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Abstract

We present optimal parallel solutions to direct dominance problems for planar point sets
and provide an application. The algorithms presented here are deterministic and designed to
run on the concurrent read exclusive write parallel random-access machine (CREW PRAM).
In particular, we provide algorithms for counting the number of points that are directly
dominated by each point of an n-point set and for reporting these point sets. The counting
algorithm runs in O(logn) time using O(n) processors; the reporting algorithm runs in
O(logn) time using O(n + k/logn) processors, where k is the size of the output. The
algorithms are therefore optimal. As an application of our results, we present an algorithm
for the maximum empty rectangle problem, which is work optimal in the expected case.

1 Introduction

Let P = {p1,p2,--,Pn} be a planar point set of n distinct points p;=(z:,1;), i=1,...,n. A point
p; is said to dominate a point p;, if x; > z; and y; > y; and ¢ # j. The dominance problem is
to enumerate all dominances of a given point set.

Dominance problems arise naturally in a variety of applications and they are directly related
to well studied geometric and non-geometric problems. These problems include: range searching,
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finding maximal elements and maximal layers, computing a largest area empty rectangle in a
point set, determining the longest common sequence between two strings, and interval/rectangle
intersection problems (see e.g. [22]). The 2-dimensional dominance problem has been shown to
be equivalent to the interval enclosure problem which asks for all enclosures of a given interval set
[16]. The d-dimensional dominance problem is equivalent to the enclosure problem for planar
d-gons, where the corresponding sides are parallel; as was also shown in [16]. The enclosure
problem and hence the dominance problem has several practical applications in computer aided
design systems for VLSI circuits [16].

Preparata and Shamos [22] presented optimal sequential algorithms for counting and re-
porting the dominances for each point of the set P, running in O(nlogn) and O(nlogn + k)
time, respectively, where k is the total number of dominance pairs. Some dominance problems
have previously been studied for the CREW-PRAM (for details on this model see, e.g., [17, 18]).
These problems include the two-set dominance problem. In counting mode of this problem, given
two point sets A and B, all pairs (a,b) are to be counted where a € A dominates b € B. In the
reporting mode, all dominance pairs are to be enumerated. The two-set dominance counting
problem was solved by Atallah et al. [3] in optimal O(logn) time using O(n) processors, where
n is the total number of points in the given sets. The reporting problem was solved by Goodrich
[15] in O(logn) time using O(n/logn + k) processors, where k is the total number of dominance
pairs.

From this discussion it follows that the complexities of sequential and parallel algorithms for
dominance problems depend strongly on the number of dominances which, in the worst case,
is Q(n?). The dominance relation is transitive and typically many dominances in the point set
can be derived from others. For example, in the 1-dimensional case there are Q(n?) dominance
pairs of which only a linear number are required. Hence, a set of dominances may contain many
redundant elements. This motivates considering the problem of counting and reporting only
those dominance pairs which are non-redundant.

We now define non-redundant dominance pairs, called direct dominance pairs, for a planar
point set P. A point p; € P directly dominaies a point p; € P if p; dominates p; and no other
point py € P dominates p; and is itself dominated by p;. The pair (p;, p;) is referred to as direct
dominance pair. 1t is easily seen that the dominance relation is the transitive closure of the
direct dominance relation. The set of points which are directly dominated by p; is denoted by
DOM(p;). The direct dominance counting problem is to compute the numbers | DO M (p;)| for
every point p;€ P; where || denotes the cardinality of a set. The direct dominance reporting
problem is to report the sets DOM (p;), i.e., to list the elements, for every point p;€ P. Some
points in P are not dominated by any point; these points are called maxzimal, and the set of all
maximal points is denoted by MAX(P). Maximal points play a role when computing the convex
hulls of point sets (see [22] for a discussion). Overmars and Wood have studied the direct
dominance in the context of rectangular visibility [21]. Gewali, Keil and Ntafos use rectangular
visibility for solving a covering problem [14].

In the sequential model of computation, the direct dominance counting and reporting prob-
lems have tight ©(nlogn) and O(nlogn + k) time bounds, respectively, where k is the total
number of direct dominance pairs in P [16]. The value of £ is at least n — 1, but can be as large
as ((n?) (the reader may wish to construct a simple example illustrating this).

In the parallel model of computation, Chen and Friesen [9] presented a CREW PRAM-
algorithm for solving the direct dominance reporting problem which takes O(logn + j) time
and uses O(n) processors, where j denotes the maximum of the number of direct dominances



reported by a single point in the set. Since one point can directly dominate all other points in
the set, in the worst case the runtime of their algorithm is Q(n). Their result left the question
open whether a sublinear time algorithm is possible using linear number of processors.

