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Advances in computer graphics technology now provide capability to model 3-dimensional
objects with added manipulative functions such as real-time rotations, etc. In certain
disciplines such as in the earth and space science, it is becoming increasing desirable to
model spherical surfaces. In geography, the idea of map projections, is effectively a form
of modeling the spatial features on spherical surfaces as a flat or planar surfaces, e.g.,

paper maps, to the extent that actual measurement on the map can be translated, by
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Abstract

The conventional method of referencing a point on a spherical surface of known
radius is by specifying the angular position of ¢ and ) with respect to an origin at the
centre. This is akin to the (z,y) coordinates system in R? cartesian plane. To spec-
ify a region in the cartesian plane, two points corresponding to the diagonal points
(z1,%) and (zq,y2) are sufficient to characterize the region. Given any bounded
region, of 2% x 2% an alternate form of referencing a square subregion is by the linear
quadtree address [9] or quadcode [12]. Corresponding encoding scheme for spherical
surfaces is lacking. Recently a method similar to the quadtree recursive decomposi-
tion method has been proposed independently by Dutton and Fekete. Namely, the
quaternary triangular mesh (QTM) [4] and the spherical quadtree (SDT) [7). The
addressing method of the triangular regions suggested are very similar. We present
a new labeling method for the triangular patches on the sphere that allows for a
better and more efficient operation and indexing on spherical surfaces.

Introduction

1



scaling to the actual physical distances on the ground. The concept of paper maps is an
abstract model of the physical world. Given the current state of computer and graphics
technology one should be able to visualize information depicted in a map as an actual
3-dimensional model of the physical world. To achieve this, we need a convenient way of
representing, storing, retrieving and accessing information relating to spherical regions of
the globe.

Techniques of visualizing data of planar regions have benefited considerable from the
use of hierarchical data structuring methods such as the quadtrees [19, 18]. To put the
problem in perspective, consider a square planar region (A, B, C, D) of figure 1.1. A
location in this region may be defined, to some degree of precision, by the Cartesian
coordinate system with respect to an origin, say in the lower left hand corner. To specify
a region in this system, for example, region (a, b, ¢, d) of figure 1.1, the coordinates of
two diagonal points @ = (z1,1:1) and ¢ = (z3,12), are specified. Alternatively, using a
quadtree decomposition, of the space, the subregion (a, b, ¢, d) can be defined by a linear
quadtree code [9] or quadcode [12]. In general, an arbitrary subregion will be defined by
a list of quadcodes.

The quadtree like decomposition of planar regions into rectangular cells, and also
volumetric space into voxels or cuboids, have had extensive applications in graphics,
spatial searching and solid modelling. The address of a cell may be specified by the
string of quaternary digits from the root to the terminal node representing the subregion.
Such an address embeds the spatial coordinates as well. It is natural then to explore the
extension of quadtree-like decomposition method to spherical surfaces. In this respect,

we note some properties of the region quadtree decomposition.
o It preserves the rectilinear shapes of the cells at any level.

o The cells, at any level, have equal parametric measures: equal area, perimeter,

volume, etc.

The natural extension of the concept of quadtrees to decomposing spherical surfaces

so that regions can be appropriately indexed, has been addressed in (2, 20, 14, 15]. Unfor-
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tunately this has been found to be inappropriate. Its inappropriateness is exacerbated by
the fact that the two desired properties, mentioned above, are not preserved. The shapes
of the cells are rectilinear for regions around the equator but triangular near the poles,
see figure 1.2. The cells at the same level of decomposition neither have equal shapes or
equal areas. The question then is whether there is some other hierarchical decomposition
method for spherical surfaces that lends itself to the operations much like the quadtree
is to planar surfaces. Such a decomposition and representation can be used for the con-
struction of 3-D model of the globe and for the rendering of both volume and spherical
surface data so that distribution over the surfaces can be displayed in vector form or in
discrete element of forms as rendered triangles [11].

The answer to this question is in the affirmative and it has been addressed by a number
of researchers. Variants of the same idea have been proposed and associated with different
names. Dutton [4, 6, 5] proposed a triangular decomposition method which he refers to as
the Quaternary Triangular Mesh (QTM). Each triangular cell, in his method, is called a
triacon. He proposed this as an alternative method for geographically referencing locations
on planetary surfaces. He showed that the method has considerable advantages over
other conventional methodé such as the geographic coordinate system, of longitude and
latitude. We briefly elaborate on his approach in the next section. The method has since
been studied by Goodchild and Shiren [11] and they conclude that the method serves as a
better alternative to the quadtree for global indexing in Geographic Information Systems.
A similar approach has been proposed by Fekete [8, 7]. He referred to his approach as
Spherical Quadtree (SQT) and calls the triangular cells trizels.

