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Abstract

We present three algorithms for selection on the reconfigurable
mesh (RMESH) model. The first, deterministic, algorithm runs in
O(blog*N) time on an N processor RMESH, for N integers each of
length < b-bits. The second, deterministic, algorithm runs in ezpected
O(logN) time on an N processor RMESH for N elements drawn from
a linearly ordered universe. The third, randomized, algorithm runs
in O(log?N) time, with high probability on an N processor RMESH
again for N elements drawn from a linearly ordered universe. Our
algorithms address three different scenarios and are important in view
of a previous O(log?(N)) algorithm [EW91] requiring complicated data
movements operations.
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1 Introduction

The problem of selection is to find the k**(1 < k < N) smallest element from
a given set S of N elements drawn from a linearly ordered set [AHU74]. The
problem of selecting k**smallest element from a given set of elements can
be solved by sorting the given set in non-decreasing order and then picking
the kt*element from the top of the ordered list. The problem of selecting
the middle element (k = [n/2]) is knows as the median selection problem.
The problem of finding the k**largest element can be solved by picking the
element starting from the bottom of the list which is sorted in the non-
decreasing order. The selection problem has been widely studied in literature
on several models of computation [CCC92, BFP*73, KN92, Raj90, EW91].
The reconfigurable mesh model of computation is becoming popular not only
because of the absence of diameter consideration [BAPRS91], but also be-
cause of the existence of the experimental and commercial implementations
[MKS89, TCS89, LS91]. One can solve the problem of selection in O(1) time
by first sorting the given N elements in constant time [JPP92] and then pick-
ing the desired element. However, this approach will require an RMESH of
N x N processors. In this paper, we present three algorithms which require
an RMESH of only N processors for the given set of N elements.

In the next section we present the RMESH model and some previous re-
sults which will be used in our algorithms. Our deterministic, O(blog*N),
algorithm is presented in section 3. In section 4, we present a second de-
terministic algorithm which runs in expected O(logN) time. In section 5,
we present a randomized algorithm which runs in O(log?N) time, with high
probability. All three of our algorithms are simple to implement and require
little if any data movement. Finally, in section 6 we give some concluding
remarks as well as open questions raised by our results.

2 Preliminaries

2.1 Model Definition

A reconfigurable mesh (RMESH) of size N consists of N processing elements
(p.e. for short), which are connected in a VN x /N grid with a p.e. at
each grid point. Each p.e. is indexed by (row, column) number and each p.e.



knows it’s own index. An RMESH can be thought of as a standard mesh
with a programmable switch as part of each grid processor. We assume that,
in one time unit, each p.e. is capable of (1) setting it's own local switch
connection (for re-configuration), (2) sending (optionally) a message on the
bus, (3) receiving (optionally) a message from the bus, and (4) executing
O(1) standard arithmetic/logic operations. A message is assumed to be of
constant length based on the bandwidth of the network. Also each p.e. has
O(1) local memory registers.

Each p.e. is directly connected to it’s four neighbors with the exception
of the boundary processors. Each p.e. in an RMESH can connect up to
three of it’s neighbors, which makes a bus spanning across and through a
p.e. Also each p.e. can be a part of up to two different buses. Note that
a standard mesh can not make such a bus connection. For an RMESH one
can easily conceive of all rows or all columns buses. If we denote the four
neighbors of a p.e. as North(IN), East(E), South(S) and West(W) then we
can, for example, have connections like {NS, EW}, {WN, SE}, {WNE, S}
as in [JPP92]. A standard mesh can be created by making {N, E, S, W}(no
bus connection) switch setting. Even though a bus can have many receiving
processors only one sender is allowed in a single time step. However, if there
is more than one sender then all the p.e.s on that bus will detect the error
condition.

The unit-time delay model assumes that a single data broadcast on the
reconfigurable mesh takes ©(1) time regardless of the size of the bus. In this
paper, we only consider the unit-time delay model.

2.2 Previous Results

For the algorithms presented in this paper we will use the following variables,
input characteristic and data operations;

S denotes the given set of elements from which we are required to select
the kt*smallest element. N = |S| is the number of elements in the set S. The
first algorithm operates on b-bits long distinct integers, where b < wordlength
of the RMESH. The second and third, comparison based, algorithms operate
on any elements which can be compared and manipulated by each p.e. of the
RMESH in a constant number of time steps. We will use an RMESH of size
N for both the algorithms. Since N = |S], we will initially have one element
of the set S stored per p.e. of the RMESH.
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For all three algorithms, we assume the input elements to be distinct. This
requirement can be obtained, as is customary, by representing an element
< e; > located at j** p.e. as < e;,j >, if the inputs are not known to be
distinct. :

The following lemmas will be required in the proofs of our results. The
problem of counting number of ’1’ bits in a sequence of N 0/1 bits—one bit
per processor, has been addressed by Jang, Park and Prasanna [JPP92]. We
state their conclusion in the following lemma;

Lemma 1 The number of 1’s in a VN x VN 0/1 table can be computed in
O(log*N) time on an N processor RMESH.

