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~ Abstract

In this paper we study the problem finding the median on a par-
allel comparison tree (PCT). Results due to Valiant [Va], Meggido
[Me] and Reishcuk [Re] show a provable gap between the randomized
and deterministic parallel complexity of selection. We prove a tight
tradeoff between the amount of randomness used by an algorithm for
this problem and its performance, measured by the time it requires to
complete its computation with a given failure probability. The tradeoff
provides a smooth bridge between the deterministic and randomized
complexity of the problem.

1 Introduction

The use of randomness in computation is well established (see Rabin [Rab]).
It has been applied in sequential, distributed and parallel computation with
great success, in many cases providing efficient solutions where no deter-
ministic solutions are known and in some cases where comparably efficient
deterministic solutions are provably impossible. To help explain this phenom-
ena we propose to consider the randomness an algorithm uses as a resource
and study its effect on the efficiency of the algorithm. We prove a tight
tradeoff between the amount of randomness used by an algorithm and its
performance, measured by the time it requires to complete its computation
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with a given failure probability. Such a tradeoff was first shown by Krizanc
et al. [KPU, PU] for the problem of oblivious routing on hypercubic net-
works. A number of other researchers have also studied the effect of limiting
randomness in computation [Mu, KR, Ran].

In this paper we consider the problem of selection in parallel. Valiant [Va]
showed a ()(loglogn) deterministic lower bound for the problem of finding
the median of n elements on an n processor parallel computation tree (PCT).
Reischuk [Re], and independently Meggido [Me], proved the existence of a
gap between the randomized and deterministic complexities of the problem
by providing a n processor randomized PCT which selects the median of n
elements in O(1) time with high probability.

In section 3, we demonstrate how to convert Valiant’s lower bound into
a tradeoff between the amount of randomness required by a PCT to find the
median, its run-time and its probability of failure. In section 4 we extend
Reischuk’s algorithm (using results due to Pippenger [Pi] to show the exis-
tence of randomized PCT strategies matching the bounds given in Section
3. The techniques used for both the lower and upper bounds are analogous
to those used by Krizanc et al. and may be applicable to other problems.

2 Preliminaries

Valiant [Va] introduced the parallel computation tree (PCT) model for study-
ing parallelism in the classical comparison problems of maximum, median,
merging and sorting. The input for each problem is a set of n elements on
which a linear ordering is defined. The basic operation available to processors
is the comparison of two elements. With k processors, k comparisons may be
performed simultaneously in one step. Depending on which of the 2* possible
results is attained, the next set of k comparisons is chosen. The computation
ends when sufficient information is discovered about the relationships of the
elements to specify the solution to the given problem. The deterministic time
complezity of a problem in this model is the number of steps required for the
worst case input or the minimum depth of a tree solving the problem, as a
function of the size of the input set and the number of processors used.
The model is easily extended to allow random computations. In the ran-
domized parallel computation tree (RPCT)model, at each step we introduce
a probability distribution over the choice of which & comparisons are to be



performed. In this case, the randomized time complezity of a RPCT is the
expected number of steps required on the worst case input.

We say a RPCT is uniform if all its random choices are generated by
a fixed number of independent calls to the same random process having a
finite number of outcomes (e.g., coin flips). Consider the problem, called
k-selection, of selecting the kth largest element of an n element set. This
includes the problems of finding the maximum (k = 1) and median (k = 2).
We
Claim: Any p processor, uniform RPCT strategy for k-selection is equivalent
to a strategy A = (S, D) where

1. § = {s1,82,...}, a set of p processor, deterministic PCT strategies for
k-selection,

2. D = {p1,p2,...}, a probability distribution over S with Prob(s;) = p;,

3. the strategy used on input permutation w is: Choose s € S with distri-
bution D and solve m using strategy s.