In either of the two methods, the spherical surface is approximated by a set of trian-
gular patches. Each triangular patch is recursively tessellated by bisecting the edges to
form a median point. These median points are then projected to the surface. By join-
ing the new median points, four new triangular patches are generated. One interesting
characteristic of the scheme is that the higher the degree of tessellation, the better the
triangular patches approximate the shape of the sphere. The two schemes, however, defer

with respect to: i) the initial number of triangular patches of the base platonic solid and



ii) the labeling schemes used for addressing the triangular cells.

We observe that the QTM method is to region encoding of spherical surfaces as the
linear quadtree [9] is to region encoding of planar surfaces. In proposing the use of QTM,
Dutton recommends its use for point location. This requires an arbitrary long string of
QTM digits when the depth of tessellation is high. A number of open questions were
raised. In particular he for how best to implement the variable resolution aspects of
QTM codes on a hardware that is designed to process fixed-precision data. We believe
the significance of the QTM encoding is highly diminished when stretched in this manner
for point location instead of it being used simply to address regions on spherical surfaces.
Given the success and dominant use of the region quadtree and related quadtree-like
structures [9, 10, 19, 18] in image processing and spatial indexing, the QTM encoding
holds great promise in its use for indexing on spherical surfaces.

In proposing a similar idea called the Spherical Quad-trees (SQT), Fekete [7] presents

arguments for its importance in a number of applications. Namely:
o generalization of cartographic visualization;
e efficient access to spherically distributed data;
o development of graphical browser to select metadata of regions.

In this paper, we address some of the problems related to the use of the QTM and
SQT codes for spatial indexing and we show how it may be used effectively for indexing
regions on spherical surfaces We propose an alternate labeling scheme which we refer to
as the semi-quadcode (SQC). Our SQC (not to be confused with the abbreviation (SQT))
is actually a variant of the QTM scheme of Dutton. We would like to emphasize that all
three schemes are similar except for the initial base structures inscribed in the sphere.
They differ also in the manner in which they generate the address labels and ultimately the
algorithms for basic operations such as neighbour finding, adjacency detection, connected
component labeling, etc.

We utilize the scheme more for addressing triangular regions only up to the level of



precision tolerable by the integer representation of the hardware. The highlights and

major contribution of this paper are in:

1. the development of a new labeling scheme termed semi-quadcodes (SQC) in place

of QTM methods;

2. the design of simpler algorithms for operations on Spherical surfaces: neighbour

finding, union, intersection, difference, rotation, etc.;

3. development of new transformation algorithm from angular coordinates to semi-

quadcode addresses;

4. derivation algorithm of the angular coordinates of the three points that define the

triangular cell of a given SQC address;
5.  application of the new method for indexing QTM cells on spherical surfaces;

We discus the background to the development of the SQC scheme in the next section
and show how it relates to the earlier QTM and SQT methods. In section three, we present
some properties of the method and its related arithmetic operations. We compare the
scheme with the earlier proposed schemes in section four and suggest other applications of
it. We conclude in section five, giving an outline of future direction of its use in modeling

the globe in Geographic Information Systems.

2 Background

The basic idea of the Quaternary Triangular Mesh (QTM), Spherical Quadtree and Semi-
Quadcode is to approximate the surface of a sphere by a set of triangular patches. The
method is similar to the digitization of a curve whereby the curve is approximated by
a set of line segments. Consider the arc segment, ABC, of figure 2.1a. This may be
approximated by the chord AC. Suppose we recursively pefform the following procedure.
At each level of the recursive process, the midpoint B, of each line segment, say (AC) of the

preceding level, is projected radially to intersect the arc at B’. The new approximation to



the arc is now (AB’C). Continuing the process to a sufficiently high level of segmentation,
the circular arc AC can be approximated by a series of equal line segments as shown in
figure 2.1b. This basic idea is carried over to the spherical surface except that a group of
three points, forming a triangular patch, is used.

The development of the Quaternary Triangular Mesh (or QTM code) begins by con-
ceiving one of the platonic solids, i.e., the octahedron as inscribed in a sphere such that
the vertices touch the surface. The octahedron is chosen because of the property that it
can be orientated so that the geographic coordinates (¢, A), of a point on the surface of
the earth, consistently and unambiguously, map to a triangular region of a QTM code
Q, where Q = F(4,)) and F is the mapping function. Figures 2.2a and 2.2b show the
first two levels of tessellations in such a scheme. We will call the platonic solid inscribed
in the sphere (in our case the octahedron), the base solid of the QTM scheme and refer
to one of the eight triangles of the base solid as ¢ base triangular facet. The eight base
triangular facets are addressed as 0, 1, ..., 7. In the sequel we will focus on addressing on
the spherical surface defined by the representative facet 0.

