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Abstract

We study the message complexity of the FElection problem in Hypercube net-
works, when the processors have a “Sense of Direction”, i.e. the capability to
distinguish between adjacent communication links according to some globally con-
sistent scheme.

We present an original ©(N) messages algorithm which uses the natural dimen-
sional labeling of the communication links; to date, the best existing bound was
O(N log N) messages. This result answers a long-standing open problem posed by
the O(N) messages bound for chordal rings [1].

We also consider the Election problem for Hypercube with another common
labeling which is distance-based. We prove that, in this case the problem becomes
drastically simplified and we present a ©(N) messages solution. Finally, we study
the communication cost to change one orientation labeling to the other and prove
that O(N) messages suffice.

1 Introduction

The problem of electing a leader is one of the most widely studied in the literature
on distributed computing. The Election (or Leader Finding) problem consists to arrive
from an initial configuration where all the processors are in the same state to a final
configuration where exactly one processor is in a leader state and all the other processors
are in state lost.

For an arbitrary network of N asynchronous processors and e bidirectional communi-
cation links, the Election problem has been proved to require (e + N log N) messages
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(e.g., [12]), and such a bound is achievable [2]. If an a priori knowledge of the structure
of the system is available to the processors (i.e. topological awareness), it is possible to
exploit topological properties to reduce the message complexity of any Election algorithm
to the smallest of two factors: the number of links e and the (V log N) factor. In partic-
ular, O(N log N) bounds have been proved for the complete network [7, 8] in such a case.
Obviously, such an approach does not yield any improvement in a topology where the
number of edges e is of the same order than N log N. This is the case of the Hypercube,
and an O(N log N) message complexity can be trivially achieved. An open problem of
finding an o( N log N) algorithm for the Hypercube has remained open to date.

Another crucial factor, called Sense of Direction, has been identified to be significant
for the computability and the communication complexity of Elections problems [13]. The
Sense of Direction refers to the capability of a processor to distinguish between adjacent
communication lines, according to some globally consistent scheme.

For instance, in a ring network this property is usually referred to as orientation, which
expresses the processor’s ability to distinguish between left and right, where left means
the same to all processors. Sense of Direction in a complete network is the knowledge
of some predefined Hamiltonian cycle and the existence of a label on each link at each
processor, that represents the distance along this cycle to the processor at the other end
of the link. A similar definition exists for chordal rings or circulant graphs. In general,
Sense of Direction can be defined by fixing a cyclic ordering of all the processors and
labeling each incident link according to the distance in the above cycle to the other node
reached by this link.

The availability of this distance Sense of Direction has been shown to have some
positive impact on the message complexity. For instance, in arbitrary networks, the Elec-
tion problem can be solved using O(N log N) messages if Sense of Direction is available
[10]. For a complete graph, the Election problem can be solved using O(N) messages if
Sense of Direction is available [9] ; such an improvement can be achieved even if each node
has Sense of Direction on just O(log N) of its incident arcs [1]. Similar results hold for
circulant graphs or chordal rings with O(log V) incident arcs [1].

The important open question is whether or not the Hypercube network, which has
O(log N) arcs but is not a chordal ring, can support an Election Algorithm with O(N)
messages when the Sense of Direction is available. The question is all the more relevant
since O(NN) messages suffice for the chordal ring (1,2,22,...,2MeNy (1] which closely
resembles an Hypercube.

This paper answers this long-standing open problem in the affirmative by presenting an
original ©(N) messages algorithm for the Election problem with the Sense of Direction.
Such an algorithm is given with the natural labeling of link based on the dimensional
structure of Hypercube as defined in [14].

Because of the difference that exists between the common distance labeling and the
dimensional one for the Hypercube, denoted matching Sense of Direction as defined
in [5], we study the Election problem in the Hypercube with a distance Sense of Direction.



We show that in this case the problem becomes trivial, mostly thanks to a surprising graph
property introduced by the distance Sense of Direction.