Furthermore the number of independent calls to the random process required
in the worst case is the same for both strategies and therefore the number of
independent random bits required in the worst case is also the same.
Proof: Let d be the maximum number of calls the given uniform RPCT
makes to its underlying random process on all possible runs. Let z;--- z4
be a string of d possible outcomes of the random process. Each such string
defines a (not necessarily distinct) deterministic PCT strategy, s(z; - - - z4),
where the random choices of the uniform RPCT are governed by the outcomes
of the string. Let p(z;) be the probability of z; occurring as an outcome of
the random process. Let p(z1---z4) = p(z1)-...-p(za) be the probability of
a string of d independent outcomes being z; - - - z4. Then the strategy having
8(zy -+ - z4) occurring with probability p(z;---z4) is of the required form
and exactly simulates the given uniform RPCT. Furthermore the number
of independent calls to the random process in the worst case is d for both
strategies. O

Let A = (S5,D) be a uniform RPCT strategy solving the k-selection
problem. Let m! be the number of steps required by the deterministic PCT,
si, on the input 7 of size n. We say

TqAS_t@Vﬂ' Z 7 <q.
‘ {ilm{ >t}

3



Thus a strategy, A, has complexity TqA < t, if for all permutations it solves
the k-selection problem within time ¢ with probability greater than 1 — q.
We denote by B# the worst case number of independent random bits the
strategy requires. The following fact is easily derived:

Fact 1 B# > max {—logp; | p; # 0}.0

3 A Lower Bound for k-Selection

The main result of this section is a relationship between a time-processor
tradeoff for k-selection and its corresponding time-randomness tradeoff. Let
tksel(p, 1) be the minimum over all p processor, deterministic PCT strategies
for k-selection of the number of steps required by a PCT on its worst case
input of size n. We prove

Theorem 1 Let 0 < g < 1l and let r > 1. Let A = (S, D) be a p pro-

cessor, uniform RPCT strategy for k-selection with inputs of size n. Say
tkset(rp, ) > t. IquA <t then BA > logr — logq.

Proof: From any subset, S’, of S of size r, we can form an TP processor,
deterministic PCT strategy for k-selection by running in parallel each of the
strategies in S’ and terminating whenever one of the strategies terminates.
Since tisa(rp,n) > t, there exists a permutation taking time greater than ¢
for this strategy. Therefore each of the strategies in S’ must take at least
time ¢ on this permutation. This implies any subset of S of size r or less
must have probability totaling less than q. Therefore there must be at least
- strategies in S with positive probability. One of these strategies must have
probability less than 2. The result now follows from fact 1. O

Corollary 1 Let 0 < ¢ < 1, let r > 1. Let A = (S, D) be a p processor,
uniform RPCT strategy for finding the kth largest element of n elements.
For some ¢ = ©(1) we have

1. If 1 < pr <n then szqA < = +loglog pr — c then BA >logr—logyg;

2. If4<2n<pr < 1%:9 then z'quA < loglogn — loglog & — ¢ then
B4 > logr —loggq.



Proof: The results follow immediately from the bounds on finding the max-
imum of n elements with pr processors, t1sa1(pr, n), given in [Va] and the fact
that finding the maximum of n elements is reducible to finding the kth of
n + k elements. O

We are particularly interested in the case of PCT’s using n processors:

Corollary 2 Let0 < ¢ <1 andlet—— <e<1l. Let A= (S,D) be an n
processor, uniform RPCT strategy for ﬁndzng the kth largest of n elements.
For some ¢ = O(1) we have, if T < log(L) — ¢ then B4 > elogn —logg. O

An examination of the proofs of theorem 1 and the lower bound in [KPU,
PU] suggests that they both follow from the same general principle: one can
trade randomness for processors. This is especially evident in theorem 1. If
we keep the error probability constant, by adding one bit of randomness we
get the same time lower bound for half the number of processors.

4 TUpper Bounds for k-Selection

In this section, combining results of Pippenger on deterministic selection [Pi]
and Reischuk on randomized selection [Re] we prove the existence of uniform
RPCTs matching the bounds given by corollary 2.

The following fact is due to Pippenger [Pi]:

Fact 2 Let — < € < 1. There exists a deterministic PCT strategy using
nlite processors solvzng the k-selection problem for inputs of size n in time

O(log(%) + ¢) where c = ©(1). O

Below we present a modified deterministic version of Reischuk’s n proces-
sor selection algorithm which we call (k,€)-SELECT. Let X = {z1,...,2,}
be an n element set. Let k be the rank of the element of X to be selected
and let —— s <e<Ll.

