formally, we are interested in studying the com-
putational strength of the labeled and unlabeled Cayley network by comparing
the classes F(Ng) and F(Ng[L¢]). For general groups we will give several
sufficient conditions such that F(Ng) # F(Ng[Lg]) holds.. We will also give
a necessary and sufficient condition on abelian groups with canonical sets of
generators such that F(Ng) # F(Ng[Lq])- L
In the sequel we use the following notation. We denote by < G > the group
generated by the set G of generators, e denotes the identity element of the
group, and for u € G, |u| denotes the order of u in the group G, i.e. the smallest
positive integer k such that «* = e. In addition, G; ® G2 denotes the direct



product of the groups G, G»; its elements consist of the pairs (g1, g2) such that’
91 € G1,92 € G2 with multiplication (g1, 92)(91, 93) = (9191, 920%).

2 Arbitrary Groups

We are interested on whether or not the introduction of the labeling L alters
the class of functions which are computable in the network. More specifically,
we call the labeling L strong if there is a Boolean function on N = |G| variables
which is computable in the network Ng[L¢] but not computable in Ng. ‘

If we ignore labels then it is clear that Aut(Ng) consists of all permutations ¢
of G such that for all u,v € G, u"'v € G & ¢(u)~1é(v) € G. Two more groups
of automorphisms that will be useful in our subsequent study are defined as
follows.

Aut*(Ng) = {¢ € Aut(Ng) : Yu € GV¥g € G(¢(u)'1¢(ug) €< g >)}

and v
Aut*™(Ng) = {¢ € Aut(Ng) : Vu,a € G(é(u)"*¢(ua) €< a >)}.
Now we have the following inequalities.
Aut(Ng[Lc)) < Aut* (Ng) < Aut*(Ng) < Aut(No). (2)

To prove that L is strong it is enough to define a Boolean function f such
that

Aut(Ng[Lg)) < S(f) and Aut(Ne) £ S(f). )

Indeed, in view of Theorem 3, f must be computable on Ng[Lg], but it can not
be computable on Ng since f is not invariant under all the automorphisms of

Ne.

2.1 Distinguishing by network automorphism

Now we can prove the following theorem which establishes a sufficient condition’
for the network Ng[Ls] to have more computational power than the network

Ne.
THEOREM 4 If Aut**(Ng) # Aut(Ng) then Lg is strong.

PROOF Let ¢ € Aut(Ng)\ Aut**(Ng). Since ¢ & Aut™(Ng) there exists u,a €
G such that ¢(ua) # ¢(u)a¥, for all 1 < k < |a} . Define a Boolean function on
inputs < b, : £ € G > as follows. :

0 if Ve € Gby = bya)
1 otherwise. ~

f(<bz:a:GG>)={



It is easy to see that f'is kept invariant by all automorphisms of Ng[Lg], but
this is not true for the above automorphism ¢. To see this consider an input
< by : z € G > such that Yz € G(b; = b;4) and b,,,(,,) # by(ua). It follows that

0=f(<bs: zeg>);éf(<b¢(,) zeg>)—1

This completes the proof of the theorem |
In view of Theorem 4 and inequality (2) to prove that Lg is strong 1t is
enough to prove that Aut*(Ng) # Aut(Ng).

THEOREM 5 Assume G; is a set of generators for the group Gi, wzth t=1,2,
G=G1UG,, GiNnGa=0and G = g1®g2 Then.

Ji(Aut*(Ng,) < Aut(Ng,)) = Aut*(Ng) < Aut(Nc).
PROOF Assume on the contrary that -
Aut*(Ng,) < Aut(Ng,) but Aut*(Ng) = Aut(Ng).

Let ¢; € Aut(Ng,). Define ¢ as follows: ¢(ujuz) = ¢1(u1)uz, where u; € G;
and uy € G3. Then for all u € G, with u = uyu3, u; € G1,us € Ga, and all 9 €G
we have that

. (g ifgeg
¢(u)™ (ug) = { ¢1(w1) " P(urg) ifg €g21 . @

It follows that ¢ € Aut(Ng). Since Aut(Ng) = Aut*(Ng) equation (4) implies
that ¢1(u1)"1¢1(u19) €< g >, for all u; € G, and g € G;. It follows that ¢; €
Aut*(Ng,). Consequently, Aut"()\fcl) = Aut(Ng,), which is a contradiction.
This completes the proof of the theorem. m

2.2 Distinguishing by group automorphism

THEOREM 6 If ¢ is an automorphism of the group G such that $(G) = G and
#(g) €< g >, for some g € G, then Aut*(Ng) < Aut(Ng). :

PROOF Let us define Aut*(G) as the automorphisms of Ng satisfyihg the fol-
lowing condition “

(u,0) € E = 6(La(u,v)) = La(d(u), 6(v)). )
To prove the theorem we need the following precise characterization of Aut*(G).