In this paper we settle this question affirmatively by presenting optimal parallel algorithms
for both direct dominance problems, i.e., the counting and reporting problem. We apply our
results to the design of an algorithm for computing the maximum empty rectangle inside a planar
point set. Our algorithm is work optimal in the expected case. All our parallel algorithms are
designed to run on the CREW-PRAM variety of parallel model of computation. The direct
dominance counting algorithm runs in optimal O(logn) time and uses O(n) processors. The
direct dominance reporting algorithm runs in O(logn) time and uses O(n +k/ log n) Processors,
where £ is the size of the output. The total work, i.e., the processor-time product is O(nlogn+k),
which matches the tight sequential bound known for this problem.

Our algorithms use an output sensitive number of processors. The output size k is not known
in advance. We compute % on the fly and allocate the required number of processors in the spirit
of [15]. The processors are ‘spawned’ depending on k. When new processors are allocated, a
global array of pointers is created. A processor knows the exact location it starts working from
by accessing the array. For more details on this model of computation the reader is referred to
Goodrich [15].

We give a brief sketch of the underlying ideas. Our algorithms for dominance problems
compute a data structure, called mazimal forest data structure. It is a balanced binary tree 7',
consisting of n leaves; each leaf contains a point of P. The points are sorted by z-coordinate
(in increasing order). Let v and w be left and right child, respectively of a node u of T’; let
T, and T, be the subtrees rooted at v and w, respectively. Each node v of T consists of a
mazimal forest, M F(v), on the set of points in T;,. M F(v) is a directed forest, where the points
in T, are nodes; two nodes are connected by a directed edge if the corresponding points satisfy
a particular order relation.

We show that for any point p; € T, the points it directly dominates in T, are precisely
the points located on a unique path in MF(v). Thus, the problem of computing the direct
dominances of p; in T, is reduced to that of locating a pair of nodes in M F(v) and reporting
the unique path between them. We solve the problem of locating the appropriate pair of nodes
of M F(v) by exploiting the structural properties of the data structure. We report the path
between a pair of nodes in M F(v) by providing an optimal parallel solution to a more general
path problem on trees.

Our overall strategy therefore consists of traversing T for each point p; € P, from the leaf
node containing p; to the root of T. At each internal node of T in the path, we compute the
points directly dominated by p; by locating and reporting unique path between the appropriate
nodes of a maximal forest.

We make use of the following tools from the area of parallel computing: Parallel merge-sort
[7], parallel prefix, list ranking and doubling, described, e.g., in [17, 18], and operations on tree
including lowest common ancestors [23], Eulerian tours [24], centroid levels of nodes [10].

The remainder of the paper is organized as follows. In Section 2 we state some preliminary
results. In Section 3 we introduce a parallel data structure and state several of its properties; our
computations of direct dominances are based on these. In Section 4 we describe and analyze the
algorithms for the direct dominance counting and reporting problems. In Section 5 we discuss,
as an application of our results, an algorithm for solving the maximum empty rectangle problem.



2 Preliminaries

Let p; be a point in a planar point set P. We say that a point set is z-sorted (or y-sorted) if the
points in the set are sorted by their z-coordinates (or y-coordinates). We define Window(p;) to
be the set {p;|p; € P and z; > z;,y; < y;} which corresponds to the lower right quadrant of
an orthogonal coordinate system centered at p;. We denote by M AX(Window(p;)) the points
of P which are maximal in Window(p;). We define a data structure, denoted by M F(P), on
P. The nodes of M F(P) are the points of P. If no ambiguity arises we will not distinguish
between a node representing a point and the point itself. The parent of p; is the point in
MAX(Window(p;)) having the highest y-coordinate. (Ties are broken by chosing the point
with least z-coordinate among all points with highest y-coordinate.) In the following, we state
properties of this data structure as they are relevant in the context of this paper.

Lemma 2.1 For input point set P, M F(P) is a directed forest.

Proof: Follows from the definition of M F(P). O
We refer to the directed forest M F(P) as the Mazimal Forest for the set P.

Corollary 2.2 If p;, p; and py, are three points for which z; < x; < g, ¥; > y; > Yk, and there
are directed paths from p; to p; and from p; to pi, then the directed path from p; to py visits p;.