Like the quadtree, one can construct a hierarchical tessellation of the triangular facet
into smaller and smaller regular cells starting from the base triangular fact as shown
in figure 2.3a. The QTM region labelling scheme proposed by Dutton is carried out is
as follows. Given a triangular facet that is tessellated regularly into four sub-triangular
regions, the middle triangle is labelled 0, the one to the left is labelled 1, the one to the
right is labelled 2 and the upper triangular cell is labelled 3. Although Dutton proposed
the method for point location, we believe the significance of the method is highlighted
by its use for addressing regions on spherical surfaces. Consequently, the hierarchical
decomposition process terminates when a small enough cell is generated. A triangular
cell becomes small enough when either the error introduced by approximating it simply
as a flat surface is negligible or the longest code strings occupies the full integer word of
the hardware.

Goodchild and Shiren [11] simplify Dutton’s cell labelling approach to facilitate trans-

formation from latitude and longitude to the quaternary code of the cell that a point lies



and vice versa. In the use of the quaternary codes as a global tessellation method, Good-
child and Shiren consider the projection of a sphere onto the eight distinct planer surfaces
of the octahedron. These planer surfaces are then recursively tessellated and labelled.
In their subsequent decomposition process, the midpoints of the edges of the triangular
cells are not projected to intersect the spherical surfaces for the next level tessellation.
One major drawback of this approach is that the error introduced as a result of the first
level projection onto one of the eight base planes, remain the same irrespective of the
subsequent levels of further tessellations.

The Spherical Quadtree of Fekete (7] begins with an inscribed platonic solid of an
icosahedron in the sphere. The sphere is therefor approximated initially by the 20 base
planar facets of the icosahedron. The approximation is improved by successively subdi-
viding the planer surfaces into four triangular cells. The new triangular cells for the next
level are formed by bisecting the edges of the current triangular cells and projecting the
new vertices out onto the surface of the sphere. This process is repeated until any desired
resolution is attained. Like the quaternary code, the approximation to the spherical sur-
face is represented as a forest of 20 spherical quadtrees, one for each base planer region
of the icosahedron. Each cell within each forest can be labeled by a unique code defined
by the path from the root to the leaf cell.

Unlike the method of Goodchild and Shiren, the cell labelling is different from that
proposed by Dutton. The SQT, uses the symbols {1, 2, 3, 4} for labelling. Let (A, B, C)
be the vertex label of a triangle and let (A’, B',C’) be the set of midpoints of the sides
opposite the vertices A, B and C respectively. The new generated triangular cells are
labeled as illustrated in the figure 2.3b.

The two methods described briefly, share a number of common properties. We distin-
guish between the two methods of labelling by referring to them simply as QTM-code and
SQT-code. In the sequel, we will refer simply to the QTM-codes with the understanding
that in some cases the discussion applies to both methods. A number of useful operations
and functions are necessary for the use of QTM in spatial indexing on spherical surfaces.

These include the following:



given the angular measure of ¢ and A, compute the QTM code, @ = F(¢, A), that

contains the point;

given a QTM address of a triangular cell compute the edge or node adjacent cell in

a given direction.

given the resolution and QTM-code of a cell, compute the angular coordinates of

the vertices of the triangular cell.

given an arbitrary figure on the surface of a sphere of known radius, the level h,
of the tessellation, and the set of QTM codes of a connected region, compute the

approximate area or perimeter of the defined region.

Connected Component Labeling: assign a unique label to each maximal connected

region of cells that share a common property.
given two lists S; and S3, of QTM codes compute the union S =5US,.
given two lists $; and S3, of QTM codes compute the intersection S = SN S,.

given set of QTM code representing a region at level h, enhance the resolution of

the image by generating the representation at level h+1.

Earlier papers have addressed some but not all of the above operations. We propose

a new method, the semi-quadcode, as an alternative to the QTM codes that gives a

different perspective of the QTM scheme. Due to space limitations this paper focuses on

the data structure, the representation of semi-quadcodes and some relevant operations.

We present a detailed algorithms for the use of the semi-quadcode in [17]. Some concerns

were raised about the size of the index generated when the level of tessellations become

high. Specifically, one may ask whether an initial index, after h levels of tessellation,

could be allocated on secondary storage and then subsequently extended to h+1 levels of

tessellation without reorganizing the previous assignments made.

This is equivalent to the resolution enhancement problem mentioned above and is

easily realized by organizing the QTM-codes into a B-tree structure [1, 3]. We utilize a
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similar idea in constructing the index for spherical surfaces except that semi-quadcodes
are used.

The use of the semi-quadcodes greatly facilitates the operations mentioned above. We
also address the problem of the use of semi-quadcodes for Global Spatial Indexing. In
using SQC for global spatial indexing, the triangular cells are conceived as corresponding
to data pages or buckets that hold detailed description of vector or raster data of the
spatial objects that fall within the cells. The SQC’s are used as keys to construct a B*-
tree index whose leaves hold pointers to the locations where detailed information relating
to the cells (e.g., the vector map data of the cells) are kept.