We note here that in the absence of above fast counting technique due
to Jang, Park and Prasanna, the counting by usual summing would take
O(logN).

Random Access Read (RAR) and Random Access Write (RAW) [NS81]
operations on a reconfigurable mesh have been studied by Miller, Prasanna-
Kumar, Reisis and Stout [MPKRS87]. The following lemma is the conse-
quence of one of their results;

Lemma 2 m < N data items may be routed in an arbitrary permutation in

O(+/m) steps on a N processor RMESH.

Miller et al. [MPKRS87] also study the parallel prefix problem. They

show;

Lemma 3 Given a set S = {a;} of N values, distributed one per processor
on a RMESH of size N so that P; contains a;, 0 < i < N — 1, and an O(1)
time binary associative operation ®, in O(log N) time, the parallel prefiz
problem can be solved so that each processor F; knows ag @ a1 @ --- ® a;,
O<Li<N-1.

Jang and Prasanna [JP92] have developed an efficient algorithm for sort-
ing. We state the following simple corollary to their result without proof:

Lemma 4 Elements stored in the firstr > 0 rows of an N processor RMESH
may be sorted in O(r) time.



We have the following approximations for a binomial distribution due
to Chernoff [Che52]. A binomial distribution with n independent Bernoulli
trials and with p probability of success in each trial is denoted by B(n,p). (A
Bernoulli trialis an experiment with only two possible outcomes, for example

TRUE and FALSE.)

Lemma 5 IF B(n,p) is a binomial distribution and ¢ > 0 then we have
(1) Probability (B < |(1 — €)np|) < exp(—€*np/2)
(2) Probability (B > [(1 + €)np]) < exp(—€e*np/3)

By high probability, we mean with probability p > (1 — N~¢) for the
given input size N and any a > 1 [Raj90].

3 Deterministic Algorithm

This algorithm works on N integers each of which is b-bits long. The ba-
sic idea is similar to radix sorting [AHU74], where the sorting progresses in
rounds from the most significant bit position to the least significant bit posi-
tion and each sorting round considers one bit position. For b-bits long keys,
the number of sorting rounds will be exactly b. Similarly, one can undertake
binary radix selection, by, first, counting the number of ’0’s and ’1’s in the
designated bit position and then selecting one of the two groups for further
counting and selection on one less significant bit position. Since all the input
integers are assumed to be distinct, the desired selection will be found within
b rounds. It is easy to see that since, our b-bits long elements are drawn from
the interval [0,2% — 1], our binary selection procedure can be completed in
log(2%) = b rounds. Details of our algorithm follow. (Comments are given in
the curly brackets.)

Algorithm 1

Step 1: Proc SELECTION_I(S, N, b, k)

Step 2: {Initialize} Mark all elements active, let number of active ele-
ments E:=N and let j:= k.

Step 3: {For Loop} for i:= b downto 1 do
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Step 4: {Extract a bit, Least Significant bit is 0** bit.} Let CB:= ¢**
bit from each active element. For all inactive p.e. CB:=0.

Step 5: {Count ’1’ Bits} Let Y:=be the count of active elements with
CB=1. Let X:= (E-Y) be the count of the rest of the active elements.

Step 6: {Mark Elements Inactive} If § < X then mark all elements
with CB=1 as inactive and E:= X; otherwise mark all elements with
CB=0 as inactive, E:= Y; and j:=(j - X);

Step 7: {Check Termination.} If (E = 1) then mark the only active
element as the desired selection and stop. Otherwise continue.

Step 8: endfor.

Step 9: endproc.

Since we assume distinct input elements, the correctness of the above
algorithm can be easily proved by induction on the bit-length &’.

Theorem 1 Selection of k", 1 < k < N, smallest/largest element, from
a set of distinct-integers, each of length < b-bits, can done in O(blog*N)
parallel time on an RMESH of size N.

Proof. The for-loop in SELECTION_1 is executed < b times. By lemma
1, it follows that each iteration in the for-loop takes at most O(log*(v/N))
< O(log*(N)) steps. All other steps within the loop can be executed in
O(1) time on the RMESH. Thus we have an algorithm for selection with the
claimed upper bound. O

We note here that (1) the above algorithm does not require any data
movements operations and (2) it is practical and easy to implement.

4 Average-Case Algorithm

The deterministic algorithm presented here is a comparison based algorithm
unlike the previous radiz based algorithm. For this algorithm, we allow the
input elements to be chosen from any set so long as two elements can be
compared in a constant number of steps on a single p.e. of an RMESH. We



will show that the algorithm is efficient on average, i.e., for an input chosen
uniformly at random among all possible input orders, the algorithm runs in
O(log N) with high probability. However, in the worst case, the algorithm
may required O(v/N) time.

The basic idea of the algorithm is to, first, choose a sample R of o(N)
elements from the input set S and sort it. Now, let e be the element of rank
I = [k(|R|/N)] in R. For randomly chosen R, e is expected to be close to
the element of rank £ in set S. To eliminate most of the elements of S from
further computation, we designate two elements e; and e; with ranks [ — §
and ! + é in R respectively, where 6 is a small integer, such that the ranks
of e; and eg, in S, are expected to be < k and > k, respectively, with high
probability. Next, we mark all the elements as being less than e;, between
e; and e; or greater than e;. Depending on the sizes of the three sets we
sort the set containing the element of rank k and we are done. Details of our
algorithm follow.