LEMMA 7 The automorphisms of the Cayley network Ng satisfying condition
(5) are ezactly the automorphisms ¢ of the group G satisfying ¢(G) =



PROOF of Lemma 7. Let ¢ be an automorphism of the group G satisfying
#(G) = G. It follows from [3][section 16] that ¢ is an automorphism of the
corresponding unlabeled Cayley network and condition (5) is easily verified. For
the other direction assume ¢ is an automorphism of the network Ng satisfying
condition (5). Let u € G, ¢ € G and put v = ug. Clearly, Lg(u,v) = g.
Consequently, by (5) Lc(4(u), d(ug)) = é(Ls(u,ug)) = é(g). This implies
that ¢(ug) = #(u)¢(g). Similarly, we can prove ¢(e) = e. Since G generates the
group G, it is easy to show that ¢ is a group automorphism. This proves the
lemma.

It follows from the lemma that if ¢ € Aut*(G) and ¢(g) €< g >, for some
g € G, then ¢ ¢ Aut*(Ng). This completes the proof of the theorem. m

Thus using Theorem 6 we can prove that Aut*(Ng) # Aut(Ng) for the star,
bubble-sort and pancake-sort networks previously considered.

EXAMPLE 8 Lg is a strong labeling for the star, bubble sort and pancake-sort
networks.

ProoF For each of the networks listed above we exhibit an dutomorphism 9 €
Aut(G) such that ¢(G) = G but ¢(g9) ¢< g >, for some g € G.

CasE 1 n-Star: Consider the automorphism ¢(r) = 0~ !ra, where o = (2,3).
It is easy to check that that ¢((1,2)) = (1,3) ¢< (1,2) > and ¢(G) = G.

CASE 2 n-Bubble-Sort: Consider the automorphism ¢(r) = o~ !re, where
o =(1,2,...,n). It is easy to check that that ¢((k — 1 modn,k)) = (k,k +
1 modn) €< (k— 1modn, k) > and ¢(G) =G.

CaseE 3 n-Pancake:
Consider the automorphism ¢(7) = p, 7p,. It is easy to check that that ¢(pi) =
Pr¥¢<pr >and ¢(G)=G. =

For any automorphism ¢ € Aut(G) let

Gy =GUHG)US*(G)U---.
Then we can prove the following theorem.

THEOREM 9 For any aulomorphism ¢ € Aut(G), if #(g9) ¢< g >, for some
9 € G, then Lg, is strong.

PROOF Let ¢ be an automorphism in Aut(G). The set G4 generates G since G
does. Moreover, it is trivial to check that ¢(G4) = G4. Hence the result of the
theorem is immediate from Theorem 6. m

3 Abelian Groups

Now we consider the case of abelian groups. In the most general case we have
arbitrary sets of generators for such groups. A Boolean function f € By repre-
sents a group H < Sy if S(f) = M, where S(f) is the set of permutations on N



letters that leave f invariant on all inputs. Such groups are called representable

[5}.

THEOREM 10 If the group Aut(Ng[Lg)) is representable and Aut(Ng[Lg]) <
Aut(Ng) then Lg is strong. =

The proof is immediate in view of the represantibility of the group Aut(Ng([Ls])
and assertion (3). By a result of [4] and [12] (see also the correction in [6] and
[7]) we know that Aut(Ng) is never abelian unless G = Z% and n # 2,3,4.
Hence in these cases we must have that Aut(Ng[Lg]) < Aut(Ng). Conse-
quently, if Aut(Ng[Lg]) is also representable then L¢ is strong. For a study of
representable groups where Theorem 10 applies the reader should consult [5].

In the sequel we consider abelian groups generated by a canonical set of
generators. We call a set G of generators for an abelian group G canonical if it
is obtained by one of the following rules:

e G =< g > is a cyclic group and G = {g}.

e G =G ®Gy, G =G UGy, and Gy, G2 are canonical sets of generators
for the groups Gy, G2, respectively.

Clearly all groups obtained via the above rules are abelian and every abelian
group is obtained via the above rules. For canonical sets of generators of abelian
groups we can give a complete characterization of those Cayley networks for
which L¢ is a strong labeling. In fact we can prove the following theorem.