The technique achieves O(log,, N) page accesses to retrieve information the features of
the spherical surface contained in any one of the N triangular cells. This access complexity
is independent of the resolution k, 1 < k < h, where h is the maximum resolution of the
quadcodes. In this manner both horizontal and vertical navigation through the data is
achieved with the same access cost irrespective of the size of the region. This paper
highlights the significance of the SQC as a variation of the QTM encoding scheme. We
point out its relevance to other applications such as visualization of data on the surface
of the globe, rendering of maps as an aid in browsing the metadata of global databases

in the geosciences.

3 Geometry of Semi-Quadcode

The semi-quadcode (SQC) is a labeling method for spherical regions of arbitrary resolution
based on the subdivision of a base octahedron inscribed in the sphere. The structure
formed approximates the sphere by subdividing the 8 triangular planar faces as shown in
the figure 2.2b. It is perceived as a hierarchical structure with the planar regions of the
inscribed base octahedron forming level 0 of the hierarchy. The hierarchical approximation
is formed by recursively tessellating the surface at level h-1 to form the new structure at
level h. Each of the edges of the triangular facets at level h-1 are bisected and the

midpoints pushed radially to the surface. The new triangular facet formed by joining the



midpoints at level h effectively partitions the facet at level h-1 into four new ones. As
in [6], the 8 base octants are labelled by {0, 1, 2, ..., 7}. In the sequel we concentrate on
the subdivision of facet 0 since the discussion easily caries over to the other base facets

by translation, inversion or both.

3.1 Coordinate System of SQC

The semi-quadcode adopts the main concepts of Quadcodes [12, 13] to address QTM cells.
Quadcode is a linear quadtree encoding scheme with no Don’t Care digits. To contrast
the SQC with QTM, consider first the QTM labelling of the 0 triangular facet that has
been tessellated up to level 2 as shown in figure 2.3a. Some triangular cells are upright
while others are inverted. Given a QTM code of a cell computing the adjacency of a cell
in a specific direction, requires setting up state transition tables [8, 11]. The algorithm
for adjacent cell detection and similar others can be simplified considerably by the use of
the semi-quadcode labelling.

The QTM encoding scheme has a number of interesting properties described by Dut-
ton. He observed that:-

e As the level of the tessellation increases, facets grow smaller, the QTM codes grow
longer and they tend to be more unique thus allowing for unique address assignment

to locations.
e A QTM address at level 16 provide the same order of resolution as LANDSAT pixels.

o By interpreting the QTM location codes as integers, and mapping this onto linear
storage, they exhibit the property that numerically similar codes tend to lie in close

spatial proximity to one another.

o Facets at the same level having QTM codes terminated by the digits 1, 2 or 3 form
hexagonal groups of six triangles with triangles terminated by 1 gravitating towards
a vertex labelled 1. Those terminated by 2 gravitate towards a vertex labelled 2
and those terminated by 3 gravitate towards a vertex labelled 3. These nodal points

were termed attractors.
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® Suppose an edge (x, y) at level h is bisected to generate a midpoint z, the value of

z is given by the expression z = 6 — (z + y).

Suppose we perceive the QTM of one base plane as a graph G = (V, E) where V is the

set of nodes and G is the set of edges. Then we may also add to the above the following

property.

Proposition 3.1  The mesh of a base planer surface constructed by the recursive parti-
tioning in of the quaternary triangular mesh decomposition to any level h, is a graph that

always has an Eulerian tour.

This follows from the fact that the base triangular cell has three nodes each of even
degree 2. Subsequent tessellations, to any level, introduce new nodes that are always of
even degree.

Consider a 2-dimensional square space oriented so that the bottom and left edges
are paralle] to the X- and Y-axes. Let the bottom triangular be the half-space formed
by the diagonal joining the top-left corner to the bottom-right corner of square space.
Let this half-space be recursively partitioned by the lines that constitute the quadtree
partitioning of the full square region except that each square region so formed is split into
two triangular regions by a line joining the top-left corner to the bottom right corner of
each quad cell. This half-space partitioning will be termed the semi-quadtree. Figure 3.1a
illustrates the tessellation of half-space up to level 2. Let G = (V', E'), denote the graph
formed by the set of nodes V' and edges E’ of the mesh shown in figure 3.1b.

One key observation of the property of the QTM method that led to the development
of the Semi-Quadcode (SQC) is that the graph G, of the Quaternary Triangular Mesh
at level h, is isomorphic to the graph G’ generated by the quadtree-like tessellation of
square grid restricted only to the half-space, complete with the diagonal lines as shown
in figure 3.1b. The isomorphism established between the QTM graph G and the semi-
quadtree graph G’ suggests that a number of the quadtree properties should hold naturally
for the semi-quadtree and consequently for the QTM.
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3.2 SQC Addressing

To appreciate the significance of the SQC scheme, we show how the linear quadtree
labeling [9, 10] is adopted. First, observe that the semi-quadtree tessellation is exactly
quadtree tessellation of the space restricted to only one half of it. At each level of recursion,
a full quad cell either lies entirely in the subspace below the diagonal line or lies along the
diagonal line, i.e., it is a diagonal cell. If it lies entirely below the diagonal line it contains
two triangular cells corresponding to the upright and inverted QTM cells respectively.
Otherwise it contains only one triangular cell corresponding to an upright QTM cell. We
will refer to a “triangular cell” as tricell

Each normal rectangular quad cell contains two triangular cells of the QTM scheme.
These are designated as the u-tricell for the upright triangular cell, and the i-tricell for the
inverted triangular cell. Hence we can apply the addressing scheme of the linear quadtree
to the quad cells and then distinguish between the u-tricell and i-tricell within the same
quad cell by appending the digit 1 and 2 respectively to the corresponding linear quadtree
code. The above discussion effectively describes a semi-linear quadtree scheme or what
we call semi-quadcode.