Suppose all points of P are placed into leaf positions of a complete binary tree T' so that the
points are z-sorted (increasing from left to right). Let u be a node in T whose left and right
children are called v and w, respectively. The subtrees rooted at v and w are referred to as
T'(v) and T(w), respectively. Let p; be a point in T'(w). We wish to determine those points of
T'(v) which are directly dominated by p;. Let p; be the point having the highest y-coordinate
among the points in T'(w) which are directly dominated by p;. (If there are several such points
we choose the one with the least z-coordinate among them.) Define H(p;) and H(p;) to be
horizontal lines through p; and p;, respectively. Let Strip(p;,p;) be the set of points in T'(v)
whose y coordinate lies between H(p;) and H(p;).

Lemma 2.3 A point g of T(v) is directly dominated by p; if and only if it belongs to the set
MAX(Strip(pi, pj))-

Proof: Assume that ¢ € v is a point directly dominated by p;. Let p; be the point defined
above. We show that (i) ¢ € Strip(p;,p;) and (ii) q is maximal in Strip(p;,p;).
(i) The choice of p; and the assumption imply that g lies below p; and above p;. Therefore
q € Strip(pi, pj)-
(ii) Since p; directly dominates ¢ no point in v between H(p;) and H(P;) dominates q. Thus ¢
is maximal.

The other direction is proven as follows. Since ¢ is maximal in M AX (Strip(p;,p;)) no point
in v dominates g. Since ¢ lies in Strip(p;,p;) the point p; directly dominates g. O

Consider now the maximal forest at v, i.e., M F(v). Let below(p;) and below(p;) be the points
in MF(v) just below the lines H(p;) and H(p;), respectively. We denote the lowest common
ancestor of below(p;) and below(p;) in M F(v) by lca(below(p;), below(p;)).



Assume that below(p;) and below(p;) are in the same connected component in M F(v). Then
denote by p; the point located just before lca(below(p;), below(p;)) on the path from below(p;)
to lca(below(p;), below(p;)) in M F(v). In case that below(p;) and below(p;) are in the different
components in M F(v), p; is the root of the component of M F(v) containing below(p;).

Lemma 2.4 The points of the set M AX(Strip(pi,p;)) are the vertices of the directed path in
M F(v) from below(p;) to p;.

Proof: Consider the case when below(p;) and below(p;) are in the same connected component
MF;(v) of M F(v). Suppose lca(below(p;), below(p;)) is the node p; (Figure 1). Observe that
p, is below H(p;). We show that the points directly dominated by p; in the subtree rooted at v
are the points from below(p;) to p; (including these two points). First we show that p; is above
H(p;). We prove this by a contradiction. Therefore, assume that p; is below H(p;). There
are two cases depending on whether p; is either higher or lower than below(p;). The first case
contradicts the definition of below(p;). Consider therefore the second case. Corollary 2.2, imply
the existence of a directed path from below(p;) to pi; this path must visit p;. Furthermore, p; is
on the directed path from below(p;) to pr. This implies that p; is the lowest common ancestor
of below(p;) and below(p;), which is a contradiction.

The case that below(p;) and below(p;) are in different components can be proven analogously.

a

3 Parallel Construction of the Maximal Forest Data Structure

In this section we describe the parallel construction of the maximal forest data structure and
state some of its properties. The data structure which represents the maximal forest for the
given input set will be instrumental in the design of the direct dominance counting and reporting
algorithms presented in the following section. The data structure also stores additional size
information at nodes and is preprocessed for answering the lowest common ancestor queries.
The construction consists of four phases, as described in Algorithm 1; each phase is discussed
in detail in the following. For simplicity we assume that the number of points in the input set
Pis n = 2%, for some k > 1.

Phase 1 : Sort the points in P by increasing z-coordinate. Store them in the leaves of a
complete binary tree T in order, from left to right. This step can be performed in O(logn) time
using n processors by applying Cole’s algorithm [7].

Phase 2 : This phase consists of the following steps and is based on Cole’s parallel-merge sort
algorithm [7]. Sort the points according to decreasing y-coordinate. At each internal node u
of T', maintain a y-sorted list of the points in T'(u). Compute the maximal forest M F(u) of u
for the points in T(u). In addition, establish cross-ranking pointers (as described below) from a
child node to its parent in T to facilitate search in Phase 4.

We state the generic merge step. Let v and w be the left and the right child, respectively, of
the node u in T'. Assume that the maximal forests for the nodes v and w have been computed.
We describe the procedure to compute M F(u) from MF(v) and M F(w). Denote by Y (u),
Y(v) and Y (w) the array of elements corresponding to the nodes u,» and w, respectively. The
arrays are sorted by decreasing y-coordinates of the points. Note that the parent pointers of



1. Place the elements of the point set P into the leaf positions of a complete binary tree T’
so that the leaves are z-sorted (increasing from left to right).