THEOREM 11 Let G be a nontrivial abelian group which is not any of the 4
cyclic groups Ca,Cs,C4,Cs. If G is a canonical set of generators for G then the
labeling L is strong. ,

PROOF The proof is in several lemmas. First we take care of cyclic groups.

LEMMA 12 If G is a canonical set of generators for the cyclic group G = Cn
then Lg is strong eractly when N # 2,3,4,5.

PROOF of the lemma. The automorphism group of N is the dihedral group
Dy . Results in [5] show that for any N = 2, 3,4,5 and any Boolean function f
on N variables if S(f) > Cn then also S(f) > Dn. Hence in this case results
in [2] show that if f can be computed in N then f can also be computed in
Ng[lg] = ‘

If G is abelian then a precise characterization of the group Aut*(Ng) is
possible.

LEMMA 13 IfG = {q,. ..,gk,gl'l, .. .,g,'c'l} is a canonical set of generators for
the abelian group G then Aut*(Ng) = @, <i<i Digit- B '



Proor of the lemma. First observe that a canonical set of generators is irre-
ducible, where a set G of generators of a group G is called irreducible if

9.9 €Gandg #g,97 g ¢<g>.
Let s = |[{1 < i < k:g? # e}] and assume that

()1 ¢gi-1,.“’g’ #g:lig.i%—l 29:.:1,'”-,91: =9;1 :

Let ¢ € Aut*(Ng). We show that ¢ is uniquely determined from

¢(6))¢(gl): . ')¢(gk)'

Since G is irreducible there exist ay,...,a, € {—1,1} such that ¢(g;) = g;*, for
i=1,...,s. Then we can prove that for all u € G if '

PR Tsd r
u._gll ...g;‘ga+ll ...gk“

then
B(u) = p(e)g ™ g gy - gpt

(the proof is by induction on the exponents). Now the isomorphism claimed in
the statement of the theorem is ‘

¢ s (¢(€), [ PR a:)-
This completes the proof of the lemma. =

LEMMA 14 If G is a canonical set of generators for the group G such that there
erist g,¢' € G with |g| = |¢'| and ¢’ €< g > then Aut*(Ng) # Aut(Ng).

ProoF Easy since we can prove that there is an automorphism ¢ of the group
G permuting g, ¢’ but leaving the other generators fixed. =

Now we give the proof of the main theorem. Assumethat G = C,,,®---®C,,,,
with ny > --- > ng. If n; = n; for some i # j then by Lemma 14 and Theorem
4 the labeling Lg is strong. Hence without loss of generality we may assume
that ny > .-+ > ng. f k = 1 then the theorem follows from Lemma 12. Hence
without loss of generality we may assume k > 2. Assume now that for some ¢,
n; ¢ {2,3,4,5}. By [5] all dihedral groups are representable and the groups C,
are representable exactly when n# 3,4, 5. Hence there is a Boolean function f
such that

S(f) =Dn1 ®"'®Dn.'-x ®Cn.'®Dn-‘+1 ®"'®an'
Since n; # 2, we have that C,,, < D,,, and hence

S(f)y<Dpy® - ®Dn,_, ®Dp; ® Dy, ® -+ ® Dy, = Aut™(Ng) < Aut(Ng).

10



It follows that f is not computable in the network Neg.

The theorem has been proved for all abelian groups except for the following
eleven: @, csCn, where S C {2,3,4,5} and |S| > 2, which we now consider.
For these groups we use the automorhism groups Aut**(Ng) and prove the
following claim.

Claim. Aut**(Ng) = Aut(Ng[L¢]), for any of the eleven abelian groups con-
sidered.

PROOF of the claim. Let ¢ € Aut**(Ng). Since the groups considered are
abelian it is easy to see that there exists an integer k£ > 0 such that for all
u,ea€G,

$(ua) = $(u)a".

It is now easy to check that for the eleven groups considered this implies that
we can choose k = 1. This proves the claim.

Since a theorem of Subidussi [12] implies that Aut(Ng) is not abelian (the
same result also follows directly from the next Theorem 15 without refering to

[12)) it follows that Aut(Ng) # Aut**(Ng). This completes the proof of the
theorem. ® : :

At this point it is interesting to note two interesting facts without proof. If .
Aut.(Ng) is the set of automorphisms of N¢g fixing the identity element e of
the group G then every ¢ € Aut(Ng) is of the form a - 1, for some a € G, 9 €
Aut,(Ng) (the same result holds for any of the groups Aut*(Ng), Aut**(Ng)).
Tt is also a consequence of the definition of Aut**(Ng) and the proof of Lemma
13 that for a canonical set of generators of an abelian group g, Autt*(Ng) =
Aut*(G). We leave the details to the reader. ‘

THEOREM 15 If G is a canonical set of generators for the group ‘@Bres Cn,
where S C {2,3,4,5} then '

Aut(N) = Aut*(Ng) = €D D
nes

Moreover,

{f € Bw : S(f) > Aul(Na)} = {f € By : S(f) 2 Aut(NolLa))).