Algorithm 2

Step 1: Proc SELECTION_2(S, N, k)

Step 2: { Sort a sample R } Sort the elements stored in the first log N
rows of the RMESH.

Step 3: {Designate e; and e; } Designate as e; and ey, respectively, the
elements with ranks ([klog N/v/N| — log N) and ([klog N/V/N| +
log N).

Step 4: {Mark, count and eliminate }Broadcast e; and e;. Let A be
the set of all elements strictly less than e;, B, the set of all elements
between e; and e; inclusive, and C, the set of all elements strictly
greater than e;. Using a prefix operation compute the sizes of sets A
and B, denoted a and b, respectively. If a > k, mark elements in B
and C as inactive. If @ < k < a + b mark elements in A and C as
inactive. Otherwise, mark the elements in A and B as inactive.

Step 5: { Concentrate the active elements in the first rows } Using a
prefix operation, rank the active elements in each column ¢ of the
RMESH and denote the element of maximum rank by ¢; for 1 <7 <
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V' N. Move the elements one-by-one to the row of their rank using
broadcasting in the column. Using another prefix operation, compute
the maximum of all ¢;’s and call it ¢. Broadcast ¢. All processors in
the first ¢ rows not having an active element, create one with value
+00 (i.e., a value greater than all possible values under consideration).

Step 6: {Sort and Select} Sort the first ¢ rows of the RMESH. If k < a
then return the kt*element. If a < k < a+ b then return the (k —a)®
element. Otherwise, return the (k — @ — b)*"th element.

Step 7: endproc.

Since we assume distinct input elements, it is easy to see that the above
algorithm performs the required selection.

Theorem 2 Selection of kt*, 1 < k < N, smallest/largest element, from a
set of distinct elements, can be done in O(logN) ezpected time on an RMESH
of size N.

Proof. The running time of SELECTION_2 is dominated by steps 5 and
6. Using lemmas 3 and 4 these can be shown to require O(c + log N) and
O(c) steps, respectively. All other steps are easily shown to require O(log N)
steps (again using lemmas 3 and 4). Using lemma 5 we can show that if the
input to the algorithm is random then ¢ = O(log V) with high probability
and the result follows. (Note that ¢ < +/N.) O

5 Randomized Algorithm

In this section we present our most general algorithm. We allow any input
elements from a linearly ordered set so long as two elements can be compared
in a constant number of steps on an RMESH. It is clear from the previous
algorithm that the data movement operation is a time consuming operation
on an RMESH, while broadcast and counting are very fast operations. We
propose here a very simple and natural partitioning strategy which takes
advantage of fast broadcast and counting operations on an RMESH. Details
of our algorithm follow.

Algorithm 3



Step 1: Proc SELECTION_3(S, N, k)

Step 2: {Initialize} Mark all elements active, let number of active ele-
ments £ := N and let j := k.

Step 3: {Assign Rank} Assign rank to each active element in row-major
order thru a prefix operation.

Step 4: {Pick a Partitioning Element.} Processor 1 selects random num-
ber, r, between 1 and E and broadcasts it. The element, m, of rank
r is chosen to be the pivot element and the processor containing it
broadcasts it.

Step 5: {Count and Eliminate} Count the number, ¢, of all elements
< m. If (j < ¢) then mark elements just counted as active and let
E := c else if (j > c¢) then mark elements just counted as in-active
and let j := (E —¢) and E := E — c else declare m as the required
element and stop.

Step 6: {Repeat} Repeat previous steps starting with step 3 until E <
log? N.

Step 7: {Concentrate and Sort} Concentrate the remaining elements
on the first row of the mesh and sort them. Return the element of
rank j.

Step 8: endproc.

Theorem 3 Selection of k™, 1 < k < N, smallest/largest element, from a
set of distinct elements, can be in done O(log?N) parallel time, with high
probability, on an RMESH of size N.

Proof. It is easy to see that the partitioning algorithm correctly produces
the k*hsmallest element. Using lemma 5 it is easy to show the main loop of
the algorithm will be performed O(log(N)) times with high probability. The
most expensive component in the main loop is the prefix based renumbering
of the remaining active elements, which requires O(log N) steps (lemma 3).
By lemmas 2 and 4, step 7 can be completed in O(log N) time which leads
to the run time claimed. O



6 Conclusion

In this paper, we presented three algorithms for the selection of k**smallest or
largest element on the Reconfigurable Mesh machine. All of our algorithms
are simple and practical and they improve upon the best previous algorithms
for the case of integers with fewer than log® N/log* N bits in the case of our
first algorithm and on average in the case of our second algorithm. Further
research is needed to address the issue of how to scale a selection algorithm
to match the given combination of input set size and RMESH size. Another
interesting issue is to find the least number of extra processors required to
run the selection algorithm in O(1) time. Also of interest are lower bounds
for selection among N elements on a N processors RMESH.
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