2. Perform a bottom-up tree-sort of the points by increasing y-coordinate and compute, for
each node u of T', the maximal forest M F(u) of the set of points in T'(u).

3. For each node u € T and each p; € M F(u), compute the number of nodes located on the
directed path from p; to the root of the component of M F(u) to which p; belongs.

4. For each node u € T, preprocess the maximal forest M F(u) for answering lowest common
ancestor queries.

Algorithm 1: The main steps in constructing the data structure

the elements of M F(u) which are also in M F(w) remain unchanged during the merge phase.
Let p;€ Y (v) and denote its rank in Y (w) by rank(p;). Let succ(p;) denote the parent of p; in
M F(v). Observe that if rank(p;) = rank(succ(p;)), then both p; and succ(p;) have been ranked
between the same pair of elements in Y(w). Since p; has a higher y-coordinate than sucec(p;),
the successor pointer of p; remains unchanged. If, however, rank(p;) > rank(succ(p;)), then at
least one point in Y (w) exists which lies between p; and suce(p;). The highest such point is
called p;; p; becomes the new successor of p; in the merged set. It is easy to see that the above
computation can be performed in O(logn) time using O(n) processors for the entire tree.

During this phase a pointer is established from an element p;€ Y(u): in case p; € Y (v) the
pointer points to the element just below it in the array Y (v). Otherwise, the pointer points
to p;. Analogous links are created between the elements of Y (u) and Y (w). Recall that the
algorithm of Cole [7] cross ranks the elements in Y(v) and Y (w) through the elements of Y (u).
In other words, a point p; € Y(v) is ranked in Y (u) and each element of Y (u) is ranked in
Y (w). So, in effect the rank of p; in Y(w) is also known. In Cole’s algorithm the pointers
from Y (v) to Y(u) and from Y(u) to Y (w) are not maintained throughout the execution of
the algorithm. Our algorithm will maintain these pointers. These pointers are used to get, in
O(1) time, from an element p;€ Y (u) to the corresponding element in Y (v) (or Y (w)), or to the
element immediately below p; in Y (v) (or Y (w)). We call these pointers from p;€ Y (u) to Y (v)
and to Y (w) the [ link(p;) and r link(p;), respectively. There are only two pointers per element
of Y(u). Thus the space requirement is linear in the size of the array Y (u). This concludes the
description of Phase 2 of the algorithm. It can be seen that this phase requires O(logn) time
using O(n) processors.

Phase 3 : Consider again a node u of T and its maximal forest M F(u). When Phase 2 is
completed, every point p;€ u knows its successor in M F(u). We want to compute the number
of nodes, denoted by count(p;), of M F(u) on the directed path from p;. This is equivalent to
computing the vertex level of each node and can be determined by the list ranking algorithm
of [10], or [24]. Let n; be the number of points in the subtree rooted at u. Assign O(n;/logn)
processors for the array Y (u) at the node u. These processors can compute the rank of every
element in Y (u) in O(logn;) time. This computation can be performed simultaneously at all the
nodes of 7 and thus can be performed in O(logn) time. Note that each point p; in T appears
in O(logn) nodes along the path from the root to the leaf containing p;. Therefore, the total




number of processors required is O(nlogn/logn), i.e., O(n). Hence, Phase 3 can be performed
in O(logn) time using O(n) processors.

Phase 4 : In this phase, we invoke the algorithm of Schieber and Vishkin [23] to prepare all
maximal forests M F(u) for answering the lowest common ancestor queries. Each M F'(u) can be
preprocessed in O(log |M F(u)|) time using O(|M F(u)|/log|M F(u)|) processors. This prepro-
cessing is done simultaneously at all nodes of the tree in O(logn) time using O(n) processors.
After preprocessing, the lowest common ancestor of two points p;, p;€ M F(u) can be computed
in O(1) time by a uniprocessor. In the following theorem we summarize the properties of the
data structure so constructed.

Theorem 3.1 In O(logn) time using O(n) processors a data structure can be constructed on
the tree T' so that for any node w € T, a uniprocessor can perform the following operations in
O(1) time

(i) Given a point p; € u, locate p;, or the point just below p; among the children of u.

(ii) Given a point p; € u, compute the number of points on the path from p; to the root of the
component of M F(u) containing p;.

(iil) Given two points p;,pj € M F(u), compute the lowest common ancestor of p; and p;.