To complete the understanding of the impact of the Sense of Direction on the Hy-
percube network, we study also the complexity relationship between these two models of
“Sense of Direction” by presenting an O(/V) message complexity algorithm to change from
one Sense of Direction to another. In the concluding remarks, we derive a ©(/N) messages
algorithm for the Wake-up problem in a Hypercube network. We show the efficiency of
the presented solutions by comparison with a synchronous implementation.

After introducing several notations and preliminaries in Section 2, we present the
algorithms for the Election problem for the matching model in Section 3, and for the
distance model in Section 4. In Section 5, we present the O(/N) messages algorithm to
change one orientation labeling to the other. Section 6 includes immediate extensions and
related works on these results.

2 Preliminaries

An n-dimensional hypercube network is represented by an undirected graph consisting of
N = 2™ vertices which can be labeled from 0 to 2™ — 1 such that there is an edge between
any two vertices if and only if the binary representation of their labels differs by one and
only one bit. The n-dimensional hypercube has inN edges, i.e. %N log N, and every
node has degree n. Each edge between two nodes is labeled on each node by the dimension
of the bit of the identity in which they differ.

The computation model that we consider is a network of N = 2" asynchronous pro-
cessors connected in a Hypercube-like topology. Every processor P; in the Hypercube
network has a distinct value id; chosen from some infinite totally ordered set I.D, and
is aware only of its own value (does not know the identities of its neighbours). Every
processor performs the same algorithm. We assume that the messages on each arc arrive
with no error, in a finite but unbounded delay and in a FIFO order. The complexity
measure is the maximum number of messages sent during any possible execution.

If the intuitive labeling based on the dimension is available, the network is called to
have the property denoted as Sense of Direction. The dimensional labeling guarantees
a strong consistency [14]: both incident nodes of the edge give the same label to this link.
This dimensional Sense of Direction, (a) in figure 1, will be denoted by the matching
model as defined in [5].

The other model of Sense of Direction, commonly used for other topologies, [1, 5, 9, 10]
is denoted by the distance model. In particular, if a link, between two processors p and
q, is labeled by distance d at processor p, this link is labeled by N —d at the other incident
processor ¢, where N is the number of processors. This distance Sense of Direction can
be provided in the Hypercube, as shown in figure 1 (b).

In this latter case, a Hamiltonian cycle is the natural way to fix an ordering of all
the nodes. Several different Hamiltonian cycles can be built in a Hypercube, but the one
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@ (b)

Figure 1: Model of Sense of Direction for Hypercube: (a) Matching, (b) Distance

based on the binary reflected Gray code [3, 4] will be heavily used in the sequel. Ignoring
the starting vertex identity, a handy notation of a Hamiltonian cycle in a Hypercube
corresponds to the list of the labels of the links traversed during the construction. Such a
N-tuple is classically called a coordinate sequence for the cycle. An obvious example for
a reflected coordinate cycle with n = 4 in the matching model is

(1213121412131214)

In order to follow a Hamiltonian cycle, a simple message which contains the rank in
the cycle of the last processor visited is passed and increased, e.g. the first processor has
to send the message through the link labeled 1 and the 4th processor which receives the
message knows that it has to send it through the link labeled 3. In fact, a Hamiltonian
cycle in a n-dimensional hypercube can be built by induction on a (n — 1)-dimensional
hypercube: the new coordinate sequence Ay is obtained from the previous one By_y and
the concatenation of the new value of degree n, i.e. A, = (Bn-1nB,_1n). Therefore, the
coordinate cycle can be computed locally from scratch.

3 FElection Algorithm with the Matching Model

In this section, we present an asynchronous distributed algorithm for the Election on the
Hypercube with a ©(N) message complexity with a matching Sense of Direction. We
emphasize the fact that this algorithm is original and does not built a spanning tree.

The Election process may be independently started by any subset of the processors.
Let notice that the processors do not have (or do not know) the binary node labeling
from 0 to 2" — 1 which is usually assumed for Hypercube (otherwise this provides a trivial
solution to the problem).