Procedure (k,¢)-SELECT
1. Let X' = {z1,...,% 1-5};

2. Define
. e +1

= 0, [k=



1__
t; = min{n + 1, I_k-—_*_—j—l-—l n!=37};

Select s; equal to the element of rank ¢, of X’;
Select s; equal to the element of rank t; of X';
Compare every element of X with sq;

Compare every element of X with s,;

. Define

N A o

A={z € Xz < 51},
B={z¢eX|s; Lz < s},
C ={z € X|s; < z};
(a) I |A| < kand [A|+|B| > kthenlet Y = B and ¥ = k — |A],
(b) If |A] > kthenlet Y = A and ¥ =k,
(c) If |A|+|B| < k then let Y = C and &' = k — |A| — |B|;

®

9. Select = equal to the k'th element of Y;

10. Output z;

End Procedure.
The correctness of the procedure is easily verified. Using Reischuk’s prob-
abilistic analysis we are able to prove

Lemmal Let ln < € < 1. On an input of size n, chosen uniformly

at random, the algomthm (k,€)-SELECT runs in time O(log(L) + c) with
probability greater than 1 — exp{—2in'~% + O(logn)}, where c = 0(1).

Proof: Note that as far as the analysis is concerned, choosmg a sample of
size n'~% at random is equivalent to choosing the ﬁrst nl=% elements of a
randomly chosen set.

Using the algorithm of fact 2, steps 3 and 4 take O(log(3)+c) time. Steps
5 and 6 take constant time w1th n processors Followmg Rexschuk’s analy-
sis [Re] we have the probability that |Y| > nl~% is less than exp{ —inl-% 4
O(log n)}.- Therefore, with probability greater than 1— exp{——n1‘5+0(log n)},
step 9 requires O(log( )+ ¢) time. O
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Theorem 2 Let 23151—ogﬁl <e<land 2 < q <1 For the problem
of selecting the kth ofsn elements there exzsts a uniform RPCT strategy,

= (5,U), with BA = clogn — log q for which T} = O(log(2) + ¢), where
¢ = 0(1) and U is the uniform distribution asszgmng equal probabzlzty to each

strategy in S.

Proof: For each permutation, =, define an n processor deterministic PCT
strategy s, as follows: Perform permutation = on the input and then run
(k,€)-SELECT on the resulting permutation. We show that a randomly
chosen set of such strategies works with non-zero probability and therefore a
set, S, with the desired property exists.

We say a permutation m; succeeds for an input o in time ¢ if Sx, TUNS
in time ¢ on me. Lemma 1 is equivalent to the statement: For a fixed per-
mutatlon, 7o, a randomly chosen permutation, m;, succeeds for 7 in time
O(log(%) + ¢) with probability greater than 1 — exp{—1n!~% + O(logn)}.
Claim: Let II = {ry,.. 7r.,e} be a random set of & deterministic PCT

strategies. Let Er be the event for all permutations ,

Hsr, € |m; fails (does not succeed) for « in O(log(%) + ¢)}| <
AIUE

Then Prob(En) > 0.
Proof: We bound the probability of the event, Ep, there exists a permutation
m, such that

[{sx; € II|m; fails for = in time O(log(1) + ¢)}| > ¢|T1.

For a given permutation «, the probability that more than q|II] of the random
permutations in II fail for 7 is less than

1 e 2% 1 log(5 log n)
————— g o9 — >n! 2——=_7),
(ei—nl"g—O(logn)) <n5) < e%n”%-n‘O(logn) < n! (q =" ez logn

Thus the probability there exists some permutation, among the n! possible
permutations, for which more than ¢|II| of the strategies in II fail in time
O(log(2) + c) is strictly less than




That is, Prob(En) = 1— Prob(£p) > 0.0
From the claim we may conclude that there exists a II for which Ep holds.
This II may be used to define A satisfying the conditions of the theorem. O

5 Conclusions

Comparing theorem 2 with corollary 2 we see that there exist uniform RPCT
strategies using an optimal number of random bits and running in time op-
timal to within an additive constant. However, the upper bound presented
here is nonconstructive. A result of Karloff and Raghavan [KR] implies a con-
structive scheme for k-selection, A, with B4 = O(logn) and TA. = O(1).
Their result (actually dealing with sorting on a PRAM) uses simple pseudo-
random number generators. It does not immediately answer the problem of
constructing a uniform RPCT strategy for k-selection matching the bound
given in theorem 2.

We commented earlier that the lower bound in this paper and that in
[KPU] follow from the same general principle: one can trade processors for
randomness. Similarly the (nonconstructive) upper bounds each case take
the same form: reduce the amount of randomness by choosing from a subset
of all objects rather than the full set. It would be interesting to find other
examples of time-randomness tradeoffs in parallel computation and/or find
general conditions under which such tradeoffs exist.
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