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Abstract

Let F be a finite field of ¢ elements and characteristic p (so ¢ = p®
for some n > 1) and let T := {fi(z1,...,2,) = 0]i = 1,...,s} be a
system of polynomial equations with coefficients in F.

In this paper we relate the structure of the F-algebra

Flzy, ...,z )/[(fi(Z1 s Zr)y oo oy fo(21y oy 20), 2] — 24, .., 28 — 7,)
to the roots of ' in F7.



1 Introduction and definitions

Let F be a finite field of ¢ elements and characteristic p, and let
T:={fi(z1,...,e) =0li =1,...,8)

be a system of s polynomial equations in r variables with coefficients in F.
Consider the F-algebra A := F[zy,...,z,]/I, where

Ii=(fi(x1,:-- s 2 )y ey fsT1y e ooy Tr)y 2] — 24,y 28 — 21)

In this paper we show that the number of distinct solutions of I' in F” equals
the dimension k of the algebra A over F.

Furthermore, given the regular representation of the algebra A, we show
that the roots of I' in F'" can be obtained as the eigenvalues of the images of
Tm, me€{l,...,r}.

The special case of a single polynomial deserves particular attention —
it is enough to think about the implications in areas such as cryptography
and coding theory — we devote to this case the last section of our paper.

2 The main theorems

THEOREM 1 The algebra A is finite dimensional and commutative.
PRroOF Indeed A is spanned by the elements
g oz 4T (41y...,4,=0,...,q—1)

and therefore its dimension over F' is bounded by ¢". The commutativity of
A is inherited from the commutativity of F[zy,...,zx]. O

THEOREM 2 The algebra A is semisimple.

PROOF Remember that in a commutative finite dimensional algebra the
radical consists of all the nilpotent elements [3, pag.162).

In order to prove that A is semisimple, all we need to show is that A does
not contain any nonzero nilpotent element or, in other words, rad(A) = (0).
For this purpose, let

= .. . 13,12 3
9= Giyigir TrEF o2y +
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be an element of A. We have
9 = (irigoiy)? T3P0 T+ I =g

sincea’? =aforalla € Fand 2! =z; (mod I)for:e€ {1,...,r}.
It is now clear that if g™ = 0 for some m > 1 then g = 0, so 0 is the only
nilpotent element in A. O

THEOREM 3 The algebra A is a direct product of fields isomorphic to F

PROOF Any commutative semisimple algebra is a direct product of fields
[4, page 54]. Therefore ”
A2 Fy x...x F

say, where each F; is an extension field of F. Assume that a field F; in
the decomposition of A is a proper extension field of F'. Because F; is fi-
nite, it must contain a primitive element, that is an element ¢ whose order
in the multiplicative group F} of F; is exactly |F;| — 1. Consider the ele-
ment (0,...,0,¢,0,...,0) in A: its order is strictly greater than ¢ — 1, which
contradicts the fact that for any ¢ € A we have g? =¢. O

THEOREM 4 The dimension k of A over F is equal to the number of distinct
roots of T' in F".

PROOF For each root a; := (aj,,...,a;, ) of I there is a surjective F-algebra
homomorphism v, : A — F in which z; + I — «;;, and conversely, each
surjective homomorphism A — F has this form.

Now we show that there are exactly k surjective F-algebra homomorphisms
A — F. Since A is a direct product of k fields isomorphic to F we can
assume A = Fe; @ ...® Fe, where the elements ey, ..., e, form a complete
set of primitive orthogonal idempotents in A. It is easy to see that there are
at least k surjective F-algebra homomorphisms A — F, where the :** one
maps the element ¢; to 1 and e; to 0 for 5 # i. Conversely, let v: A — F
be a surjective F-algebra homomorphism. Now, any ring homomorphism
must map an idempotent to an idempotent, and therefore there are only two
possibilities for v(e;), namely 0 or 1. Let us assume that for ¢ # j we have
v(e;) = v(ej) = 1: then e;e; = 0 and v(eie;) = 1, contradicting the fact that
in any ring homomorphism 0 must be mapped to 0. O
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Figure 1: Relation among the ideals

We have seen in the last proof that there is a one to one correspondence
between the idempotents e; and the roots of the system I'. Let (1 —e;) be
the preimage under the natural map Flz,...,z,] = Flz1,...,2,]/] of the
ideal generated by 1 — ¢; in A, and let (ajy,..., ;) be the root associated
to e;.

Figure 1 helps one to visualize the relation holding among the ideals I,
(1 — ¢;) and the ideals generated by 1 — aj; , ..., Tr — €.
Note that (1 — ¢;) is maximal in F[zy,...,z,] (see also [5, pag. 12] ).