4 Algorithms for the Direct Dominance Problems

In this section we present optimal parallel algorithms for the direct dominance counting and
reporting problems. To solve these problems we use the data structure developed in the previous
section. First we discuss the algorithm for counting the number of elements in DO M ((p;), for
all p; € P.

4.1 Direct Dominance Counting Problem

Consider the path of p; in T, denoted by path(p;), from a leaf node containing p; to the root
of T. Our algorithm for the direct dominance counting problem traverses path(p;) and counts
the direct dominances of p; at each node encountered along the path. Let u be a node of T
encountered along path(p;). Two cases arise depending on whether the left child v of u belongs
to path(p;), or the right child w belongs to path(p;).

First, assume that v € path(p;). The point p; does not dominate any point in the subtree
rooted at w since all points in this subtree have a larger z-coordinate than p;. So the set of
points which p; directly dominates in T'(u) equals the set of points it directly dominates in T'(v).

Now consider the case that w € path(p;). The point p; may directly dominate several points
of T(v). Let p; be the point having the largest y-coordinate among the set of points directly
dominated by p; in T(w). Let below(p;) and below(p;) be defined as in Lemma 2.4. The points
below(p;) and below(p;) are identified among the points in T'(v) by using {_lznk pointers created
in Phase 2 of Algorithm 1. This is done as follows: Using Lemma 2.4 the number of points is
determined which are directly dominated by p; in T(v); which is done as follows. First compute
the lowest common ancestor node of below(p;) and below(p;) in M F(v) by the algorithm of
Schieber and Vishkin [23]. Let lca(below(p;), below(p;)) be the lowest common ancestor node.
Using the preprocessing of Phase 4 of Algorithm 1, compute the number of nodes between
below(p;) and lea(below(p;), below(p;)). Hence for each node u in path(p;), we can report the
number of nodes directly dominated by p;. We summarize the results in the following theorem.



Theorem 4.1 The direct dominance counting problem can be solved in optimal O(logn) time
using O(n) processors and O(nlogn) space on the CREW PRAM.

Proof: Any point directly dominated by p; has z-coordinate less than p;. All such points
appear in the left child of the nodes along path(p;). By counting all the direct dominances in
these nodes we obtain the total count | DOM(p;)|. Lemmas 2.3 and 2.4 ensure that no point is
missed which is directly dominated by p; at such a node.

Now we analyze the complexity of the algorithm. Since path(p;) for any point p; € P has
O(logn) nodes, a single processor can compute | DOM(p;)| in O(log n) time. Hence for all points
pi, we can report [DOM (p;)| in O(log n) time using O(n) processors. O(nlogn) space is taken
as each point appears in O(logn) nodes along path(p;). O

Corollary 4.2 Given a set of n points P in the plane, a data structure can be computed in
O(logn) time using O(n) processors and O(nlogn) space on the CREW PRAM, such that a
processor can report in O(logn) time the number of points directly dominated in P by a query
point.

4.2 Direct Dominance Reporting Problem

In this section we present a parallel algorithm for reporting the sets DOM(p;) for all p; € P,
i.e., we solve the direct dominance reporting problem. As in the algorithm for counting direct
dominances, we first compute path(p;). Let v and w be two nodes on path(p;). Assume that
the set of points have been reported which are directly dominated by p; among the points in
T(w). From Lemma 2.4 it follows that the set of points in T(v) which are directly dominated
by p; are the vertices on the path from below(p;) to the point p; (i.e. the point just above
lca(below(p;), below(p;))) in M F(v). Thus the problem reduces to reporting this path in M F(v).
In the following we solve a more general problem on reporting paths in binary trees efficiently.
The direct dominance reporting problem can be solved using the solution to the general problem.

A parallel algorithm (see Algorithm 2) is presented next for preprocessing an n-node rooted
binary tree B such that the path between the two query nodes ¢ and b in B can be reported
efficiently. Let size(v) be the number of vertices in the subtree rooted at v. The centroid level of
a vertex v is given by clevel(v) = [log,(size(v))] [10]. Observe that for any node v € B, there
is at most one child of v which has the same centroid level as v.

Using Algorithm 2, the vertices on the path, path(a,b), are reported between two query
nodes a and b in B; this is done as follows. First compute the lowest common ancestor node, c,
of @ and b in B. Now the problem reduces to reporting the paths path(a,c) and path(b,c). For
simplicity assume that b is an ancestor of a. If clevel(a) = clevel(b) then both @ and b belong
to the same array and the vertices on path(a,b) are the elements in the array between a and b.
These elements can be reported in O(logn) time using O(maz{1, |path(a,b)|/logn}) processors.