Informal description The algorithm proceeds in phases of a tournament. Initially,
each node of the network is a Duellist. At the end, all the nodes are Seconds except one
which is still a Duellist (i.e. the leader). In every phase of the algorithm, each successful
Duellist goes for the next duel by challenging another Duellist. The algorithm is done
by repeated sequence of a duel which corresponds to a combination of two cubes into a
larger one, and, thus, takes log N steps (namely one per dimension).

The basic idea is that, at each step k, each Duellist has to challenge (send an attack)
and to be challenged (receive an attack) by his respective Duellist in the rank of the
tournament (the Duellist node in his cube image regarding the dimension k). This makes
the two opposite Duellists hand-shake: the Duellist with higher id who receives an attack
from Duellist with lower id, wins the duel of step £ and becomes Duellist of level k& + 1;
conversely, the Duellist with lower id who receives an attack from Duellist with higher
id looses, becomes Second of level k and keeps the path between himself and the winner.
Neither acknowledgment nor surrender messages are required. The task of a Duellist is to
fight a duel, whereas the task of a Second is to forward an incoming attack to his Duellist.

The fundamental property used in the algorithm is the property that, at any step ¢,
a Second of level k (with k < ¢) knows the coordinate sequence traversed by his Duellist
(of level k + 1), i.e. the Duellist against whom he lost. Thus, the position (regarding
the dimensional direction) of a Duellist of level k 4 1 is unambiguously known by the
Second, and a shortest path between them can be computed on the fly by “compressing”
(see below) the coordinate sequence received during the fatal attack. We denote with
Duellist(s) and Second(s) entities who, respectively, won and lost the duel of step s.

When an attack from Duellist(s) reaches a Second(k) (with k£ < s), the Second
forwards it to the node lately known as the Duellist(k+1). If this node is not any more a
Duellist (namely has been defeated and became Second), it will forward it to its respective
Duellist(k+2). The process is repeated until the Duellist(s) is found. This local view of
a Second is exploited by forwarding an attack from Duellist(s) that reaches a Second(k)
(with k < s) through the path ( Second(k) Second(k 4 1) ... Second(s — 1) Duellist(s)).

To reduce the amount of communication, an attack from Duellist(s) reaching a
Duellist(k) (with k¥ < s) is delayed until the Duellist(k) either reachs the required
level s, or becomes a Second Second(k) able to forward the message to its respective
Duellist(k + 1).

At the beginning all nodes are Duellist(0). The algorithm terminates after the
(log N)th step with a unique Duellist Duellist(log N).

Algorithm

Local information used:

(i) State, : {Duellist, Second, Leader} is the state of a node (initially Duellist).

(ii) For each node p, Id, is its identity, and level, is its level,

(iii) For each Second p, NextDuellist denotes the path (the coordinate sequence) from
the Second p at level level, to the Duellist of level level, + 1.



Messages Used:
(i) ATTACK: This message represents the challenge for a duel and contains: (Id, lev,-
source, dest), where Id is the identity of the initiator of the attack, lev is the step of the
attack, source is the path (the coordinate sequence) from the attacking Duellist to the
present node receiving the attack. This list will be stored to know the followed path.
Finally, dest is the path (the coordinate sequence) from the present owner of the message
to a node target. This list is used to forward an attack by the shortest path between a
Second to his Duellist. ’
(ii) LEADER: it is broadcasted by the unique remaining Duellist (the Leader) to terminate
the execution of the algorithm and inform of his Id (Leaderld).

Any number of processors can spontaneously start the execution of the algorithm; this
is modeled by the reception of a WAKEUP message.

Functions Used:

(i) first(list) gets the rank of the first non-zero bit of a list list of log N bits.