Let the spherical surface defined by one of the triangular planes of the inscribed
octahedron be mapped onto one half space of a square space with the bottom and left
edges defined as the X- and Y-axis. A quadtree-like tessellation to level h will partition
the space into 2% x 2" quad cells. Each quad cell can be addressed by the pair of indices
X and Y, i.e., (x,y) or by an address formed from the linear quadtree addressing scheme.
From now on we will refer to the quadcode addresses instead of linear quadtree labelling.
For example in figure 3.1b, where h = 2, the space is tessellated into an 4 x 4 quad cells.
The subspace equivalent to the QTM scheme of figure 2.3a is that triangular region 0AB.
The quad cell (S,T,U,V) has the indices (1,2,). The corresponding quadcode address is
(03)4. The u-tricell and i-tricell of the quadcode (03)4 are (031)4 and (032)4 respectively.

Recall that the quadcode label of a node in a quadtree is a string of quaternary digits

that defines the path, from the root to the node. More importantly, the coordinate indices
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(z,y) and the quadcode address are related by the Proposition 3.2 stated below.

Proposition 3.2  Given the X- Y- coordinates (z,y) of a quad cell in a quadiree
tessellated square region to level h, denote by (Bf_,BF_,...,H%) and (BY_,B8Y_,...,B%)
the h binary digit representation of r and y respectively. Then the string of quater-
nary digits formed by taking pairs of bits of the interlaced binary digits of the form
(BF_1Bh_1BE_2Bh_, - .. BEBY) constitutes the quadcode address of the quad cell.

Denote the mapping of the (z,y) coordinate address to the quadcode Q, by a function
F and conversely denote the inverse mapping by F~!. We have then that Q = F({z,y)),
and (z,y) = F~'(Q). Both the function F and its inverse F~! are computed by h bit
shifts where h is the length of the quadcode or the highest resolution (2* x 2*) of the
tessellated space.

For a black and white image representation, the quadcode encodes only the black
regions of the space. Hence in practice, the quadcodes represent the black regions of a
black and white image. The quadcode representation is a sorted sequence of the quadcode
labels. If four connected square block of the form { gnr-1gr-2...¢:0, qr_1gr—2-..q11,
qh-19h—2 - -- @12 and gr_1Gr—2...q13 } appear in the sequence, these four are replaced by
the singly code gr_1qa—z . ..q;. With the knowledge of the resolution of the space in which
the image is embedded, each string of quaternary digits can be interpreted correctly.

The quadcode representation of the tessellated space is what we adopt in the semi-
quadcode labelling of the triangular patches of spherical surfaces. The triangular regions
are tessellated exactly as in the quaternary triangular mesh but we always count two
tricells as being contained within one quad cell except for the diagonal quad cells which
contain only one tricell. The semi-quadcode addresses of the two QTM cell in a quad cell
are formed by appending to the quadcode the digit 1 or 2 according to whether the tricell

is upright or inverted.

3.3 Further Properties of SQC

Further properties of the SQC method are worth taking note of,
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e  Within any base triangular facet tessellated to level h, each of the X, and Y indices
range over the set {0,1,... ,2" — 1 } and the valid coordinate (z,y) of quad cells
are those for which (z +y) < 2" — 1.

o Starting from a perfect sphere and an inscribed octahedron, all cells resulting from
tessellating a base triangular plane in the manner described have triangular shapes.
However, the triangular patches deviate from equilateral to isosceles triangles and

subsequently to cells of unequal edge length and unequal areas.

4 Operations on Semi-Quadcodes

One of the main virtues of the SQC addressing scheme is that it considerably simplifies
the computations of neighbours of a cell. Other related operations such as detecting the
boundary of SQC cells and connected component labelling are easily computed. Used as a
global indexing scheme, the SQC facilitates conversion of latitude and longitude values to
the SQC address containing the point. Conversely given and SQC code, one can compute

the latitude and longitude values of three vertices of the tricell.