3 Roots of I' as eigenvalues of linear trans-
formations
Let us assume that we are given a regular matrix representation R of A, with
respect to an F-basis (by,...,b). Since '
A=Fe;®...D Fex

there is an F-basis of A, namely (e, ..., k), such that each element of A is
represented as a diagonal matrix.



Let M be the matrix of transition between the two basis. ;
Let E be the natural epimorphism Flzy,...,z¢] = F[z1,...,z]/I.
The argument used to prove theorem 2.4 shows that if a € A then

R(a) = M - diag(vi(a),...,v(a))- M}
Therefore the element z; is mapped by Ro E to
M - diag(en;,...,ai) - M7}

and clearly each oy,; is an eigenvalue of R o E(z;).

4 The algebra A as a tensor product of al-
gebras

Let J; be the ideal generated by the polynomial z} —z;in Flz;] (: =1,...,k).
Consider the regular matrix representation R; of the algebra A; := F(z,]/J;
with respect to the basis (22 + J;, z} + Ji, ...,z + Jp).

It is easily seen that the element z; + J; is sent by R; to the matrix

0
1 1

10

Let J := J1 + J2 + ...+ J;. The algebra Flzy,...,z,]/J is isomorphic to
A1 ® A;®...® A,, and under this isomorphism the element zi!z% ... :ci' +J
is sent to the Kronecker product

Ry(22) ® Ry(2?) ® ... ® R.(2z¥) = Ry(z1)" ® Ry(22)”? ® ... ® Ro(z,)"

of the r matrices.

An easy computation shows that the eigenvalues of each matrix R;(z;)
are precisely the elements of F', each with multiplicity one - this implies that
each R;(z;) can be put in diagonal form. Therefore using a suitable fired
basis, each element £z ... z¥ + J is represented as a diagonal matrix, and
in particular to each element f,(z1,...,z,)+ J there corresponds a diagonal
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matrix whose zeroes on the main diagonal are in one to one correspondence
with the zeroes of fn(z1,...,z,) in F".
It follows that:

the number of solutions of the‘system ' is equal to the dimension
of the intersection of the nullspaces corresponding to the linear
transformations fn(z1,...,2,)+J (m=1,...,9).

5 The case of a single polynomial

Let us assume that s = 1, that is the system consists of a single equation
f(z1,...,z,) = 0. The algebra isomorphism given by

. g+ J - Ri(21)" ®...Q® R.(z,)"

allows one to consider f(zi,...,z,)+ J as a linear transformation acting on
the space of all the elements g(z1,...,z,) + J by left multiplication.

Note 1. Since our field F has ¢q elements, and the minimal polynomial
of f(z1,...,2-) + J splits completely in F, the minimal polynomial (in a

variable z) of f(z1,...,2,)9"' + J splits into at most two factors in F', the
factors being z and z — 1. Therefore the problem of determining whether
f(z1,...,2,) has zeroes in F" can be restated as:

is the minimal polynomial of f(z1,...,z,) " ' +J #2z—-1 ¢

Note 2. It is easy to see that the linear transformation corresponding
to f(zi,-..,z,) + J is singular if and only if there is a nonzero polynomial
g(z1,...,2,) in Flzy,...,z,] such that f(z1,...,2,)9(21,...,%,) € J (imag-
ine g(z1,...,z,)+J to be an eigenvector in the vector space F[zy,...,z.]/J):

but this simply amounts to say that f(zi,...,z,) is a divisor of zero in the
algebra F[zi,...,z,.|/J.

Note 3.  Another way to look at this case is the following: consider
in Flz,,...,z,]/J the monogenic ideal L generated by f(z1,...,2,) + J.
Given a basis B for L, it is possible to extend B to a basis of Flzy,...,z,]/J,



such that, with respect to the new basis, each element of F[z,,...,z,]/J is

represented as
E x
0 D

with the submatrix D giving a representation of A isomorphic to the regular
representation. Over this basis f(z1,...,z,) + J is represented as a matrix

-(33)

where the matrix S has full rank, and the nullity of the matrix T gives the
number of solutions of the equation f(z1,...,z,) =0in FT.

6 Open problems

Buchberger’s Grobner basis algorithm [2] gives a computational method to
test ideal membership, which would allow one to construct the regular rep-
resentation of A, and consequently find the roots of I in F". Unfortunately,
this algorithm is characterized by a very bad worst case execution time [1].

In the case of a single polynomial equation, the generators of the ideal I
assume a very neat form. Is it possible in this case to compute the dimension
of the algebra A (number of roots in F") or its regular representation (which
would allow one to compute the value of the roots) without using the Grobner
basis machinery?
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