(4) list @ © (resp. ©) updates the given path by adding (resp. eliminating) a label ¢ in
a coordinate sequence list. Then, the compression is done by eliminating every pair of
coordinates (e.g. a sequence (123142) is equivalent to (34)). This guarantees that the
coordinate sequence will never exceed log N labels and then can be represent with log N
bits: a bit of rank ¢ set to 1 means that the label ¢ is present in the coordinate sequence.
Namely, the operations @ and © are identical: when applied on bit ¢ of value b;, they
both set its value to (1 — b;).

procedure Flection(p)
begin
/* initially - processor can be asleeped */
(0) Upon RECEIPT of (WAKEUP) or any other message on any arc
if message 7 WAKEUP then delay message
State, := Duellist ; level, :=0
Id :=1Id, ; lev := 0 ; source := [] ; dest =[]
SEND ATTACK(Id,lev,source,dest) on arc labeled 1
end WAKEUP

o If State, = Duellist:

(1) Upon RECEIPT of ATTACK(Id,lev,s0urce,dest)
with (lev = level,) on arc labeled r

if (Id, > Id and lev = n) then
State, := Leader
SEND(LEADER,Id,) on all arcs

endif

if (Id, > Id and lev < n) then
level, := levely, +1
Id :=Idy ; lev:=lev +1; source := [] ; dest := (]
SEND(ATTACK(Id,lev,source,dest)) on arc labeled r + 1
accept delayed message with lev = level, if arrived

endif



if (Id, < Id) then
State, := Second
NextDuellist := source ® r

accept all delayed messages if any
endif
end ATTACK

(2) Upon RECEIPT of ATTACK(1d,lev,source,dest)
with (lev > level,) on arc labeled r
delay message

end ATTACK
e If State, = Second:

(3) Upon RECEIPT of ATTACK(Id,lev,source,dest )
with (dest # []) on arc labeled r
1 := first(dest) ; dest := dest ©1 ; source := source r
SEND(ATTACK(Id,lev,source,dest)) on arc labeled I
end ATTACK

(4) Upon RECEIPT of ATTACK(Id,lev,source,dest )
with (dest = []) on arc labeled r
dest := NextDuellist
l:= first(dest) ; dest := dest © 1 ; source := source ® r
SEND(ATTACK(Id,lev,source,dest) on arc labeled !
end ATTACK

(5) Upon RECEIPT of LEADER(Leaderld) on arc labeled r
Forall k < r
SEND(LEADER(LeaderId)) on arc labeled k

end LEADER

end Election(p)

Step analysis Let d(k — 1,k) be the maximum distance between Duellist(k — 1) and
Duellist(k), clearly d(k — 1,k) = k. Let F(¢) be the maximum number of links that have
been traversed at step ¢ to go from Duellist(0) to Duellist(z — 1).

Obviously, in Step 1 the N Duellist(0) attack their corresponding Duellists(0), and,
thus, each has to traverse only one link: F(1) = 1. In Step 2, the —1;]— Duellists(1) send an
ATTACK; the attack can reach a Second(0) who has to forward it to Duellist(1), thus the
maximum number of links to be traversed is F'(2) = 1 4+ d(0,1) =1+ 1 = 2. In Step 3,
the & Duellist(2) send an ATTACK; the attack can reach a Second(0) who forwards it to
the Duellist(2) through a Second(1), thus F'(3) = 1+d(0,1) +d(1,2) = 4. For any step 1,
the 5,1\’_—1 Duellist(i-1) start an ATTACK; the attack, in the worst case, has to follow the
path: (Second(0) ... Second(i — 2) Duellist(¢ — 1)), the number of links to be traversed is

: N & i-(i—1)
F(z):1+2d(k—1,k):1+Zk:1+__2__
k=1 k=1

Full analysis



Theorem 3.1 The total number of messages sent during the algorithm for the Eleclion
problem is at most

7N — (log N)> —3log N — 7

Proof At any step ¢ at most -2—f\f—1 nodes send an ATTACK message. During each of the
log N steps at most F(¢) forwarding messages are required to reach the target Duellist.
Thus, the total number M of messages is

logN N ' logN N i (5 —1
M=5 o= Fl)= 2 5 (1+L~—))
=1

=1 2
(’%V 2 ’%V i %V 1
=1 2 1=1 2 =1 2
Since

‘N 6N —4log N — (log N)* — 6 X
gt 9 - N ( )
‘Wi 2N —logN -2 .
pet 9 N ( )
logN 1 B N -1 ]
=1 2i - N ( )

and, since exactly (N —1) LEADER messages are required to broadcast the termination
and leader identity, we prove the theorem. O

Theorem 3.2 Each message is composed of at most (log M + log lbg N +2-log N) bits,
where the identity of a node is at most M.