Consider now the case when clevel(a) # clevel(b). Note that there are at most O(logn)
distinct centroid levels on any path(a,b). Hence a processor can identify the arrays which contain
the vertices along path(a,b) in O(logn) time. Using the pointers computed in Steps 3 and 4
of Algorithm 2, the two indices in each of these arrays can be located such that the elements
between them are in path(a,b). The problem reduces therefore to reporting elements between
these two indices in each array. Allocate a total of O(maz{1, |path(a,b)|/logn}) processors to
report the elements on path(a,b). Each processor reports at most O(logn) nodes. The ith



1. Using the algorithm of Schieber and Vishkin [23], preprocess B for answering the lowest
common ancestor queries.

2.. Compute Euler Tour of B and compute size(v) for each node v of B by the algorithm of
Tarjan and Vishkin [24].

3. For each node v of B, compute clevel(v).

4. Partition the set of vertices of B into maximal disjoint paths, where each vertex v on a
maximal path has the same value of clevel(v). Store the vertices on a path in an array.
This step can be performed by the algorithm of [10] or [17].

5. Set up pointers from nodes of B to the indices in the array where it appears and vice
versa.

6. For each node v in B set up a pointer between v and the furthest ancestor of v in B which
has the same centroid level as clevel(v). If v and the parent of v have different centroid
levels, then we set up a pointer from v to the parent of v. These pointers can be computed
by the algorithm of [17].

Algorithm 2: Algorithm for preprocessing a binary tree for reporting paths

processor finds, in O(logn) time, the array and the indices of the elements in the array which
it needs to report. Now each processor has sufficient information to report the elements in
path(a,b) in O(logn) time. Hence, using the above data structure, the vertices in path(a,b) can
be reported in O(logn) time using O(maxz{1, |path(a,b)|/logn}) processors.

Theorem 4.3 An n—node binary tree can be preprocessed in O(logn) time using O(n) space
and O(n/logn) processors, such that the vertices in the path between two query nodes a and b,
path(a,b), can be reported in O(logn) time using O(maz{1,|path(a,b)|/logn}) processors on
the CREW PRAM.

Proof: The correctness of the algorithm is easily observed. Now we analyze the complexity
of the algorithm. Each step of Algorithm 2 runs in O(logn) time using O(n/logn) processors
(10, 17, 23, 24]. There are at most O(logn) different centroid levels on any path(a,b) in B.
Hence the preprocessing algorithm runs within the claimed complexity bounds. The data struc-
ture required is of linear size, since each step of Algorithm 2 requires a linear space. O

Using the above theorem, we design an optimal parallel algorithm for reporting the set of
points of P which are directly dominated by p; € P. Recall that the outstanding subproblem
was to report the vertices on the path from below(p;) to the point p; in M F(v). If MF(v) is
a forest, then create a dummy root and this transforms M F(v) to a tree. We may therefore
assume that M F(v) is a tree. Since M F(v) is not necessarily a binary tree we apply the optimal
algorithm described in [17] to transform M F(v) into a binary tree. Using Theorem 4.3, we
obtain an optimal procedure for reporting paths in M F(v).

Finally we analyze the complexity of the above algorithm. The preprocessing of each M F(v)
takes O(log | M F(v)|) time using O(|M F(v)|/log|M F(v)|) processors (to efficiently report the




paths between two query nodes). Since each point of p; € P is stored in O(logn) nodes, the
total number of vertices summed over M F(v) for all v is O(nlogn). Hence the preprocessing
algorithm runs in O(logn) time using O(n) processors and requiring O(nlogn) space. The
algorithm for the direct dominance reporting requires an output sensitive number of processors.
The algorithm computes the size of the output on the fly and allocates processors accordingly.
This is similar to the scheme described in [15]. We summarize the results in the following
theorem.

Theorem 4.4 The direct dominance reporting problem for an n-point set can be solved in
optimal O(logn) time using O(n + K/logn) processors and O(nlogn) space, where K =
Ep;eP|DOM(p;)|, on the CREW PRAM.

Corollary 4.5 Given a set of n points P in the plane, a data structure can be computed in
O(logn) time using O(n) processors and O(nlogn) space on the CREW PRAM, such that
O(maz{l, K/logn}) processors can report in O(logn) time, the points directly dominated by a
query point in P, where K is the number of points directly dominated by the query point in P.