4.1 Neighbour Finding

In discussing neighbours of a SQC cell, we need to define a sense of direction in which the
neighbour is required. {We discuss edge-adjacent neighbours only in this paper. The same
strategy can be extended to compute the addresses of the 5 vertex adjacent neighbours
as well, if desired. Relative direction of a cell can be defined in two ways: either i) by
the direction of the line joining a vertex to the midpoint of the opposite edge or ii) by
referring to the direction in the sense of West, East and North or South. A tricell may
have either a northern or southern neighbour depending on whether the cell in question
is a u-tricell or an i-tricell. Direction in this paper is defined in the sense of the latter.
The suffixes of the SQC address, indicating the triangular cell type either upright
or inverted, are two binary bits even though one bit suffices. Within each quad cell, a

u-tricell is always an upright triangular cell, has the suffix code 1 and forms the lower
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off-diagonal triangle of a quad cell. An i-tricell is always inverted, has suffix digit 2 and
forms the upper triangular cell of a quad cell. The edge adjacent cells of a u-tricell are
all i-tricells and conversely the edge-adjacent cells of an i-tricell are all u-tricells.

Since the length of the quadcode implicitly defines the level for which the code applies,
we will use the suffixes 0 to signify the end of a string representing a quad cell if the level
is less than h. The terminal digit 3 in a quadcode of (k+1)-digits implies the presence
of both the u-tricell and the i-tricell of the quad cell given by the k-digits. This means
that semi-quadcodes at level k, 0 < k < h, has k+1 quaternary digits. These terminal
digits allows us to develop a very simple algorithm for determining the semi-quadcode of

an edge adjacent neighbour to a given cell.

Algorithm for determining the edge adjacent neighbours
SemiQcode EdgeAdjacent (SemiQcode Q, Direction Dir)
{ .
1 « lengthOf(Q) ; //length of SQC string
tcode «— SuffixCode(Q); //extract the terminal digit.
Q « ClearRight(Q, 2); // delete the terminal digit
(z,y) & FHQ);
switch (Dir) {
West: if (— — z < 0) return (NullSQC) ;
break ;
East: x++;
if (z4+y > 2" —1) return (NullSQC);
break;
North:if (tcode =1 V (+ +y > 2* — 1) ) return (NullSQC)
break
South if (tcode =2 V (— —y < 0 ) return (NullSQC)
} AdjToQ « F({z,y));
if (tcode = 1)
AdjToQ «— AppendToQ(AdjToQ, 2);
else
AdjToQ «— AppendToQ(AdjToQ, 1);
return (AdjToQ);

VThe value NullSQC is defined as ‘0’ and indicates a possible error condition or an
attempt to cross the boundary of the current base facet. The function SuffixCode()
returns the suffix digit of the semi-quadcode, ClearRight(Q, n) drops the n suffix bits of
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the semi-quadcode Q, and the function AppendToQ(Q, d) appends the quadcode “d” as
the terminal digit of Q. In a similar discussion of adjacent neighbour finding, detecting
when the boundary of a base facet is crossed was not handled. Boundary detection is
simple in the SQC scheme. Whenever any of the coordinate values of the pair (z,y),
become negative or (z + y) > 2" — 1 we know a boundary of the base facet is being
crossed. In that case we translate our origin to the new origin of the adjacent base planar

facet.

4.2 Detecting Sons and Parents of Cells

Related to the problem of neighbour finding is the question of determining the semi-
quadcode address of either the sons or the parent of a tricell. For the QTM addressing
scheme, the sons of a tricell addressed by (qh-1Gh—2 - - - go) are determined by appending
the digits 0, 1, 2 or 3, to obtain (ga-1qr-2-- .q00), (gh-1qh-2---901), (qh-1qr-2 -+ -q02)
and (gh—1qh-2 - - - 903). The address of the parent of a QTM tricell is obtained by simply
discarding the trailing quaternary digit. We assume that in deriving the parent codes, the
base facet code is denoted by null (®) unless the codes are prefixed by the facet number
in which case it will be the base faced number.

In the SQC scheme, computing the address of the children or the parent is not that
straight forward. It depends on the suffix digit go. If go = 1 we have a u-tricell if go = 2
we have an i-triceH. If go = 0 or go = 3 we have the occurrence of both an u- and i-tricells
with a common parent. Let (gkgk-1- - - q190) be the address of a semi-quadcode. If go = 1,
the children are (qxqe-1---101), (qkqr-1---9102), (qkqe-1 - .q111) and (qkqk-1---¢121).
These are formed by replacing go by the pairs of quaternary digits {o1, 02, 11, 21}.
Similarly if go = 2 the children are derived by replacing qo with the pairs of digits { 12,
21, 31, 32 }.

The algorithm for the parent node of (qkQk-1- - -¢190) is the reverse operation for
computing children and the pair of trailing digits “q1qo” are replaced by either the digit 1
or 2. If go = 1 then if also ¢; < 3 the parent address is (qkgk-1 - - .1) otherwise the parent
address is (qkqk-1...2). If go = 2 then if also g; > 0 the parent address is (qkqxk-1- - .2)
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otherwise the parent address is (qgrgr—; ...1).