Proof FEach ATTACK message contains the identity Id, of the attacking Duellist, the
level lev of the attack whose value is at most log N, the location of the attacking Duellist
(log N bits) and the location of the attacked Duellist (log N bits). A LEADER message
contains only an identity. O

Correctness Several properties are introduced for the correctness. In the following,
numbers between parentheses refer to corresponding sections of the algorithm. We shall
denote by Duellist(i) (respectively Second(z)) a Duellist (respectively a Second) at level :.

Lemma 3.1 Let an ATTACK message contains a level lev initiated by a Duellist p of
level levely, then

(i) the message has been originated through a link labeled lev such that lev = level,,

(ii) after traversing the link through which it has been originated, the message can not
traverse a link labeled d, with lev < d.



Proof (i) immediate from (1). (ii) by induction: since a Second never modifies the
level of an ATTACK message (3) (4), and a Second never initiates a duel, the ATTACK
traverses only links of smaller level. Therefore the ATTACK message can not exit the
subcube of degree lev whose it belongs. O

The next lemma guarantees that a Second knows the shortest path to reach its Duellist.

Lemma 3.2 A Second(i) knows the shortest path (a coordinate sequence with minimum
length) to reach its respective Duellist(i + 1).

Proof The correctness of the path is guaranteed through the compression of the source
list which stores the labels traversed links (3) and (4). By contradiction; assume that the
length of the path is strictly greater than the shortest one, this would imply that at least
two labels with the same direction exist in the coordinate path, which is forbidden by the
compress mechanisms @ and ©. O

We show now that no infinite delays are introduced during the execution of the algorithm.

Lemma 3.3 A deadlock may not be introduced by the waiting that arises when some
nodes must wait until some condition holds.

Proof Since the message broadcasted by the LEADER is forwarded immediately upon
reception, only ATTACK messages may create a cycle. In Lemma 3.1 the partitioning
of the subcube traversed by a message ATTACK has been shown and, thus, only cycle
between two Duellists of the same level can be created. The only situation in which an
entity is waiting for an event is when a Duellist a waits to be accepted by another Duellist
b with levely < level, to reach the respective level level,, (2). By induction, the extreme
case occurs when a chain of waiting processor such that level, < .. < level, < level, is
created. Thus, by (0), the total ordering of the chain forbids the creation of a cycle in
such a chain.

0

We now prove that an ATTACK message always reaches the target Duellist.

Lemma 3.4 An ATTACK from a Duellist(i) (1 < log N) will eventually reach another
Duellist(i).

Proof The ATTACK is sent by a Duellist(z) through link ¢ + 1 (Lemma 3.1 (i)). Since
this attack will remain inside the (¢ + 1)-cube (Lemma 3.1 (ii)), it will reach either (a) a
Duellist(z") (with ¢' < ¢) or (b) a Second(z'), (with i’ < ¢).

In case (a), if ¢ = ¢ the lemma is proved. Otherwise the message is delayed until
the Duellist(¢') receives an ATTACK of level ¢'. This delaying entity is waiting for an
ATTACK from his image Duellist(z’) to whom he has already sent his ATTACK. This
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latter attack, might have reached a Duellist(s”) (with ¢ < 4') which must wait to reach
level ¢/ before fighting. The recursive argument can be repeated and might create a chain
of delaying entities. The total ordering of the chain forbids the creation of an infinite
chain. Namely, this process ends when a Duellist can reply to the attack (in the worst
case when Duellist(0) is reached) and reactivate successively the waiting entities.

Note that this argument proves also that a Duellist(z) (: < log N) will eventually
become either a Second(z), or a Duellist(i 4+ 1).

In case (b) two situations may occur depending on whether the destination is known
or not (i.e., empty). If not, (4), the Second(:') sets the destination with the shortest
path to reach Duellist(:' + 1) and then forwards the attack. If the ATTACK message
contains a non empty destination the correctness of such a traversed path is guaranteed
by Lemma 3.2. a

The next lemma shows that there is exactly one Duellist at level z in each z-cube.