5 Fast Parallel Algorithm for the Maximum Empty Rectangle
Problem

In this section we describe an algorithm for the Mazimum Empty Rectangle (MER) problem
stated next. Given a planar n-point set P inside a bounding isothetic rectangle BR, find the
maximum area/perimeter isothetic rectangle R such that R lies completely inside BR and R
does not include any point from the set P in its interior. This problem has received considerable
attention in the literature; see, e.g., [2, 4, 5, 8, 12, 19, 20].

Aggarwal and Suri [2] have shown a sequential lower bound of Q(nlogn) for this prob-
lem. The best known sequential algorithm runs in O(nlog?n) time for the area problem and
in O(nlogn) time for the perimeter problem [2]. Several algorithms [5, 12, 20] solve the
area/perimeter problem by enumerating all restricted rectangles (rectangles whose sides are sup-
ported by the sides of BR, or points from the set P and their interiors do not contain any point
of P) in the point set P. The resulting time complexity for these algorithms is O(nlogn + K,
where K is the number of restricted rectangles for a given problem instance. It has been shown
that K is O(n?) in the worst case, and O(nlogn) in the expected case, respectively.

In the PRAM domain, the MER problem has been studied in [1, 13]. Datta and Krithivasan
[13] have provided an EREW PRAM algorithm that runs in O(logn) time using O(n?/logn)
processors. Aggarwal et al. [1] have provided a CREW PRAM algorithm and it runs in
O(log® nloglogn) time using O(nlogn/loglogn) processors.

We present a parallel algorithm which matches the performance of the best known sequential
algorithms (as derived in [5, 12, 20]). Our algorithm runs in O(log n) time using O(n+ K/ logn)
processors on a CREW PRAM, where K is the number of restricted rectangles for a given
problem instance. Hence, our algorithm is work optimal in the expected case. In the following
we mention several relevant properties of maximum empty rectangles and restricted rectangles.

Property 1 [19] A mazimum empty rectangle is a restricted rectangle.

A maximum empty rectangle can thus be found as follows. First enumerate all restricted
rectangles in P and then find the one which has the maximum area/perimeter. In the following,
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we discuss only the area problem since the perimeter problem can be solved analogously. To
facilitate the discussion, we introduce some notation. For the bounding rectangle BR, the side
with minimum (or maximum) z-coordinate is called BR.left (respectively, BR.right). Similarly,
the side with minimum (respectively, maximum) y-coordinate is called BR.bottom (respectively,
BR.top). The restricted rectangles (RR) are divided into two categories, as in [4, 19)].

Type 1: The top side of RR is supported by BR.top.

Type 2: The top side of RER is supported by a point from the set P.

Property 2 The number of restricted rectangles of Type 1 is 2n + 1.

Lemma 5.1 The MER among the Type 1 RRs can be found in O(logn) time using O(n) pro-
cessors.

Proof: First classify RRs of Type 1 into two categories. In the first category (Type 1(7)),
the bottom side of a RR is supported by BR.bottom. In the second category ( Type 1(ii)), the
bottom side of a RR is supported by a point from the set P.

To compute Type 1(i) RRs, sort the points in P according to increasing z-coordinate in
O(logn) time using O(n) processors [7]. Associate one processor to each point in this sorted
list. The processor associated with point p; computes the area of the RR for which p; is the left
support. The right support of this RR is either the next point in the sorted list, or is BR.7ight.
Hence the maximum area RR can be computed within the stated processor and time bounds.

Now we state a procedure for computing Type (%) RRs. First sort the points by increasing
z-coordinate and store them in an array X. Consider a point p; in X. Let RR; be the restricted
rectangle for which p; is the bottom support. The left support of RE; is the point p;, such that
z; < z;, y; > y; and the z-coordinate of p; is the maximum among all such points. Similarly,
the right support of RR; is a point pg, such that zx > z;, yx > y; and the z-coordinate of py
is the minimum among all such points. We can compute the points p; and py corresponding to
each p; using the all nearest-smaller-values algorithm of Berkman et al. [6]. In the following we
provide a simpler and thus more practical algorithm to perform the above step.

First preprocess the array X for answering range mazima queries, i.e., for any two indices
i and j, 7 < j report the point having the largest y-coordinate in the sub-array X|¢],..., X[j].
The preprocessing can be performed in O(logn) time using O(n) processors and a query can be
answered in O(1) time by a single processor [17].