4.3 Conversions from Latitude/Longitude to SQC Addresses

The angular measures of the location of a point on a sphere with respect to the origin in
the center correspond to the geographic coordinates of latitude (¢) and longitude ()). In
anticipation of the application domain for which the SQC was developed, we will refer to
the geographic coordinates (¢, ) of a point on the globe. Although in reality the globe
is an ellipsoid, we will continue to assume that we are dealing with spherical surfaces.
This difference will impact our transformation algorithms but it is not essential for now.
We will also limit our conversion algorithm to the 0 base plane since this is easily carried
over to other base facet planes by changing the origin or the orientation of the X- Y-
axes. The base facet 0 is assumed to be the quarter northern hemisphere lying above the
equator (¢ = 0) and between longitudes A = 0 and A = 7/2. Figure 3.1b illustrates the
subdivision of the base 0 plane to level 2.

Let h be the highest level of subdivision of the base plane 0. We shall assume that the
sense of orientation of triangles is as illustrated in figure 4.1. The vertices of a u-tricell are
assumed to be numbered 0, 1 and 2 and those of an i-tricell as being numbered 1, 2 and 3.
The X and Y axes in the corresponding (z,y) coordinate system are subdivided into 2%
intervals. The coordinate conversion algorithms is performed simply by first converting
(#, ) values into (z,y) and then converting from (z,y) coordinates to the SQC address.
First we state the following propositions. Their proofs are straight forward and are left

out.

Proposition 4.1  Let (¢,)) be the angular coordinate of a point on the surface of a
spherical region defined by the lines of longitude ¢ = 0, ¢ = 7 /2 and the latitude A = 0.
Let the degree of tessellation of the region into quaternary triangular mesh be h. Then in
the SQC encoding of the space, the corresponding (x,y) coordinate of the quad cell that
the point lies is defined by

17



oh+1 4 &
T

J | (1)

y=|

and
202 —y)

r=| ~

]. (2)

Proposition 4.2  Let (¢, \) be the angular coordinates of a point in the quarter hemi-
sphere that is defined by the lines of longitudes A = 0 and A = 7/2 and let this point lie
in the quad cell given by the (z,y) in the SQC tessellation method. If the three vertices of
the u-tricell in the corresponding quad cell are denoted by (b0, Ao), (¢1,A1) and (@2, A2),

then these angular coordinates are defined by the expressions:

T
= ""1; Ao = —_—
#o y* L Tr ) @)
T . — T
¢ =(y+D*mm M = m*_————Q(Qh—y-—l) (4)
™
b =yxgm k= @+ Drger— s (5)

The propositions (4.1) and (4.2) form the bases for the conversion algorithm from
angular coordinates to SQC address and vice versa. We assume that within a given
cell ¢ varies linear with . The algorithm to derive the SQC address given the angular
coordinate (¢, ) is stated below.

Semi-Qcode Address(integer h, double ¢, double A)
{

integer X, ¥ ;

Semi-Qcode Q;
ht1,

y — |252);

X — L2/\!2:—y!J;

$1 — (y + 1) * 55

A 2 gy

b2 «— Y * EyT)

AQ — (:1: + 1) * 5(—27{:‘5;

Q « F((z,9)) ;

if (6> (B=2)+ (A= M) +¢2)
Q « AppendToQ(Q.2) ;
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else

Q < AppendToQ(Q,1);
return (Q);

The above algorithm for computing the SQC address of a point given its location in
angular measure is O(1). Note also that it implicitly computes the angular coordinates of
two diagonal vertices of the corresponding quad cell. This is easily extended to compute

all three vertices of a given SQC address.

4.4 Other Operations

In general an image on the sphere will be given as a set of semi-quadcodes. Other de-
sired operations on the codes are intersection, union and difference of two sets of semi-
quadcodes. Although the triangular facets at any given resolution are not all of the same
shape, for any given radius and a given resolution, the area and edge lengths of the tri-
angles, depending on the level and address are predefined. For this reason, it is easy to
compute the area of a figure inscribed on a spherical surface, to a sufficiently good approx-
imation, given the set of SQC addresses that represent it. Another important operation
often desired is the connected component labeling of images on the sphere. All of these

operations are easily computed by representing the image as a set of SQC addresses.

5 Applications of SQC

The semi-quadcode was the result of developing data structures for building a model of the
globe as an interface to a spatial browser for a global databases. Since its development,
it has found a number of applications. The SQC scheme, we believe, is an alternative
scheme for applications currently supported by the QTM and SQT schemes. We illustrate
this with an application of the SQC to global indexing.
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5.1 Global Indexing

One major application of the SQC is for organizing spatial indices into geoscience database.
Consider the alternative in which the globe is subdivided along the boundaries of paral-
lels and meridians, at say intervals of 6 degrees. Let each of the quadrangles by further
subdivided into regions using the quadtree tessellation method. Traditionally, these sub-
regions correspond to map sheets of increasing map scales. If we now consider that the
information related to one of these defined regions are clustered, then we need a consistent
method of indexing the locations where each cluster of information is stored.