ProoF In order to prove the theorem we need the following lemma.

LEMMA 16 Assume that G = G' ® C,, is an abelian group, G’ a canonical set of
generators for G', G = G' U {v} and |[v|=3 or |v] = 5. Moreover assume that

1. if [v| = 3 then for allg € G' |g| # 3,
2. if |v| = 5 then for allg € G' |g| # 3,5.
Then Aut(Ng:U{,,}) = Aut(Ng') ® Dyy)-

11



PROOF of the lemma. Let ¢ € Aut(Ngy(v}) and suppose on the contrary that

for some a € G,u € G' ¢(av) = ¢(a)u (the case ¢(av) = ¢(a)u~! is similar).

We will derive a contradiction. ‘ _
First consider the case |v] = 3. We have that

#(a) = ¢(av®) = ¢(av?)uy = ¢(av)uaus = $(a)uzury,
for some u;, uz € G' U {v}. But this implies that
U UaU = €. ‘ (6)

If uy,us & {u,u"'} then equation (6) implies that u = ¢, which is a contradic-
tion. If u; € {u,u"'} while uz ¢ {u,u"!} then either u; = u which implies
that u?us = e, or else u; = u~! which implies that u; = e; in both cases we
get a contradiction. Finally if uj,us € {u,u~1} then either u; = us = u, in
which case (6) implies u® = e (contradicting the fact that v is the unique el-
ement of order 3) or u; = uz = u~', in which case (6) implies u™' = ¢, or
u; = u,us = u~!, in which case (6) implies u = e. This proves the lemma in
the case |v] = 3. ;
Next consider the case |v] = 5. As before there exist u;, uz, us, us € G'U{v}
such that
U U UIU4Y = €. ‘ o (M

We consider five cases depending on whether or not 0,1, 2,3, 4 generators among
the uy, ug, u3, u4 are in the set {u,u™1}. As before we use the fact that there
is no generator in G’ of order 3 or 5 to derive a contradiction. This proves the
lemma. ®

In view of Lemma 16 it is enough to consider only groups of the form Cr, ®C%,
with m > 2, as well as of the form Cr, @ C4, with m > 4. We show that in these
cases as well Aut(Ng) = Aut*(Ng). This would imply that for all 16 abelian
groups @, s Cm, where S C {2,3,4, 5} and for any canonical set of generators
G of that group Aut(Ng) = Aut*(Ng).

First consider the case of the groups Cp, ® Ca, with m > 2. Let u be a
generator of Cp, and v a generator of C5. Let ¢ € Aut(N{4,)) and suppose
on the contrary that ¢(uv) = ¢(u)u (the case ¢(uv) = ¢(u)u~! is similar).
We will derive a contradiction. It follows that ¢(u*v) = ¢(u)uju, for some
uy € {u,u"!,v}. If u; = u then d(uFv) = p(u)uF, for all k. If uy = u~! then
#(u*v) = $(u)u*, for all k. If uy = v then ¢(u*v) = ¢(u)u*~tv, for all k. But
all these statements contradict the injectivity of ¢. ;

It remains to examine the case of the abelian groups ¢ = Cy, ® C4 when
m > 4. Let u, v be generators of Cy,, C4, respectively. By contradiction, assume
that for some a € G, and ¢ € Aut(Ng), ¢(av) = ¢(a)u. But arguing as before
this would imply that ¢ is not 1 — 1. The proof of Theorem 15 is complete. ®

The 11 abelian groups @, s Cn, where S C {2,3,4,5} and |S| > 2 have
a rather interesting behavior. Although Theorem 15 implies that the networks
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Ng and Ng[Lg] cannot “distinguish” the Boolean functions they can compute
from their automorphism groups alone, Theorem 11 shows that in fact the la-
beled network Ng[L¢] can compute more Boolean functions than the unlabeled
network Ng. In particular, for these 11 abelian groups there exist Boolean
functions which are computable on Mg but such that S(f) > Aut(Ng).

4 Conclusion

We studied the labeling problem on anonymous Cayley networks and provided
sufficient conditions for the labeling L to be strong. For the case of abelian
groups with canonical sets of generators we gave exact characterizations of the
groups G for which the labeling L¢ is strong.
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