To find the left support for RR;, assign a processor to p;. The processor associated with p; can
find the left support by recursively performing a binary search in the subarray X[1],..., X[i—1].
Suppose, during the binary search, a subarray X[a],..., X[8],(a < § < 1) has been split into
two subarrays X|e],.. ,X{f%g]] and X{[“—}Q] +1],...,X[#]. A range maxima query is per-
formed in X[fg—;:ﬁ] +1],...,X[B] to find the point p, having the maximum y-coordinate in
this subarray. If ys < y; (or ys > y;) the binary search is done recursively in the subarray
Xlal,.. ,X[[Q%QH (respectively, X[[%gl +1],...,X[A]). It is easy to see that at the end of
the binary search, the left support for RR; is found. Since each range maximum query takes
O(1) time, the overall time spent to perform this step is O(logn). Similarly, we can find the
right support in O(logn) time. Hence, a M EFR among all such RRs can be computed within
the stated processor and time bounds. =

We now discuss an algorithm for enumerating RRs of Type 2. For this define two kinds of
direct dominances, viz. left and right direct dominance. If a point p; € P directly dominates

11



a point p; € P, p; is in the left direct dominance set of p;. Consider two points p; and pi. If
z; < 2k and y; > yx and no other point p,, exists for which z; < z,, < ¢ and y; > Ym > Yk,
then py is in the right direct dominance set of p;. Left and right direct dominance set for each
point of P can be computed by the algorithm presented in Section 4. Denote the left (or right)
direct dominance of p; by L; (respectively, R;). Assume that the elements in both L; and R;
are sorted by decreasing y-coordinates (Figure 2). The following property holds.

Property 3 If a point p; is the top support of a RR of Type 2,

(1) the left support is either BR.left or an element of L;,

(ii) the right support is either BR.right or an element of R; and,

(111) the bottom support is an element of either L; or R;.

Moreover, if the left support is a point p; € L; and the right support is a pomt pr € R;, the
bottom support is either the point next to p; in L; or the point next to py in R;.

Property 4 A point p; € L; U R; is the bottom support of exactly one RR.

Proof: Without loss of generality assume that p; € L;. The left support for this RR is either
BR.left or the point just above p; in L;. Similarly, the right support is the point just above p;
in R;. So, in effect both the left and the right supports for such an RR are fixed. It is easy to
see that any other choice of the supports contradicts the assumption that RR does not contain
any point of P in its interior. O

Property 5 The number of M ERs with p; as the top support is |L; U R;].

Algorithm 3 for enumerating the RRs of Type 2 is based on Properties 3, 4 and 5. Let K;
denote the total number of elements in L; U R;. Let M ER; denote the maximum area empty
rectangle of Type 2 with p; as the top support.

We now analyse the complexity of Algorithm 3. Step 1 takes time O(logn) using
O(maz{1, K;/logn}) processors. The cross ranking pointers in Step 2 can be computed in
O(logn) time using O(K;/logn) processors [17]. In Step 4, each processor can compute
the MER in its group in O(logn) time. Step 5 can be executed in O(logn) time using
O(K;/logn) processors. Hence, the overall complexity of Algorithm 3 is O(logn) time using
O(maz{1, K;/logn}) processors. We summarize the result in the following lemma.

Lemma 5.2 Among all RRs having point p; as top support, the MER can be computed in
O(logn) time using O(K;/logn) processors, where K; = |L; U R;].

Algorithm 3 is executed in parallel for all points in the set P. Hence, the overall complexity
of the algorithm is O(log n) time using O(K/logn) processors, where K = L K. After this step,
n candidates are obtained for being (global) M ER. This (global) MER can then be found in
O(logn) time using O(n) processors. We summarize the result in the following theorem.

Theorem 5.3 The mazimum empty rectangle problem for a planar n-point set can be solved in
O(logn) time using O(n + K /logn) processors on the CREW PRAM, where K is the number
of restricted rectangles for a problem instance.

Acknowledgement: The authors thank Kurt Mehlhorn for providing the excellent environ-
ment that allowed this research to be carried out.
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1. For each point p; € P, compute the left and right direct dominance sets L; and R; by

applying the algorithm stated in Section 4. Store the points in L; and R; sorted according
to decreasing y-coordinate.

2. Establish cross-ranking pointers between the elements of the arrays L; and R; [17].

3. Partition the elements of L; and R; into groups of size O(log n) and associate one processor
with each group.

4. The processor associated with a particular group enumerates the RRs taking each element
of its group as bottom support. This can be done by using Property 4 and the cross-
ranking information computed in Step 2. The processor also computes the overall MER
for the elements in its group.

5. Compute M ER; out of K;/logn M ERs.

Algorithm 3: The main steps of the algorithm for enumerating RRs of Type 2 with p; as the
top support.
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Figure 2: The left and right direct dominance sets for a point. A restricted rectangle is shown
by dotted lines.
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