The problem of global indexing has been previously addressed [2, 20, 14, 16, 15]. One
idea suggested is a decomposition of space along lines of meridians and parallel so that
regions are assigned their equivalent linear quadtree labels. The quadtree labels serve as
the keys to locations where the clusters of information related to the regions are stored.
These linear quadtree codes are then organized into B*-tree index. The main objection to
the scheme is the fact the spherical surface subdivided along lines of meridian and parallel,
do not maintain the same shape. They are triangular at the poles and rectangular along
the 0-parallel.

Since the SQC method maintains the triangular shapes for any level of decomposition,
it serves as a better alternative for global indexing. First we note that, given one of the
initial 8 base planar facets, the semi-quadcode addresses of regions up to level 13 can
be compacted into a 32-bit integer words. The first 4 bits gives the length of the semi-
quadcode, the right most 2-bits give the tricell type, l.e., “01” for a u-tricell, “10” for an
i-tricell and “11” for the occurrence of two triangular cell of the same parent in quad cell.
This representation assumes that the whole spherical surface is represented as a forest of
8 distinct semi-quadtrees.

To represent semi-quadcodes up to 19 levels for the whole spherical surface (equivalent
to a resolution of about 6m x 6m for the globe), requires at most a 48-bit (or a 6-byte)
words. Within the first byte, the first 3-bits represent the facet number, the next 5-

bits represent the length of the semi-quadcode. Of the remaining 40-bits, the last 2-bits
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designate the cell type. This leaves 38 bits to maintain at most 19 levels (or 19 digits) of
the semi-quadcode.

To use the semi-quadcode as a global index, we simply tessellate the surface of the
sphere in the manner consistent with the semi-quadcode scheme. For each region that has
information to be stored, we associate with it the corresponding semi-quadcode address
as its key. Let this location be perceived as a location pointer. The pairs of values (key
and pointer) are then organized as the content of the leaf nodes of a B*-tree.

Irrespective of the level or resolution of the region for which information is maintained,
this indexing method gives the same access complexity of O(log N) for an index of N cells.
The main drawback of the scheme is that information must be grouped in units consistent
with the triangular subdivision of space. This historically has not been the case. For
example map sheets are not triangular in shape. This means that we have to go through
the exercise of restructuring and reorganizing information, and consequently map sheets,

according to the triangular shapes.

5.2 Seamless Horizontal and Vertical Navigation

Our treatment of the SQC scheme has concentrated on the representation of one of the
base triangular facet. We have also illustrated how to detect when facet boundaries are
crossed. All our algorithms are easily extended to cover the entire sphere, simply by
detecting when a boundary cell is crossed and then making the appropriate change of
origin and orientation of the axes.

One immediate requirement in the application of the SQC method to global indexing
scheme is the realization of a seamless traversal of cells that are at the same level of tes-
sellation or traversal of the cells at different levels. We refer to the former as a “horizontal
navigation” of space and to the latter as “vertical navigation”. To access information
related to an adjacent tricell of some given one we apply the neighbour finding algorithm
to locate the address of the neighbour tricell. This address is then used as the search
key in the B*-tree index to locate the location of the data related to the new tricell. In

the same manner, we can access information related to one of the children of a given cell
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by first applying the algorithm for determining the children of a node. The SQC address
computed is then used as the search key of the index tree to locate the information related

to the higher level cell.

6 Conclusion

We have illustrated how the SQC scheme is used for addressing tricells resulting from
the triangular decomposition of the surface of a sphere. By this means we are able to
treat region addressing on spherical surface much like quadcode addressing of quadtree
subdivision of planer regions.

The SQC scheme is an alternative to the QTM and SQT representation of spherical
surfaces. The main virtues of our scheme is that it gives simplified and efficient algorithms

for nearly all the operations required to represent an image on a spherical surface. Like

the QTM and SQT methods, it has applications for:
e global spatial indexing;
o developing a model of the globe in 3D instead of reliance on projections onto planes;
e improving the speed of rendering maps on the globe;
o rendering information on spherical surfaces;
o developing a spatial browser interface for rapid data selection and analysis;

o developing a new dynamic projection of the globe that varies with change of origins

of the planes.

Using 32-bit integer words, with each base planar facet represented independently,
we can achieve up to 13 SQC digits, or 13 levels of tessellations. With 48-bit words we
can achieve up to 19 SQC digits and still address location on the sphere to sufficient
high degree of precision. Note that the errors resulting from projections, diminish by
projecting onto triangular facets at high levels of subdivision. Presently, our use of SQC

is in modeling the globe. This is the first level of interaction for a spatial browser used
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to explore the metadata of the Canadian Geomatic databases. Other scheduled works

include its use in terrain model building on surfaces of the globe. QTM and SQT form

some of the early works in global geographic information systems. The SQC scheme

provides an enhanced but simplified scheme that is used to achieve the same objectives.
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