Lemma 3.5 A Duellist(i) is the unique Duellist of an undirected i-cube in which there
exist 2 — 1 Seconds with a level strictly less than 1.

Proof By induction. Each Duellist(0) is a O-cube. Let the theorem hold for z and
consider the fights of level i + 1. Each Duellist(¢) sends an astack through the link labeled
i+ 1. From lemma 3.1 (ii) the attack remains inside the (7 4-1)-cube in which there exists
a unique image Duellist (by inductive hypothesis). From leinma 3.4, the attack will reach
this Duellist and only one of the two will become Duellist(. + 1). O

By Lemmas 3.3, 3.4 and 3.5, it follows that

Theorem 3.3 The algorithm terminates correctly after log N steps and elects a unique
leader.

4 Election Algorithm with the Distance Model

We present a distributed algorithm for the Election problem on the Hypercube with
a O(N) message complexity with a distance Sense of Direction. We first prove that the
symmetry is broken by this model of Sense of Direction and, thus, that the leader Election
does not require a global maximum-finding algorithm.

Theorem 4.1 For any oriented hypercube with the distance Sense of Direction obtained
by the Gray reflected code, exactly four processors have a link labeled % - 1.

Proof By induction, assuming that all the Hamiltonian cycle that has been built in the
Hypercube respect the binary reflected code construction. Without loss of generality of
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the proof, we assume in the sequel that all the processors have a number in [0..(N — 1)]
which depends of their respective position in the Hamiltonian cycle.

The Theorem is true for N = 8, see figure 1(b). By construction, the Hamiltonian cycle
for the Hypercube with the successive degree is obtained by taking this smaller hypercube
as the first half-cycle, add the mirror image as the second half-cycle, and finally join each
processor’s image by a link.

In the new subset of links obtained by the mirror process (in between the two half-
cycles), only the two processors and their respectives images assigned to the first quarter
of the cycle have link with a % — 1 distance, thus, only two processors have such a labeled
link (the respective images have a label with value % + 1): processor numbered % and

processor numbered 3%.
N

In each of the two half-cycles of size 5, by definition, only one link may have a —];[— -1
distance, since this is the maximum distance in the half cycle. This link always exists
since it is the one between the first and the last processor in the half-cycle which are
joined (the terminal link of the smaller Hamiltonian cycle). Thus, only two processors
have such a labeled link: processor numbered 0 and processor numbered %

The four processors are in the respective cycle positions: 0, %’—, %7—, 3% (figure 2). a

(a) (b)

Figure 2: Hamiltonian Cycle Impact on Distance: (a) Reflected, (b) Arbitrary

remark The Gray reflected code is a necessary condition since some other Hamiltonian
cycles can be followed in the hypercube providing an arbitrary number of nodes with an
edge labeled by a % —1 distance. For instance, the (1213414243212343) coordinate cycle,
initialized in processor 0 in a 4-hypercube (figure 2(b)), provides seven (7) such a node

(nodes with hypercube identities {1,14,5,9,11,10,12}).
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Corollary 4.1 In the case of an oriented Hypercube with the distance Sense of Direction
built on the reflected code, the overall message cost required in order that every nodes
detect if it is elected or not, is O(1).

Proof The four processors with labels % —1 and their immediate predecessors (the four
processors with a link labeled -12! + 1) built a cycle of 8 processors. An algorithm using
only this cycle elects a leader in between them in O(1) messages. All the other nodes
already know that are not elected by checking their link labels. a

Corollary 4.2 An algorithm with an ©(N) message complezity for the Election problem
can be given for any oriented Hypercube with the distance Sense of Direction built on the
reflected code.

Proof A broadcast phase which uses exactly N messages is initiated by the Leader
and terminates the algorithm by informing all the other processors of his identity. Each
processor receiving the message on link (N —1) forwards it on link 1. Clearly, the required
Q(N) bound is reached and, thus, the ©(/N) message complexity is proved. O

5 From one Sense of Direction to Another

Without a labeling of the links, the message complexity required to build the orientation
of hypercubes has been proved [14] to be at least 3N (log N —1).

We show that the distributed complexity of the orientation labeling decreases if the
network is already oriented by another model of sense of direction. We present two O(N)
algorithms to re-label the links from one model of Sense of Direction to another.

Theorem 5.1 Any oriented Hypercube with the matching Sense of Direction can be re-
oriented with the distance Sense of Direction in O(N) messages.

Proof The algorithm executes three phases. The first phase elects a unique leader with
the algorithm presented in Section 3.

In the second phase, the Hamiltonian cycle (initiated by the Leader) is built using the
binary reflected Gray-code as described in Section 2. During this phase, each processor
learns its relative number cid on the cycling path (cid of initiator is zero) and stores it.
The incoming and outgoing edges respect their order in the coordinate sequence. These
links are relabeled by N —1 for the one with the incoming message and by 1 for the other
with the outgoing message.

The third phase consists to relabeled the n — 2 untouched links, but is locally com-
putated. On each node cid, a link previously labeled with the dimension d has to be
relabeled by the distance:

(22 =1 — 2 (cid mod 2%)) mod N

12
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This result is fully based on the fact that the Hypercube, by construction of the Hamil-
tonian cycle, is split (for each d) in a set of equal slices of size 2¢. Each link labeled d
joins two reflected images, and, thus, the distance on the cycle between the two adjacent
nodes is twice the distance from this node to the end of the cube of size 2¢ in the cycle.

Clearly, the two first phases take O(N) messages respectively, and, thus, we prove the
Theorem. O

Theorem 5.2 Any oriented Hypercube with the distance Sense of Direction can be re-
oriented with the matching Sense of Direction in O(N) messages.

Proof Similar than Theorem 5.1. The algorithm executes three phases. The first phase
selects an initiator as shown in Corollary 4.1 using O(1) messages.

In the second phase, since a Hamiltonian cycle built using the binary reflected Gray
code is known following the path on outgoing link labeled 1 (the coordinate cycle is
a sequence of N one), a counting message is passed through this cycle, so that each
processor is able to learn its relative number cid. Upon receipt of this message, each
processor re-labels its incoming link (previously N — 1) and outgoing link (previously 1)
regarding its rank on the A, coordinate sequence described in Section 2.

The final phase is also a local computation which reverses the process used in The-
orem 5.1. On each node, an edge previously labeled dist has to be re-labeled by the
dimension:

[log((dist + 2 - ctd) mod N)]

Only the second phase takes O(N) messages, whereas the first takes only O(1), and,
thus, we prove the Theorem. o

6 Concluding Remarks and Related Works

The efficiency of the algorithms presented is also emphasized by the fact that each of
them can be executed with a synchronous model. No main modification is required.
The execution reached the optimal O(N) message complexity and the O(log N) time
complexity. The execution of the algorithm with the distance model is identical, whereas
execution with the matching model corresponds to the simpler case where there is no
delay (i.e. no challenge from a Duellist with higher level).

We derive a ©(N) messages algorithm for the distributed problems of Wake-up. The
Wake-up concerns the problem where some awakened processors must wake up the entire
network in the absence of global start-up. The goal is to minimize the amount of commu-
nication used since the algorithm may be independently started by any arbitrary subset
of the processors (see [6] for more details). The algorithm used for the Election problem
in the matching model is the same, without the final broadcast. For the distance model,
each awakened node sends a one bit message through link labeled 1 (to his neighbor on
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the cycle (1V)) who will forward it if he was not already awake. These algorithms take
respectively O(N) messages.

After completing this paper, the authors learned that an election algorithm with the
matching labeling has been obtained independently by Tel [15]. The algorithm of Tel is
based on a match-making technique from Mullender and Vitanyi [11] and uses slightly
more messages than our. Both algorithms terminates in O(N) time in the worst-case
(the time complexity can not exceed the message complexity). However, the size of the
message in our algorithm has 2 -log N more bits.
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